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Z
§ ]-1, Tohnsou homomov phisms
=1
For simplicity, we confine ourselves +o
2 connected oviented
Z = 25'1 = Cy) compact suvfau of—genus 9
— with 4 ’Gomdmg component,
)
M =My, : = 1o Difts (T al 32 )
— , . ovientatron preserving diffeo, ISotopy fixing d2.
{ 4:3—>3 (Jp/az = 122‘ I }/ Qoll‘g:‘i'w:‘seg

the mapping class group of 5
4’}1’»77:.:17,{2.',*), kéBZ,
= DN: M —> Aut (7) g ronp homomor phism

Theovem (Dehn—Nielsen)
[ (i) DN:!: m —> Autlm) s l‘njeuh'uc..
@) TImage DN ) = {@cAutln): g(e)=1p) where )
)

Remarke e vegard M1 as a subgroup of Aut ()
via The injective homomoyphism DN .



Ouk mohivation of veseavch : .
A Linear approximation of the mapping class group M.
f) G: Liegroup.
The Lie algebra Lie G ="T{G /s alinear approximation of G )

4
S{aggn ! What is The Lre algebm//af the mapping class group M. 7

Recall @ Generalities on Lower centval sevies
(cf).eg, T-P.Serve , 1964 Harvard Lecures , LNM1500 )
G : a discrete g roup
Me = elG) <G, Jower centval sevies, k2|,

Nlg)=aG
T G) =[G, G]  for k21
“[heovem (classical )
U ¢ L (G) = rkla)/rkﬁlé) Abelian gromp
J/ ( In partrenlav, gn, I.1G) = G/(g.6] = Gabd abelfanrzation )

1

-

W The operation
[,1! 90T (Gl x 9% TUG) — §Vieye T 1G)
(xmod My, Ymod Tgyy) > 3y 2747 wiod Terg i

is well-defined.

LG (grTlG) =@ 9nliia), [, 1) Lealgebra /y

Remayk ! Ik,'wmm, r:'nj >1
(M (4'/ £,]) : Lie algebra /i

0) DJ.'/k—madule

[,1.9xqg —> 24, k-bilinear map

1) (skew) ¥Xeq, [X.X1=0
(572s YX.¥Yeqg xYI=-0¥x])

2) (TJacobr) VX.VY, VZ eq
i (C(X.¥),Z2]1+[LY z1,Xx] +[(z.X].Y]l=0




The most (mportant example ! a free group
ry

Fopi= 0.2, %0 > ¢ Free qroup of rank n
= m (Vs?) (eg) T(35) S Ty )
an explicit description of the Lie algebra g I Fa )
~~> free Lie algebra
Hy:= R =g r1R)=2"

—

[ heovvem (ngmas*Wiff)
[ gy N [Fa) = ZLIHz) : the free Lre algebra over Hy

-universal mapping property of Z(Hz]
sz V\V .
] U_’?Q]. Liealgebva/Z,
ZLlHz) 3 | realgepra homom
UX—(HZ) = T‘Hz) ‘=§§o HZ@M ‘}znsordgebm over HZ
Q-use. H:=Hz®Q =H (Fa:Q)

6.
UZLIH) = TI(H)
v
ZIH) ={ueTIH); Du=uoi+iou |
where A T(H) —>T(HI@TIH) algebra homom.
defined by AX = X®@1+1®X for ¥X e H

mz|

i,m = I(H N HQM o

o) i/ Z(H) e=]1 2m(H)
Im(Hg) = BIHp)n Hg ", the “’”"f’l";‘vij'ﬁ‘l"“ algebra

move precisely,
L heoyem (Magnus—Writ )
[ LmlHz) = 9t [ (Fn) = TmlFl L (5
( Z- 'f‘ree of f/‘m"l‘e Vanky . Ak Is exp},‘;.ftey given lpy Wfﬂ.) _

yeturn 4o the mapping class group Mag.1.
gr 1. (Mg, ) = ¢ Answer = 0 af 9=3

[Wm (Mumford ~ Powell - HmcerJ mirl 2z )

bef . abel
’)’}79,7 =0 ,‘,ey ’}’)79,, = f’”@./, MQ,l J 4 3-2—3, 4”2” WID
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Kevise our slogan ' What should be o Lie algebra of the mapping class group Wa.1 ?
\ , 0o 1 1
classical answey ! SPag = IX ;X (_13 0 ) + (.39 2 Jx =0 }
Mg ™ M 1Z5,: 2)=Hy (= 27)

preservivg the rtevseition foirm on Hz /(Jﬁ?'cmﬁigﬁ'emnn
Surface y,

Po it Mg 1 —> ngg (Zz) Suvjective homomorphism
B A A "] (") Dehn huoist 2 Hransvection )
Le Sp,s(ﬂZ): SPaq( R )
But this classical answer forgets
39.: t=Kap,={YeM, :1ei=10onHz}
the Tovelly group of 2451

[ohnson's answer : Look at the whole of the fower centval sevies of  (Z. %) !
( Con'l'zmp, Math, 20 (19&€3) pplé‘iv_—l'lq )

gl i
/? o, W N =Ty k2
) the k-1h hl‘lpaf'ewf‘ ?Ma’h'ewf'.

mg,/ o N,=HZ

MI0) : =My,
MIK) = Ker (Mg, ~>put N0 ), k21 (m08)=35, Torelle group )
{ Mk} Z, : the Jomson Filtvation
_EMLIS_’ For Aut (Fn), a similar frlitvation was introduced by Andreadakis \
( ( Pooc. London Math. Soc. 15 11965),239 26 2) aboudt 20years eaviierthan Jobmsoy )

Descriphion of the guotient MIk)/miker1)
= the kaaPmSon homomoyphism ( Tonson, [bl‘d.)

Te: MK o) —> Hy ® Le(Hz) | k21
Constrution P € M (k)= Ker(My,) = At [T () | ) Liri (Hy )
Vocen ) =2 mod [y (T7) Il “
P € Tin(m) —> Tl9) ) : = Lo med [, € Thi (%ﬂm)
Qbservations (Tohnson ) |
(h Yx Yyem
Plecy) ey = ix) iy 4 2= orx) @1y y) 1~
= (X)) (@ y?) mod [Ty 1T7)




= Tlp): T —2 ’{“'”(HZ) homomorphi's m

&H / 5%‘““ “abelian re, Trly) & "g®"tkfl (Hz)

i) Yo, Y€ mik)  Tloy) = Tle) + Tl ) € Hy ® Ziw(Hz )
O Tl ) ) = plpin) x = o) Y™ o o
[ = Yoo N0L med Tiya L) (V) Mix) = wed T; (1) (-')kzl))
T Mik) — HZ*Q Ljexf (HZ) homamorphism
i) Telp)=0 & Yoenm YxX €Ty, (1) &> PéMikH)
= T MUK fyesy) — Hzt® L Hz ) Injective howomorpharsm
the k™ Johnson homomorphism
Remavks 1) Tk can be defived over the Andreadalkis filtvation of Aut (Fiu)
A. Pettet, Takao Satoh, N, Enometo, ---- have studred Ti's on Aut(F,) indetails
i) The monotd o-{-homology cobovdisms Cg.j does not acton T , but does onthe
nilpotent +owev { N | kz). Hene we can considey the Jolmson hémmoyph:'sms
on 4gr 83./ (‘), For details, see
both of them ave 1o appear

Habivo - MASSM}IeAu./ arXiv! 1003.2512, and ) e o oppasn
. / wd
Sakasm.‘, arXiv: 005,550/ apadopoulos’ FlandbooK,

10,

D, ]olmasm's vesults
(T) ( Math. Amn, 249(19%0) 225-242 )
T (99, ) = M Hy < H,o® N'Hy WHZQ,‘(Z(HZ)
where % Hy = Zy, (6970) Xow ® Xew @ Xetsy 2 Xi. Xz X e Hy S cHy
(T) (Awi, o Math, uxumng y4z)
.93/ Is qeneradzd by B_Pmaps and BSCC maps

TMBJ Hwist +wist

(c 3o @)= 2

“vight hand twist ’
B P map BSCC map

() (Topo‘ogy 24 (19%5) H?—-/Zé)
miz) = Kut, ) = < RSCCmaps >
(V) ( Topology 24 (1925) 121-144)
Kev (T 9;,”(-7?/\32 Ho, ) 45 described by the Biyman~ Cragq s homom’s
In partivalar, tis 2-torsion
(= =: 9¥ez(+] 5 (WHy)e 23] )



&Mﬁﬁ We can considev the Lie a.lgebra gv r, ‘.93,1 ).

HAI‘H (J, Amer. Math. Soc. _LQ “99’7) 591-6 5_’) 3ave an ,o,xj;h'u-f- Presew[u-h‘an'

of the Lie algebra grl(35..)@ Q@.

§ I"Z, EXfensrons of the Tol/mson homomorph:‘sms

G 93, =) —> A3 Hy  the (i Johmson homomorphism
~ b
() # T 3 z
’”15,/ =mlo )
Observah‘ons ( Morrta )

L

(1) amg5be! = & T is not a homomovphism
(il.) /\BHZ ! Wg,,*madule via P, 1My, —’Squ(Z) , P—lyl
=> T, shouwld 4¢ a i—cacyo&.,/‘.e,/ Vo Yap € Mg,y
Z o) = Tle)+ 191Gy ) (e d&=0)
= e Z—’lC*(Wg,l) /\3H21)

where * _ novmal 'zed stomdard
CHG:M) -—z{C’glG!M), d)gza c,:cua«lvjumpwxa

I

/2,

Cg{G!M) ='-{C:C1x--xc7 —a M ) map 3 }(G P group M: G—nwdule)

C(“"f i;"' )=0

d:CHG:M)—=C¥™G:M)

(de) (=, Agr) = % C(Xz.~XAan) +4éﬁ_' )“c (%), X Aewr, Xy + (] )wc (% -, %)
H¥G: M) = H*(C*(G ‘M]) the cohomology of G with values im M



/3

AT € Z' {C*(/Wig./,' ‘ZL/\BHz) ) unigue up o '1-cobaumlary
~ Wan
Stk 135', =T 39.1"‘7/\3”2
: 3 .
= f’, . /”73,/ -z :-;_.LA H& X ng_ng) grounp homamavfhls"?
b —> (ki9), 1o o
= T (W (W) HX( 4 Kty ) (2): @) = HiIMy @)
at Mortta's descriptton by using tvivalent graphs

[l h{onm (Movita)

F—_l/tgo_vm (Morita, Taveut.math, 111 11993), 197-22% |

Tmage € > ©Qre.rz1]
where €€ Huvf’mg.l ' Z) the ¢t Mumford ~Movita- Milley class
Theovew (Movita =K. Math, Res, Lett. 3 11996) 629-641)
Tmaje B*= @Qle:021] < H¥(mg: @)
l; ( holds also in the unstable vanqe )

(eq, 00, S.—~e, (OO0, (Drre, - )

an afpmximah‘on +o The cphomofog}, H*{/mg,,:@)

14

Theovem | Madsen-Weiss, Ann.of Math, 165 (2007) 843-94/ )
[ H*(/mg.liQ) = @Ue::v21] for *(';,Z'ﬁ ( stable range )

Exhns:‘oms m‘ the Ioleon hamamav_ph/‘sm_s
T, T : Movita
V'l‘k : Hm‘y!

other approachs : l_<_‘, Day, Massuyeaun, Day, Massuyeau, - --

Ma.yhu; wpansrans



§ 1‘3 Maqnus u('pansrons

[%

m= (Zg./,*) ;o free group of vank 2.3
H=HI%, @)= W“"“@Z @ >0:=(xmed(mnl)@1 (xeT)

A od)
T‘H)== ﬂo H@m (ompla‘h_d “+ensor a-’jebm.

itano (Top. Appl,, £9.11996) 165-1172)

Bourbaks
& Groupes ot algébres de Lye Ch.2

used the classrcal Magnus expansion {wm'uj from Hox!derivatives )

4o descvibe the Johnson homomorphism s
\]l, [K.) the minimum conditrons 4o define an extension of the Joimson homom’e,

(,den 'Hon

0) B:m—> TIH) map

b:nm— _?(H) [3enemh‘zed) Majnus expansion

1)y Ve Yyen  Blxy)= Box)biy) o1, YxeG
2) Vxenm Bix)=1+[x]+ higher tems € _/I:{H} {?%ﬂf?ﬁ_’r
AN = 2 “ T
= 6:Qn = T(H) algebra Isomorphism € QJ/G,\

( where Qé\ ! completed group ving of o group G

=2 QG , 1G=Kult: QG @) owagmetutiip

190

| & A
vem,,, @ = TIH)

oy O PRy ay

@r = TiH)

" 0
’g@x‘x‘—-’fa,

[é

ebra automorphism o
pve:ew:'MJ +he fﬂm-h-on SMQPHOPZ,,_./

'TB'_. ’mg.l —> Aut (_T_(H” gronp hamomovrhfsm . ’{t'he totaf ]Ohmsan map”
TOg) |y € H*@ TIH) = T H*e HOWkH) (K, arXivi0505497)

-0 =-

S (0 41,4 Z Ty )M, Thy) € HY® pet) s
Tkv! mg,, —-> H*‘;@ H’QU"' ) ﬁ”w‘im ‘H@l“z’ net homomovrhfsm
the k' J'ohMchn map o Passicafl Resulbt (¢t [Bourbaler],[Sewe] )]

&

(Big (1 + T, HBF) = Tp(m)

LLemma (K, foe,eit ) Yzl

T ppisy = Tk * MUK —> H¥® Ly (H) < HY® HEH)

Vo Vo e my,, TPrew)=TO9) To)

= cb-éamadauy ~elations

is a I'C“)””e

6
%\E H- relotron _

—dtf=0 e C¥my, 1) L 00 =L
—d58 = (vl 1y +14eT2) Ve € C¥(my,  H®Y)

)
)

=> the s:‘mplesf pvoof of Theovem (MOr:"m— K) Stated above



i

The Tohwson hamamorpha'sm T asa bre algebm homomoyphi'sm (Moyi'l-a)
1) grmie) =B M) mirt)  : Lie algebra
Gemk) . emiL)
[ & mod Mket) , YpmodMg+1)] := o™ mod M (ktl+1 )
(i) Der(2(H)) 2 {DeEnd2(H) ; Yu ¥ € £(H) Dluvl=[Duvd+{n.Dv1]
VD, b, (D10, ) =D°D,-D,eD,  devivation Liealgebra
Wi=F ABi- BiAc € NPH =2 IH)  sywplache form
indepemdent of the thoice of a sympleche basis {Ac,BYS ¢H
Y. := { D€ Denlk(H)) ; Dw=o0}

DealL(H)) = H*»2L(H) () Z(H) tree over H )
D+ DIH
=> H*e2(H) 28 HOZLIH) : Licalgebra
Wi Vegard 'ﬁg,, as o Lie subalgebra of H@-tIH)
(= g0 = K (0.2 HOL(H) > ZIH) ) )
'6,?’,' := Bay N H®{t§z fMlH)) C 69,, Lre subalgebrzn

{ﬁﬁd = 59:'1. A Srzg(Q\m) )

[8

(_F_lm@_ [ Movita, Duke Math. T, 10.11993) 699-1124 )
(i T gkm(‘) — H¥® L(H) ! Lre algebra hamomorphl‘Sm

Q) zigrmi) C’Qﬁ.-_','

Uiy zigrmi)) £ 4,7

@M& ) '691,' N HO3= /\3H (c-[-) Jolwsa»'s result ) Habejger)

i) IM_( Gamuf-qh‘d is —Levine , Pv-ac, gympo s. Pure Math Q_3, 12005) 173—203)
( TlgrEa(0)) = By,

roof o om
() pemik), wemi) , Z(H)< T(H), YueTIH)
Tel‘fﬂul = Yt Tl ) U} + higher tearms K""‘"ﬁw, ) )
T U = U+ Tohy) th) + haghes +eams action as a devivetion

T T = U [ndy) Tt J 1) + haghes toms. 4

(U Choose a symplect gamnaton i, B <
o fBe

3
~ T C o= IT [owped €77 ,E(,*

G(s)= {+w+ ghe terms




/9
o emk) @lg)=t
0 = TPl¢) Ble) — G18) =Tl ) (w) + higher tems
= Tklplw)= 0
i) [Movita tvawe ) Symmetuye
Tr,: H®LklH) <> H*o# —s HOU1) — g M1y
f@ X Xie > 406]) Xz--Xie
Theovem (Mow'ha, ibid )
| () T lfpu nHF@ L (H)) ) = ﬁ 0, 4t k:odd
' gymk"H M ki

i) Tnety, =0 (Ykz3z) p

Bad news Qn,T0
AN =0
T9095.,) E By, =]1 (H*@ Zun(HI ) 0 %7 )
Cowplehion
~n~p Massin )'eam’s Sympledic &xpamsions

20

Sywlectrc LXpANsions

A TIH) = TIH)I® TIH) coproduch R
algebra homamarphfcsol: v 8y AIX)=XE1+18 x xeH)

( D&M&(Massuyeau, Bull. Spe. Mathy. Frawe 140 (o12) 101-161)
b:m— ‘? Symplectic expansion
é o) .1 —7? MAjvmj £xpansion,
1) [4roup-Like ) Yeen O Bix) = Bro® Bix)
| 00
| 2) (sympletic ) G18) = oxp (w) (-’—‘»”% 7nlfwh)

A -~
( ) €& @ Qm = TI(H) isomorphism of comp lete Hopj-o.fjebras )”” _
Tacch___‘: ey spa
EX&”‘!E’U (1 (//R) lK,) #Hamonic Magnus &Xpans:bns”pnmmefn‘aed‘ﬁﬂ Jg.i
(2) (Massuym, . [bc‘d) [ MO 2xponsion s
(3) (Kuno, Proc, Amev. Math.Soc. 140 (2012) 1075108 3 )
combinatorral symplechic axpamsrons (&= free genevator of T )

(4) (Bene~K. ~Kuno— Pemmer ) €= +vivalent bovdered fatgraph. ___

V4 N .
( additronal structure on 2 = sympledl‘c xpansion of T )
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6:m -'?—/f\_‘H) Syw\plem‘cw}mns»‘on
T6. Mg —> Awr("f‘lH)) totad Jolmson map
YoeS,, Tolo|y = 4y+ o) + oy +---
lasne )
TOlp) : = Loy TBIy) =g;', —%UH(TW?)—UM € Der(T(H))

A converges
T"(gg,, ) IH c H*® ¢ (H) ('_') group-Like conditron )

T3(93,,) < '5;-, (‘-’) rymplu'h'c conditron )

29.r
T9 ' 33-[ — '6,3}/ Mns;uyem’s 4‘0"?11 Jahn_(an Wa[’. ”3
v g

[Queshbns (/) Symplectic expansions are defined only for 2g.1, not for Zsr.(v22)
~> Howdawegenemh‘ie T8 4o Sqr (rzz2) ?

i) oxplicit descriptron of Eog( Delm fwist ) = ?

i Gii ) 3eomd’w'c meam‘nj of the Movita traces. 7

All these guestions will be answered by the tompleted Goldman Tuvmev bialgebra
~ Pat I[



