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| S Connected compact omented surfaw with 95#4:
|

-—> &
C(assi{-fm‘h‘on o-fSurfa(eS S - Xg,y 1= §
rz 1

mis) =. i %:S—S " srentation preserving dfﬁeomorphism} / isotopy

. iX'ng
Plpg = dyq E::‘:gwfsg
Mafpinj class group
- E <9S finte subset st inclusiony :wo(E)-ﬁw,,{as)
9(S) = Ker (m(S)—> Aut (H(S,E:Z))) |

the //smal/es‘f”—rore/h' group in the sense of Putwasn
( Tuthe case r=4, J(S)=29414. )



Abstvactof Fart I
( Recall : @;,ng,/) : Mg, -module = Johmson hom::marphfsm)
Q#(S) : Gotdman ~ Turaev Lie bialgebra
Yo%, €2S ., I=[.11={telR;o<t<1) € [ it mterval
TS tho.% ) == ([ I.Q.l), (S %% ) ] homotopy dasses of paths From %, +o %y
QTS (koks) : @Q77(S) - bimodule
tﬁfihbm @/Tr?(*o,& ) ! @(g) —bimodule

s
Putman's genevators of 9(S)
Dehn +wist formula @y Kuno—K .

T 9‘3) <> @TIS) embeddl‘ng_
a geometric 3enemh'3a+l'o n
o6f the Jolmson homommpl«;m
Tn the case S=24. 991 Q.n(z'g )
' ( Maisuyews\g/} )
_ ‘%

VdA{feomarplwm Image T C ker( Tuvaev c_obmcka")

preseyve s “the self- interseution
of any wurve en G
—

a topological imterpreduton of the Mow"m traces
a theorem pologtead Interp t

of Massuyeaun-Turaev

§ I-1, Grofdwan bvackeet

S ( connected ) orrented suvface.
A =AIS):=[8,8] = TS0
[ |:mlS)—FIS) guo-hew!' map forge#z‘nﬂ the base point
| Z 1 the free Z-module ovey the set T
I X, R S'—= S maps in general positron | \/:ﬂ: lo(,,(S) §+°°)
( e, ot SIUS'—> 8 is an /mmersion with at worst transverse double points

Abuse of Notation : We use the same X Hfor the wap X itself and for its
( homotopy class (] € T

Gobdman bracket  [o @J_ ZFQ{po((S) LA éZvr
(? where Elp:x@) € {x1y Locak intersedion vumbey SF +1 o(r _31

X ofp (awp. Bp )€ WIS, p) Dased Loop o’lo"7o({wms)6wud~tf

XpBp €IS, p) L | Bp | e
—_—

P 1 fivst traverse olp , then Be



Theonm (Go?dman, Tnvent.marn,, 85 ,263-302 (1986 ))
C,1:Z%x2% = Z7T s well-defived.
(Z#,0.3) : Lie algebra __
well-detrned. & jvaviance of C, ] umierw-fb”ouh‘nj 3 locaf move s
bivth-death of a monogon  bivth-death of a bigon | Jumping pver a double point

-0 B8 &

L:e al Lie algebra
(skew) Cor,B1=—[R.1 () Elpietp) = — Elp:pet) )
- Jacwte) o Cp.¥3] + [p.0x1] + [x, [w,pI] =0 (%) staaight-forward
COmputatron
Eemark * Goldman extracted this Lre algebra stmctwre from Woabpert's

formalo on the Tecchmitller space , and his oun study of the modulr space of
flat bundles om S
e {e 'rrA constant Loop, 1 € Center {Z-:'?) (/‘.c, Vooe 7 [1,.x] =0 )

27? /= Z%/Zi guoh'en'f Lie algebra,

| 6.
| Action of o free loop on a path
IntS:= S 3S  interriov
¥o,% € S
TTS (%o0.%s) :=[(T.0.1), [SHo k)] = { ¥: T — Scontimap, Ilol-—:’ka.!u):*,%
ZTIS (%0 %) | the free Z-module over the set TTS (%0 % ) ael?

S*:: S~ (ol n Int S )
X € T(S*), ¥eTTsS (% %) ™ general posttion

Action of & on 14
Tlo) () & D slpronk) Kp O gy € ZTIS ooky)

Y peany
k’b? e TS (%.p) path hom X, top adonj 'S
% Xpx, € TTIS(p. %) from p +o %

Theovem (Kuno-K., arXiv: 1008.5017, 1109.6479 )
o Zﬁ(g*) x ZTTIS (%0.% ) —> Z TS xo.%, ) WW‘W‘

Z TS (%04 ) ,&4/1' Z7 (S*) -module via G

W te, Yky Yk, Vi, € S
VO( € 7? , olx) is o dewwuhon /3’1 éang(,'b *f) Y, € TIS (e )

o) (¥ &) = alon () 6 + & oty

X4



well-defined € Mvariance of o le)(y) under the 3 Zocal move s
Lyt Z A -module  oLp eTt, ¥eTIS (kok)
olle, 2)y) = dl)alp)x) — aip)aieny] () 8+mfghf~-{-pvwakdcowpu+ahbh)
l . 7"
m D2 =0alay) &
@ +® = b wle)yz)

Rewark_ - I we consider 7118 ) instead of 7(S¥), then @ is not well-depined

J’ f@

* Massuyeau - Tumev glves an Mferpmfah om of & as the 'devived form "of the
homm‘opy Mfzrsebvbn formen S
SL}M” category QE(S,E), EcCS sabset , //grvupoial ring v
objet ke E (1, Ob@QEISE))=E )

morphism  QE(S.E) ok, ) :== @TIS ko, k) , ko, % € E
wiovphasm from %, 1o ¥4

derivations of @€ (S.E)

D‘*o*')EE A{@ﬂfl*g*)
Dev(@e($E) )= ) D= {Dm*l))*’a*éE J phery, :) ")

= (D™**y )4, +u, (D**y, )
Lre a,ljebm, V*o.*/, ¥ 6 E

% Y u, € QTIS bok), Yiure QTIS bhi k=)
S :=S\(En1n‘tg)

o @7?(3*) —> Dek(@e(S'E)) Mrb”—dcfl‘ned Lre a.ljebm homomorpha‘sm
Rewave o odl) =0 (17 (S*) constant loop )
o : Q7/(S*) = Dey(QEISEI)
* 9S*¢, MIENIS), ——>-rr,,las) swjedive (& Tip (25, EndS )= )
= Kenno = Q1



§ I-2. Completion and Dehn twists

K_e_g}i G group, I1G:=Kun|s:QG—>Q@) augmentation zdeaﬂ)
Za,x:—-rZ'a,
L QG _<__ @G/(IGJM Mcompleh_d group ving
nzo
P QTS (ko %,) 2= &, (IMIS,9))° C @TIS bto s
where e S, %eTlSl*.g), HeTlSiax)
the RHS does not” depend on 9. Xo omd &) (é [eY'c QG two-sided cdeal J

s
QTIS (o) 1= 25 QTTS (. *,)/E.@mmm

Small Cateqory (De (S,E) eompleted groupoid w‘ng
L oblet ObL @EISE)=E
morphism  QEIS.E) bhok)) 1= 02/} (ho.% ) , %ok EE

MIS,E) 2§ ¢:S—=S s oripres.difieo ; Flogpe = pgp 5/@’3”@’“

N CD/@lS,E) notural action _pointwise

= { ¥o(™, fnéZj
Qﬁ}(*o,*;):—‘ { Yu; ué @/(:()k
(H'qkf handed) Dehn twist t € MIS.E) . C=l«] 67?(8)
|

@
)= ¥

t
(4 .
{ te l/ well-defined fe (=) =
as an element

cf MS.E)
AN

|
| /0
| Debn twist on an anulus C = *, E:={ht)cal
‘ Xem(S, %, ) ’
‘: ¥ TTS (%04 ) annulus

ll?



/]
Yol =¥ el € QTS (xo.%), Loyt € Qe
oo N\
Aoglic) € Der (QE(S.E))  “devivation”
s
%1) Log () (¥) = ¥ Loy
Log 1) () 22 0
= elalte) (23 Litgit)") =t o DESE)
() (Logit)) ) =0 ,(lagltc))r().-: Yoy )" Ymz1)
O” me O'rheV hand |’\.I)
a(C?)¥) = m¥a™  c(C*)x)=0 if nz ]
f1x) : Po&ynom(df m X
— !
(*2){ o[41C))(¥) = Kot i)

n="5

al4(C)) ()= 0
e N Iintersech. ‘nts
rCompare (k1) and (X2) . wnr::‘buh':: zi;awpf'

X {/tet) = Log = + ¥oqm

fix) = Si -—i\:—-lag% do =—2L(ea,x)z
Hena ,eoy tp = E_LKQayC)Z ¢@/ﬁ'\\

€ Q7 a completion.

/2.
nz{

QT (S)im) 1= | @1 +(I7(S.9))"/
where 96 S, 1emlS.3) constantloop
the RHS dota not depend on 9

Lewma (1) %ok € S, S*= S\ [froxynIut ), Y vmz
o (@7 (SH)m)) (Fow QIS ko %)) & Fromom-2 RTIS (0,41 )
(2] Ym, Ym 2z |
[QF(S)m), QA(m] € QAIL) (mn-2)
(¢ Sthaght- Forwand computatron ) ‘II_m [z)
@/f?/ig) = i‘ﬁ Q7 (S )/@ﬁ(s)(m) the completed Gotdman m
Q‘ﬁ’ (S)n) = K (Q} (8)—> QAS)/Qp(s)m) ) Lie subalgebrg

o QFIS*) —> Dev (BRIS.EI ) := { continmons devivahions of QE (S.E1Y
well ~dejusl Lie algebra tromomorphn'sm (& Lo (i) )
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-2L ( Loy c)e @? (annulus )
\”/ van Kampen theovem for the fundamental groupords
Tlﬂeomm “(uno"K,, arXiv: 1008 50117, 1109. 6479)
S ! tonneted oviented swmiae E c C subset, S¥.= S\(En quSJ
C c S"\ag S‘:\Mple dosed wrve,
L(C) & 4oy c)?e @RISH)
=> t =oxp(ailic))) € Aut (@BIS.EI)
E Wayks Theowgmal version (100&.50617] covens on/y'ﬂa wse S=24., ,E= Hr}
and invoues a sywpledte expansion of MLy ), aS
Massuyttw Tumev( Xiv! F09. 5L4<PJ Gives anorhcrgemmh'zqh‘on
of the origival version,
_[heovem (Massuyeau ~Turaev ) S : (conmected ) oviewted surface , k& N
=>C < SN {x) simple dosed mms/_\
(1) ter=explo(Lic))) € Aut@m(S,x)) M x€33
(2) t =exp(olliCl]) € Ouwt(@mR)) if e Tt |
’ IMGPEMJ&M% , Kuno =K, (1109, 6479) gives the geveralizatron. stated abow.
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Generalized Debn Hwists
Even if C isnot stmple , we can Aeﬁnc

o= e ) ¢ At QBISE),

which Kuno named the generalized Dehn twist+ along C

() Kuno (arXiv: 11042107 ) |
C = Zg-l, E=1{xyc2§, C = (nan-‘f’n\nh’)ﬁ‘gum-m.’gk‘f‘
=> tc & Tmage of My,

i Massuye%‘—rumev (1109, 524¢) defived the nokon \of Yoiste !

i a geneval algebraic framework .
i) Kuno— K, larXiv: 1112.38%1) , 29S¢
C :not srmple , | veqular neighbouvhood tC)—m(S ) injective
= 1 ¢ Image of the mapping closs growp M (S)
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In-hwnsiml Dehn ~Nielsen Theovem

Lasrev { half. :
ﬂ—heomm (Kuno-K, 1109.6479,2)
S compact with 38 + ¢
M,(2S, EadS ) =% (te, MIEA2S)—=> 135 ) suvjedive )
= @RS —> Ded QRIS E)) imjective
havder 7 half

Cmqed’ur&
! compaut with 93=t=¢ (28, EadS )= %

' Image ¢ = D GD_QP(QE{S E)) (D tontinuona, and ) 7
(V‘GDMMJWAU'DP )=

Remayles - It Conjerture is true, we need not Denn-twist formula
for our ve -constuction of the Jolmson homomorphism<

Couf&duﬂ. 1€ fame for g-‘:Zg,;, E=f+lcad S,
(€= sywple chc expansrion )

S I-3 (geometric) Jobmson homomovphism
S ! connected compad oviented suvfae with S
fe, S == Zg,if with rzi|
E ¢3S fmn‘z subset st T (E)S>T(3S) (% S*--—.Q)
Copradud'on @8(§ E)
A @/\S [y, %, | —> (L)TTS (%.% ) & (DTL( %o.%;) Ccoproduct
YeTS [koiki ) +—> ¥ &Y
LTS, E) i={ue @RSz Actw = (cmBam)A
C @PLS) Lie subalgebrn (L5000 = 55} )
 Uxpe: L*1S,E) = Auwt |QBIS.E)) U > sy au™ szt:?;;)cw'f?‘(z;.
injedtve (©) o ijechive , (TS E)c @’7}71'31 )
Tnage [ expos) < Aut(BEISE))  subgroup
(v LYS,E)c @7 (3), Baker ~Campbell~Hausdor ft formula |
~~> e rqanﬂ LS, E) as a qvoup VIa expod
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Lemmg C.Ci..C2 ¢ S Uosed curves
(N (CI1=0 eHlS:Z) = LIC) e FIS.E)
(2) 1(C)=x[CTeHS:Z) = Lia)-LUGle [T __
( straight = forward computation )

I(8) = Ker (M(S)—> Aut [H)IS.E:Z)) the "smallest" Torallr group
[:r_l"e_tzrzm.( Putman, Geom, Top. L1 [2007), 29-865 ) fnthe seuse of Futman
11 genus‘ (S) =1, then O(S) s genevated by the union

{40 C €S smple ddosed curve , [C1=10 € Hils:22) Y
L Yt 0.GeS A e 2(01=206) € iz
As a Coro”my, 9 :: oo_im:larw:ult hWotds under some modification,
LHS.E) > At (@B 1s.E))

w
ETAN @ l/ fmjective lfsseu'hh,l/)/ due to Debn -Nielseu )

T
9(8)
T:93(S) L+(S.E) I'njective group homomorphism
the (jeomehr/‘c ) ]Olmsm homomorphf'sm

J /8
‘ Remark  Tn the case S=2g.1, E=f¥y<2S,

4., == LYS.E)

Massuyeaum @_} \//l’{ g
T8 9.1

S S’ -
; . +
Nafum/lr/ye'f'flg(g) —>[*SE) :
(S".E’} similay 4o [S.E) ; Qm
F AN S < S/ .embeddl'nj af Surfat.ts
©: QP (S)—> QA (S/) tuclusion homomorphisw
L:M(S) —>m(L7) Lxtending difteo's &y dg ¢
= The diagram
9(8) = 9(&)
< 1 11
LS, E) - LMSTEY)

Is well-defined and commutes
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Remark  Tn the cace v 2 2, Putmwan defines some othev vaviants of the Tovells
roups, and Chuvch (avXiv:1108.451] )de;‘fnes +he fsrjabmsau homomorphism
o cach of these vaviants. I don't know how Chuveh's Tohmson homomorphism
and ouvs ave velated +o each other.  Anyway, 4o get thie geometrz Jomson

homomovphism fov other Tovelligroups, we need change the fbbvabon s
f@'ﬁ(/n) Sn_z_; and { Fn QTIS [0, %) 5‘43’ )

8 T -4 Tuvaev cobracket
S : connected oriented surface.
4 =7I(S) = (S S]] 1 €T constant Loop

Qﬁ’\/: @7/1\/( S) = @ﬁ(sywi Lre djebm (‘-’) Q fc Ceh'b.r(@';l\') )
o! Q> Der QCO.E) .  well-depined {) il =0 )
({7 Qm(8\—>@ﬁ/@i=(}g7’;/ guotiewt map.

Turaev cobracked
Xef in genem/ position

Oy, 4 () Dy :={ltut,) € S'x 8!, ty=1, °”tl)=°‘ltz)} double pojnts
nt, 5:«):=(E)éa:&«ﬁ;,&:tz») | o044 1@ loty, | 7
- 1.5 A/ A
o it where € @77 ® @77 /
oty %1 Elxlty), &ltz)) € {£1) PLocal inteysectron numbe)

"_"'P@@" v (v <)



T heovem (Tumev, Ann. St ENS 24 635104 (1991) )

§5: Q7 — Q'@ @ well-depmed

(@7/7\ £,1.%5) ' Lie b/‘algebvq -+« Chas vvotutive
Remark We must +niee Q7= QT /1 o kill the ambiguity coming from

hmn ogons @ 6

Involutive Lie bialgebra /@

Deﬁmhon (61, [,1,8) : hmvefutive Lie bialgebra /@
& 1) (eg,L, 3) ¢ Lie algebra /@
e, 1-1) (skew) ¥X Yyeqg. [XYI=-[rX]
1-2) (Jacote) ¥X.¥Y, ¥Zeq Tx.Y).Z1+00Y,22.X)+([Z.X].¥)=D
2) (4,5 ) i Lie coaljebm/@
te, 2-1) (coskaw) §: 0]——7 Jog

3 JAZQ‘]‘
v 272 (cofacotc) N (5@1)§=0" og-> q/ca* q;@3 N, ge3
where NIXYZ) =XYZ+YZX~+2ZXY. (X.Y.Z¢éq) (dobe contins
Y 22

3) (comboadibility) VX ¥y €0)
S(X.Y] = adIX)[3Y)—adlY )[sX )
(where  a4(X)IYez) = [xYleZ +Yelx.21, (X.Y.zeq))
4) Unvolutivity ) [,]Jed=0:0—0qg __
(1)~3) : ovigival definition by Drinfel’d. )
Kﬂ’ S< 0 Lre subalgebrn <& 3)
(%) X.Y €K 8 = 5IX.YI=ad(X)(0) —ad\Y)i0)=0, )

P
(right) eomodule shucture on QTIS (%o %)
Xtk €3S Y€ TS (%0 %) n genevnl positron
Ny [y :={ double poiris of ¥ ) < S
peTy, Yip={tht2) cT. Hf<tf

<’ @ RiY) = -—Z S18180, £ 1601) (Yup Yooy )@ 1¥p el

Y

I~ o P 6Q?ITS(*0,*.)®(DW’(S)
VRY:
*




In the case %o =7*1, we move *; slightly inthe posirive divection,
then we get Uy Qm (S, %) — Qm(S %)@ @A(S)
Remavk These definitionsaeiwspired by Turaev (Math. USSR o A=+
Sbornik 35 (1919) 229-250 ) _ |

“Theovem (Kuno—K, avX;‘v‘IIIZ 3841 )
Blpe) (Dﬂsm %) — QTS (%. *,)®cbn’($) well-defined
(CPWS [%0.%) , 00, M (/4«!»1} ¢ Mnvolutive QTT/(S)‘MaAuIe .
Remark The condition %p %, €3S Is essemtral forthe well -defived ness of L

Xy

*
_?@ ~ o

*o
§ and p(ps) ave compatible with the filtration s { @7 ) and {F,,(pn‘s)

—~~
= Q7 {8) :(cOmpIo;te_) involutive Lie bialgebra

AN
@TIS (k0. %) : (complete ) involuttve Q/f\HS)-bfmodule,

74

VlManamﬁ dass € MIS) presenves JZ (/A+

=> FuetidS)) YneZ ™™ prasemes p
e, Yye QYTS (koki ) (Yo% € E )

ule" ™) =(e"™Ee"™ Y uv) (Ynez |
17;:3”“” Hlctuiv) = (e 1+ 1®am) ) plv) (=1 cipv) )
I\QH

”Camml—ibih‘-ry” oy @?r—b;‘mdule (D/TTSH’O %)

a-lm/uu) /xlo—m)v) (Foim)vesu)

( where @TLS‘@ @ﬁ — @/§ u@u > —alui(v) )
=> (Fe 1& Jvesu)=o (VveCDTTS )
= fu=90 ( ') o @W%Der(@ﬁ) Mjedhie )
Theovem (Kuno -K; 1112.3841 )

(814)et=0:9(S) 5 LI(s, E) LA o7 & 4r

ie, -1_-(9(3)) Zaviska dlosure Ker({;/u) ! Lie subalgebva

geometrc obstruction of the surjedivity of T: 3(S)—> LMSE)
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EYQRQSJILM EIL*IS,E) + 0 ﬁgenus(S)zz

L(c) el*S,E)
C has a self-mtevsedron U} §2 2
SLIC)#0€ QF(8)8 QR (S)

J

Con[gjure '
————— Zansks L.
T(9(S)) “ oswe@ Kea (811vi5z) )

Lvidences -
(positive ) Tuwaev's chavadterization of basejﬁf%s
egative ) Chas! counterexample for Tuvnevls conjedure on 'fkﬁ&;f'_(

SIM’ e

| e
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§ I[ -5, Tensorial computation of the “Tuvaev cobracket

9z, v=1, S=2 =3, = x€aS, E=1ix)

T=T(%. %), H-"—“HHZ!Q)
‘[/:="|\'|H)=Te? H®"  completed tensov algebra,

m=p
A
g:m—>T sympledic expansion,

N : '? —> —? t eyclic Symmetvizer ( cyclierzer, norm map )
N I H &0 =)
N Xi Xz - Xim) :é X == Xom X Xavy (x}'éH) , m=2|
et HxH =@, X.Y)+> XY, mtercection numbe)
Tdewtify H 22 H* X > Y 2¥-X)  Pobiad dualiy
Derw('l/‘\) :=4 D continuous derivakion of T > Duw =0] w: sympl. fovm

Dev,, () = NIF) < Hef = Hig?
| |

D f > D'H
015—==N('?) = Duw('?') (identifred )
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Vﬁ Symplectic axpansron.

T heovem (Kuno-K, 1008‘ 501'7) D"..:IT)
(1) —/\6 :=—-Nb: @77 —?073 N(T) ll > =N, Liealjebra isom.
(2.) Q-ﬁ@@-ﬂ' ——>@-n @,\ ”/@".
7 —>
—-Npos |l ugLe s o O
Der, (T den%£ T = Nif)=a"
| (3) A,,(L*(s,z)) =4,] <oy __

((“%9)@(‘/\9” & o (-,\9)" 51y —> Ol ®625 Tuvraev cobracket

tated |
TB .951 i '%9/ < m, Massuyean's +otal Johmson map (S ,Bmf"_‘[)
58010 = 0: 95, = 017601 | & Thm )
Quesh‘on 1 Exrh'u‘t descriphion of 59 ? ~
not known [ &b depends om [ &) ‘Sympl.wp}—% CRA ) ;
glur -i: 0
Recald orrginal Johnson homomo/rén‘sm
T . gk(ﬁg,, ) —2 9" 9.-,’) - Gg,—‘f
28

Qme.ch‘cm 2 Explicit descriphon of gr(gﬁl 7
7

MaSSuyeaM ~ Tuvaev 's +znsorial descrphion
61 the homotopy intevsedhon foyrm on 2.

The homotopy Inteysection form
(akrgmah.d b), Popakyriakopoulos and Tmmev,mzlepemdemf'/y
wodifred by Nasmyum -‘Tumev
X, €92 —/L’Lx—ex—- 25
u*,
Taewtity (T, o) =TT *)=1 £y o —> G X7 )
(2, ) xmlg,*) — 7T ¥)

W N NN
x R M geneval position

200 B)i=2 op BB Ve clop Br €2 (2, % )

+1
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ﬂgm Papakyrmkopoulos, Ann.of Math .Studies 84 (1975) 261-292
\Tuvaev,, Math USSE Sbornik 35 (1979) 229-250 )
(N 7 mM(Z, ) xmZ, %) = ZmlZ %) well-defived
(2)  Plaaz,B) = flea, R )+ % 700z, 2) of o, oy € THIZ,+)
40, BBz ) = 711 Bz + 7lef.3;) ({3-("'[32 € (T, %) )

[ heovem (Massuymu ~Tuvgev, arXiv.: 1109, 5242 )
g : Sympledic expansion
= Qo7 2, Qm where
fob | (> o Pla.b) := (&-tia)) A% (b-£(b))

TeoT —- T + (a-ga) SW)b-sB1)

beT)
€ 'l/-\- —->@ augmewfuh'on (abeT
Xl"'yn "‘."> Y,”'Ym = (Xn Yl) Xl Xn—in “Ym

Y; €
w=2 AcB:—BrAr GHQZ )S\ H)
Sywmple cHe form
| Bok 2k
Slw) = 1o -4 - 28 ?
[w) "] L= ,—(ﬁ—ﬂ—w

B2k : Beynowllr numbeyr

30
Cngwfuh’on
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L aurvent 2xpansion of the Tuwmev cobmkel §b
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12, All the Movita hates are dertved from the geometvic fact

A”Y diffeomorphism presevves the self- imtersedron ‘
of any eurve on the surfm_e
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