A%QD“(\i)‘( BEAf - ,&{E[' 2+ —
it BRBKE B 4f 2014372 fz0B I1:30-12:20

7 — ]
[he Gotdman~ Tuvaey Lie bialgebva and the mapping dlass group

So] 2% 5B & [l,ﬁk 3918 ) Nawya\ Kawazumi (Uniy, Tokyo)
R 2T hiir & Emiax- %) va REIEFY

jormt wovk with Yusuke Kuno { Tsuda (011236)
Suvve,y papev ! arXjv . 1304, 885

S : compmil' connedred oviented suvface wrth Bg#zyf'

S

ﬁ = = o -\
Classificotron S - Zg,m—;
Theorem 3"
n ( ,

’Wl(S) ‘_‘—_’3‘ ‘DI'H' (S, o ondS )/Iso‘l'opy -Fixfnj S point wise
the mapping class group.




° Bzg[nm‘gg ~ Kuno's obsevvation
tc € mIS ) vight -handed Dehn twist .

Wlof r tr seems 4o be related 1o 'L(ch) c)? N

t HISV—H, 1S}, u—u~(u-[c])(c]

D an explfu‘f fovmula for the extemded i Jomson homom. of tc )
L where =(Loy ) appeavs

[ Pieovd Lefschet; formula
h

@ C’!enemh‘zah‘m ( Kuno-K. )

gl
Glofdman Lie algebin

W\S) = [gi S]-‘ ;2 Si“’S Contt, ”“Pf’/komo*‘op)/ = 7[113)/0“]
‘]Ln(, homo-h:yy set of-f—vu, Eoor.s an S

| 1! m(S) = 7(S) quotient wmap = the fovgetful map of base poiut




/N
X, (3 € T mn 3eneml Posm‘on

¢ [°< (5] peo{(sg(PqP)IO{PFH 627?
Elpra.B) € $11Y Local intevsedion number
< P % ,fp € M (S,p]
£=-l Gotdman (1) C, 1 : well-depined
[ (z) (Z#, C,1) Lie algebra = (Goldwan Lie algebra

1eT constant loop. 1 € Center [Z71) () 10V =¢)
4 /z1 ' Lie algebra
I:[o.njcm x,%x’€92S

TT S (%, ¥/) +[(Ioi) (S, %.%7) ] ={g:1-S Contt,map | L10)=% R(1)= *; N
Ffundamental groupoid A:?') 74
Weﬁ,XéTSw*ﬁ

i) (y) = Z EPy) Yo Ypyr € ZTISIx )

Kuno-K, (I) a : well-defined
(2) & zZnr — DeV(ZTTS[aS) Lre algebra hewmomorphisim

c({l=0, o Zﬁ/z1 —> Dey[ZTI'S{aS)




EXamg_le S = Zo,z

n=o

<'\ . {d'lC“)(N)=0 [v) XA C=¢)
0 £=+1

TC) ()= nYu™
{“1) : ”‘('Mnéh'on ”:‘n 2C
=> i SHC)) ()= 0

c(£1C)) (¥) = ¥ ofiix)
Delwm twist A> Compare
tlx)= o (log 2. ) (o) = 0 X f'1x) = fog X

Z
i tl¥) = é Wog ) (¥) = ¥ Log f00 = { L o x dx =5 (Cogx)

—

l Theorem ( 22 Kuno-K., #222Y KooK, Mossuyean ~ Taraev )

_ poleoC)?) N N ~completion w.yto <
(Jtc)* = ez € Aur ( @TTSIBS ) o n—r:eyaugmle:ljalhbl

deal.



8
gz —r

=) =3, = vké'aZ.

2., %), free group of vank 23
TL V\eja'h‘ve g"ﬂoop

‘ S
Qrt =22 Qt/(1,m | In:=Ker(c:@n=> Q)
com,ole,b_d 9roup Y,‘.L,j\ S 0xX +> Lax

AQ?T\(-%@T&? Qm  coproduct , ( Ax =x8=x ,Vxen)

%

TB Nso Vl‘a' a escw"ph'o N

Hi= HilZ:@) = ("/o.m1) 8, @
xen —> [x] = (Xmod ) )®1 €H

oQ

A
T= —?(H) = Eo Ham complete +ensor a]gebm
A Tﬁ-?—@_? , coproduct, (AX=X§1+4§X VXGH)

A

(A) = ii:" AL' BL'-—BLIA’[\ é ‘I—-IQZC T Sywrlzbh.C 'fDYm
indep, of the choice of symplechic basis {Ac, B,-‘h-i, c H



' Detinition (Massu yeom )
6:n—T

symple e axpansion
def A
o) .t —T map

N Yxcem 61x) = 1+ + higher +2vms
2) Yx Yyem Bixy) = b by)
3) (group-like) Yxemm ABix) =

I 4) (sywplechic)

Bix)® Glx) e Té
Blg) = oxplw)l=Z gy ok ) e
xamples (1) |K,) haymonic Magnus expansion /I
(2) lMacsuyza.u) LMO tundor

(3) (Kuno) combinatorial

A
_T.
7\

T

= ¢ (Qn, &e>) = (T olics1)
isomorphism of pairs of cowplete Hopt algebm
N : T _’ﬁ\- Aineay map (C)(cllc symmetiizer )
N |peo :=o0 N(x,xz K ) 1= i, X Xm X)Xy (X;€H)
Der(T) = H*@T = HeT
(9 U,
DszlT)

= N(T)



2\ A
7? S = %oo@n/(@“"lﬂm') completw\ Go&iman Lre a(_(,‘ebm

S

f_H_q vem (Kbmo K) ﬁ 'n—->'{l\' Symple th'c expansion
(N —-N#§: @77 =5 NIT) = Dev, I'T) , =l —>—Nbix),
isomorphism of Lie algebras
(2) @R e Qn - @n
SLLCANIE > ugL ¢
Der,, 1T)e T T

deVlva'hon
A N\
Dzra ((PT[ ) = { D : continuous devivakon a'f @71 ) Dlg):o )
N A
( Covol/avv o @t —> Dey, (67\7 )
7 o

fSomorphn‘sm cf Lre afgebms




Tohmson lflOMDmorphism

A\ A A N
L*(I) = { Ué Key(@ﬁ-q QW/I@H'U:'RPI ) ) (&lul@ {+1®aun) )A =Amu)}
Pv‘o-m'{pofeuf' Lie Subalj‘ebm,

”ﬁj pro-nitpotent Lie group ,
gr{L¥ Z)) = ﬁg-; ( Movita's Lie algebra | = positive pavt of Kontsevich's Lie
D/I\\/ Mm(Z)— A’MT(@/;’( ) mjective. Delm -Nrelsen )
o @R -5 Dey, (@n )

(&%) (c"ogogobw)lt ) = Ll c)* e @R )
J(Z) i= K |m(z) = Aut (HIZ:@)))  Torellt group
3(2)\0"”@;,171\17\@/%

;7‘\‘\. o-nilpotent Lie gro
TTOTA v ) P e

T S’(Z) — L:WZ ) tin]ebh‘ue group homemorplnem
3klt) ) 3"(3(2‘) —> QV'(L-+(Z,) dass:'ch jOMSDq l'lom.ommflm'sm
»\ w.v, o J'olrmson -fl‘H‘Wh'on )‘nleuh‘v-e



"MDYH’A j"('ﬂ\ ' QY(S[Z” —_—> 3Y(L.*(Z” is nol surjebh'vt,
wmovre pvecisel y '
Ty 3\’“—”2” —93 69 gymm (HY  Mortatace
surle g = ( constumeted inan algebml‘c, way )

/r Tvogv(t)=

“Turaey cobvacket
S N (C Onned’ed)ozl'{enhd SL(V‘F“C'CA, 1 € 7?(8/\) (OHS+'0W\+ fgor ( S : Lonn¢p+'¢_d >
l l/" Z/Tﬁ(s)‘ﬁ 27’\1' —> zn/Zi = Z/Tf/ guah‘eu‘t map

A
X € 7T in geneval position,

" o “"“'5“‘ k) € S'xSls it ain )= uit) |
3 Six) 2 T slaim) ki) Yy, '@ % | € ZTO 2T
2 (tr.t,) € D itz ,

“Tuyaev cobvacket
— - Do @+ oD

@ The reasen why we take the guoh‘w:(’ Zﬁ = Zﬁ/ zZ1 '

bivth —death move of a monagon
<>



T“[ae\/ (1) §; well-defined
[ (2) (ZA’(,],5)  Lre bialgebra m=5
( Chag : involutive : [, Jo§ =0 )

k) 0(67{(\ :Sl‘mrle {oop , ME Y
= § (") =0

M-

m—
(-‘) mzo , §lun) = 3;, O(Keoc(""k—%;' att® ok = ¢

Fla™) = Sl =0 () &7 simple )y
[—HAEDVZM (Kuno"K.) N
[ Set=0: J(Z)—=>LNI)— Qne @
) . \ _

Jomson S(Z)Mgmmatzdﬁ—g (go'c\ltcof )

- - ok)
. e, e, “ﬂll%c'l)-é'limacz\)—

and C,
BSCCmaps  (Golos])  te, | Werlitg)= S(2mal] S0
L . | Y

KIZ) : = the subgaoup generated By BSCC-maps.
Johmson kernel

=|>>




S = Z = Zg,/
9: n—> —? Symp|e,ch‘c £x pansion
§0:= ((-NB1&(-NB)) o § o ENB): Davy(T] — Dey, [ T)8 Dey (T )

[JM ( Massuyam ~ Tuvaev, Kuno- K., independeut ly J
VXI,“- ka eH

SOIN(X X)) = S“SINIX-Xe)) + Uighev+erms
degree k-2 degree 2 k+

where

S%WIX;--XU) :’-1%'\ (XtXJ\ NlXﬁH*Xj—I)&?N(XfH"YkX, —--X’.__{)

~ N [XjXe X1~ Xeos | & N Xew= X )
Schedler's cobyacket (& guiver theovy )

Ma:suyam ~ Tuvaey 's tensovial description of the homotopy intevsecton fovm

[heoyem (Kuno-K.)
[ The Movita trace is incduded in Xazj

[



Enomm"o - Satoh > o .
T = Z T @ grilZ)) — B (Ho") ™ (= @, NIH™) = gv @ﬁ))
Enomoto— Satoh trace (% Vefmemewl' of the Morita tvace )

| Ts,e9vlzi=0 1 9r(9(z)) — ED He»n)z’/m ‘w?‘:s{:?ﬂ:f;ajgebmkmy

Remark Ty °4riz) +0 on 3(Z) )
( =0 enKI(X)

divevgence coeydle in the Kashiwaa— Vergue problem [ Alekseey ~ Tovossian ]

7
S —_— ZO,"H‘I =

div: 3Y(L+(Zo,ml)) — ;@5 (HIIZO,«-H,' Q‘Qm)wm (=3V( @T(zolhﬂ)))

L S = Zo,oz-rl — Zn,i capping map

(*Ty = div + (alaw dejw,(, term Q"L)

(T =5 aw ) il o) )

2.1



Enomoto The Enomoto ~Satoh +vace is net mecluded 54

(= monegon @ - @

Topolog(ta,l ve-construction of the Enomoto = Satolr +race 7

Vi

Vevqulav/immersed version of the Tu_raev cobracket (K. )

Ay
|
72' {,? S -—>Z C Immersion }/Vegu.‘m’ lrlomof'vp)’
<Y>[ Z) N 7[ free adion, '57 msev{—m_q qmonogon into eus immersed loop

N /

A —— —

© 1:= null-homoi-opg‘c loop with vrotation number 0

‘ , 2+~
O -f -f/wwmj of TX = TT=T X ;ﬂq——/ votation number w,v.fo f‘

O#UGT*Z Inward vedor *
v -
= {’Q (I,01)—=(%. %) Cwmmersion Llo)=—=2(H=V j/vﬁoﬂ::opy
n/<,,> ™ =72, %) ixig 4 10) il

7'[1 = 71 X Z < :{‘ f\raw:'n_g of TZ



C,1%: @ﬁ+§ )CD'II'\I*'% CD‘?T"' the veqular /immersed Gotdman bracket
v

Y (Q‘?T+ —> Q;ﬁ@ (D‘l’;+ the veqular [immevsed Tuvaev cobracket

2 Qv
\lc\ U ,”Ql . ( Fmk monogon == 0 & @1’1\'“’ )
+ . / LLALLA
@ /(D<v>1.
g (QT?*'@ ®ﬂ+—9 (Dn+ the ngular/immer:ed atton 0~
Qv

PN
N
n-+
Q/\ ' wmpleh‘ons w.v.‘l-o‘l‘kemgmwi-ai—iom (dead I7Z+

o

N
L2 e QAYes ) i imvese image of LHI)

A o A~
= ¢, Q'IT*/ Q?v) 1 = Dergqxw ( @/7\T+ ) Isomorphism of Lre dje,bms'
= Tt §(Z)—= LT )7

2 N
Stett =0 : 3(Z)— LHZIT— cuv’z‘*g,\ww*
(>



£ -fram;'nj of TS
= &;. (3 < -
$° @n' —> CD(Y> , Mﬂmw'l-uh'on map xenrtr— v
o A

+ *
o0(2) S5 )t s Qars Qe

\T @) T%‘ @ Ql,waféi

vatflod

KIZ) = L1Z) Q7 /a1
EC, \L/\fvquﬁng Costametunc
Q7

Theovem (K.)
[ v ( ES+) = the Enomoto - Satoh 4race

Kemonk & i (E§+) = Puruta's cm,yde assouaked with F

® Similav considevahvn for S =2sm

=554 5V[E§+) = the divengemce cocycle an the Kashi wara — Vugu problem .

g (L Zomn)) —> g1 (DR (S )

I Il
ositive pant o
positive part of tv

Sdev,, "

|5



