
FORMAL FRAMES AND DEFORMATIONS OF AFFINE
CONNECTIONS
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ABSTRACT. We will introduce formal frames of manifolds, which are
a generalization of ordinary frames. Their fundamental properties are
discussed. In particular, canonical forms are introduced, and torsions are
defined in terms of them as a generalization of the structural equations.
It will be shown that the vanishing of torsions are equivalent to the real-
izability of given formal frames as ordinary frames. We will also discuss
deformations of linear connections on tangent bundles. An application
to deformations of foliations are then given.

INTRODUCTION

The theory of frames are well-developed. It is based on the local dif-
feomorphisms of Rn which fix the origin, and their jets. As a consequence,
tensors, etc. are commutative in the lower indices. For example, if T is a re-
lated tensor and if T i

jk denote the components of T with respect to a chart,
then we have T i

kj = T i
jk. The bundle of 2-frames are quite related with

connections. The commutativity of the indices imply that these connections
are torsion-free. On the other hand, when we consider geometric structures,
usually connections with torsions appear. Garcı́a gave a framework which
enables us to work on connections with torsions in [6]. These two frame-
works are similar but differ at several points. For example, the structural
group in the Kobayashi construction [10] is much larger than Garcı́a’s one
and its action has a clear meaning. On the other hand, Garcı́a’s construc-
tion has an an advantage that any principal bundles can be treated, while
the theory of frames work basically on manifolds and their frame bundles.
In this paper, we introduce a notion of formal frames, which is a kind of
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frames with non-commutative indices, and by which we can understand the
both frameworks if we restrict ourselves to frame bundles. We will intro-
duce canonical forms like in the classical case (Definitions 2.1, 4.4). Such
canonical forms are studied by Garcı́a [6] in basic cases. Canonical forms in
this article are generalizations of these classical ones. Then, we will define
torsions in terms of canonical forms (Definition 5.2). They are a generaliza-
tion of the structural equations in the classical setting. It will be shown that
a formal frame is actually a classical frame if and only if every torsion van-
ishes (Theorem 5.4). Integrability of formal frames under geometric struc-
ture can be also formulated on the bundle of formal frames in some cases
(Remark 5.10, Example 5.11). We then discuss deformations of linear con-
nections on tangent bundles. We will show that infinitesimal deformations
of connections can be regarded as connections on certain principal bundles
(Theorem 6.5). Finally, we will discuss deformations of foliations as an
application.

Throughout this article, we will make use of the Einstein convention.
That is, a pair of upper and lower indices of the same letter is understood to
run from 1 to n (q in Section 7) and be taken the sum. For example, f i ∂

∂xi

means
∑n

i=1 f
i ∂
∂xi . When we compare representations of objects with re-

spect to two charts, we represent one in plain letters and another one by
adding ‘̂ ’. For example, let T be a tensor of type (1, 2). If (U,φ) and
(Û , φ̂) are charts, then the components of T with respect to (U,φ) are rep-
resented by T i

jk, and the ones with respect to (Û , φ̂) are represented by
T̂ i

jk. When we deal with a Lie group, its Lie algebra is represented by cor-
responding German letter, e.g. if G is a Lie group, then its Lie algebra is
represented by g. Finally, we always make use of the standard coordinates
for Rn.

1. THE BUNDLE OF FORMAL 2-FRAMES

Notation 1.1. Let M be a manifold and p ∈ M . If f is a mapping defined
on a neighborhood of p, then we say that f is a mapping from (M, p).
Precisely speaking, we consider the germ of f at p. If the target of f , say
N , is specified, then we say that f is a mapping from (M, p) to N . If
moreover the image f(p) is specified, then we say that f is a mapping from
(M, p) to (N, f(p)). If f is a diffeomorphism to the image, we say that f is
a local diffeomorphism.
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Notation 1.2. Let V → M and W → N be vector bundles. If F is a
bundle morphism from (V,M) to (W,N), then the underlying map fromM

to N is represented by f . The mapping induced on fibers are represented as
Fp : Vp → Wf(p), where Vp denotes the fiber of V over p ∈ M . When we
consider bundle automorphisms, we do not assume the underlying maps to
be the identity.

Hence a bundle morphism F consists of a pair (f, F•).

Definition 1.3. 1) If h = (hi) is an Rm-valued function on an open
subset of Rn, then we define an Mm,n(R)-valued function Dh by
setting Dhij = ∂hi

∂xj , where (x1, . . . , xn) are the standard coordinates
for Rn.

2) If h is an Mm,n(R)-valued function, then we represent h as hij and
set Dhijk =

∂hi
j

∂xk .

We recall the notion of frames of higher order [10].

Definition 1.4. Let r ≥ 1. For p ∈ M , an r-frame at p is the r-jet at
o ∈ Rn of a local diffeomorphism, say f , from (R, o) to (M, p) and is
represented by jro(f). The set of r-frames are represented by P r(M). We
set πr(jro(f)) = f(o). If the target of o is assumed to be a fixed point p,
then we represent P r(M) as P r(M, p).

The following is classical [11].

Theorem 1.5. If we set Gr
n = P r(Rn, o), then Gr

n is a Lie group of dimen-

sion n
∑r

i=1

(
n

i

)
and P r(M) is naturally a principal Gr

n-bundle. Indeed,

the action is given by compositions.

Let now π1 : P 1(M)→M be the frame bundle. We represent P 1(M) as
P 1 if M is clear. Let F = (f, F•) : T (Rn, o) → TM be a bundle isomor-
phism to the image such that Fo = Df(o). If (U,φ) is a chart about f(o),
then Dφ ◦ F is represented as (Dφ ◦ F )x = Ai

j(x)
∂
∂yi f(x)

, where x ∈ Rn

is in a neighbourhood of o and (y1, . . . , yn) are coordinates for φ(U). Note
that if we represent φ◦f as φ◦f(x) = φ(f(o))+aijx

j+f(x), where f is of
order greater than one with respect to x, then we have aij = Ai

j(o). Hence
j1o(F ) can be represented by a triple (ai, aij, a

i
jk) ∈ Rn × GLn(R) × Rn3 ,

where ai = (φ(f(o))i and aijk = ∂
∂xkA

i
j(o).
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Definition 1.6. We set

G̃2
n = {j1o(F ) | F is a bundle automorphism of T (Rn, o) such that Fo = Df(o)}.

Let F,G : T (Rn, o) → T (Rn, o). The underlying map of F ◦ G is equal
to f ◦ g, and we have (F ◦ G)x = Fg(x) ◦ Gx. In particular, we have
f ◦ g(o) = f(o) = o and that (F ◦G)o = Fg(o) ◦Go = Fo ◦Go. Hence G̃2

n

admits a group structure of which the product is the composition. Indeed,
G̃2

n is a Lie group diffeomorphic to GLn(R) × Rn3 . We will describe the
product in Lemma 1.10.

Definition 1.7. Let

P̃ 2(M) =

{
j1o(F )

∣∣∣∣ F : T (Rn, o)→ TM is a bundle isomorphism
to the image such that Fo = Df(o)

}
.

We call P̃ 2(M) the bundle of formal 2-frames and also the formal 2-frame
bundle for short. An element of P̃ 2(M) is called a formal frame of order 2.
If u = j1o(F ) ∈ P̃ 2(M), then we set π2(u) = f(o). We regard F (o) as an
element of P 1(M) and set π2

1(u) = F (o). If in addition a = j1o(G) ∈ G̃2
n,

then we set u.a = j1o(F ◦G).

Note that we have π2 = π1 ◦ π2
1 and that G̃2

n = P̃ 2(Rn, o).
Let p ∈ M and (U,φ) be a chart about p. If u ∈ (π2)−1(U), then we

represent u = j1o(F ), where F is a bundle isomorphism. We set fφ = φ◦f ,

Fφ = Dφ ◦ F and associate with u a triple
(
fφ(o)

i, Fφ(o)
i
j,

∂Fφ
i
j

∂xk (o)
)

,

where (x1, . . . , xn) are the standard coordinates for Rn. We do not distin-
guish Fφ(o)

i and Fφ
i(o) and so on in what follows.

Notation 1.8. We refer to the coordinates for P̃ 2 as above as the natural
coordinates for P̃ 2 associated with φ after [11, p. 140].

If M = Rn, φ = id and if u ∈ G̃2
n, then Fφ(o)

i = 0 so that we can

associate with u a pair
(
Fφ(o)

i
j,

∂Fφ
i
j

∂xk (o)
)

. Let a = j1o(G) ∈ G̃2
n, where

g(o) = o. Then u.a = j1o(F ◦G) is represented with respect to φ as

(
Fφ(o)

i, Fφ(g(o))
i
αG(o)

α
j,
∂Fφ

i
α

∂xβ
(g(o))G(o)αjDg(o)

β
k + Fφ(o)

i
α
∂Gα

j

∂xk
(o)

)(1.9)

=

(
Fφ(o)

i, Fφ(o)
i
α(o)G(o)

α
j,
∂Fφ

i
α

∂xβ
(o)G(o)αjG(o)

β
k + Fφ(o)

i
α
∂Gα

j

∂xk
(o)

)
.

where Dg(o)ij = G(o)ij because j1o(G) ∈ G̃2
n.
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Let (U,φ) and (U, φ̂) be charts and ϕ = φ̂◦φ−1 be the transition function.
Let u = j1o(F ) ∈ (π2)−1(U) ⊂ P̃ 2 and represent u as (hi, hij, hijk) in the
natural coordinates associated with (U,φ). If we represent u with respect
to (U, φ̂), then Fφ̂ = (Dϕ ◦ f) ◦ Fφ so that we have

(ĥi, ĥij, ĥ
i
jk) = (ϕ(ha)i, Dϕ(ha)iαh

α
j, Hϕ(h

a)iαβh
α
jh

β
k +Dϕ(ha)iαh

α
jk)

= (ϕ(ha)i, (Dϕ(ha)ij, Hϕ(h
a)ijk)(h

i
j, h

i
jk)),

where the product in the most right hand side is taken in G̃2
n.

Summing up, we have the following

Lemma 1.10. 1) Let a, b ∈ G̃2
n and represent a, b as a = (aij, a

i
jk),

b = (bij, b
i
jk). Then, we have

ab = (aiαb
α
j, a

i
αβb

α
jb

β
k + aiαb

α
jk).

2) The bundle of formal 2-frames P̃ 2 is a principal G̃2
n-bundle with the

projection π2.

The bundles P̃ 2 and P 2, the groups G̃2
n and G2

n are related as follows.
First we introduce the following

Definition 1.11. Let u ∈ P 2 and represent u as u = j2o(f), where f : (Rn, o)→
M is a local diffeomorphism. We set ϵ(u) = j1o(Du).

The map ϵ gives an inclusion of G2
n to G̃2

n.
There is also a projection from P̃ 2 to P 2. First, if j1o(F ) ∈ P̃ 2, then we

may modify f as follows. Let (U,φ) be a chart and let (y1, . . . , yn) be the
standard coordinates for φ(U). We have

(φ ◦ f(x))i = φ(f(o))i + aiαx
α + f(x)i,

Fφ(x) =
∂

∂yi
(aij + aijαx

α + aij(x)),

where f and aij are of order greater than 1 with respect to xi. As we
are concerned with 1-jets, we set bijk = 1

2
(aijk + aikj) and modify f as

1
2
bijkx

jxk + f
′
(x)i, where f

′
(x) is of order greater than 2. After this mod-

ification, we have H(φ ◦ f)(o)ijk = bijk. This property is stable in the
following sense. First, let (U, φ̂) be also a chart and set ϕ = φ̂ ◦ φ−1. As
we have just seen, we have

(âij, â
i
jk) = (Dϕ(p)ij, Hϕ(p)

i
jk)(a

i
j, a

i
jk),
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where p = φ(f(o)). Since Hϕ(p)iml = Hϕ(p)ilm, we have

b̂ijk =
1

2
(âijk + âikj)

=
1

2
(Hϕ(p)iαβa

α
ja

β
k +Dϕ(p)iαa

α
jk +Hϕ(p)iαβa

α
ka

β
j +Dϕ(p)iαa

α
kj)

= Hϕ(p)iαβa
α
ja

β
k +Dϕ(p)iα

(
1

2
(aαjk + aαkj)

)
= Hϕ(p)iαβa

α
ja

β
k +Dϕ(p)iαb

α
jk.

On the other hand, we have

ϕ ◦ (φ ◦ f)(x)

(1.12)

= φ̂(f(o)) +Dϕ(p)iαa
α
βx

β

+
1

2

(
Hϕ(p)iαβa

α
ja

β
k +Dϕ(p)iαb

α
jk

)
xjxk + (terms of order greater than 2).

This means that the 2-jets of modified mappings are independent of the
choice of charts. Similarly, we see that the modification is compatible with
products with elements of G̃2

n. Hence the following definitions make sense.

Definition 1.13. Let j1o(F ) ∈ P̃ 2. If we have Fo = Df(o) and that
Hf(o)ijk = 1

2
(DF (o)ijk + DF (o)ikj), then we say F is a normal repre-

sentative.

Note that if we begin with a local diffeomorphism f : (Rn, o) → M and
if we consider j1o(Df), then Df is normal as a representative.

Definition 1.14. Let u ∈ P̃ 2. We choose a normal representative F for u
and set κ(u) = j2o(f), where F = (f, F•).

From these arguments, we see the following

Theorem 1.15. 1) The mapping ϵ : P 2 → P̃ 2 is well-defined and is an
embedding of G2

n-bundles. Moreover, we have P̃ 2 = ϵ(P 2)×G2
n
G̃2

n.
2) The mapping κ : P̃ 2 → P 2 is well-defined bundle morphism as G2

n-
bundles. If (U,φ) is a chart about π(u(o)) and if we represent u as
(hi, hij, h

i
jk), then κ(u) is represented as

(
hi, hij,

hi
jk+hi

kj

2

)
.

3) When regarded as a mapping from G̃2
n to G2

n, κ is a homomorphism.

Remark 1.16. If we replace GLn(R) with a proper Lie subgroup, then
the above averaging procedure does not work in general. For example, if
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G = SLn(R), then we have hiik = 0 but mostly we do not have hiji = 0.
Even if the latter condition is satisfied, it is still not obvious that such a
formal frame can be realized by a volume preserving local diffeomorphism.
On the other hand, we can replace R by C, moreover, we can work in the
holomorphic category so long as we stay in formal frames of finite order.
See also Remarks 4.9 and 5.10.

Let u ∈ P̃ 2 and we represent u = j1o(F ). Then F induces an isomor-
phism from TidP

1(Rn) to TuP 1, where id denotes the identity map. Indeed,
let X ∈ TidP

1(R) and represent X by a family of local diffeomorphisms
gt : (Rn, o) → Rn such that g0 = id. We can represent X as (X i, X i

j) by
considering the natural coordinates. Then, we have ∂gt

∂t
(o)
∣∣
t=0

= X i and
that ∂Dgt

∂t
(o)
∣∣
t=0

= X i
j . We have

∂

∂t

∣∣∣∣
t=0

f ◦ gt(o) = Df(o)
∂gt
∂t

∣∣∣∣
t=0

(o) = Df(o)ilX
l = F (o)iαX

α,

(1.17-1)

∂

∂t

∣∣∣∣
t=0

(F ◦ gt)(o)Dgt(o)

(1.17-2)

= DF (o)iαβDg0(o)
α
j
∂gt
∂t

(o)β + F (o)iα
∂Dgt
∂t

(o)αj

∣∣∣∣
t=0

= DF (o)ijαX
α + F (o)iαX

α
j.

Definition 1.18. We represent the isomorphism from TidP
1(Rn) to Tπ1(u)P

1

obtained as above again by u by abuse of notations.

Similarly, we have an adjoint action of G̃2
n on TidP 1(Rn). Let a ∈ G̃2

n

and X ∈ TidP 1(Rn). We represent a by F and X by gt, respectively. Then,
Ada−1 X is by definition the vector represented by (f−1 ◦ gt ◦ f, (F−1 ◦ gt ◦
f)(Dgt ◦ f)F ). Concretely, we have

∂

∂t

∣∣∣∣
t=0

(f−1 ◦ gt ◦ f)(o)

= (Df(o)−1)ilX
l,

∂

∂t

∣∣∣∣
t=0

(F−1 ◦ gt ◦ f)(o)(Dgt ◦ f)(o)F (o)

= −(F (o)−1)iαDF (o)
α
βγ(F (o)

−1)βδX
γF (o)δj + F−1(o)iαX

α
βF (o)

β
j

= −(F (o)−1)iαDF (o)
α
jβX

β + F−1(o)iαX
α
βF (o)

β
j.
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2. THE CANONICAL FORM ON THE BUNDLE OF FORMAL 2-FRAMES

We are now in position to introduce the canonical form on P̃ 2 and its
fundamental properties.

Definition 2.1. Let u ∈ P̃ 2 and X ∈ TuP̃ 2. We set θ(X) = u−1(π2
1∗X) ∈

TidP
1(Rn) and call θ the canonical form.

Definition 2.2. Let G be a Lie group. Let P be a principal G-bundle and
u ∈ P . We consider u as a mapping from G to P . If X ∈ g, then we set
X∗

u = u∗X . We call X∗ the fundamental vector field associated with X .

The following theorems directly follow from definitions.

Theorem 2.3. We have the following.

1) If a ∈ G̃2
n, then we have R∗

aθ = Ada−1 θ, where Ra and Ada denote
the right action and the adjoint action of a, respectively.

2) If X ∈ g̃2n, then we have θ2(X∗) = π2
1∗X .

Theorem 2.4. Let M,N be manifolds and f : M → N be a local diffeo-
morphism.

1) We have f ∗P̃ 2(N) = P̃ 2(M).
2) If θM , θN denote the canonical forms onM,N , then we have f ∗θN =

θM .

Note that θ is naturally represented as (θi, θij). We set θ0 = (θi) and
θ1 = (θij).

Definition 2.5. We call θi the canonical form of order i+ 1. We set

Θ = dθ0 + θ1 ∧ θ0,
Ω = dθ1 + θ1 ∧ θ1,

and call them the torsion and the curvature of θ.

The canonical form is locally represented as follows by (1.17-2).

Lemma 2.6. Let (U,φ) be a chart and u = (ui, uij, u
i
jk) the associated

natural coordinates. If we set (vij) = (uij)
−1, then we have

θ0u(X) = viαdu
α,

θ1u(X) = viαdu
α
j − viαuαjβvβγduγ.

The proof is straightforward and omitted.
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Theorem 2.7. We have P 2 = {u ∈ P̃ 2 | Θu = 0}.

Proof. First note that we have dvij = −viαduαβvβj . Hence we have

Θi = dviα ∧ duα + viαdu
α
β ∧ vβγduγ − viαuαγβvβδduδ ∧ vγϵduϵ

= −viαduαβvβγ ∧ duγ + viαdu
α
β ∧ vβγduγ + viαu

α
β1β2v

β1
γ1du

γ1 ∧ vβ2
γ2du

γ2

= viαu
α
β1β2v

β1
γ1du

γ1 ∧ vβ2
γ2du

γ2 .

Therefore, Θu = 0 if and only if uαβ1β2 = uαβ2β1 , that is, u ∈ P 2. □

Remark 2.8. We have a kind of split exact sequence

0 // P 2
ϵ // P̃ 2

κ
oo

Θ // M × Rn // 0.

A generalization of Theorem 2.7 is given as Theorem 5.4.

The curvature Ω of θ is calculated as follows.

Lemma 2.9. We locally have

Ωi
j = −viαduαjβ ∧ vβγduγ

+ viαu
α
jβv

β
γdu

γ
δ ∧ vδϵduϵ + viαu

α
β1β2v

β1
γ1du

γ1
j ∧ vβ2

γ2du
γ2

− viαuαβ1β2v
β1

γ1u
γ1

jδv
δ
ϵdu

ϵ ∧ vβ2
γ2du

γ2 .

Proof. We have

Ωi
j = dviα ∧ duαj
− dviαuαjβvβγ ∧ duγ − viαduαjβvβγ ∧ duγ − viαuαjβdvβγ ∧ duγ

+ viαdu
α
β ∧ vβγduγj

− viαduαβ ∧ vβγuγjδvδϵduϵ − viαuαβ2β1v
β1

γ1du
γ1 ∧ vβ2

γ2du
γ2

j

+ viαu
α
β2β1v

β1
γ1du

γ1 ∧ vβ2
γ2u

γ2
jδ2v

δ2
ϵ2du

ϵ2 .

The first and the fifth, the second and the sixth terms cancel each other. By
rearranging the indices, we obtain the result. □

Remark 2.10. Both the torsion Θ and the curvature Ω involve θ0 rather
than dui. We do not have characterizations of the curvature, however, it is
related with the torsion of order 2. See Example 5.3. On the other hand,
torsions have a clear meaning. See Theorem 5.4.

Remark 2.11. We will introduce Lie groups G̃r
n in Section 4, and there

will be natural projections from G̃r
n to G̃r−1

n . On the other hand, we have
an inclusion GLn(R) into G̃2

n defined by a = (aij) 7→ (aij, 0). If u =
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(ui, uij, u
i
jk) are the natural coordinates associated with a chart and if a ∈

GLn(R), then we have u.a = (ui, uila
l
j, u

i
lma

l
ja

m
k) by (1.9).

We recall the notion of connections.

Definition 2.12. A gln(R)-valued 1-form θ on P 1 is said to be a connection
if we have the following:

1) If a ∈ GLn(R), then R∗
aθ = Ada−1 ω.

2) If X ∈ gln(R) and if X∗ denotes the fundamental vector field asso-
ciated with X , then θ(X∗) = X .

As in the classical cases, we have the following

Theorem 2.13 (cf. Proposition 7.1 (p. 147) of [11], Theorems 2 and 3
of [6]).
There is a one to one correspondence between the following objects:

1) Connections on P 1.
2) Sections of π2

1 : P̃
2 → P 1 which are equivariant under the GLn(R)-

actions.
3) Sections of P̃ 2/GLn(R)→M .

Before proving Theorem 2.13, we show the following

Lemma 2.14. Sections of P̃ 2/GLn(R) → M is in one to one correspon-
dence between GLn(R)-equivariant mappings from P̃ 2 to G̃2

n/GLn(R), where
G̃2

n acts on G̃2
n/GLn(R) on the right by [g].a = [a−1g].

Proof. We repeat a proof in Husemöller [9] for convenience. First note that
P̃ 2/GLn(R) = P̃ 2 ×G̃2

n
G̃2

n/GLn(R). We represent elements of P̃ 2 ×G̃2
n

G̃2
n/GLn(R) as [u, α]. Let σ : M → P̃ 2/GLn(R) be a section. If u ∈

P̃ 2, there uniquely exists an element, say α(u) ∈ G̃2
n/GLn(R), such that

σ(π2(u)) = [u, α(u)]. If a ∈ G̃2
n, then we have [u, α(u)] = [u.a, α(u).a].

On the other hand, we have σ(π2(u)) = σ(π2(u.a)) = [u.a, α(u.a)] so that
α(u.a) = α(u).a. Suppose conversely that α is given. If p ∈ M , then we
choose u ∈ (π2)−1(p) and set σ(p) = [u, α(u)] ∈ P̃ 2/GLn(R). If a ∈ G̃2

n,
then we have [u.a, α(u.a)] = [u.a, α(u).a] = [u, α(u)] so that σ is a well-
defined section. It is easy to see that this correspondence is one to one. □

Proof of Theorem 2.13. The proof is almost identical to that of Proposi-
tion 7.1 of [11]. First let ω be a connection. Let (U,φ) be a chart and con-
sider the associated natural coordinates (ui, uij, u

i
jk). Then, (ui, uij) are
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local coordinates for P 1. Let s be the local trivialization of P 1 which corre-
sponds to these coordinates and set µ = s∗ω. We represent µ = ∂

∂xiΓ
i
jkdx

k

using the Christoffel symbols. Note that our symbol differs from the usual
one, that is, the order of lower indices are reversed. We set σ(ui, uij) =

(ui, uij,−Γi
αβu

α
ju

β
k). If we set ψ = (Dϕ)−1, then we have

(2.15) Γ̂i
jk = −Hϕi

αβψ
α
jψ

β
k +Dϕi

αΓ
α
βγψ

β
jψ

γ
k.

Hence we have

Γ̂i
αβû

α
jû

β
k = −Hϕi

αβψ
α
γû

γ
jψ

β
δû

δ
k +Dϕi

αΓ
α
βγψ

β
δû

δ
jψ

γ
ϵû

ϵ
k

= −Hϕi
αβu

α
ju

β
k +Dϕi

αΓ
α
βγu

β
ju

γ
k.

It follows that

(ûij,−Γ̂i
αβû

α
jû

β
k) = (Dϕi

j, Hϕ
i
jk)(u

i
j,−Γi

αβu
α
ju

β
k).

Therefore, locally defined σ gives rise to a well-defined section of π2
1 (cf. (1.12)).

If a ∈ GLn(R), then we have

σ((ui, uij).a) = σ(ui, uiαa
α
j)

= (ui, uiαa
α
j,−Γi

αβu
α
γu

β
δa

γ
ja

δ
k)

= σ(ui, uij).a

so that the section is GLn(R)-equivariant. Conversely, if s is a GLn(R)-
equivariant section of π2

1 , then s∗θ2 is a connection.
Next, let σ : M → P̃ 2/GLn(R) be a section. By Lemma 2.14, σ cor-

responds to a G̃2
n-equivariant map, say α, from P̃ 2 to G̃2

n/GLn(R). We
set P = α−1([e]), where e ∈ G̃2

n denotes the unit. Then P is naturally a
principal GLn(R)-bundle and the inclusion gives the desired section. As
G̃2

n/GLn(R) ∼= Rn3 is contractible, thus obtained P is isomorphic to each
other. Since there is a connection on P 1, we have a section from P 1 → P̃ 2

so that P is isomorphic to P 1. Conversely, let σ : P 1 → P̃ 2 be a GLn(R)-
equivariant section. By taking the quotients by GLn(R)-actions, we obtain
a section M → P̃ 2/GLn(R). We omit to show that these correspondences
are one to one. □

Remark 2.16. Connections on P 1 correspond to affine connections on TM ,
and GLn(R)-equivariant sections of π2

1 correspond to reductions of P̃ 2 to
GLn(R).
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Remark 2.17. The section associated with a connection corresponds to the
geodesic equation although the lower indices of the Christoffel symbols
need not commute.

Remark 2.18. If ∇ is a linear connection, then we can find a torsion free
connection by modifying∇ [13, Proposition 7.9 (Chapter 3)]. We can inter-
pret this procedure as considering κ∗∇ instead of∇, where κ∗ : g̃2n → g2n.

3. COMPARISON WITH GARCÍA’S CONSTRUCTION

Let G be a Lie group with Lie algebra g. Let M be a manifold and
π : P → M a principal G-bundle over M . Gacı́a gives in [6] canonical
forms on 1-jet bundles associated with principal G-bundles.

Definition 3.1. Let J (P ) the bundle of 1-jets of germs of sections from M

to P . If sp ∈ J (P ) is a jet at p ∈ M , then we set π1(sp) = sp(p) and
π1(sp) = p. The bundle J (P ) over P is called the 1 -jet bundle of P .

Let (U,φ) be a chart on M . We assume that P is trivial on U and let
ψ : π−1(U) → U × G be a trivialization. Let s be a section of π : P → M

on U ⊂ M . We represent s by ψ ◦ s ◦ φ−1 and j1p(s) by j1x(ψ ◦ s ◦ φ−1),
where x = φ(p) ∈ φ(U). More concretely, let ψ ◦ s ◦ φ−1 = (id, h),
where h is a G-valued function on φ(U). Then, j1p(s) is represented by
(x, h(x), Dh(x)), which are the coordinates used by Garcı́a.

The following is obvious.

Lemma 3.2. The bundle J (P ) admits a natural G-action on the right.

Let u ∈ P , Y ∈ TuP and suppose that π∗Y = 0. Then, there uniquely
exists an element Z ∈ g such that Z∗

u = Y , where Z∗ denotes the funda-
mental vector field associated with Z. We represent Z by u−1Y .

Definition 3.3 (Canonical form). Let p ∈ M , j1p(s) ∈ J (P ) and X ∈
Tj1p(s)J (P ). We set

dνj1p(s)X = π1
∗X − s∗π1

∗X,

θj1p(s)(X) = s(p)−1(dνj1p(s)X).

We call θ the canonical form on J (P ).

Proposition 3.4 (cf. Theorem 2.3). We have the following:

1) If g ∈ G, then R∗
gθ = Adg−1 θ.
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2) If X ∈ g and if X∗ denotes the fundamental vector field associated
with X , then θ(X∗) = π(X).

In what follows, we assume that dimM = n and that P is the frame
bundle of M . We have G = GLn(R). It might happen that P admits
a reduction, that is, G might be a proper Lie subgroup of G. Some of
arguments work in such cases.

Let j2o(f) ∈ P 2 and p = f(o). It is easy to see that j1p(Df ◦ f−1) is
well-defined. In general, if j1o(F ) ∈ P̃ 2, then j1p(F ◦ f−1) is also well-
defined, where p = f(o). We set Φ(j1o(F )) = j1p(F ◦ f−1). Conversely,
let p ∈ M and sp ∈ J (P ). We regard s(p) as a linear map from ToRn

to TpM and choose a local diffeomorphism f : (Rn, o) → (M, p) such that
Df(o) = s(p). We consider the pair (f, s ◦ f) as a local isomorphism from
T (Rn, o) to T (M, p) and set Ψ(sp) = j1o(f, s ◦ f).

Lemma 3.5. The mapping Ψ is well-defined and we have Ψ = Φ−1.

Proof. First, j1o(f, s ◦ f) ∈ P̃ 2 because s ◦ f(o) = s(p) = Df(o). We have
j1o(f, s ◦ f) = (f(o), s ◦ f(o), Ds(f(o))Df(o)) = (p, s(p), Ds(p)) so that
Ψ is well-defined. Finally, we have Ψ = Φ−1 by the definitions. □

If (U,φ) is a chart about p, then mappings Φ and Ψ are represented as
follows. First, if j1o(F ) ∈ P̃ 2, then we set Fφ = Dφ ◦ F and fφ = φ ◦ f . If
we set q = φ(p), then j1o(F ) is represented by (q, Fφ(o), DFφ(o)). On the
other hand, j1p(F ◦ f−1) is represented by

j1q (Fφ ◦ fφ−1) = (q, Fφ(o), DFφ(o)(Dfφ(o))
−1)

= (q, Fφ(o), DFφ(o)
i
jα((Fφ(o))

−1)αk)

in the Garcı́a coordinates. Therefore, if we make use of the natural coordi-
nates on P̃ 2 and the Garcı́a coordinates on J (P ), then we have

Φ(ui, uij, u
i
jk) = (ui, uij, u

i
jlv

l
k),

Ψ(xi, yij, z
i
jk) = (xi, yij, z

i
jly

l
k),

where (vij) = (uij)
−1. On the other hand, G̃2

n acts on J (P ) on the right
by Lemma 3.5. Indeed, if sp ∈ J (P ) and if a ∈ G̃2

n, then we can set
(sp).a = Φ(Ψ(sp).a). In the Garcı́a coordinates, we have

(xi, yij, z
i
jk)(a

i
j, a

i
jk) = (xi, yiαa

α
j, z

i
αka

α
j + yiαa

α
jβb

β
γw

γ
k)
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where (wi
j) = (yij)

−1 and (bij) = (aij)
−1. If a ∈ GLn(R), namely, if

aijk = 0, then we have

(xi, yij, z
i
jk)(a

i
j, a

i
jk) = (xi, yiαa

α
j, z

i
αka

α
j).

Hence the G̃2
n-action on J (P ) is an extension of the GLn(R)-action.

The following is known. We modify notations fitting to ours.

Lemma 3.6 ([6, Section 3 and Lemma 1]). Let θ′ be the canonical form on
J (P ). We have

θ′ = wi
α(dy

α
j − yαjβdxβ).

Therefore, we have the following.

Theorem 3.7. 1) The mapping Φ is an isomorphism of GLn(R)-bundles.
2) If we define a G̃2

n-action on J (P ) as above, then J (P ) is a prin-
cipal G̃2

n-bundle which is compatible the original GLn(R)-action
on J (P ). Moreover, Φ is an isomorphism of G̃2

n-bundles under these
actions.

3) If θ1 and θ′ denote the canonical form of order 2 on P̃ 2 and the
canonical form on J (P ), respectively, then we have Φ∗θ′ = θ1.

4. BUNDLES OF FORMAL FRAMES OF HIGHER ORDER

We can consider analogues of P r, r ≥ 3. We set P̃ 0 =M , P̃ 1 = P 1 and
let π1

0 denote the projection from P 1 to M . Suppose that groups G̃k
n, G̃k

n-
bundles P̃ k such that G̃k

n = P̃ k(Rn, o), and projections πk
k−1 : P̃

k → P̃ k−1

equivariant under the G̃k
n and G̃k−1

n actions are defined up to k = r − 1.
This holds true for r = 2. Let F = F r−1 : P̃ r−1(Rn, o) → P̃ r−1(M)

be a locally defined isomorphism of G̃r−1-bundles and F k : P̃ k(Rn, o) →
P̃ k(M), where 0 ≤ k ≤ r − 2, be the underlying isomorphism in the sense
that F 0, F 1, . . . , F r−1 are bundle isomorphisms and that

P̃ k(Rn, o)
Fk

−−−→ P̃ k(M)

πk
l

y yπk
l

P̃ l(Rn, o) −−−→
F l

P̃ l(M),

where πk
l = πl+1

l ◦ · · · ◦ πk
k−1, is commutative for 1 ≤ l < k ≤ r − 1.
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Definition 4.1 (cf. Definition 1.7). We set

P̃ r(M) =

{
j1o(F )

∣∣∣∣ F : P̃ r−1(Rn, o)→ P̃ r−1(M),
F k(o) = j1o(F

k−1) for 1 ≤ k ≤ r

}
,

G̃r
n = P̃ r(Rn, o).

We call P̃ r(M) as the bundle of formal frames of order r, and elements of
P̃ r(M) formal frames of order r. IfF ∈ P̃ r(M), then we set πr

r−1(j
1
o(F )) =

F (o).

We call formal frames of order greater than two as formal frames of
higher order.

We have the following. The proof is easy and omitted.

Lemma 4.2. 1) Thus defined G̃r
n is a Lie group of dimension

∑r
l=1 n

l.
2) If we set πr = πr−1 ◦ πr

r−1, then πr : P̃ r(M) → M is a principal
G̃r

n-bundle.

Definition 4.3. If u = jro(f) ∈ P r(M), then we set ϵ(u) = j1o(D
r−1(f)).

Note that ϵ gives rise to an embedding of Gr
n into G̃r

n.

Definition 4.4 (cf. Definition 2.1). Let u ∈ P̃ r(M) and X ∈ TuP̃
r(M).

We set θ(X) = u−1(πr
r−1∗X) ∈ TidP̃

r−1(Rn), where u : TidP̃ r−1(R) →
Tπr

r−1(u)
P̃ r−1(M) is the isomorphism induced from the right action (cf. Def-

inition 1.18). We call θ the canonical form. The canonical form is natu-
rally represented as (θi, θij1 , . . . , θ

i
j1,...,jr−1). We refer to (θij1,...,jr−1) as the

canonical form of order r.

The adjoint action of G̃r
n on TidP̃ r−1(Rn) is defined in a similar way as

in the case of r = 2.

Theorem 4.5 (cf. Theorem 2.3). We have the following.

1) If a ∈ G̃r
n, then we have R∗

aθ = Ada−1 θ.
2) If X ∈ g̃rn, then we have θr(X∗) = πr

r−1∗X , where X∗ denotes the
fundamental vector field associated with X .

The product in G̃r
n remains similar to that of the group of r-frames Gr

n.
For example, if r = 3, the product is given as follows. Let a, b ∈ G̃3

n

and a = j1o(F ), b = j1o(G). Then, ab = j1o(F ◦ G). If we represent a as
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a = (aij, a
i
jk, a

i
jkl) and so on, we have

(ab)ij = aiαb
α
j,

(ab)ijk = aiαβb
α
jb

β
k + aiαb

α
jk,

(ab)ijkl = aiαβγb
α
jb

β
kb

γ
l + aiαβb

α
jlb

β
k + aiαβb

α
jb

β
kl + aiαβb

α
jkb

β
l + aiαb

α
jkl.

These formulae are obtained as follows. Let a, b ∈ G̃3
n and a = j1o(F ), b =

j1o(G). First, we represent F (x) = (f i(x), f i
j(x), f

i
jk(x), f

i
jkl(x)). We

haveF 0(x) = (f i(x)), F 1(x) = (f i(x), f i
j(x)), F 2(x) = (f i(x), f i

j(x), f
i
jk(x))

and F 3(x) = F (x). By the conditions required to F , we have

aij =
∂f i

∂xj
(o) = f i

j(o),

aijk =
∂f i

j

∂xk
(o) = f i

jk(o),

aijkl =
∂f i

jk

∂xl
(o).

We have (F ◦ G)0(x) = f i(gm(x)) so that (ab)ij = aiαb
α
j holds in G̃1

n.
Hence we may assume that (F ◦G)1(x) = (f i(gm(x)), f i

α(g
m(x))gαj(x))

because we are concerned with jets at o. It follows that

(ab)ijk = (aiαβb
α
jb

β
k + aiαb

α
jk)

holds in G̃2
n. Similarly, we may assume that

(F ◦G)2(x) = (f i(gm(x)), f i
α(g

m(x))gαj(x),

f i
αβ(g

m(x))gαj(x)g
β
k(x) + f i

α(g
m(x))gαjk(x)).

Hence we have

(ab)ijkl = aiαβγb
α
jb

β
kb

γ
l + aiαβb

α
jlb

γ
k + aiαβb

α
jb

γ
kl + aiαβb

β
lb

γ
jk + aiαb

α
jkl

in G̃3
n. Note that if F is actually derived from a local diffeomorphism, then

we haveF (x) = aijx
j+1

2
aijkx

jxk+1
6
aijklx

jxkxl+(terms of order greater than 3).
We come back to the bundle P̃ r and the canonical form on it. We have

the following

Theorem 4.6 (cf. Theorem 2.4). Let M,N be manifolds and f : M → N

be a local diffeomorphism.

1) We have f ∗P̃ r(N) = P̃ r(M).
2) If θM , θN denote the canonical forms onM,N , then we have f ∗θN =

θM .
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We can normalize elements of P̃ r(M) and G̃r
n as follows (cf. Theo-

rem 1.15). Let u = j1o(F ) ∈ P̃ r(M). Let (U,φ) be a chart about πr(u)

and represent u as (hi, hij1 , . . . , h
i
j1,...,jr). We set

h
i
j1,...,jk =

1

k!

∑
σ∈Sk

hijσ(1),...,jσ(k)
,

where h
i
j1,...,j0 is understood to be h

i
= hi, and

F
0
(x) =

r∑
k=0

h
i
j1,...,jkx

j1 · · ·xjk .

Actually, we only consider the r-jet of F
0

in what follows.

Definition 4.7. We set κ(u) = jro(F
0
).

Theorem 4.8. 1) The mapping ϵ : P r → P̃ r is well-defined and is an
embedding of Gr

n-bundles. Moreover, we have P̃ r = ϵ(P r)×Gr
n
G̃r

n.
2) The mapping κ : P̃ r → P r is well-defined bundle morphism as Gr

n-
bundles.

3) When regarded as a mapping from G̃r
n to Gr

n, κ is a homomorphism.

Proof. We only show that the r-jet of F
0

is well-defined. We set G(x) =

hi+hij1x
j1 + 1

2
hij1,j2 + · · ·+ 1

r!
hij1,...,jrx

j1 · · ·xjr . It is clear that G is well-
defined if we ignore terms of order higher than r. On the other hand, we
have G(x) = F

0
(x). □

Remark 4.9. If we consider a Lie subgroup of GLn(R), then we have the
same kind of difficulties in the averaging process as in the case of r = 2.
See also Remarks 1.16 and 5.10.

We refer to [19] for more about jets.

5. TORSIONS OF HIGHER ORDER

We begin with the following

Theorem 5.1 (Structural equations [10], [3]). Let S = {1, . . . , k}. Let
Sa = {s1, . . . , sa} ⊂ S and {t1, . . . , tb} = S \ Sa, where Sa = ∅ if a = 0.
Then, on P r, we have

dθij1,...,jk +
∑
Sa⊂S

n∑
l=1

θijs1 ,...,jsa ,l ∧ θ
l
jt1 ,...,jtb

= 0.

These equations are referred as the structural equations.



18 TARO ASUKE

Contractions appear in the structural equations. On P r, the lower indices
commute so that we do not need to care about the order of indices. It is not
the case for P̃ r so that we should be aware of how we take contractions.

Definition 5.2. Let k ≤ r − 1. Let p0 = 1, p1, . . . , pk ∈ N be such that
1 ≤ pa ≤ a + 1 for 0 ≤ a ≤ k. Let S = (j1, . . . , jk) be a ordered tuple of
indices. We set

(Θk+1(p1,...,pk))ij1,...,jk = dθij1,...,jk+
∑
Sa⊂S

n∑
l=1

θijs1 ,...,jspa−1 , l⌢
pa

,jspa ,...,jsa
∧θljt1 ,...,jtb ,

where Sa = (js1 , . . . , jsa) is a ordered subset of S and (jt1 , . . . , jtb) = S\Sa

as ordered sets. If a = 0, then we set S0 = ∅. We call Θk(p1,...,pk−1) the
torsions of order k and of type (p1, . . . , pk−1).

Example 5.3. 1) The only torsion of order 1 is Θ1.
2) The torsions of order 2 are Θ2(1) and Θ2(2). We have

Θ2(1) = dθij + θiαj ∧ θα + θiα ∧ θαj
= Ωi

j + θiαj ∧ θα,
Θ2(2) = dθij + θijα ∧ θα + θiα ∧ θαj

= Ωi
j + θijα ∧ θα.

3) The torsions of order 3 are Θ3(1,1), Θ3(2,1), Θ3(1,2), Θ3(2,2), Θ3(1,3) and
Θ3(2,3). For example, we have

(Θ3(1,3))ij1j2 = dθij1j2 + θiα ∧ θαj1j2 + θiαj1 ∧ θαj2 + θiαj2 ∧ θαj1 + θij1j2α ∧ θα,
(Θ3(2,2))ij1j2 = dθij1j2 + θiα ∧ θαj1j2 + θij1α ∧ θαj2 + θij2α ∧ θαj1 + θij1αj2 ∧ θα.

4) In general, the number of the torsions of order k is equal to k!.

We have the following

Theorem 5.4. We have P r = {u ∈ P̃ r | all torsions vanish at u}.

We need some lemmata for proving Theorem 5.4.

Lemma 5.5. Let a = (aij1 , . . . , a
i
j1,...,jr), b = (bij1 , . . . , b

i
j1,...,jr) ∈ G̃r

n.

1) If 1 ≤ k ≤ r, then (ab)ij1,...,jk is represented by aij1,...,jl , b
i
j1,...,jl

with
l ≤ k.
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2) We have

(ab)ij1 = aiαb
α
j ,

(ab)ij1,...,jr = aiα1,...,αrb
α1

j1 · · · bαr
jr

+ (terms which do not involve aij1,...,jr or bij1,...,jr)

+ aiαb
α
j1,...,jr .

Proof. By the construction, (ab)ij1,...,jk is obtained from (ab)ij1,...,jk−1
as

follows. First regard a, b as functions in x. Then, we consider the de-
rivative of (ab)ij1,...,jk−1

with respect to x. After replacing ∂aij1,...,jp
∂xl by

aij1,...,jp,αb
α
l and ∂bij1,...,jp

∂xl by bij1,...,jp,l, we obtain (ab)ij1,...,jk . In particu-
lar, the number of the lower indices of each terms of (ab)ij1,...,jk is equal
to k. Hence 1) and the first part of 2) hold. On the other hand, terms in
(ab)ij1,...,jr which involve aij1,...,jr appear only if we take the ‘derivative’
of terms in (ab)ij1,...,jr−1

which involve aij1,...,jr−1 . In this case, we obtain
aiα1,...,αrb

α1
j1 · · · bαr−1

jr−1b
αr

jr . Similarly, terms in (ab)ij1,...,jr which in-
volve bij1,...,jr appear only from the derivative of aiαbαj1,...,jr−1 and we ob-
tain aiαbαj1,...,jr−1,jr . □

Lemma 5.6. Let θ = (θ0, θ1, . . . , θr−1) be the canonical form on P̃ r, where
r ≥ 2. In the natural coordinates (Notation 1.8), we have

(θr−1)ij1,...,jr−1 = −viαuαj1,j2,...,jr−1βv
β
γdu

γ

+ (terms which involve only vij and uij1,...,jl with l ≤ r − 2).

Proof. Let u ∈ P̃ r, X ∈ TuP̃
r and Y = θu(X) ∈ TidP̃

r−1(Rn). If we
represent Y as Y = (Y 0, . . . , Y r−1) using the natural coordinates, then, we
have by Lemma 5.5 that

((uY )r−1)iα1,...,αr−1

= uiα1,...,αr−1,lY
l

+ (terms which do not involve uij1,...,jr or Y i
j1,...,jr−1)

+ uilY
l
α1,...,αr−1 ,

where Y 0 = (Y i) and Y r−1 = (Y i
j1,...,jr−1). Since Y i = θ0(X) = viαX

α,
we are done (see also (1.17-2) and Lemma 2.6). □

Proof of Theorem 5.4. Suppose that torsions of order less than r vanish. We
may assume inductively that the lower indices of uij1,...,jk commute for k ≤
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r−1. By Lemma 5.6, the only terms of Θr(p1,...,pr−1) which involve uij1,...,jr
is derived from θr ∧ θ0, and we have

(Θr(p1,...,pr−1))ij1,...,jr−1 = −viαuαj1,..., l
⌢

pr−1

,...,jr−1,βv
β
γdu

γ ∧ vlδduδ

+ (terms which do not involve uij1,...,jr).

On the other hand, by the structural equations (Theorem 5.1), Θr(p1,...,pr−1) =

0 if every lower index commutes each other. This implies that we have

(Θr(p1,...,pr−1))ij1,...,jr−1 = −viαuαj1,..., l
⌢

pr−1

,...,jr−1,βv
β
γdu

γ ∧ vlδduδ.

Therefore, we have uij1,..., l
⌢

pr−1

,...,jr−1,β = uαj1,..., β
⌢

pr−1

,...,jr−1,l if Θr(p1,...,pr−1) =

0. □

Remark 5.7. If torsions of order less than r vanish, then Θr(p1,...,pr−1) only
depends on pr−1.

Definition 5.8. We set

P∞ = lim←−P
r =

{
u = (ur)r∈N ∈

∏
r∈N

P r

∣∣∣∣∣ πr
su

r = us if s < r

}
,

P̃∞ = lim←− P̃
r,

G∞ = P∞(Rn, o),

G̃∞ = P̃∞(Rn, o),

and equip them with the limit topology. To say about P∞ for example,
this is the weakest topology with respect to which the natural mappings
P∞ → P r are continuous. We call P∞ as the bundle of frames of infinite
order, and P̃∞ as the bundle of formal frames of infinite order, respectively.
If f : (Rn, o) → M is a local diffeomorphism, then the element of P∞

determined by (jro(f))r∈N is represented by j∞o (f). Similarly, if F = F∞ =

(F r)r∈N is an infinite sequence of morphisms from P̃ r(Rn) to P̃ r such that
πr
r−1 ◦ F r = F r−1 ◦ πr

r−1 and that F r(o) = j1o(F
r−1), then the element of

P̃∞ determined by (j1o(F
r))r∈N is represented by j1o(F ) = j1o(F

∞).

Note that G∞ and G̃∞ are topological groups.

Theorem 5.9. We have P∞ = {u ∈ P̃∞ | all the torsions vanish at u}.

Proof. Suppose that u ∈ P̃∞ and that all the torsions vanish at u. By
taking a chart on M , we find an infinite sequence (ui, uij, . . . , ) of tensors



FORMAL FRAMES AND DEFORMATIONS OF AFFINE CONNECTIONS 21

of which the lower indices commute. By [20, Lemma 5], we can find a local
diffeomorphism f : (Rn, o)→M of classC∞ which realizes this sequence,
namely, we have jro(f) = (ai, aij1 , . . . , a

i
j1,...,jr) for any r ∈ N. If we set

ι(u) = j∞o (f), then ι gives an isomorphism. □

Remark 5.10. If we work in the analytic (real or complex) category, then
Theorem 5.9 is no longer valid. Indeed, we need a realization of a given
Taylor series as an analytic function, which is in general impossible. Sim-
ilarly, if we work with geometric structures, then we can find a smooth
function f which realizes a jet at a point, however it is not certain if f pre-
serves the structure. In order to that, we will need a kind of integrability
conditions. See also Remarks 1.16 and 4.9.

Example 5.11. 1) Let M be a 1-dimensional Möbius manifold in the
sense that there exists an atlas {(Uλ, φλ)} of M such that the tran-
sition functions are linear fractional transformations which we call
Möbius ones. In this case formal frames and frames concide and
we have P̃ r(M) = P r(M). We can consider the bundle of for-
mal frames which is defined by using only by Möbius mappings and
their derivatives, which we represent by Mr(M). In other words,
we consider reductions of P̃ r(M) such that the structural groups are
derived from PGL1(R). We set now for a function of one variable

f , S(f) = f ′′′

f ′ − 3
2

(
f ′′

f ′

)2
which is called the Schwarzian deriva-

tive of f . It is well-known that f is Möbius if and only if we have
S(f) = 0. On the other hand, it is also well-known that we have
S(ϕ ◦ f) = f ∗S(ϕ) + S(f) in general. Therefore, if we locally set
S = (v11u

1
111− 3

2
(v11u

1
11)

2)du1⊗du1, where v11 = 1/u11, always
considering atlases as above, then S is well-defined on P̃ r(M). We
see that jr(f) ∈ P̃ r(M) = P r(M) is represented by a Möbuis map
from (R1, o) to M if and only if S(f) = 0.

2) If n ≥ 2, there also is a tensor Σ of type (1, 2) called the Schwarzian
derivative, which is still a cocycle such that Σ(f) = 0 if and only if f
is projectively linear [15], [16]. Hence if we work on projectively flat
manifolds, then we can repeat the argument in 1) to obtain a reduc-
tion of P̃ r(M) and the Schwarzian derivative on it. We can locally
write down the Schwarzian derivative in terms of natural coordinates
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but we omit it because it is so involved (cf. [15, §2]). In this case, we
can normalize projective connections in terms of P r(M).

3) We can ask if a given anti-symmetric 2-tensor field is realized as
the torsion of a connection. If we consider projective structures, it
is known that there is a connection which preserves the projective
structure and of which the torsion is the given tensor field. On the
other hand, if we work on a symplectic manifold of dimension 2n,
where n ≥ 2, then, there exists tensor fields which cannot be re-
alized as the torsion of connections which preserve the symplectic
structure [21], [12]. In any case, we need to consider P̃ r(M) in or-
der to deal with non-trivial 2-tensors.

6. INFINITESIMAL DEFORMATIONS OF LINEAR CONNECTIONS

Related to the above constructions, we will discuss infinitesimal defor-
mations of linear connections. Some of fundamental references are [17],
[18].

We fix a manifold M and a connection ∇ on TM . Given a chart (U,φ),
let Γi

jk denote the Christoffel symbols of∇ with respect to (U,φ). That is,
if (x1, . . . , xn) denote the standard coordinates for φ(U), then

∇X = Γi
jk

∂

∂xi
Xj,

where ∇X denotes the covariant derivative of X and X = X i ∂
∂xi . We

remark again that the order of the lower indices of the Christoffel symbols
are reversed.

Let {∇t} be a 1-parameter smooth family of connections such that∇0 =

∇. Then the Christoffel symbols of∇t are represented as

Γt
i
jk = Γi

jk + µi
jk(t),

where µi
jk(t)

∂
∂xi ⊗ dxk is an element of Hom(TM, TM) for each t.

Definition 6.1. We call µi
jk(t) a deformation of∇. To be more precise, we

call µi
jk(t) an actual deformation.

If we take the derivative at t = 0, then we obtain an element of Hom(TM, TM).
This leads to the following

Definition 6.2. An infinitesimal deformation of∇ is an element of Hom(TM, TM).
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It is clear that if µi
jk(t) is an actual deformation, then ∂µi

jk

∂t
(0) is an

infinitesimal deformation.
If µ is an infinitesimal deformation of∇, then µ is represented by a family

{µi
jk} with respect to an atlas. If (U,φ), (U, φ̂) are charts and if ϕ denotes

the transition function, then we have

µ̂i
αβ(Dϕ)

α
j(Dϕ)

β
k = (Dϕ)iαµ

α
jk.

In what follows, we will show that a pair of a connection and its infini-
tesimal deformation can be understood as a connection on a certain bundle.
For this purpose, we will recall some basic notions. Let G be a Lie group
and TG the tangent bundle of G, which is also a Lie group called the tan-
gent Lie group of G. We consider the adjoint action of G on g, where g is
regarded as the vector space of left invariant vector fields on G. Then, it is
well-known that TG is isomorphic to G⋉ g. The product in G⋉ g is given
by

(A,X).(B, Y ) = (AB,AdB−1 X + Y ).

If G is linear and if G ⊂ GLn(R), then, we have a matrix representation of
TG to GL2n(R) given by

(A,X) 7→
(
A
AX A

)
.

The Lie algebra of G⋉ g is described as follows. We omit the proof.

Lemma 6.3. Let h be the Lie algebra of G⋉ g.

1) The Lie algebra h is a vector space g× g equipped with the bracket

[(Ȧ, Ẋ), (Ḃ, Ẏ )] = ([Ȧ, Ḃ], adẊ Ḃ + adȦ Ẏ ).

2) The adjoint action of G⋉ g on h is given by

Ad(A,X)(Ḃ, Ẏ ) = (AdA Ḃ,AdA(adX Ḃ + Ẏ )).

3) Suppose that G is linear. Then, an element (Ȧ, Ḃ) ∈ h corresponds

to
(
Ȧ

Ḃ Ȧ

)
∈ tg under the matrix representation.

Let P be a principalG-bundle overM , and set g =M×g. The projection
from g to M is represented by ν.

Definition 6.4. Let P ⋉ g with the projection ϖ to M be a principal TG-
bundle defined as follows. We set P ⋉ g = {(u,X) ∈ P × g | π(u) =
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ν(X)} and ϖ(u,X) = π(u), namely, we consider the fiber product. If
(B, Y ) ∈ TG, then we set

(u,X).(B, Y ) = (u.B,AdB−1 X + Y ).

Theorem 6.5. There is a one-to-one correspondence between the following:

1) Pairs of connections on TM and their infinitesimal deformations.
2) Connections on P 1(M)⋉ gln(R).
3) Sections from P 1(M)⋉gln(R) to P̃ 2(M)⋉ g̃2n equivariant under the

GLn(R)⋉ gln(R)-action.

Proof. We set P = P 1(M) ⋉ gln(R), G = GLn(R) ⋉ gln(R) and let g
denote the Lie algebra of G. First, the transition functions for P is given as
follows. Let (U,φ) and (Û , φ̂) be charts on M and ϕ the transition func-
tion. Then, P is trivial on U . Let ((x, g);X) = ((xi, gij);X

i
j) ∈ φ(U) ×

GLn(R)× gln(R) be coordinates for P |U and ((x̂, ĝ); X̂) for P |Û . We have
((x̂, ĝ); X̂) = ((ϕ(x), Dϕ(x)g);X). As (Dϕ(x)g,X) = (Dϕ(x), 0)(g,X)

inG = GLn(R)⋉gln(R), the transition function for P is given by (Dϕ(x), 0).
Let now {ω}, where ω = (θ, µ), be a family of g-valued 1-form on M . This
family represents a connection on P if and only if we have

(ω, θ) = (Dϕ, 0)−1d(Dϕ, 0) + Ad(Dϕ,0)−1(ω̂, θ̂).

This condition is equivalent to

θ = Dϕ(x)−1dDϕ+AdDϕ−1 θ̂,

µ = AdDϕ−1 µ̂.

Hence (θ, µ) represents a connection on P if and only if µ is an infinites-
imal deformation of θ. It is clear that the correspondence is one-to-one.
Next, we show that the conditions 2) and 3) are equivalent. By theorems
of Garcı́a (Theorems 2 and 3 of [6], cf. Theorem 2.13), connections on
P 1(M)⋉gln(R) are in a one-to-one correspondence betweenG-equivariant
sections of J (P 1(M) ⋉ gln(R)) → P 1(M) ⋉ gln(R). Hence it suffices
to show that J (P 1(M) ⋉ gln(R)) and P̃ 2(M) ⋉ g̃2n are isomorphic as
G-bundles. Let j1p(s) ∈ J (P 1(M) ⋉ gln(R)), where s is a section of
P 1(M)⋉gln(R)→M about p. Let (U,φ) be a chart such that φ(p) = o and
thatDφ−1(o) = s(p). We represent s◦φ = (s1, s2) and associate j1p(s) with
(j1o(φ

−1, s1), j
1
o(s2)) (cf. Lemma 3.5). This gives a desired isomorphism.

Indeed, the correspondence is locally given as follows. Let (U,φ) be a chart
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and (xi, (aij, b
i
j), (a

i
jk, b

i
jk)) be the representation of s with respect to the

Garcı́a coordinates. We adopt as the coordinates for P̃ 2 ⋉ g̃2n the product
of the natural coordinates for P̃ 2 and the trivial one for g̃2n. Then, j1p(s) is
mapped to (xi, (aij, a

i
jαa

α
k), (b

i
j, b

i
jk)). If (g,X) ∈ GLn(R) ⋉ gln(R),

then we have

(xi, (aij, b
i
j), (a

i
jk, b

i
jk)).(g,X)

= (xi, (aiαg
α
j, h

i
αb

α
βg

β
j +X i

j), (a
i
αjg

α
k, h

i
αb

α
βkg

β
j)),

where (hij) = (gij)
−1. On the other hand, we have

(xi, (aij, a
i
jαa

α
k), (b

i
j, b

i
jk)).(g,X)

= (xi, (aiαg
α
j, a

i
βαg

β
ja

α
βg

β
k), (h

i
αb

α
βg

β
j +X i

j, h
i
αb

α
βkg

β
j)).

Hence we obtained a morphism from J (P 1(M)⋉ gln(R)) to P̃ 2(M)⋉ g̃2n
equivariant under the GLn(R) ⋉ gln(R)-actions. It is easy to see that this
morphism is indeed an isomorphism. □

Remark 6.6. The canonical form on J (P 1(M) ⋉ gln(R)), which corre-
sponds to the canonical form of order 2 on P̃ 2(M)⋉ g̃2n, is locally given by

(ciα(da
α
j−aαjβdxβ), dbij−bijαdxα−biαcαβ(daβj−aβjγdxγ)+ciα(daαβ−aαβγdxγ)bγj),

where (cij) = (aij)
−1, with respect to the Garcı́a coordinates.

An explanation of Theorem 6.5 can be given by using an auxiliary struc-
ture. For this purpose, we recall 2-tangent bundles (see [22] for details).

Definition 6.7. We set T 2M = T (TM) and call T 2M as the 2-tangent
bundle. The projection from T 2M to TM is represented by p2.

Charts and transition functions on T 2M are given as follows. Let (U,φ),
(Û , φ̂) be charts of M and ϕ the transition function from U to Û . Then,
TM is trivial on U and Û . If (x, v) denote local coordinates for TM on
p−1(U), where p : TM → M is the projection, then the transition func-
tion is given as (x, v) 7→ (ϕ(x), Dϕ(x)v). Further, T 2M is trivial on
p−1(U) and p−1(Û). If (x, v; ẋ, v̇) denote local coordinates for T 2M on
(p2)−1(p−1(U)), then the transition function is given as follows. Let γ : (−ϵ, ϵ)→
TM be a curve. We represent this curve as (x(t), v(t)) using a chart. We
have (x̂(t), v̂(t)) = (ϕ(x(t)), Dϕ(x(t))v(t)) so that

(6.8) (x̂, v̂; ˙̂x, ˙̂v) = (ϕ(x), Dϕ(x)v;Dϕ(x)ẋ, Hϕ(x)vẋ+Dϕ(x)v̇),
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where Hϕ = D(Dϕ) and Hϕ(x)vẋ = (Hϕ)iαβv
αẋβ . We refer to these

coordinates as coordinates induced by (U,φ).

Definition 6.9. Let (U,φ) be a chart on M and consider induced coordi-
nates. If u ∈ TM , then we set(

∂

∂xi

)V

u

=
∂

∂vi u

and call it the vertical lift of ∂
∂xi x

, where x = p(u). In general, we extend
the vertical lift by linearity. We set

V = {vectors on TM which are the vertical lifts of vectors on M}.

The following is easy.

Lemma 6.10. We have T 2M/V ∼= π∗TM as vector bundles over TM .

Definition 6.11. Let ∇ be a connection on TM . Let (U,φ) be a chart on
M and consider induced coordinates. Let Γi

jk be the Christoffel symbols
of ∇ with respect to (U,φ). If u ∈ TM , then we set

(6.12)
(
∂

∂xi

)H

u

=
∂

∂xi u
− Γ(x)αiβv

β ∂

∂vα u

and call it the horizontal lift of ∂
∂xi x

, where x = p(u). In general, we extend
the horizontal lift by linearity. Finally, we set

H = {vectors on TM which are the horizontal lifts of vectors on M}.

Note that ∂
∂xi on the left hand side of (6.12) refers to a vector on M , on

the other hand, the same symbol on the right hand side refers to a vector on
TM , we always considering charts and induced coordinates.

Proposition 6.13. The pairs (V, p2|V ) and (H, p2|H) are isomorphic to
π∗TM .

Proof. By (6.8), we have(
∂

∂x̂i
,
∂

∂v̂i

)(
Dϕ(x)
Hϕ(x)v Dϕ(x)

)
=

(
∂

∂xi
,
∂

∂vi

)
.
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Therefore, we have((
∂

∂x̂i

)H

,

(
∂

∂x̂i

)V
)(

In
Γ̂v̂ In

)(
Dϕ(x)
Hϕ(x)v Dϕ(x)

)(
In
−Γv In

)

=

((
∂

∂xi

)H

,

(
∂

∂xi

)V
)
.

By (2.15), we have(
In
Γ̂v̂ In

)(
Dϕ(x)
Hϕ(x)v Dϕ(x)

)(
In
−Γv In

)
=

(
Dϕ(x)

Dϕ(x)

)
.

Hence (V, p2|V ) and (H, p2|H) are isomorphic to π∗TM . □

Remark 6.14. It is known that the horizontal lifts recovers connections [22]
if connections are torsion free. It remains valid in our setting as follows. Let
X be a vector field on M and v ∈ TpM . We regard X as a mapping from
M to TM and let DX : TM → T 2M be the derivative. We represent
X = f i ∂

∂xi and v = vi ∂
∂xi p

on a chart. Then, we have

∇vX(p) =

(
∂fα

∂xβ
(p)vβ + Γα

βγ(p)f
β(p)vγ

)
∂

∂xα p
.

On the other hand, we have

DX(v)p = vα
∂

∂xαX(p)
+
∂fα

∂xβ
(p)vβ

∂

∂vαX(p)
,

vHX(p) = vα
∂

∂xαX(p)
− Γα

βγ(p)v
βfγ(p)

∂

∂vαX(p)
.

It follows that we have

(∇vX(p) + T (v,X(p)))VX(p) = DX(v)p − vHX(p),

where T denotes the torsion of∇.

It is clear that T 2M = H ⊕ V . This identification can be seen as an
isomorphism between T 2M and p2∗(TM). Note that the horizontal lifts
give sections of the projection from T 2M to TM . If ∇ is a connection
on TM and µ its infinitesimal deformation, then we can define a con-
nection, say ∇̃, on H ⊕ V . Indeed, let θij , µi

j be matrix representations
of ∇ and µ with respect to ∂

∂xi on M . On the other hand, we consider((
∂
∂xi

)H
,
(

∂
∂xi

)V ) as a local frame for T 2M = H ⊕ V . Then locally de-

fined tgln(R)-valued 1-forms
(
θij
µi

j θij

)
give rise to a connection ∇̃. The
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diagonal part correspond to the pull-back connection of∇ on V andH iden-
tified with p∗(TM). On H , we have an additional term valued in V which
is given by an element of Hom(H, V ). This corresponds to the pull-back of
µ ∈ Hom(TM, TM). The connection ∇̃ is related with the one obtained
by Theorem 6.5 as follows. Let P1(TM) be the principal bundle associated
with T 2M , which is a TGLn(R)-bundle over TM described as follows. Let
(U,φ) be a chart of M and (x, v) be the associated coordinates for TM |U .
Let {f, g} : (Rn × Rn, (o, o))→ TM be a mapping of the form

(ξ, η) 7→ {f, g}(ξ, η) = (f(ξ), g(ξ) +Df(ξ)η)

with respect to a chart. If we ignore terms of order greater than 1 with
respect to η, this property is independent of charts. Note also that such a
mapping is a local diffeomorphism if and only if Df(o) ∈ GLn(R).

Definition 6.15. We set

T (M) = {{f, g} as above},
T0(M) = {{f, g} ∈ T | g(o) = o},
P ′(TM) = {j1(o,o)({f, g}) | {f, g} ∈ T (M)}, and

G = {j1(o,o)({f, g}) | {f, g} ∈ T (Rn), f(o) = g(o) = o},

where TRn is naturally trivialized.

Lemma 6.16. 1) The set G is a group of which the product is the com-
position, and is isomorphic to TGLn(R).

2) The bundleP ′(TM) is isomorphic toP1(TM) as TGLn(Rn)-bundles.

Proof. We have D(o,o)({f, g}) =

(
Df(o)
Dg(o) Df(o)

)
. On the other hand,

we have

{f, g}.{f ′, g′}(ξ, η) = {f, g}(f ′(ξ), g′(ξ) +Df ′(ξ)η)

(6.17)

= (f ◦ f ′(ξ), g ◦ f ′(ξ) +Df(f ′(ξ))(g′(ξ) +Df ′(ξ)η))

= (f ◦ f ′(ξ), h(ξ) +D(f ◦ f ′)(ξ)η),

where h(ξ) = g ◦ f ′(ξ) +Df(f ′(ξ))g′(ξ). Hence we have

D(o,o)({f, g}.{f ′, g′})

=

(
Df(f ′(o))Df ′(o)

Dg(f ′(o))Df ′(o) +Hf(f ′(o))Df ′(o)g′(o) +Df(f ′(o))Dg′(o) Df(f ′(o))Df ′(o)

)
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If f ′(o) = o and if g′(o) = o, then we have

D(o,o)({f, g}.{f ′, g′})

=

(
Df(o)Df ′(o)

Dg(o)Df ′(o) +Df(o)Dg′(o) Df(o)Df ′(o)

)
=

(
Df(o)
Dg(o) Df(o)

)(
Df ′(o)
Dg′(o) Df ′(o)

)
.

Similarly, if (U,φ), (Û , φ̂) be charts and ϕ the transition function, then we
have

Dϕ ◦ {f, g}(ξ, η) = (ϕ ◦ f(ξ), Dϕ(f(ξ))(g(ξ) +Df(ξ)η)).

Hence we have

Dϕ(j1(o,o)({f, g})) =
(

Dϕ(f(o))
Hϕ(f(o))g(o) Dϕ(f(o))

)(
Df(o)
Dg(o) Df(o)

)
.

ThereforeP ′(TM) andP1(TM) are isomorphic as TGLn(R)-bundles. □

We set

P1
0 (TM) = {j1(o,o)({f, g}) | {f, g} ∈ T0}.

The bundle P1
0 (TM) is a principal TGLn(R)-bundle which is the re-

striction of P1(TM) to the zero section of TM →M . Recall that we have
an isomorphism between TGLn(R) and GLn(R) ⋉ gln(R). We have the
following

Lemma 6.18. The bundles P1
0 (TM) and P 1(M)⋉ gln(R) are isomorphic

as principal GLn(R)⋉ gln(R)-bundles.

Proof. By the proof of Lemma 6.16, we see that the transition function on

P1
0 (TM) is given by

(
Dϕ(f(o))

Dϕ(f(o))

)
because we have g(o) =

o. If we associate j1(o,o)({f, g}) with ((f(o), Df(o)), Df(o)−1Dg(o)), then
obtain the desired isomorphism. □

Let now consider a pair of a connection on TM and its infinitesimal
deformation. This induces a connection on P1(TM). By restricting this
latter connection to P1

0 (TM), we obtain a connection on P 1(M)⋉ gln(R)
by Lemma 6.18. By Lemma 6.3, we see that this is the connection given by
Theorem 6.5
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Remark 6.19. There is a description of P̃ 2(M) ⋉ g̃2n similar to that of
P 1(M)⋉gln(R). We consider mappings from T 2Rn to T 2M locally defined
by

{f, g;F,G}(ξ, η; ξ̇, η̇)
= (f(ξ), Df(ξ)η + g(ξ);F (ξ)ξ̇, (DF (ξ)iαjη

α +G(ξ))ξ̇ + F (ξ)η̇),

where we assume that Df(o) = F (o), Dg(o) = G(o) and that Df(o) is
regular as a matrix. We set

T 2(M) = {{f, g;F,G} as above},
T 2
0 (M) = {{f, g;F,G} ∈ T 2(M) | g(o) = o},

P2(TM) = {j1(o,o)({f, g;F,G}) | {f, g;F,G} ∈ T 2(M)},
P2

0 (TM) = {j1(o,o)({f, g;F,G}) | {f, g;F,G} ∈ T 2
0 (M)},

G2 = {j1(o,o)({f, g;F,G}) | {f, g;F,G} ∈ T 2(M), f(o) = g(o) = o}

We can show that G2 is a group isomorphic to G̃2
n ⋉ g̃2n of which GLn(R)⋉

gln(R) is a subgroup. We can also show the following

Lemma 6.20. The bundle P2
0 (TM) is isomorphic to P̃ 2(M) ⋉ g̃2n as a

G̃2
n ⋉ g̃2-bundle.

We omit the proof because they are parallel to the case of P1
0 (TM).

7. APPLICATION TO DEFORMATIONS OF FOLIATIONS

We consider regular (non-singular) foliations. Associated with such fo-
liations, there are natural connections called Bott connections. If foliations
are deformed, Bott connections are also deformed according to deforma-
tions. We will discuss infinitesimal deformations of Bott connections as-
sociated with infinitesimal deformations of foliations. Let F be a foliation
of M , of codimension q. Let {(Uλ, φλ)} be a foliation atlas, that is, we
have homeomorphisms Uλ

∼= Vλ×Tλ such that the restriction of F to Uλ is
given by {Vλ×{y}}y∈Tλ

, where Vλ and Tλ are balls in RdimM−q and Rq, re-
spectively. Let pλ denote the projection from Uλ to Tλ. Then, the transition
function from Uλ to Uµ is of the form (xλ, yλ) 7→ (ψµλ(xλ, yλ), γµλ(yλ)).
We refer to γµλ as the holonomy map. Let TF be the tangent bundle of F ,
which is the subbundle of TM which consists of vectors tangent to leaves
of F . The bundle TF locally consists of vectors tangent to Vλ × {y}.
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Definition 7.1. The quotient bundle Q(F) = TM/TF is called as the
normal bundle of F .

Definition 7.2. A connection on Q(F) is called a Bott connection if and
only if ∇XY = LXY holds for X ∈ TF , where LX denotes the Lie deriv-
ative with respect to X .

It is well-known that Bott connections always exist in the C∞-category.
Bott connections enjoy the following property.

Lemma 7.3. Let∇ be a Bott connection on Q(F). Let (U,φ) be a foliation
chart and (x, y) be coordinates for U ∼= V × T . If θij denote the com-
ponents of connection matrix with respect to ∂

∂y1
, . . . , ∂

∂yq
, then θij do not

involve dxk’s.

Proof. This is because we have∇ ∂

∂xk

∂
∂yj

= L ∂

∂xk

∂
∂yj

= 0. □

Remark 7.4. Lemma 7.3 does not mean that θij are independent of xk.

In the setting of Lemma 7.3, we can represent θij as θij = Γi
jkdy

k. The
functions Γi

jk are referred as the Christoffel symbols. Note that the order of
lower indices are always reversed as in the previous sections.

Proposition 7.5. Let ∇ a connection on Q(F). Let e = (ei) be a local
trivialization of Q(F) which is foliated or locally projectable in the sense
that each ei is of the form fα

i
∂

∂yα
with fα

i being functions on y independent
of x, where (x, y) are local coordinates on a foliation chart. Let (θij) be
the connection matrix of ∇ with respect to e. Then, ∇ is a Bott connection
if and only if θij|TF = 0.

Proof. Let Γi
j be the connection matrix of ∇ with respect to

(
∂
∂yi

)
. If we

set F = (f i
j), then we have θij = (F−1)iαdF

α
j +(F−1)iαΓ

α
βF

β
j . As e is

foliated, θij do not involve dxi if and only if so do not Γi
j . □

By Theorem 4.6 we can form G̃r
q-bundles P̃ r(F) by pasting pλ∗P̃ r(Tλ).

To be precise, suppose that Uλ ∩ Uµ ̸= ∅, and let uλ ∈ p∗λP̃
r(Tλ) and

uµ ∈ p∗µP̃ r(Tµ). We have naturally have p∗λP̃
r(Tλ) ∼= Vλ×Tλ× G̃r

q. Let we
represent uλ = (xλ, yλ, gλ) and uµ = (xµ, yµ, gµ). Then, γµλ gives a locally
defined map from P̃ r(Tλ) to P̃ r(Tµ), which we represent by γµλ∗.
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Definition 7.6. We say that uλ ∼ uµ if and only if xλ = xµ and (yµ, gµ) =

γµλ∗(yλ, gλ). We set P̃ r(F) =
(⊔

λ p
∗
λP̃

r(Tλ)
)
/ ∼. The natural projection

from P̃ r(F) to M is represented by πr.

It is easy to see that P̃ r(F) is independent of the choice of foliation at-
lases. It is clear that P̃ 1(F) is isomorphic to the frame bundle of Q(F)
which is represented by P 1(F).

There are natural foliations of P̃ r(F). Indeed, if U ∼= V × T is a fo-
liation chart, then P̃ r(F) is trivial, namely, we have P̃ r(F)|U ∼= U ×
G̃r

q
∼= V × T × G̃r

q. The transition functions are of the form (x, y, g) 7→
(ψ(x, y), γ(y), γ∗(y)g). Therefore, we have a foliation of P̃ r(F) locally de-
fined by asking y and g to be constant, to which we refer as F r. We always
equip P̃ r(F) with the foliation F r.

Definition 7.7. A connection on P̃ r(F) is said to be a Bott connection if it
is a Bott connection for F r.

The following is easy.

Lemma 7.8. A connection on P 1(F) is a Bott connection if and only if it is
associated with a Bott connection on Q(F).

Definition 7.9 (Canonical form). Let u ∈ P̃ r(F) and X ∈ TuP̃ r(F). We
choose a foliation chart U ∼= V × T which contains πr(u). Let p : U → T

be the projection, θT the canonical form of P̃ r(T ) and set

θ(X) = p∗θT .

We call θ the canonical form on P̃ r(F).

By Theorem 4.6, the canonical form on P̃ r(F) is well-defined.
We have the following. The proof is just a combination of Lemma 7.3

and Theorem 2.13 so that omitted.

Theorem 7.10. There is a one-to-one correspondence between the follow-
ing objects:

1) Bott connections on Q(F).
2) Sections of P̃ 2(F)→ P 1(F) which are equivariant under the GLq(R)-

actions and that preserve foliations.
3) Sections of P̃ 2(F)/GLq(R)→M which preserve foliations.

Next, we discuss deformations of foliations and Bott connections.
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Definition 7.11. A connection ∇ on P 1(F) ⋉ glq(R) is said to be a Bott
connection if ι∗∇ is a Bott connection on P 1(F), where ι is the inclusion
obtained by the natural identification of P 1(F) with P 1(F)⋉ {o}.

Let ω = (ωi) be a local trivialization of Q∗(F). By the Frobenius theo-
rem, there exists a glq(R)-valued 1-form, say θ, such that

dω + θ ∧ ω = 0.

The 1-form θ is essentially the connection form of a Bott connection, say∇,
with respect to the frame dual to ω. Assume now thatF ,∇, ω, θ are smooth
1-parameter families. Let t be the parameter and assume that F0 = F and
so on. If we represent derivatives with respect to t at t = 0 by adding a dot,
then we have

dω̇ + θ̇ ∧ ω + θ ∧ ω̇ = 0.

By considering a foliation atlas, we consider ω, etc. are family defined on
M . Then a glq(R)-valued 1-form θ̇ gives rise to a global Hom(Q(F), Q(F))-
valued 1-form on M independent of the choice of foliation atlases. In gen-
eral, we adopt this property as an infinitesimal deformation of connections.

Definition 7.12 ([7], see also [4]). Let F be a foliation and ∇ a Bott con-
nection on Q(F). We fix a family ω of local trivializations of Q(F), and
let θ be the family of the connection forms with respect to the dual of ω. A
Q(F)-valued global 1-form ω̇ and a Hom(Q(F), Q(F))-valued 1-form θ̇

are said to be infinitesimal deformations of ω and θ, respectively, if we have

dω̇ + θ ∧ ω̇ + θ̇ ∧ ω = 0

in the sense that if we choose a local trivialization and if we represent ω, θ, ω̇
and θ̇ by components, then we have

dω̇i + θiα ∧ ω̇α + θ̇iα ∧ ωα = 0.

By Lemma 7.3 and Theorem 6.5, we have the following

Theorem 7.13. There is a one-to-one correspondence between the follow-
ing:

1) Pairs of Bott connections on Q(F) and their infinitesimal deforma-
tions.

2) Bott connections on P 1(F)⋉ glq(R).
3) Sections from P 1(F)⋉ glq(R) to P̃ 2(F)⋉ g̃2q equivariant under the

GLq(R)⋉ glq(R)-action and preserving foliations.
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The normal bundle Q(F) is also equipped with a foliation. Indeed, if
(x, y, v) denote the coordinates for Q(F) on a foliation chart, then we
have (x̂, ŷ, v̂) = (ψ(x, y), γ(y), Dγy(v)) so that foliations locally defined
by y = const. and v = const. give rise to a foliation of Q(F) which is
represented by F (2). It is easy to see that the normal bundle Q(F (2)) is the
2-normal bundle Q(2)(F) in [2]. The bundle Q(2)(F) plays a role of T 2M .
Namely, we always have the vertical subbundle of Q(2)(F) which we rep-
resent as Q(F)V . On the other hand, given a Bott connection on Q(F),
we can define the horizontal subbundle of Q(2)(F) which we represent by
Q(F)H . If ϖ denotes the projection from Q(F) to M , then the both lifts
are isomorphic to ϖ∗(Q(F)). If in addition an infinitesimal deformation of
the Bott connection is given, then we can define a connection on Q(2)(F)

by considering
(
θ

θ̇ θ

)
. This is the construction given in [2], where char-

acteristic classes for infinitesimal deformations of foliations are studied by
means of these connections (cf. [5], [8]). They are obtained as differential
forms on Q(F) and then shown to project down to M . If we make use of
Theorem 7.13, then we can obtain a Bott connection on P 1(F) ⋉ glq(R)
which is valued in the Lie algebra of GLq(R) ⋉ glq(R) ∼= TGLq(R), and
we can avoid bundles over Q(F) to obtain these classes. If we denote by
B the space of Bott connections on P 1(F) ⋉ glq(R), then these classes
are functionals on B. For example, we can consider the derivative of the
Godbillon–Vey class, DGV for short, with respect to infinitesimal defor-
mations of foliations. It is known that if the foliation under consideration
admits a transverse projective structure (not necessarily flat), then DGV

vanishes for any infinitesimal deformations of foliations [1]. This means
that if F admits a transverse projective structure, then DGV as a functional
on B is identically equal to zero. Similarly, some characteristic classes are
introduced for deformations of flat connections in [14]. If C denotes the
space of connections on P 1(M) ⋉ gln(R), then these classes can be re-
garded as functionals on C and results can be understood as properties of
such functionals.
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