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§ 1. The Tuvaev cobracket (-]-or genemﬂ S)

S: tompact conneded oriented suvface with 33 =+ ¢

TT: =1 S ) Based Loops ---> free group M3S+¢)
T o= [S1, ST Ffree Loops
= 7Z/Canj-

4 —>7? quotient map = -{—wge:f‘ful map of bci'sepoin‘l'
,\+ = 7o | Immevsion (Si S))

7T
= {«: 8158, Commersion ] /vegular hometopy

¢ 7?+—>>TC ﬁvaej’ful map of smooth structure

7= {genenc immerstoms S'— S &/:Sofopy move (IL ), ”‘""‘e(m))
move (T ) move (T ) move (I )
monegon

'6L onNn ]W“f‘”ﬂ OVEA A double pom+

D-Q 898 V&

A='7T/movc(I)



cyelie group achion
CP>(E Z) inpinite cyclic group generated by a formal letter v

N gt :
<: P4 7T~ fvee adtion X v Vo inserhing
Y= | ,
R /(k> T ¢ a monogon

‘f‘VAmtng TS =S erZ 28 *¢ )
Kde. -f:fmm‘ujo:ﬁs _
é £: TS—>K? C°:mp. st. VpéS ) -H-,}S'.'I}Siﬂ\’z ovientation - pres.isom.
Rc_mmf_k . Ouy construdion is a generalization of Fuvuta's cocydle € Z‘(ws.,: H'lZ., :2))
defined €y o framing of 251 Tts csbiomotogy class eguals the fivst term of
the Enomoto = Sodoh traces = the fivst +evm of the Movita traces

JYotation number ‘f.‘ -fmm’nj of S
'w‘L{. 1t —> Z, o+> deg (ST R340y, +—> {»{o'(ltl)) Notation numbeyr

&, Tt =, 7 - waviamt Bajeuti
£ T == TTXLrD> <r> £grrivari bigection
X > (B, yrols)



C‘Jo(dman bracker (.1 2T 17T —> Z'I/T\

0(.(3 €T ain genera! pesition ( ie, o(-l-lg ! §eneric immersion ) Y
[« “g;psw@) | Bp| € 27
where E(p:a. (3) €421y Local intevsedton number
o(f (gf’ € (S P) &nsed loaf alon_q A, (3 with basepahTF P
Xplp € T $p) I‘Yp Bl € 4 -fovye}hhj the baseport-p £=-1
produd’ ™ T

“Theorem ( Goliman l
{ [,] :well-defived [ie, mvarast umder the moves (I) an and (117 ) )
(Z'n- E _]) c [_re a_lj‘ebm o Gow‘.’dman Lie djebm O]L S
vequlav homotopy version of the Goldman bmcke;f'

7. znt ® Z/T[ — 727"
by smoothing qr(g,, "t sach petn P =

Aoff‘drﬁrl = /LDf:{-a( + '\Ot_(F (Vf framnj of-S )
&, (227 C.07) = (24.0,3) @ 1w

tsom, of Z<vr>— Lie algebras



+
; k
M (1 S"mtlarly we can consider a requlay homotopy version of

k: Zn@®ln — Zn®Z71
s A devived operation of the coacham M

a modificatron of the P apalyriakopoulos— Tuvaev homokopy putersedion form
and have
Kkt = k® za>
whith enables us +o use the tensovial description of «t 8y Massuyean— Tuvaer

(2)- 1:= O@ € 7? * tvivial loop with rotation number 0
J &
1 =1l et
both of 1's € (enter
= One can consider the quotient Lre algebras
27 = 27?/21 and Z/7?+/Z<y7i

(17 2 L 2 3757 74



o
th t
Tuvaev cobradeet §: 7’ — Yr'® 7’
(v 4 67? n 5omaﬁ pesition. %‘zfl
Q(:= {'t"tz) éSiXS' rh ¥, «It) =o 1£2) j t,
8[0(] s = Z € (O(H",,O(ltz) Id‘hle ® ld‘tzﬁl € Z.;T\,@ Z;\T,
lh.t) € D,
D) — + B0 ® - Qe
P
Theovem | Turgev |
§ 1 well-defined

( Z/"?: (.1, 8): Lie bialgebra Q‘n the sense of Drinfed'd )
need +» take the guotreuT 727 = 27?/21

( ®*—>i /\@1—1@/\)*01"(2/77)

MDMOSO»

Vequlbar Nomotopy version of the Tuvaey cobyacket

LN ‘

§t: Z7+t — Z??*% 727?1' A
' <v, —
'Gy Smoofhmg qfltz and D(tzt, ot o({t,):c([t) %‘Lﬂ:\‘d /—-\

/Lb'l'.f luf,tz ) + Ao"l‘.f (“f,t, ) = /\Df} & lo(tghl



Need +o detive §T(x) as anelement of Zﬁ"'@ Zﬂ

\:) P ‘f—%rynp ?'
>02< wa‘% D These coincide with each other

movelIl) | § i Z\xk 7%) = 2% K )zt
—
L VR
® Ynez , SHv') = V'S« + mr" (@l -16«) N4

( in particular, ot is not Z<ry-Linear ) @
e : simple dosed wurve @
= ¥YmeZ X*lo(’”) =7
( v) Stl«") = g:’ ke ™K — fo{ o("—-o)



Sovue tensor afge,bm

Choose a basero:‘nt)kéag
TU=7,(S,%) ., free group of rank 2Gtn for S &= Zgm+s
H:= Hlls"@) = (7[/[75711 ) ®202
Yem b= [¥]:= (Y mod (7] )@ 1 € H
T=T“—” t= m: HQM' +he +ensor algebm overn H

A : coprodud | . O T—TOT, XeH+>Xel{+i®d)X
L= Lre-teke (T) = fueT: Au=uei+iou}
= '@' Zm. ZLwmi=d& aH®™ free Lie algebin over H

T=Ul&) +theuniveasal enveloping algebra of L
—/,3 = “f‘(H) TTH@ the omeleff—tl tensoy algebm over H
—/[\" pi= Tf HQMC.T two-sided cdeal ~—5 —l}, ~adic topology arnT

m=p

z’\ = 'Fj' Ly = Lie-Like {T) The ﬂld:ea( free Lie a_lﬂebm - La H
A L)
Lom

20 ' mzp



Derl'/l\') s= {Dt_/l\' -9"?' continuous derivation &
Deklf) = { D: 2 —72\ contimuous dew'\/ah'onj A
can be (dentified with the subalyebra of Dev (T )
{DeDerlT) ) (DE1+18D)A = ADY
Dert(f) = {DeDer(2): DIH € 25,
IH ! vestaietron o H < f < _?
Der(T) > DerlZ) > Dl 17)
Wfe oo, o s
H*@T D H® L > H%®l:,
group-Like expansiomn of the free qroup TL

-Definition A
) B:71—=>T group-tike .expansron/\bfﬂ
&  Yyemr gly)=1+0x] mad Ty,
2) ¥¥, ¥S e BLYS) = B §1S)
3) (group-Like condntion )
Ve Afld=fx)Ié0le) re, Blrle2xpld)




(O
= Q/; =5 T fsom.a{-r_omple,fe Hopfalgebms
where  Qrt i= 42 @7/ 1,

I := Kev | £: @71’ — @ ) augmeu‘l‘aﬁan Aeal.

”Z;_" A X +—> Zox
x@gulav homotopy version of the -_fundamewl-a,/ group y/A
Choose tangent vedors Vo, Vo' as follows S f 1‘ O
C :mmers:on y//i Yo vt [/,
—1 0. I N
{£:0011S; Clo)=vo , ft1)= -vgt 7/%.;7:,7 * %t > a3

gmup ~-stamucture

radm, R/ .I_SQ& M [[: 'ttt
S

* :k"'
+f: f'm»unj of S ‘f‘"m‘,ﬁu 3tn
== %, Tt = e fﬂ.]""(@l r‘"’”“z))
lSom o-fqra S

= . Qr 2 On 6 QI . ser QD =Qo>, p=tyr
B : group-Leke expansion &f Tl A isom, of
= 6{ = lﬁ& 1Q‘Tf'ﬂ ) éf @Tl" — T@ fof]} Complete Hopf olgebvas



cyelic Symmd’wzers (eyelicizers )

N, Nt T—’T Q- .Zmearma_fs
M2l N(Y-Xm) = NTIX, - YAJ § X - Xm X=X (YjéH)
=’ Npeoi=0,  N¥lyer:=tye HO%= @ T
s on+

o Paded)  (Sait)
NHT)=@eNIT)

@% = (—-f':o Q:f\l / Q4 + “Iﬂ)m I (.Omplefzd Gotdman-Tuvaey Lie bl'&(j‘bm
Obsewation | Kuno-K. |

9.' gronp - bike Mpans:an
= _ Ng: @7( =, NlT) isom, of filteved @-vedor spaces

- Ixl €7 —> —Ngiz)
N oat
Tt = Q= +|m completion
@ + %ﬁ /“Iﬂ ) [ °'{’ the Vlj‘dm’ CJafdman‘Tumev Lie bmljebm
— N of

@7(" =. NHTI & Qr1]= (@@ NIT) )8 Qp1)
isom. of frltered Q@ -vedor spates

/1.
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§ 2, The Enomoto -Satoh traces (for 24.1 )

LEX @_ﬂ %ed S
S=Zﬁnl = —

=1 (S %) Afree group ff nank 23 intevsechion number
H=H(8:@) & Hf=HIS:@Q) X > [V oY X]  Pomiar dusliy
W= i AcB. —B.A: € .f < H®* Sympleche form

( mdep o{ the choice of a sympledic basis { Ar, B, }; < H )

Derw(T) = { D éD-er(T) DN—O) NIT} Kontsevich's nssoccatrve !

N U‘
Dev(T) H*®T = H®T Tza
V (j‘ Q Movita's Lledjebm 'g.‘q,

Dey;(.‘f) o= 4 Dé‘ D-eY (i) ) Dw'-;O} == N(H@ fgl) PILSITIVC PAVf‘O‘f'

s "Ly
f em=m(S.%) negative boundary losp SE* Kontsevich's “"Lie
Detinition (Ma“uyeau.) ¢

G: —T _symplectic expansion
gé 0) B 71"—3’.7_ group - - LAifee Axfanflon

) Ble)=expw [= 2 L om) ¢ T

m=p ""!




Theovzm “(vmo"k) 6 Sympled‘lc 2xpans:on

= —N§: Qﬂ' = NIT) = Der 'T') isom, of filteved Lie algebya
bden > —N8ix)

50 =((NBI& (-No))e S(-NBIT : Tuvaer cobracket on N(T)=Der,[T)
V_I_l"ﬂ’_'ﬂ”_ [ Kiano -K', Massuyeau= Tuvaev ) based on avesult of Massuyeau-"Tuvner
The Lowest dejk.ee +erm of & 7 ,eg,ua]s Schedler's cobracket ;‘,ey

5‘(-26') lN“(["le) = J%éz(yl”yj ) { N (Xar ’64,6 N (X~ Xm Xi-~ ¥t )

"’WX-H - Xm X Xt ) ® N (X - XI-I’}
\ J{U-—-o (XeeH )

QQkL”gL;L_l Kuno=K. )
l ) (_?, , Der (%) mdudes the Movita traces (zxzepf the fivstone )

Tohnson homomovphisms
f'k-= l"k(m kzl Lower central cevies r; =T, rkﬂ = [—rz, r;J (k=1 )
gr(l) = 8 D k/r., . gv(r)%@ =X ( Magnuc-Wir)
M (k) : = Ker( MCG(Z5,) — Aut (T, ) ) the Johnson fibtration
g, i=MIL) TTovellt group
1(5., c= Mi(z) Johmson kevne|

/3



gvl3) == i@ MUK o ), 97K o= ,EQ; U] S ties1)

Jolmson homomorphism

T:gr (9) <> Dal,‘ﬁ) injective homom. of Lre algebiug

Theovem ( Movita)
{ T(gr(S)) év\ (;C) = Movita's Lie algebya ‘tgg, )

Movrita fmtcs

Lxcten sto
Enomots — Satoh '/‘Va-eLeW gym“"“

ES: Dati2) — NI(T)
N
H*@Z’zz C)\ TN

N
HfeHOT 7. |

Theovem | Enomoto—Satoh )

ES (gr(K)) =0

E S Kerl the Mosttobiaas ) ) +0 -
(Theomm ( Enomoto)

6 .
b 12) lDer;,'l.ﬁl does not fndude the ES traces



(5

/u.qulav Mo-l'opy uv,\s,am g : sympledtic Lxpansion , f! froming of Zil

— N%6; : QAF 2> NHT)O QUEp1) = (DX Dey,(T) 1€ @ Lp1)
isom.of Lte algebras
where e: D.er“;('?—) x Der,,,('f) —9‘-?“"' HxH — Q 2 -cotycle
QgDerwﬁ\') :e;:'l:zig:‘on By the 2-coeycle &
st of . the Turaev cobvacker em NT(T)& QUpD imduced 4y —Noﬂf
- [ heovem “( ) & sywplectic expansion £ framing of 2z
= The lowest degvee +erm of S.'af s 4iven by
5T z)f N*(X - Xm|
== (Xe %5 ) { N¥er X511 @ NF 0o XX ) =N 165K Xy X @i )

J A 2|
+ (XceH )
In pavticular, the NHTIeN*1) - camponen‘/',o_iual.c the ES —taaces

—~~p a gwm&m PAopf of +he Mg“upf— Enomoto - -Satoh : (ES)OT= O on j‘b’(K)




[6.
§3, The divergence cocycle (for 20.3)

T[=7l',‘$,’k) :ngmupofmnk’n
Y €TL , 05ksm, ao onthe fefT
Xk-[YkJéH H(S Q)

[Alekseey - Torossian ]
tder, = | De Der(£) : 1<¥ksm 3 eZ Din)=lx. uij
+4n3en+ml derivations
D = (w2, un ) | Yiesm. 2 eoxp()
That, = { p¢ A (2) < hual?) fou= 9% |
Sdey,, : = { Detder, : Dixe)=0]
(noamatized ) special devivations

Obsevvation | Kumo )
k D = U, Uz, -~ Up) & tder,,

D e sdev,, & ME_, ac®ug € NIT)

Lyc&.'(, mvaunamt




Deﬁ‘m’ﬁ'an
A\

/ :n—T spewad expansion

olig

= |I) g: 5youp—£41/ee Lxpan sion
2) |£¥k<m, T4, € oxplP)  Bln) =9k € 9
3) Bl)=e™ =exr(—f %) € T

- Theovem [Kumo—k Massuyeau - Tumev)

b7 — 'T Speciak expansion .
== Under the isomarphism —NB: Q?l’ = NIT),
the Gotdman bracket 45 given -y

Lz x;@u;, Z %@v,«_] (f u‘[x‘ vl.J)
- ‘fDr ;x.om Z X®V, & N(—’-) <H@T
Corollary .

0 — @ @Np?) — NIT) —> sder,, —> o

2 20Uy > uy,--. up)
teutral extemsion of Lie algebras

( L re bracket on Sdey,, < Gotdman Bracket )

17,
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divergence cocyc/e ([Alekseev Tbmssmn])

o try:= T2/ 53 [=NIT) = OF )
tr 7'2,—->tr g-u-oha:l' map

div: tder, —> tv, diveyence cacycle

div (D) = divlunuz, - ta) : {Z o (3 i) )
where ak{Xk,"'Xk,,, = gkkm Xiey = Xy sdaptation o
v A A . a0 e ~Turaer's A
© 5 Tz xTa —> Tz Assouative . multiplication of Massuy m Zga
defined by det .
%y - Nay, &3 9y = Ky = g‘;m.fl " Xep G2 Xm ( rx. g € {1.2umf )
( I,,:—ka Cunit waadto A )
Adcv U, Uz, - Uy ) = — tV(Z Uk"‘?%k} = _N° (F “kaxk)

wv’sder,, : N[H@f)c H@,f = T—E;v '],’\

® div: 1-cotyele
= 't/\r,, =, ® CDC extensron 67 -
FéTAM'n i""j”:) Fc—cctr

Detden, > j(eP) = §D_.(Awu>))



Tty oty GR)xx) ¥ fp)+foe) - Hlchixw)
where . Fxf —> 2 Baker Canpbell - Havsdouft map
chiu.v) = Log (" eV )
Kashiwara — Vergne problem [tha formulation €y Alekseev - Tovossian )
Fa‘nd an automorphism F € TAMJ{‘Z Sah‘sf—y:‘ng
(1) Frape) = ehix,: 7lz)

n=2 fl" = Qlt!,ﬂgla-f

2k
d") j(F} lz &= ﬁr ) wheve sz ' Bewnoullt numbe

—

Condition (1) €2 Gotaman bvacket
NZ | standard xponsim
( 9:1;«}71—7‘!"\, Yie+—> e (1<¥rsm)
Condvtion U‘) & o Ford '.Sflu'a.(’ -expeh Siomn.

v 9
Condihion Ul) <> Tumev cobmckeet ~-- 2 evidences
, port o
1S*ew'deme % Twaev cotratket S

pi RQn — Qn Q(Qﬁ/qu ) coaction (55.due +o Tumev )

YéTl =.-7T|(S,*) n 9%@@ positios \ 2
3
rr 1= deuble Po:‘n'l's o)’ X 5 >, < t‘f $ tf <| Xlt,rj :k[fzﬂ =P



20
pig = - Yérxs(g‘tfj'*:“z"” Your ¥ers ®| Xt—,rtzr‘/ € Znozn’
}A Ostd : coakion om TA nduced &_’7 BHJ: (D/y\t -’_‘.—4{\
PPbpos:'noM “() Vi, - Yk €41,2)
Ostd _ .
POy ) = — DN oM %aer 8 1) [ (1000 A (2 (- titer iy + 7 )
M)ij)_] (Xkﬁ, Wity & Xy~ Xg)_')

-1 ; iy ~~Xigy mw %,, ® N xe,

+f§ Z o ’;Z = (“‘))(g, Xy 38 Ay, e ® N 2627

| where L T—>‘T' antipode.

2 evidente T Mjldar( Turaev cobradked —, ombeddin
Theorem [K) Mmz22, ! framing coming from Zomn < R* y
=> The valug al p=0 of the Lowest degree team of §5tof
‘Y(-naf (NT1%=Xm)) l
= Zjem NTIXe X5 xfﬂ xH)a N*¥eo X0 )= N (X=X ) @ NTT Vo> Xe X X541 )
(T‘de Nt(T)e Nt1) - wmponeu:f'): —div I\/T)(r Xm)  divergence cocycle
(Xz éH ) -



