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T : '('vcegrawp of fimite rank
@mn = E,r A% ; Ox€@ . Oy=o0 Forall but finitely mawy Xé"}
rational group vi'ng
H:= ("aml 8 Q =Hlr:.Q)
XeET —> [x) :=|xmod [, 7))@ 1
_/-l\_ = —,[: \H) -= ﬁo He" completed tensor algebra
fopotogy coming from the dejree filbration _/l\'_zp ==”£ff H@”‘, pzl
1 ‘|'l’\__z.| <T multiplicative group
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TAIT) == Kl 11+ Aut(F)—GLIM)
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Hopf algebra_struture
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A,' ?“’ﬁ.\é}? c.oproduo'r, XéHHA(X)==X5H1§Y, aégcb'mhamm

T complete Hopfalgebia.
e/f = LielT) ={ueT: Du=udl+18u§ Lio-Lke stoments
complete free Lie algebra oven H
PJXP(J/@\ ) = {36'/7\",' q=*o0. Aj ==9§5} group-Like elements
Detivtion §:m — T Group—Luke oxpansion
é% N g -—>% (gemnatized ) Magwus excpansien
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D&'f‘l'm'-h‘am (Massuyeau) G:mr—T symple hz. expansion
N
3% D 6:m1—T 3vaup—.&:ke expansion

2) (sympledhc conditrem )  PlE) = e? ¢ Mpl.g)
ox) 1) (K.) haymonic Maguus expomsion /ﬂZ (‘fi’i)
2) (Massuyeau) the LMO functor

3) (KMM) combrnatorial conctruction wmt'nj from a free 5enemfw€ysf3m Df-7l
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Genevaliries X ! CZmanifoed, A : R-aljebm
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piecewise C°°, P(Ioic)c CNiLoY
)=pu)=2Ls, 2l0)=-4U)=V

[ /nomotapy

(C iR}, ) += {2:[0,1_]—-76;
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§2. (Fotdman Lie 11 %4 4 FoyiE R

S Compact conneded oniented suaface with 38 £
wé-g&h”" :' q. gfn =0, §= Zj'ml
s = A 5S, Choose €5 S,

E:= 4* jimo €3S
MIS) :=44: S =S ! on pres. diffeo. §lyo=1; 5/:};’:}1?:33
mapping class group pointwise
DQM - Nrefsen Lmbeddt'ng
DN: MIS) gz, Aut(TTS/z )
where TTS[;: restrietion of the -fuudam&u'b—e gmupot‘d TS +o WObjed’seT E

Ob(TSIg)=E
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§2.1 Completed Gotdman Lie algebra

7’%\3) =[S 8]= '"'llg)/(_,,,,}, the free homotopy set of free foops om S

| [: m() = #(S) quotiewt map = foajetfud map of a basepornt :
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dd
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A
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te, Y, Ype f1S), Vs e TIS (kuw), V¥, €TTS ko, %e ) Sar ) o

T (58) = 0¥ ) 6 + Yol t) ) “@5
(=) (@) (1) — o (Bl (X)) = 01,83 )(¥,) =53 0
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§k € TIS Gk, k) = (S, ki), 02ksm , positive bomdwj,eaop @’ié\ks
D”a( ZTIS‘E) :={Dé¢ Dev(?[ﬂSlEl ; ostsm,D(gk)=0} 3
Y

ol Z#(S)) () Yaef(S) we may choose of < S\3§ )
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QX (i, ) = @ "‘“*"/ra(:rvz,ls,g))"n" ( of g amd &, )

~ //complefzd gmufwl‘d H‘nj "
@TTS [E v R —Immean small cai'zjary
objed ¥k € E, o0fk<m
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= QRIQ) ¢ Lie algebra
- o exbmds o o @/'f\i (8)— D&alQ@E) Lre aljebra homomarphn'sm
T heovem 1 (Kuno-k,) ( Tndinctesimal Dehn-Nielsen Theovem )
¢ QAS) =5 Do QMEIE ) Lie algebra isomasphiom
(&= tensorial descriphom of QF(S) and )
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0

cM C——-'IO(I.
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- Loyt ) (x) =0
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o C* lx) =0
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Hit) € QUt-1), 1C) € QR(S)
a1 (Y) = Yot f ()
i lHc)) Ix) =0
H'u:)=eogt , dwr=( L agtde = Fmgt)?
Theovem | *# g,,-k,, aomet] Kuano~K., Massuyeas Timev |
S ! tompait connected ouonted surface with S + ¢
C =1xl € S\3S simple dosed e e (S)
S (Log € )2 o= [ £ leogx)?| € QALS)
= DNt ) = o o[1lte()?) € At QTS )
Quawl—:gmhom of Theoewm 2 | <. TS“jl') |

I' ('(‘C)* = exp ( (Cooh™(— Al ) on the completzd l(uuﬂwn skein module

4 Log(-A)
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mapping lass grounp

DN : m(S) > Awt|QTSIE)
MISY :={gpem(s); Fim DN(@)::E('—:")-H(DNIN-H“‘] Subset

~ ¥Denntwist t, € M(S)°

- Tluﬂmges't Tovellt qvoup (tn the sense of Putman | < m(s)®

~ Yo emISY, fog DNIP) € Dewg (AT |2) 2= @A(S)

A o(Log DNUp) ) = ( (Lag DNI$1)1B 4 + 18 (LogDNLp1)) 2 A
Ti= o togo DN : M(SVP—> QR (S)  geometrss Tohmson homomorphuis
- Tlte) = L LgC)? (Thm2)

- Q= Zﬁri, z 'Tomu%’ = Mas;u}‘W'S totad Jolmson Map



2.2, Tensonad Aescription of the completed Gotdman Lie algebra

H=H/(S:@)
N !'II\'(Hl—z’J“H) cyclic symmetanzer (Cyclrcizer)
NIHc@a 2=
NIX )Xz —-Xm) := ; Xe-~Xm X=Xy (XjeH )
~ Niuv)y= Nlvu) (¥u YeT)
— NI(fl=NITy)
{Observahon (Kuno K) VB 7r,l9]->T T(H(S 03} Magnus expansion

NB: Q7lS) = NITz) , IdefilS) — N(fw)
ISomovphism of filteved @ -vetorspaces
G otdman bracked ?
Acldlhtmaﬂ datum for describing the Go&lmm blmckd’ - s e Sed L4
[SEEEY, s (invi)dises) = Zg = G )
0 S« 8 jnclusian map

HZ\E‘,Szaz\é*’H,\s:mi‘s HIS: @) 20 (2xact)
Set 2 := ) sevhion of 7o H|1S:@Q) —> H.lf‘@}}

8



19

Wxamples
(0 #Setu=1 <= S =35, or Zo, a4

) /Z D - = 5, €Sed 7y

1

(2) /[K Reﬁma‘ Int$ as a Pmcl'md Rremann Smia ce C~ ‘ED'EI,"-'an{
noamals 324 Atetion diffrential of the thivd kimd E.+P, fab

C. ! Compack Kre mann smface , E-’FQ eC

21 =w(C:! P2 Q) ! meromovphue 1-formen
5.6, () holomevphic on C {2 ,QY

Uiy ordp w =ordy = -]

wo |

U‘”) Regfl—u= —'RQSQ“\)= 215

5 iv) Y hoto.1-form on C cc“”‘?:"
nz|, IntS= C~{B, B B , Bi+DB fa+k

kQ Kea | { Rew(C.BsB,) ¢ HilS)=HylTuts) = R}

rMMLe.S Ca”am:td uchm‘/m glc'zﬁ;"l Pn ] é Se‘j— 2*
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Kemark =1
Q: d M3 universal R iemann smfae own the moduls of compart Riemam smfa ces
st of gewns g, Mg
ko = (‘fhe {s 9.¢. vaviation of le.Ba,&) ) extends +to Tﬁ X Cj

g kog =(1"11 1”2- ¢, vamahim of poivted haymonie volume s J

‘ a twisted {- foam on sz }
=> diffevential forms vepresentring the Morita~ Mumtond c@asscs om

= (Y"1,
= diffevent two (1. 1) -foyms on M Apae sembing e,=;f,
_> a nead —valued -{—md-um ag=¢: M,j—rm
( ) " Kawazumi — Z"‘““j mvaMM‘l" " (Rob de]""j)
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Lie bracket on N |Tz|) = N\T(H.(S QID _ xe

Kev i S Tl = & @0 =B QCc, CuimT3,TEMIS) bouwrbuy toop

Pix asecion S € Sedt Ze and {E, \Ir_: < H, (S Q) Sympledic basis
A :=s|A), Bf:=s(B;) € H,S:Q)
U= ﬁ A ul + f_ Bru "+Z Cell, V= iA +;§ Bﬁvé’*rg,ckvk" eN(fy)cHeT
[u.v]s N (g, vt —ul + S Cludvd-vlull) €N (T
= [ e algebira N (Tzl)s = \N(+3|', [o]s)

N (T2 - module structure om —":E

-/-l\-E : (Q*L‘uuv\ small category
ob[e«.‘f X, € L, 0cksn
wopbis e (raty] = T, peavea )

De (—T— )""{ -Conhhuouo A D(Ck) o f”"ckéTE(*'“'&, L<k<%}
PB E deYIVA“'IO”Of’TE D(C itp“ ES BtATs )_o ai’*

: N (T2|l - DQY(TE) Lye aigebm homom.

i Nl-?él‘; - DP-Y(T) D-ev‘TE (*o.*o\) Lre algebra homom
) (AS) == w7, o (BF ) = —w, el G ) = ' G —Couf

Gl c = —ulv + a2u)iv) +vud , v elTe Vhake), 0=absm, (Ul:=o)



H"'_/l\.él)E ! groupo(d oven E, (1+165_,)E(*n.*b) 1= 'H'-T's, , 0%a. bem

[Magnus expansion of 'lTSIE
B Magnus expansion of Ay P2
g 1) ¢: TTSIE —> “'l'—?_z,‘ ,E ' homowmarphuiom of-gvaupa:‘d.s over E

—

2) p<¥ken, B:m(S %) — (1+§)El*h.*g) = 11"%;, Magnus 2xpansivn

s e Sedz
baldndﬂv conditiom HFS‘
blg, ) = | «xelCe) for 1sViesm
exp | Cp —Lé(A,S B~ —BS A#) ) for k=0

{w)- “) Q: Zg,l, Sympled-l‘c. expansion
(21 $= zo,m-l, Spcu‘d expansion

(3) : e ﬂ (I Sympleche expansion
v } Sﬂu'aﬂ expansion

(4) /ng l'\mf-mom‘c Magw Mpmsfm j—vv (C ,Pa,el. -5 8u )
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Theovem 3 \ 21| Kuno-K.. Jenerd| Massuyem‘Tumev, Kuno—K, )
seSetx , B Majuu.c expansion of TIS |E satisfying (#5\
=> (1) =NB: QRS = NITls Lie algebra & omarpinion
@ @R(S) > Der | @TSIE )
—Ne (B (> o [us

Nﬁ/-\zl’s —? De'b[_?E)

Masruyea.u ‘Tuvaev
~ tensovial descriphion of the Papakywakspoulos ~Turaev homotopy Mmtevserhon foym
= quiver theovy

~ double Forsson bvadkef

—

Thw 3 = Thm1 :
Os N(_/,\-él}s =, Dey-a(‘?'E] isom <& Stvayhtforward computation
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g 3. Tuvaey %I??lb\#ﬁ ﬂﬁ";yu.fgﬁ': e

83,1, Tuvaev cobracket

T =TS), 1=|LleR constant Loop, € Center(Z7)

A uobew A 0<
Iit':= 20/3 ¢ Liealgeb |17 Zm(S) s 4 Sanvel - ZAL
S: Zﬁ/-—? Zﬁ/® ZTAF/ Tuvaey cobracket £
X & f(g) " 3.euewve posi-n‘au
‘Dd t= { [4,t7) € gixgi 't it =Alt,) } double points o(t'zt,

tz
° . A7 -
§ (=) :=thzfz)eDfMt"'““z’) ld""lfz‘/® [0, ‘e Zr'eln At _ iy

Eldiy), Xity)) € 51:!5 Locad intevsedion number Al =ultz)
€=+1
— - e &+ e D

[Tumgz (1) & Zn' - 2n'®Zn’ well —defined
(2) ( Vs [,7, F) o Lie Halgebm lin he sense of Drinfeld )

{ == Kun s’ < Z7’ Lie Suba‘jebm )
the Ciotdman - Tuyaev Lie bialgebva
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=> \Q/%, L,1, X\ ‘ tomplete Lre b:‘dyebm
The compb:l'd G otdman — Tuvaev Lie algebvn
rmk) l;‘.f'\ 2%’ = Zn/ZzL ryesTphi a0 70 B8 monogon a _&_E‘Zé‘ﬁ'—;ﬂg

@ ~ @ homotoprec t [m:], Bt homotopy 1't3 7+ )

Zﬁ/-wmodufe stamctuwne om ZTIS (% .%7)
X, €8, x+%/ YelITS (x.%) ™M genem’ position

ry:= { double points of Y} <§ , péry, k_‘(Pl=‘t;r,tz” < (o617, t'f<tzf’

pl¥) s = - ‘f‘;—ryE(Ylt,f),f(ltz\’\) [Xot, Ym)@ [Xer,el” € ZTS k¥ )@ Z7S)

,l—&?+ *
= © O 1y Is

*=*/A 1%’-5 7 g &%,ﬁ.I?LE""Zfﬂl‘:Z“;? K Xk ’BS
+

(1) p ZTS (xx) — ZNS *,%) ® Z7'(S)  well-defrned

IKuno =K, (l‘nspired b/v'Tmmev)
[ 2) 2118 e, x) o, ) ¢ Z5/S )= bimodule
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N\ A\ é
=  (QTTS (%akp) : complete Q#|S) —bimodule (02a.bsm)

Theovem ¥ Kuno-X. )
§oz =0 MY Z> Q71S) S @h(818 GFs)
proof V(fé'Wl(S) preserves [
V'n /4 e”rt‘?l presevves
neziP) A

lie, VU € @"S (%a,%p) fA.l e ) = ( € ® e
plezigiv) = (rzig)®1+ lé‘adtufl) Riv)

netiy) mezip)
‘fv )

plv)

linear +eym v n
ﬁp@‘hb:lﬂy (0-@1 ’\\ l']l@gd'“fl)
axiom of bemodules ( heve ’} ® (Q?f "‘7@713' o — o-mw_)

=
O’:Q’ﬁ’\—BvD.erlG?'l/T}) g‘rl‘f):() y
Mjetive () Thm )

7(mIS)°) € Ker §  subset
Kas < @/7'} |S)  Lre subafjdom
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§ 3,2, On a tensovial descviption of the Tuvaev cobracket

S : cowpact connected oviented surface with 28 =|=¢
g: Magnug 2xpansron of m(S)
-Ng O??T\Q\ 5 Nl'?'.;,) I'som
3%:= ((-NoI® (N6 1) o 5o [-N8I": N[Ty) — N(T2 )& N(fy) )
tensovral description of the Tumev cobracket

y
P;"’O S(p) o ¥m=2o 5‘(” IN(H®"]) < N(HQ"W} La;;ngl"gxpa”,,o”

S = Zg.l , N(Tall = Delfw(—?) > Dev: ‘2 )
Theovem g(Kuno—K., Massuyeau = Tuvaev )
(based on MAssuyuw = Turaev's descriphion of the homotopy intevsedton fovw}

5‘(&) =§ 0 o p£-3
f Schedlun's CobM(J(-&T £ oy p=-2

S (N (X, Xnl) = tzz (X %) N (Yo~ Xj4) ® N Xpar Xim X1+ X ) }
N - N‘Y)‘-ﬂ" Xm X; “\(H‘ QN(Y&J"'Y]‘—”
Ni:o (X‘éH)




P roposition ( K uno ~ K, )
[ gunguZ,(:f\) imcludes the Movita Haces |except the 151‘_’2”",

[ Caro!laa

The Turaev cobvacket mcdudes the Movity traces l except the 1% teym |

Enometo — Satoh trace : a vefinement of the Movita traces
ES: N(fzl —NITz)
ESINX = Xl = 2 (Xe-Xeur) NIXersXor Xy~ Xer
- | heovem | Evtomoto —Satoh )
E S | eveept the 15 +erm ) vanishes on gv(‘c(Toye e gvoup ”

e

- Obsevvation ( Enomal-o‘
Schedler's eobracket 8 does not tnclude the Enomobo ~ Satoh traces E S

M The 151 Movrta trae = The 15T Enomoto = Satoh Hae
\ : Fum'h's descw‘phbn in tevms of a -flmml‘nj o{» Zﬂ,,



rAH alternathive 6yc|l‘c. §¥mme‘|’m‘zez N+
H=HI($:@Q), T=TIH],

N
N+ v T '—>—/ll Conhnuous @-h‘neav map

N¥| om -= f lyeo Af m=o0
Nyom mzi

!

a veqular homotopy vevsion of the Tuvaev cobracket
S ! compact connected palented smiawe with A =‘=¢
P =
7/%+= 7?'1'(8) = {2 Q15 ¢ C™Pmmersiom b/VejuJar komofvpy
r> (= Z) nfinite cyelic group generated by a fovmal [etter |
<> Y 7/'\[+ tree advom

e l‘nsevh‘nﬁ o monogoh
o &

TlS)/(y) = Hl%

T ' ZT?+(S) I ZWT(S)Z@( >27'T\*(g) the Vzgular Tuvaev cobvacket
v,
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. ®Z(,,> 33 8@ bigon a Epx: Hﬁ(

su'e"}' ot f S\7’
Ye ularly >:4‘\GII\I R .
@ iomotpic .Wwywrz )CC 2 (o f) =2fp 2

l=d 0t 17 1'821-323 %
w: | S—S i'anyewl' bundle

TS % Sx fRZ global trivialization. (V) 3S =% ¢)
V= (wiv), f‘llﬂ] (_f_ Ts_,mz 'f'VAMMjofg )
N’tf 'TT*(S) ~—> Z Aotatiom number w.a, to £
o > ot & —Aej(gi“ (TS~ Usezhbn)—>l7€s'0‘/)
%, : THS) = FS) x>, « > u, P

Q> = QEpI1, p=tgv
= - N+9f s QA = NtT)& QL] @[[N]-l'svmwrhism

+

81-, Bf s l(_N'l'ef)@ l_N-rBf] \ 0 S+o (_ N"ﬂfr' _ Pz &:16
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-~ Thewem 5 (K.) S= 241, B :sympledic expansion, §: framing of Zs.1
= FHM 0 4 ps-3

50 NHX= Yo = X, (e |

-L'2]

NﬂXﬁH"‘ Y[—ll 6 NﬂXj‘-ﬂ‘"Xm)(;"Yr—l , ?
- N.’le-ﬂ"'XM Xi-- Xeq ) ® NHX - )(r-l )

Coro“arx The mgu_lay Turaev cobracket Medudes the Enomoto-Satoh taces .

S = Zo,m.-c-l, _/[\--""' -/,:(H;'Zo,nﬂ:Q, ,
%= [3,1=C e H=H | Zppu: Q) , 15ksn

A A A
~> Tzl X T-z-l S Ta, QA ssowative mult't'ph‘cwh‘op.
( Matsuyem*'rumev )
9(2} -~ 'I‘g‘,.' Xc"e ANy XJ‘:, x,-- 79"" = — ) Xy -~ Xqp, xj, sz.'" xj‘m

» [ ]
X, = —;:'xk TV § o‘f ~A>

Theovem 6 (K,J S = Zo,n-ﬂ, 6 -'Speu‘aﬁ Lxpansion , f ' fmmfnj toming from S Rl

= St =0 ¢ ps-2 S
nB gt = 2 NI X Ko XX Xieg O N X X
Q_” U\I [X,‘"X”,II = X~ X X X X~ Xi4 1 ® o K-

+ NTXj5 X Xera = X518 N (% =~ Xom Xy~ X
- N""Xt‘ﬁ" X[—ll 6 N*‘ Xr‘:’\(/ Yi-u = Xm ¥Xy-- )(H,
! | — N¥UXpsr- Xon Xi= X ) & NI XG5 X0 Xow == Xt )
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dIVeance cocyele in the Kashawam"Vemne problem

div: T2[ — N‘Tzl) X = X —> div (X ' :=—N(X:---Xm.,~§>)(m)
div N(XI'" Xm) = g, N(XL":’ xl’-ﬂ"'XMYl"'YLH\
=( AAT + Of
L = ( Q@7 '® Q 1— component of X{_,] )
E.o,; m=2)

kasMwam’V-cvgne problem [ 11 a formulation by Alekseew— Tovossian
[ Fid a speal expanston of 20,3 compatible wrth div
Z l/leOV&m (AlekguV’Mel‘nkeMkeu ) = a sobtutren D‘i’ the KV 'o/u:blem -

[gpewlah‘ou f: a soluhon of'ﬂukv problem

/] V4
Dosrn‘ve genus KV problem

[ Flnd a symplethe expansion s thsfyn‘nj 5 —Saﬂj




