FORMAL FRAMES AND DEFORMATIONS OF AFFINE
CONNECTIONS

TARO ASUKE

ABSTRACT. We will introduce formal frames of manifolds, which are
a generalization of ordinary frames. Their fundamental properties are
discussed. In particular, canonical forms are introduced, and torsions are
defined in terms of them as a generalization of the structural equations.
It will be shown that the vanishing of torsions are equivalent to the real-
izability of given formal frames as ordinary frames. We will also discuss
deformations of linear connections on tangent bundles. An application
to deformations of foliations are then given.

INTRODUCTION

The theory of frames are well-developed. It is based on the local dif-
feomorphisms of R™ which fix the origin, and their jets. As a consequence,
tensors, etc. are commutative in the lower indices. For example, if 7"is a re-
lated tensor and if 7";;, denote the components of 7" with respect to a chart,
then we have T"; = T";;. The bundle of 2-frames are quite related with
connections. The commutativity of the indices imply that these connections
are torsion-free. On the other hand, when we consider geometric structures,
usually connections with torsions appear. Garcia gave a framework which
enables us to work on connections with torsions in [6]. These two frame-
works are similar but differ at several points. For example, the structural
group in the Kobayashi construction [10] is much larger than Garcia’s one
and its action has a clear meaning. On the other hand, Garcia’s construc-
tion has an an advantage that any principal bundles can be treated, while
the theory of frames work basically on manifolds and their frame bundles.
In this paper, we introduce a notion of formal frames, which is a kind of

Date: May 30, 2022.

2020 Mathematics Subject Classification. Primary 53B05; Secondary 58 A20, 58H15,
57R32, 57R20.

Key words and phrases. Connections, canonical forms, torsions, deformations.

The author is partially supported by Grant-in Aid for Scientific research (No.
21H00980).



2 TARO ASUKE

frames with non-commutative indices, and by which we can understand the
both frameworks if we restrict ourselves to frame bundles. We will intro-
duce canonical forms like in the classical case (Definitions 2.1, 4.4). Such
canonical forms are studied by Garcia [6] in basic cases. Canonical forms in
this article are generalizations of these classical ones. Then, we will define
torsions in terms of canonical forms (Definition 5.2). They are a generaliza-
tion of the structural equations in the classical setting. It will be shown that
a formal frame is actually a classical frame if and only if every torsion van-
ishes (Theorem 5.4). Integrability of formal frames under geometric struc-
ture can be also formulated on the bundle of formal frames in some cases
(Remark 5.10, Example 5.11). We then discuss deformations of linear con-
nections on tangent bundles. We will show that infinitesimal deformations
of connections can be regarded as connections on certain principal bundles
(Theorem 6.5). Finally, we will discuss deformations of foliations as an
application.

Throughout this article, we will make use of the Einstein convention.
That is, a pair of upper and lower indices of the same letter is understood to
run from 1 to n (¢ in Section 7) and be taken the sum. For example, f° 8‘22.
means y ., f* 21-. When we compare representations of objects with re-
spect to two charts, we represent one in plain letters and another one by
adding ‘7. For example, let T be a tensor of type (1,2). If (U, ) and
(17 , ) are charts, then the components of T with respect to (U, ) are rep-

resented by T";;, and the ones with respect to ([7 ,p) are represented by

T jk- When we deal with a Lie group, its Lie algebra is represented by cor-
responding German letter, e.g. if G is a Lie group, then its Lie algebra is
represented by g. Finally, we always make use of the standard coordinates
for R™.

1. THE BUNDLE OF FORMAL 2-FRAMES

Notation 1.1. Let M be a manifold and p € M. If f is a mapping defined
on a neighborhood of p, then we say that f is a mapping from (M, p).
Precisely speaking, we consider the germ of f at p. If the target of f, say
N, is specified, then we say that f is a mapping from (M, p) to N. If
moreover the image f(p) is specified, then we say that f is a mapping from
(M,p)to (N, f(p)). If f is a diffeomorphism to the image, we say that f is
a local diffeomorphism.
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Notation 1.2. Let V — M and W — N be vector bundles. If F'is a
bundle morphism from (V, M) to (W, N), then the underlying map from M
to IV is represented by f. The mapping induced on fibers are represented as
F,: V, — Wy(,), where V, denotes the fiber of V over p € M. When we
consider bundle automorphisms, we do not assume the underlying maps to
be the identity.

Hence a bundle morphism F' consists of a pair (f, F,).

Definition 1.3. 1) If h = (h') is an R™-valued function on an open
subset of R", then we define an M, ,(R)-valued function Dh by
setting Dh'; = 9% where (2!, ..., z") are the standard coordinates
for R™.

2) If h is an M,, ,(R)-valued function, then we represent i as h’; and
i Oht;
set D'y, = k-

We recall the notion of frames of higher order [10].

Definition 1.4. Let » > 1. For p € M, an r-frame at p is the r-jet at
o € R™ of a local diffeomorphism, say f, from (R,0) to (M,p) and is
represented by j7(f). The set of r-frames are represented by P"(M). We
set 7 (j0(f)) = f(o). If the target of o is assumed to be a fixed point p,
then we represent P" (M) as P" (M, p).

The following is classical [11].
Theorem 1.5. If we set G|, = P"(R",0), then G}, is a Lie group of dimen-
sionny ., (n) and P"(M) is naturally a principal G, -bundle. Indeed,
the action is gi\Z/en by compositions.

Let now 7': P'(M) — M be the frame bundle. We represent P (M) as
PYif M is clear. Let F' = (f, F,): T(R",0) — TM be a bundle isomor-
phism to the image such that F,, = D f(0). If (U, ¢) is a chart about f (o),

then Dy o F is represented as (Dy o F), = A, (a:)a%f(x), where ©z € R"
is in a neighbourhood of o and (3!, ..., y") are coordinates for ¢ (U ). Note

that if we represent o f as o f(z) = p(f(0))+a’;z? + f(z), where f is of
order greater than one with respect to z, then we have a’; = A";(0). Hence
jX(F) can be represented by a triple (a’,a’;, a’j,) € R” x GL,(R) x R,
where a' = (¢(f(0))" and a'j, = ;2 A%;(0).

Oxk
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Definition 1.6. We set
CNJi = {jL(F) | F is a bundle automorphism of T'(R", 0) such that F, = D f(0)}.

Let F,G: T(R", 0) — T(R™, 0). The underlying map of F' o G is equal
to f o g, and we have (F' o G), = Fyu) o G,. In particular, we have
fog(o)= f(o) =oandthat (FoG), = Fy, oG, =F,oG,. Hence éi
admits a group structure of which the product is the composition. Indeed,
éfl is a Lie group diffeomorphic to GL, (R) x R™. We will describe the
product in Lemma 1.10.

Definition 1.7. Let
P2(ar) = {j&(F)

We call ﬁQ(M ) the bundle of formal 2-frames and also the formal 2-frame
bundle for short. An element of P2(M) is called a formal frame of order 2.
If u = jL(F) € P%(M), then we set 72(u) = f(0). We regard F(0) as an
element of P'(M) and set 72(u) = F(o). If in addition a = j}(G) € G2,
then we set u.a = j}(F o G).

to the image such that F,, = D f(o)

F:T(R" 0) — TM is abundle isomorphism}

Note that we have 72 = 7 o 72 and that G2 = P%(R", 0).

Let p € M and (U, ) be a chart about p. If u € (72)*(U), then we
represent u = j, (F’), where F' is a bundle isomorphism. We set f, = o f,
F, = Dy o F and associate with u a triple <f¢(0)i, F,(0), %(0)),
where (z!,..., z") are the standard coordinates for R". We do not distin-
guish F,(0)" and F,'(0) and so on in what follows.

Notation 1.8. We refer to the coordinates for P2 as above as the natural
coordinates for P? associated with ¢ after [11, p. 140].

If M = R", ¢ = id and if u € G2, then F,(0)' = 0 so that we can
associate with u a pair (Fw(o)ij, O (0)). Let a = j1(G) € G2, where

TozF
g(0) = 0. Then u.a = j}(F o G) is represented with respect to ¢ as
(1.9)
i i o« OFq a i 0GY
(Pl Fula(0))aG01". S22 00060 g0 s+ Fulo)a G 0))
i i o OF o o i 0G%;
= (Fl0)' B0} o016 o), T E 01600 Glo)s + Fyo)'a 7 0)).

where Dg(0)’; = G(0); because j1(G) € G2.
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Let (U, ) and (U, §) be charts and ¢ = Pop ! be the transition function.
Let u = j}(F) € (x2)"}(U) C P* and represent u as (h', h';, h';,) in the
natural coordinates associated with (U, ). If we represent u with respect
to (U, @), then F;; = (D¢ o f) o F, so that we have

(0 By B i) = (), DO(h?)' ah® 5, HO(h®) ash® b+ Do(h) b 50)
= (@(h®)", (Dp(h")';, HO(h®) "5 ) (A5, h'51)),
where the product in the most right hand side is taken in é%
Summing up, we have the following

Lemma 1.10. 1) Let a,b € G2 and represent a,b as a = (a';, ),
b= (b'j,b"1). Then, we have
ab —_ (a,iabaj, aiagbajbﬂk + aiabajk).
2) The bundle of formal 2-frames Pisa principal éfl—bundle with the

projection 2.

The bundles P? and P2, the groups G2 and G2 are related as follows.
First we introduce the following

Definition 1.11. Letu € P? and represent u as u = j2(f), where f: (R",0) —
M is alocal diffeomorphism. We set e(u) = j!(Du).

The map e gives an inclusion of G2 to G2.

There is also a projection from P2 to P2. First, if JNF) € P2, then we
may modify f as follows. Let (U, o) be a chart and let (y',...,y") be the
standard coordinates for (U ). We have

(0o F(@)) = o(F(0)) + dur® + T2,
Fo(x) = %( T + a0()),

where f and aTj are of order greater than 1 with respect to . As we
are concerned with 1-jets, we set b';, = 1(a’;;, + ay;) and modify f as
b paiak + T (x)7, where f'(z) is of order greater than 2. After this mod-
ification, we have H(p o f)(0)'jx = b';,. This property is stable in the
following sense. First, let (U, ) be also a chart and set ¢ = P o o1, As
we have just seen, we have

(@;,a1) = (Do(p)'y, Hé(p)'ji)(a', a'sn),
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where p = ©(f(0)). Since Hp(p)'rni = Ho(p)'1m, we have

—~ 1 . .
ik = 5(5% + @)
1

= §(H¢(p)ia/a’aajaﬁk + Do (p) aa® s + Ho(p) apa®sa’; + Do (p)'aa®s;)

= Ho(p)'apa®;a’x + D(p)'a (%(aajk + aakj)>

= Ho(p)' apa®;a° + D(p) ab® i
On the other hand, we have
(1.12)

po(pof)(x)
= 3(f(0)) + Do(p)'aa® sz’

1 , . ,
+3 (Ho(p)'apa®;a’y + Dp(p) ob®j1) 272" + (terms of order greater than 2).

This means that the 2-jets of modified mappings are independent of the
choice of charts. Similarly, we see that the modification is compatible with
products with elements of G2. Hence the following definitions make sense.

Definition 1.13. Let j!(F) € P2. If we have F, = Df(0) and that
Hf(0)'x = 3(DF(0)'jx + DF(0)';), then we say F' is a normal repre-
sentative.

Note that if we begin with a local diffeomorphism f: (R™, 0) — M and
if we consider j2(Df), then D f is normal as a representative.

Definition 1.14. Let u € P2. We choose a normal representative F' for u
and set k(u) = j2(f), where F = (f, F,).

From these arguments, we see the following

Theorem 1.15. 1) The mapping ¢: P> — P? s well-defined and is an
embedding of G2-bundles. Moreover, we have P? = ¢(P?) X2 G2.
2) The mapping r: P2 — P2 is well-defined bundle morphism as G2-
bundles. If (U, ) is a chart about 7(u(0)) and if we represent u as

(h*, h';, h'si), then k(u) is represented as (hi, h';, %)

3) When regarded as a mapping from CNJEL to G2, k is a homomorphism.

Remark 1.16. If we replace GL,,(R) with a proper Lie subgroup, then
the above averaging procedure does not work in general. For example, if
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G = SL,(R), then we have h';; = 0 but mostly we do not have h';; = 0.
Even if the latter condition is satisfied, it is still not obvious that such a
formal frame can be realized by a volume preserving local diffeomorphism.
On the other hand, we can replace R by C, moreover, we can work in the
holomorphic category so long as we stay in formal frames of finite order.

See also Remarks 4.9 and 5.10.

Let u € P2 and we represent u = j1(F). Then F induces an isomor-
phism from T}q P (R") to T,, P, where id denotes the identity map. Indeed,
let X € T;qP'(R) and represent X by a family of local diffeomorphisms
gi: (R™,0) — R™ such that gy = id. We can represent X as (X*, X*;) by
considering the natural coordinates. Then, we have %(0)‘ o = X" and

ot
that %(O)LZO = X';. We have

(1.17-1)
3 a t 7 A «
51|, 1 2 90) = DF(0) G| (o) = D(0)iX' = Flo)'uX",
(1.17-2)
91 (Fog)(0)Daslo)
ot|,_, g¢)\0) L/ g0
. 0 . 0D
= DF(0)'asDgo(0)"; 51 (0) + F(0)'a =57(0)",

t=0
= DF(0)'jX® + F(0)', X%

Definition 1.18. We represent the isomorphism from 73q P* (R™) to T, P!
obtained as above again by u by abuse of notations.

Similarly, we have an adjoint action of G2 on T}qP'(R™). Let a € G2
and X € T;qP'(R"). We represent a by F' and X by g;, respectively. Then,
Ad,-1 X is by definition the vector represented by (f ' og;o f,(Flog o
f)(Dg; o f)F). Concretely, we have

o
5, eme Nl
= (Df() X"
5| (Pt oace D)o)Dace f0)F(o
= —(F ) aDF )5 (FO) ) X F 0+ FH 0 X*5F (o),
= ~(F(0) ) aDF ()X + F 0 X P (o),
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2. THE CANONICAL FORM ON THE BUNDLE OF FORMAL 2-FRAMES

We are now in position to introduce the canonical form on P? and its
fundamental properties.

Definition 2.1. Let u € P2 and X € T, P2 We set 0(X) = v~} (72,X) €
T P'(R™) and call 4 the canonical form.

Definition 2.2. Let G be a Lie group. Let P be a principal G-bundle and
u € P. We consider u as a mapping from G to P. If X € g, then we set
X = u,X. We call X* the fundamental vector field associated with X.

The following theorems directly follow from definitions.

Theorem 2.3. We have the following.

1) Ifa € éi then we have R0 = Ad,-1 0, where R, and Ad, denote
the right action and the adjoint action of a, respectively.
2) If X € g2, then we have 0*(X*) = 72, X.

Theorem 2.4. Let M, N be manifolds and f: M — N be a local diffeo-
morphism.

1) We have f*P*(N) = P2(M).

2) If 0y, O denote the canonical forms on M, N, then we have f*60y =

O
Note that 6 is naturally represented as (6°,6%;). We set 8° = (#") and
o' = (6°)).
Definition 2.5. We call ' the canonical form of order i + 1. We set
O —=de’ +6' A6,
O —=do' +0" A6,
and call them the forsion and the curvature of 0.

The canonical form is locally represented as follows by (1.17-2).

Lemma 2.6. Let (U, @) be a chart and v = (u',u’;,u';x) the associated
natural coordinates. If we set (v';) = (u';) ™, then we have

0°,(X) = v'qdu®,

0 (X) = viaduaj — viau"jﬁvﬂvduv.

The proof is straightforward and omitted.



FORMAL FRAMES AND DEFORMATIONS OF AFFINE CONNECTIONS 9

Theorem 2.7. We have P2 = {u € P*>|©, = 0}.

Proof. First note that we have dv’; = —v',du®gv”;. Hence we have
0! = dv'y, A du® + viaduo‘ﬁ A vﬁwduV — viauawgvﬁ(gdu‘s A V7 du’
= v du®s0" A duY + vl o du s AP duY 4 vl gu® g, 5,07 du A 0P, du?
= v u®s, 5,07, du™ AV, du?.
Therefore, ©,, = 0 if and only if u®s, 5, = u®s,p,, that is, u € P2. O
Remark 2.8. We have a kind of split exact sequence

0 — > P2 ——=pP2_ 9% ryRrr — ..

A generalization of Theorem 2.7 is given as Theorem 5.4.
The curvature €2 of 6 is calculated as follows.

Lemma 2.9. We locally have
Q' = —v'adu® s AP du”
+ v u® 500 dus A VP cdut + vt qu® s, 5,070 du A 02, du
— viauagl@v’glMu“jgv‘sedue A U’BQWdu”.
Proof. We have
0 =dv'y Adu?;
— dviauo‘ﬂgvﬁ7 Adu’ — viwduo‘]ﬂvﬁ7 Adu? — vioéuo“j/@»clvﬁ7 A du”
+ viaduaﬁ A vﬂvduvj
— vl dug A 0P 500 cdut — v u® g5, 07, duT A VP2, du?
+ 0 U gy, 07 AU A VP2 5,002 du.
The first and the fifth, the second and the sixth terms cancel each other. By

rearranging the indices, we obtain the result. U

Remark 2.10. Both the torsion © and the curvature ) involve #° rather
than du’. We do not have characterizations of the curvature, however, it is
related with the torsion of order 2. See Example 5.3. On the other hand,
torsions have a clear meaning. See Theorem 5.4.

Remark 2.11. We will introduce Lie groups @IL in Section 4, and there
will be natural projections from G” to G”~!. On the other hand, we have
an inclusion GL,,(R) into G2 defined by a = (a';) — (a';,0). If u =
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(u’,u’;, u';;) are the natural coordinates associated with a chart and if a €
GL,(R), then we have u.a = (u’, u’;a;, u’y,,a' ja™) by (1.9).

We recall the notion of connections.

Definition 2.12. A gl (R)-valued 1-form 6 on P! is said to be a connection
if we have the following:
1) If a € GL,,(R), then R0 = Ad,—1 w.
2) If X € gl,,(R) and if X* denotes the fundamental vector field asso-
ciated with X, then 6(X*) = X.

As in the classical cases, we have the following

Theorem 2.13 (cf. Proposition 7.1 (p. 147) of [11], Theorems 2 and 3
of [6D).
There is a one to one correspondence between the following objects:

1) Connections on P.

2) Sections of 721 P* — P which are equivariant under the GL,(R)-

actions.
3) Sections of P?/GL,(R) — M.

Before proving Theorem 2.13, we show the following

Lemma 2.14. Sections of P2/GL,(R) — M is in one to one correspon-
dence between GL,,(R)-equivariant mappings from P* to G? | GL,,(R), where
G? acts on G2 /GL,,(R) on the right by [g].a = [a™'g].

Proof. We repeat a proof in Husemoller [9] for convenience. First note that
P?/GL,(R) = P? X &2 G2 /GL,(R). We represent elements of P2 X &
G2/GL,(R) as [u,a]. Let 0: M — P2/GL,(R) be a section. If u €
P2, there uniquely exists an element, say a(u) € G2/GL,(R), such that
o(7%(u)) = [u,a(u)]. If a € G2, then we have [u, a(u)] = [u.a, o(u).a.
On the other hand, we have o(72(u)) = o(7?(u.a)) = [u.a, a(u.a)] so that
a(u.a) = a(u).a. Suppose conversely that « is given. If p € M, then we
choose u € (72)~!(p) and set o(p) = [u, a(u)] € P2/GL,(R). If a € G2,
then we have [u.a, a(u.a)] = [u.a, a(u).a] = [u, a(u)] so that o is a well-
defined section. It is easy to see that this correspondence is one to one. [

Proof of Theorem 2.13. The proof is almost identical to that of Proposi-
tion 7.1 of [11]. First let w be a connection. Let (U, ¢) be a chart and con-
sider the associated natural coordinates (u’,u';,u’;;). Then, (u’,u’;) are
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local coordinates for P!. Let s be the local trivialization of P! which corre-

sponds to these coordinates and set ;n = s*w. We represent j = aii |
using the Christoffel symbols. Note that our symbol differs from the usual
one, that is, the order of lower indices are reversed. We set a(ui, u' j) =

(ul,u'y, =T pu;uly). If we set 1) = (Dg¢) ™!, then we have

(2.15) T = —H o500 107k + D' o T b 5007
Hence we have
[0 0 = —H' og00® 07 0% 500 + D' T ot 500 5007 06,

= —H¢ia5u“ju’3k + ngial“amuﬁjuvk.
It follows that
(@', —T'apt”u’s) = (D', HY'ju) (u'j, —T'apuju’s).
Therefore, locally defined o gives rise to a well-defined section of 7 (cf. (1.12)).
If a € GL,(R), then we have
o((u',u'y).a) = o(u',u' a®;)
= (v}, u'na®;, —T apu u’sa” ja’y)
=o(u',u';).a
so that the section is GL,,(R)-equivariant. Conversely, if s is a GL,(R)-
equivariant section of 7%, then s*6? is a connection.

Next, let 0: M — P?/GL,(R) be a section. By Lemma 2.14, o cor-
responds to a G2-equivariant map, say «, from P? to G? /GL,(R). We
set P = a~'([e]), where e € G? denotes the unit. Then P is naturally a
principal GL,(R)-bundle and the inclusion gives the desired section. As
G2 /GL,(R) = R™ is contractible, thus obtained P is isomorphic to each
other. Since there is a connection on P!, we have a section from P! — P?
so that P is isomorphic to P'. Conversely, let 0: P* — P? be a GL,(R)-
equivariant section. By taking the quotients by GL,,(R)-actions, we obtain
a section M — P?/GL,(R). We omit to show that these correspondences
are one to one. U

Remark 2.16. Connections on P! correspond to affine connections on 7'M,
and GL,, (R)-equivariant sections of 77 correspond to reductions of P? to

QL. (R).
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Remark 2.17. The section associated with a connection corresponds to the
geodesic equation although the lower indices of the Christoffel symbols
need not commute.

Remark 2.18. If V is a linear connection, then we can find a torsion free
connection by modifying V [13, Proposition 7.9 (Chapter 3)]. We can inter-
pret this procedure as considering .V instead of V, where x,: g2 — g2.

3. COMPARISON WITH GARC{A’S CONSTRUCTION

Let G be a Lie group with Lie algebra g. Let M be a manifold and
m: P — M a principal G-bundle over M. Gacia gives in [6] canonical
forms on 1-jet bundles associated with principal G-bundles.

Definition 3.1. Let 7 (P) the bundle of 1-jets of germs of sections from M
to P. If s, € J(P)is ajetatp € M, then we set 7' (s,) = s,(p) and
7! (sp) = p. The bundle J (P) over P is called the 1-jet bundle of P.

Let (U, ¢) be a chart on M. We assume that P is trivial on U and let
Y: 7Y U) — U x G be a trivialization. Let s be a section of m: P — M
on U C M. We represent s by 1) o s o ™" and j}(s) by jo(1oso0 @),
where © = p(p) € p(U). More concretely, let 1) o s 0 o=t = (id, h),
where % is a G-valued function on ¢(U). Then, j,(s) is represented by
(x,h(x), Dh(z)), which are the coordinates used by Garcfa.

The following is obvious.

Lemma 3.2. The bundle [J (P) admits a natural G-action on the right.

Letu € P, Y € T, P and suppose that 7,Y = 0. Then, there uniquely
exists an element Z € g such that Z; = Y, where Z* denotes the funda-
mental vector field associated with Z. We represent Z by u~'Y.

Definition 3.3 (Canonical form). Let p € M, j,(s) € J(P) and X €
T T (P). We set

&y X =1.X - s.7X,
We call 6 the canonical form on J (P).

Proposition 3.4 (cf. Theorem 2.3). We have the following:
1) If g € G, then R,0 = Ady—1 0.
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2) If X € gand if X* denotes the fundamental vector field associated
with X, then 0(X*) = 7(X).

In what follows, we assume that dim M = n and that P is the frame
bundle of M. We have G = GL,(R). It might happen that P admits
a reduction, that is, G might be a proper Lie subgroup of G. Some of
arguments work in such cases.

Let j7(f) € P?and p = f(0). Itis easy to see that j (D f o f~') is
well-defined. In general, if j1(F) € P2 then Jp(F o f71) is also well-
defined, where p = f(0). We set ®(j,(F)) = j,(F o f~'). Conversely,
let p € M and s, € J(P). We regard s(p) as a linear map from 7,R"
to 7, M and choose a local diffeomorphism f: (R", 0) — (M, p) such that
D f (o) = s(p). We consider the pair (f, s o f) as a local isomorphism from
T(R"™,0) to T(M,p) and set ¥(s,) = j2(f,so f).

Lemma 3.5. The mapping V is well-defined and we have ¥ = ®~1,

Proof. First, j1(f, s o f) € P2 because s o f(0) = s(p) = Df(0). We have
Jo(f,s 0 f) = (f(0), 50 f(0),Ds(f(0))Df(0)) = (p,s(p), Ds(p)) so that
U is well-defined. Finally, we have ¥ = ®~! by the definitions. U

If (U, ) is a chart about p, then mappings ® and ¥ are represented as
follows. First, if j!(F) € P2, then we set F,, = Dyp o Fand f, = o f. If
we set ¢ = ¢(p), then j1(F) is represented by (q, F,(0), DF,(0)). On the
other hand, j}(F o f') is represented by

Jg(Fpo fo71) = (¢, Fy(0), DF,(0)(Df,(0)) )
= (4, F(0), DFp(0) ja((Fp(0)) ™))

in the Garcia coordinates. Therefore, if we make use of the natural coordi-
nates on P? and the Garcia coordinates on 7 (P), then we have

q)(ui7 uij7 uijk) - (ui7 uijﬂ uijlvlk‘)a
U(x' y's, 2 ) = (95, 2 uy'n)s
where (v';) = (u;)™%. On the other hand, G2 acts on 7 (P) on the right

by Lemma 3.5. Indeed, if s, € J (P) and if a € CNJEL then we can set
(sp).a = ®(¥(s,).a). In the Garcia coordinates, we have

(' 95, 2 ) (@', a' ) = (2,9 a®;, 2 ara®; + y'aa® 507wy
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where (w';) = (y%;)~!' and (0';) = (a';)"'. If a € GL,(R), namely, if
a';r = 0, then we have

(xi7 yij7 Ziﬂﬂ)(aijv aijk> = (xi> yiaaajﬁ ziakaaj)'
Hence the G2-action on J (P) is an extension of the GL,, (R)-action.
The following is known. We modify notations fitting to ours.

Lemma 3.6 ([6, Section 3 and Lemma 1]). Let 0" be the canonical form on
J(P). We have
0 = w'o(dy®; — ypda”).

Therefore, we have the following.

Theorem 3.7. 1) The mapping ® is an isomorphism of GL,,(R)-bundles.
2) If we define a G2-action on J(P) as above, then J(P) is a prin-
cipal G2-bundle which is compatible the original GL,(R)-action
on J (P). Moreover, ® is an isomorphism of é%—bundles under these
actions.
3) If 0' and O’ denote the canonical form of order 2 on P? and the
canonical form on J (P), respectively, then we have ®*0' = 0.

4. BUNDLES OF FORMAL FRAMES OF HIGHER ORDER

We can consider analogues of P", r > 3. We set P* = M, P! = P! and
let 7} denote the projection from P! to M. Suppose that groups G’€ ék
bundles P* such that G¥ = P*(R", 0), and projections 7f_,: P¥ — Pk~1
equivariant under the G* and G¥~! actions are defined up to k = r — 1.
This holds true for r = 2. Let F = F'—': Pr1(R" o) — P""}(M)
be a locally defined isomorphism of G™!-bundles and F*: P¥(R" o) —
}N)k(M ), where 0 < k < r — 2, be the underlying isomorphism in the sense
that F°, I, ..., F"~! are bundle isomorphisms and that

PE(R™, 0) —— P*(M)

k
TFZJ( ™

P'(R",0) —— P'(M),
F

~

where 1f = ™ o --- ok |, is commutative for 1 <1 < k <7 — 1.
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Definition 4.1 (cf. Definition 1.7). We set

Sr 1 F. prt R" o0 P (M),
Pr(M) = {JO(F> F*(0) :(jg(F’ﬂ)—gfor 1 (S k)é T}7

G' = P"(R",0).

We call lgr(M ) as the bundle of formal frames of order r, and elements of
P"(M) formal frames of order r. If F € P"(M), then we set 7/_, (j1(F)) =
F(o).

We call formal frames of order greater than two as formal frames of
higher order.
We have the following. The proof is easy and omitted.

Lemma 4.2. 1) Thus defined CNJZ is a Lie group of dimension y_,_, n'.
2) If we set 7" = "' on’_,, then n": P"(M) — M is a principal
G’ -bundle.

Definition 4.3. If u = j7(f) € P"(M), then we set €(u) = j2(D"71(f)).
Note that € gives rise to an embedding of G, into CNJ;.

Definition 4.4 (cf. Definition 2.1). Let u € P"(M) and X € T, P"(M).
We set 0(X) = v (n7_1,X) € TlaP"(R"), where u: T}qP" "' (R) —
Trr (u)ﬁ’"‘l (M) is the isomorphism induced from the right action (cf. Def-
inition 1.18). We call € the canonical form. The canonical form is natu-
rally represented as (0°,6%;,,...,60";, i ). Wereferto (6", ) asthe

canonical form of order 7.

The adjoint action of G”, on TiqP™1(R") is defined in a similar way as
in the case of r = 2.

Theorem 4.5 (cf. Theorem 2.3). We have the following.
1) Ifa € é;, then we have R0 = Ad,—1 0.
2) If X € g!, then we have 0"(X*) = n!_,,. X, where X* denotes the
fundamental vector field associated with X.

The product in é; remains similar to that of the group of r-frames G7,.
For example, if » = 3, the product is given as follows. Let a,b &€ Gf’l
and a = j}(F), b = j}(G). Then, ab = j(F o G). If we represent a as
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a = (a'j,a';x, a' ;1) and so on, we have

(ab)' = b,
(ab)'jr = a'agb™;b% + a'ob®u,

(ab)' ik = a'ap b 50 kb7 + a'apb® bk + alapb® 071 + a'apb® b’ + @' b 1.
These formulae are obtained as follows. Let a,b € G3 and a = jL(F),b =
JL(G). First, we represent F'(x) = (f'(x), f'j(2), f1(2), fim(x)). We

have F°(z) = (f'(x)), F' () = (f'(x), f'j(2)), F*(z) = (f'(x), ['j(2), f'je(x))
and F*(z) = F(z). By the conditions required to F', we have

i _of

aj = Oxi (0) = fij(0)7
i = 3 (0) = (o),
o'

CLljkl = W(O)

We have (F o G)°(z) = fi(¢™(x)) so that (ab)’; = a’,b; holds in G..
Hence we may assume that (F o G)'(z) = (f'(¢"™(x)), f'a(g™(x))g%;(z))
because we are concerned with jets at o. It follows that

(ab)ijr = (a'apb®;0°k + a'ab®j1)
holds in C:”Z Similarly, we may assume that

(FoG)(z) = (f'(g" (@), ['alg™ (2))g%(x),

flas(g™(@))g%i(2)g k(@) + flalg™ (@))g%n(x)).
Hence we have
(ab)i]‘kl = aia/g,ybajbﬁkbwl + a"'aﬁbo‘ﬂbyk + aiagbajbvkl + aiagbﬁlb7jk + Cliabajkl
in éfl Note that if F' is actually derived from a local diffeomorphism, then
wehave F(z) = a'ja7+4a' jp a7 2+ 3 a' jry 2/ 2% 2!+ (terms of order greater than 3).

We come back to the bundle P" and the canonical form on it. We have

the following

Theorem 4.6 (cf. Theorem 2.4). Let M, N be manifolds and f: M — N
be a local diffeomorphism.

1) We have f*P"(N) = P"(M).

2) If 0y, Oy denote the canonical forms on M, N, then we have f*60y =

O
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We can normalize elements of ﬁ"(M ) and é; as follows (cf. Theo-
rem 1.15). Letu = j2(F) € P"(M). Let (U, ) be a chart about 7" (u)
and represent u as (h’, hijl, e hijl _____ ;). We set

T oeGy,

where 7' j1,..jo 18 understood to be h' = hi and

.....

Actually, we only consider the 7-jet of F" in what follows.
Definition 4.7. We set x(u) = j7(F").
Theorem 4.8. 1) The mapping ¢: P" — P is well- defined and is an
embedding of GT.-bundles. Moreover, we have P™ = ¢(P") Xar G
2) The mapping k: P — P is well- defined bundle morphism as G/, -
bundles.

3) When regarded as a mapping from é’; to G7, k is a homomorphism.

Proof. We only show that the r-jet of 7 is well-defined. We set G (x) =
W+ R a4 LR e+ SR a0 adn Ttis clear that G is well-

defined if we ignore terms of order higher than r. On the other hand, we

have G(z) = F' (). 0

Remark 4.9. If we consider a Lie subgroup of GL,,(R), then we have the
same kind of difficulties in the averaging process as in the case of r = 2.
See also Remarks 1.16 and 5.10.

We refer to [19] for more about jets.

5. TORSIONS OF HIGHER ORDER
We begin with the following

Theorem 5.1 (Structural equations [10], [3]). Ler S = {1,...,k}. Let
Sa = {51,...,8.} C Sand {ty,... ,ty} =S\ Sa, where S, = & ifa = 0.
Then, on P", we have

S4CS I=1
These equations are referred as the structural equations.



18 TARO ASUKE

Contractions appear in the structural equations. On P”, the lower indices
commute so that we do not need to care about the order of indices. It is not
the case for P" so that we should be aware of how we take contractions.

Definition 5.2. Let £k < r — 1. Let pg = 1,p1,...,pr € N be such that
1<p,<a+1for0<a<k. LetS = (ji,...,j) beaordered tuple of
indices. We set

n
k+1(p17"'7pk) /L‘. . f— i. . iA . . . lA .
(@ ) NARTERLY) E d@ ]17---7]k+ 0 Js1rdspg—10 l 3Jspg r-dsa /\0 Jtqse5Jty?

SaCS I=1 Pa
where S, = (Js,,- - -, Js, ) is aordered subset of S and (j, , ..., j,) = S\ S,
as ordered sets. If a = 0, then we set S, = @. We call ©F®1Pe-1) the
torsions of order k and of type (p1, ..., pr_1)-

Example 5.3. 1) The only torsion of order 1 is ©1.
2) The torsions of order 2 are ©2(1) and ©2?). We have

©°W) = df’; + 0oy N O*+ 07 A OT
=0 4+ 0' A0,
Q%@ = db'; + 00 NO™ + 05 A O
=+ 60, N O~
3) The torsions of order 3 are 311, @321 @3(1.2) @3(22) @3(1,3) and
©323), For example, we have
(@3(173)>ij1j2 = deijljz + eia A 9aj1j2 + Qiajl N Qan + eiajé A eajl + eijljw AYa
(@3@2) = A0y O AN O+ O A%, 0 0 A O, A0 0y A O
4) In general, the number of the torsions of order k£ is equal to £!.
We have the following
Theorem 5.4. We have P" = {u € P" | all torsions vanish at u}.

We need some lemmata for proving Theorem 5.4.

Lemma 5.5. Leta = ((lijl, . ,aijhm,jr), b= (bijl, Ce ,bijhm’jr) c é;
D) If 1 <k <, then (ab)’;, . j, is represented by a’;, ;b

7: .
gy WiLH
[ <k.



FORMAL FRAMES AND DEFORMATIONS OF AFFINE CONNECTIONS 19

2) We have
[ T ¢
(ab)';, = a b},
i — S
(@b)'jy....j, = @' o, b gy 0075,
. . 1 7
+ (terms which do not involve a e OT U )
[ Xe]
+ a ab jl)""j""

Proof. By the construction, (ab)’;, ;. is obtained from (ab);, ;. _, as
follows. First regard a, b as functions in x. Then, we consider the de-

. . dats.
with respect to x. After replacing “Zlxie Sl by

. abl . . . . . .
a'jy,..jpab® and —Z52 by 0’5, i 5, we obtain (ab)ljl,...zjk- In particu-
lar, the number of the lower indices of each terms of (ab)’j, ;. is equal
to k. Hence 1) and the first part of 2) hold. On the other hand, terms in
(ab)';,.. j, which involve a’;,

of terms in (ab)?,

rivative of (ab)’;, .,

appear only if we take the ‘derivative’
which involve a';, In this case, we obtain

T

7---,jr—1 ~-7jr—1'
a0y o201 b5 . Similarly, terms in (ab)’j, ;. which in-

volve b';, ., appear only from the derivative of a’,b%;, . and we ob-

O

"7j7‘—1

: VR Ne
tain a'ob%j, . j, 1 -

Lemma 5.6. Let 0 = (0°,0',...,0") be the canonical form on P7, where

r > 2. In the natural coordinates (Notation 1.8), we have

r—1\i _ i, B 0
(9 ) Jtyendr—1 — — U all j1,5,..,5r—1 8V ’Ydu

+ (terms which involve only v'; and u';, _;, with | < r — 2).

Proof. Letu € P", X € T,P" and Y = 0,(X) € TiaP™ (R"). If we
represent Y as Y = (Y ... Y"~1) using the natural coordinates, then, we
have by Lemma 5.5 that

((UY)T_1>ia1,--.7ar—1
= Wy oY
+ (terms which do not involve u'j, __; orY';, i )
+u Y e
where Y = (Y and Y"! = (Y7, ). Since Y* = 0°(X) = v, X,
we are done (see also (1.17-2) and Lemma 2.6). [

Proof of Theorem 5.4. Suppose that torsions of order less than r vanish. We
may assume inductively that the lower indices of u’;, _;, commute for k <
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r — 1. By Lemma 5.6, the only terms of ©"(P1-++Pr=1) which involve v’ i
is derived from 6" A 6°, and we have

''''''''

(@ ProobrOY = =0 e g0 du? Ao sdud
Pr—1

+ (terms which do not involve u';, ., ).

On the other hand, by the structural equations (Theorem 5.1), Qr(prpr-1) =
0 if every lower index commutes each other. This implies that we have

r(p1,e.., —1)\% _ i, « l é
(@ o=ty e = =0 e g0 du A sdul.
Pr_1
Therefore, we have uzjl ----- 1 esfr—1,8 = uajl 77777 B seesdr—1,l if @7 (PLiPr-1) —
Pr—1 Pr_1
0. .

Remark 5.7. If torsions of order less than 7 vanish, then ©"®1:Pr—1) only
depends on p,_;.

Definition 5.8. We set

P> =lim P = {u =W )en € [[ P
p> :@ﬁr,

G= = P*(R",0),

G= = P®(R",0),

wgurzusifs<r},

and equip them with the limit topology. To say about P> for example,
this is the weakest topology with respect to which the natural mappings
P — P’ are continuous. We call P as the bundle of frames of infinite
order, and P> as the bundle of formal frames of infinite order, respectively.
If f: (R",;0) — M is a local diffeomorphism, then the element of P>
determined by (j7(f))ren is represented by jo°(f). Similarly, if /' = F'* =
(FT),en is an infinite sequence of morphisms from P"(R™) to P such that
o F" = F"!'ox’ | and that F"(0o) = j1(F"1), then the element of
P> determined by (j1(F")),en is represented by jL(F) = j1(F>).

Note that G> and G* are topological groups.
Theorem 5.9. We have P> = {u € P> | all the torsions vanish at u}.

Proof. Suppose that u € P> and that all the torsions vanish at w. By
taking a chart on M, we find an infinite sequence (u’, u’ j,--,) of tensors
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of which the lower indices commute. By [20, Lemma 5], we can find a local
diffeomorphism f: (R"™, 0) — M of class C'™° which realizes this sequence,
namely, we have j(f) = (a’,a’;,,...,a'; ;) for any r € N. If we set

t(u) = j°(f), then ¢ gives an isomorphism. O

Remark 5.10. If we work in the analytic (real or complex) category, then
Theorem 5.9 is no longer valid. Indeed, we need a realization of a given
Taylor series as an analytic function, which is in general impossible. Sim-
ilarly, if we work with geometric structures, then we can find a smooth
function f which realizes a jet at a point, however it is not certain if f pre-
serves the structure. In order to that, we will need a kind of integrability
conditions. See also Remarks 1.16 and 4.9.

Example 5.11. 1) Let M be a 1-dimensional M&bius manifold in the
sense that there exists an atlas {(Uy, p»)} of M such that the tran-
sition functions are linear fractional transformations which we call
Mobius ones. In this case formal frames and frames concide and
we have P"(M) = P"(M). We can consider the bundle of for-
mal frames which is defined by using only by M6bius mappings and
their derivatives, which we represent by M"(M). In other words,
we consider reductions of IBT(M ) such that the structural groups are
derived from PGL;(R). We set now for a function of one variable

£, S(f) = % -3 (’}—7)2 which is called the Schwarzian deriva-
tive of f. It is well-known that f is Mobius if and only if we have
S(f) = 0. On the other hand, it is also well-known that we have
S(¢po f) = f*S(¢) + S(f) in general. Therefore, if we locally set
S = (vhuly — %(vlluln)Q)dul ® du', where v'; = 1/uly, always
considering atlases as above, then S is well-defined on ﬁ’”(M ). We
see that j"(f) € ﬁT(M ) = P"(M) is represented by a Mbuis map
from (R', 0) to M if and only if S(f) = 0.

2) If n > 2, there also is a tensor X of type (1, 2) called the Schwarzian
derivative, which is still a cocycle such that ¥(f) = 0if and only if f
is projectively linear [15], [16]. Hence if we work on projectively flat
manifolds, then we can repeat the argument in 1) to obtain a reduc-
tion of lgr(M ) and the Schwarzian derivative on it. We can locally

write down the Schwarzian derivative in terms of natural coordinates
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but we omit it because it is so involved (cf. [15, §2]). In this case, we
can normalize projective connections in terms of P"(M).

3) We can ask if a given anti-symmetric 2-tensor field is realized as
the torsion of a connection. If we consider projective structures, it
is known that there is a connection which preserves the projective
structure and of which the torsion is the given tensor field. On the
other hand, if we work on a symplectic manifold of dimension 2n,
where n > 2, then, there exists tensor fields which cannot be re-
alized as the torsion of connections which preserve the symplectic
structure [21], [12]. In any case, we need to consider ﬁ’"(M ) in or-
der to deal with non-trivial 2-tensors.

6. INFINITESIMAL DEFORMATIONS OF LINEAR CONNECTIONS

Related to the above constructions, we will discuss infinitesimal defor-
mations of linear connections. Some of fundamental references are [17],
[18].

We fix a manifold M and a connection V on T'M. Given a chart (U, ¢),
let I' ;. denote the Christoffel symbols of V with respect to (U, o). That is,

if (x',...,2™) denote the standard coordinates for ¢(U), then
.0 .
VX =T" - X7
Ik 5y
where VX denotes the covariant derivative of X and X = X*-2. We

oz
remark again that the order of the lower indices of the Christoffel symbols

are reversed.
Let {V;} be a 1-parameter smooth family of connections such that V, =
V. Then the Christoffel symbols of V, are represented as
Dyje =T + 1'a (1),
where /1’ j,(t) 22 ® da* is an element of Hom(T'M, T M) for each ¢.
Definition 6.1. We call ' ;;(¢) a deformation of V. To be more precise, we
call u';(t) an actual deformation.

If we take the derivative at ¢ = 0, then we obtain an element of Hom(7T'M, T'M).
This leads to the following

Definition 6.2. An infinitesimal deformation of V is an element of Hom (7'M, T'M).
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It is clear that if p';;(¢) is an actual deformation, then % (0) is an
infinitesimal deformation.

If 1+ 1s an infinitesimal deformation of V, then p 1s represented by a family
{u';1} with respect to an atlas. If (U, @), (U, p) are charts and if ¢ denotes

the transition function, then we have
1'ap(DO)* (D)’ = (D) api -

In what follows, we will show that a pair of a connection and its infini-
tesimal deformation can be understood as a connection on a certain bundle.
For this purpose, we will recall some basic notions. Let GG be a Lie group
and T'G the tangent bundle of GG, which is also a Lie group called the tan-
gent Lie group of G. We consider the adjoint action of GG on g, where g is
regarded as the vector space of left invariant vector fields on GG. Then, it is
well-known that 7'G is isomorphic to G x g. The product in G X g is given
by

(A, X).(B,Y) =(AB,Adg-1 X +Y).
If G is linear and if G C GL,(R), then, we have a matrix representation of
TG to GLa,(R) given by

A
(A, X) — (AX A> :
The Lie algebra of G' x g is described as follows. We omit the proof.

Lemma 6.3. Let by be the Lie algebra of G X g.
1) The Lie algebra by is a vector space g X g equipped with the bracket

[(A, X), (B, Y)] = ([A, B], ad 5 B+ ad 4 Y).
2) The adjoint action of G X g on b is given by
Ad(ax)(B,Y) = (Ads B, Ada(adx B +Y)).
3) Suppose that G is linear. Then, an element (A, B ) € b corresponds

A . .
to B A € tg under the matrix representation.

Let P be a principal G-bundle over M, and set g = M x g. The projection
from g to M is represented by v.

Definition 6.4. Let P x g with the projection @ to M be a principal T'G-
bundle defined as follows. We set P x g = {(u, X) € P x g | m(u) =
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v(X)} and w(u, X) = m(u), namely, we consider the fiber product. If
(B,Y) € TG, then we set

(4, X).(B,Y) = (u.B,Adg—1 X + ).

Theorem 6.5. There is a one-to-one correspondence between the following:

1) Pairs of connections on T'M and their infinitesimal deformations.

2) Connections on P'(M) x gl,(R).

3) Sections from P (M) x gl, (R) to P*(M) x §2 equivariant under the
GL,(R) x gl (R)-action. o

Proof. We set P = PY(M) x gl,(R), G = GL,(R) x gl,(R) and let g
denote the Lie algebra of G. First, the transition functions for P is given as
follows. Let (U, ) and ((7 ,») be charts on M and ¢ the transition func-
tion. Then, P is trivial on U. Let ((z,¢9); X) = ((", ¢%;); X*;) € p(U) x

A~

GL,(R) x gl,(R) be coordinates for P|y and ((7, g); X) for P|;. We have
((7,9) %) = (6(x), Dé(x)g); X). As (De(x)g, X) = (Do(x),0)(g, X)
in G = GL,(R)xgl,(R), the transition function for P is given by (D¢(x), 0).
Let now {w}, where w = (6, i), be a family of g-valued 1-form on M. This
family represents a connection on P if and only if we have

(w,0) = (D$,0)71d(D, 0) + Ad(py,01 (@, 0).

This condition is equivalent to

0 = D¢(x)"'dD¢ + Adpy-1 0,

p=Adpg-1 1.
Hence (0, i) represents a connection on P if and only if y is an infinites-
imal deformation of #. It is clear that the correspondence is one-to-one.
Next, we show that the conditions 2) and 3) are equivalent. By theorems
of Garcia (Theorems 2 and 3 of [6], cf. Theorem 2.13), connections on
PY(M)xgl,(R) are in a one-to-one correspondence between G-equivariant
sections of J(PL(M) x gl,(R)) — P'(M) x gl,(R). Hence it suffices
to show that 7 (P (M) x gl ,(R)) and P2(M) x g2 are isomorphic as
G-bundles. Let j,(s) € J(PY(M) gl,(R)), where s is a section of
PY(M)xgl,(R) — M about p. Let (U, ) be a chart such that ¢(p) = o and
that Dp~'(0) = s(p). We represent sop = (s1, s2) and associate Jp(s) with
(171, 51), 5L (s2)) (cf. Lemma 3.5). This gives a desired isomorphism.
Indeed, the correspondence is locally given as follows. Let (U, ) be a chart
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and (z*, (a';,b%;), (a'jx, b';x)) be the representation of s with respect to the
Garcia coordinates. We adopt as the coordinates for P? ﬁ_fl the product
of the natural coordinates for P2 and the trivial one for ﬁ Then, jzl)(s) 1s
mapped to (2, (a';, a’jaa;), (b5, 0%5%)). If (9, X) € GL,(R) x gl,(R),
then we have
(', (a', '), (a'ju, 'jw)) (9, X)
= (2, (a'ag®j, 1'ab"59%; + X75), (@' ajg ks o 519°5)),

where (h';) = (g°;)'. On the other hand, we have

(', (a'), a'jaa™k), (V' '51))-(9, X)

= (2", (a'agj, @' 509" 0% 9" 1), (W'ab® 5975 + X5, 1ol 1" )

Hence we obtained a morphism from J (P'(M) x gl,,(R)) to P2(M) [\
equivariant under the GL,,(R) x gl (IR)-actions. It is easy to see that this
morphism is indeed an isomorphism. U

Remark 6.6. The canonical form on J(P'(M) x gl,(R)), which corre-

sponds to the canonical form of order 2 on ]SQ(M ) X ﬁ_fb is locally given by
(¢'a(da®j—a®;5dx?), db'j—b' jodx®—b' o 5(da’ j—a’ j,da ) +-c o (da® s—a® 3, dz? D7),
where (c';) = (a';) ™!, with respect to the Garcia coordinates.

An explanation of Theorem 6.5 can be given by using an auxiliary struc-
ture. For this purpose, we recall 2-tangent bundles (see [22] for details).

Definition 6.7. We set T?M = T(TM) and call T?M as the 2-tangent
bundle. The projection from T?M to T'M is represented by p?.

Charts and transition functions on T2 M are given as follows. Let (U, ),
(ﬁ ,®) be charts of M and ¢ the transition function from U to U. Then,
TM is trivial on U and U. If (z,v) denote local coordinates for TM on
p~}(U), where p: TM — M is the projection, then the transition func-
tion is given as (z,v) + (¢(x), Do(x)v). Further, T>M is trivial on
p Y (U) and p~*(U). If (x,v;#,) denote local coordinates for T2M on
(p*)~Y(p~1(U)), then the transition function is given as follows. Lety: (—¢, ¢) —
TM be a curve. We represent this curve as (x(t),v(t)) using a chart. We

have (Z(t), 0(t)) = ((z(t)), Dp(x(t))v(t)) so that
68)  (2,0;2,0) = (¢(x), Dg(x)v; D(w)&, H(w)vi + D(w)0),
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where Hp = D(D¢) and Hp(z)vi = (Ho) ,pv*i”. We refer to these
coordinates as coordinates induced by (U, ¢).

Definition 6.9. Let (U, ) be a chart on M and consider induced coordi-
nates. If u € T'M, then we set

a\" o
oxt u_aviu

and call it the vertical lift of %I, where x = p(u). In general, we extend

the vertical lift by linearity. We set
V' = {vectors on T'M which are the vertical lifts of vectors on M }.
The following is easy.
Lemma 6.10. We have T>*M |V = 7*T M as vector bundles over T M.

Definition 6.11. Let V be a connection on T'M. Let (U, ) be a chart on
M and consider induced coordinates. Let ;5 be the Christoffel symbols
of V with respect to (U, ¢). If u € T'M, then we set

o \" o 0
6.12 . = — —T(2)%°—
(6.12) (&’L”) . 07 (2)%0 vy
and call it the horizontal lift of %x, where z = p(u). In general, we extend

the horizontal lift by linearity. Finally, we set

H = {vectors on T'M which are the horizontal lifts of vectors on M }.

Note that % on the left hand side of (6.12) refers to a vector on M, on
the other hand, the same symbol on the right hand side refers to a vector on

T'M, we always considering charts and induced coordinates.

Proposition 6.13. The pairs (V,p?|y) and (H,p*|y) are isomorphic to
T T'M.

Proof. By (6.8), we have
(55 7) (e petn) = (5 3w)
ozt ovt ) \Ho(x)v Do(x))  \ ozt dvi )’
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Therefore, we have

(GE) ) ) (& ) (R0 o) (e 1)
- ((aii)H’ (aii)v> |

By (2.15), we have
(& 1) (o pow) (o 1) = (7% pory)

Hence (V, p?|y) and (H, p?| ) are isomorphic to 7T M. O

Remark 6.14. It is known that the horizontal lifts recovers connections [22]
if connections are torsion free. It remains valid in our setting as follows. Let
X be a vector field on M and v € T,M. We regard X as a mapping from
M to TM and let DX: TM — T?M be the derivative. We represent

X = -2 and v = v*-2; on a chart. Then, we have
oz oz p

V. X(p) = (giz (p)v” + T, (p) f” (p)v”) aiap‘

On the other hand, we have

) e B
DX (v), = v¥=—— F—
(v)p = 0r*x(p) O pY v x(p)’
vy —n 2 — T, (p)v” 7 (p) o
() Ox% X (p) 7 OV X (p)

It follows that we have
(VoX(p) +T(v, X(p)) X () = DX (v)p — v )

where 71" denotes the torsion of V.

It is clear that 7°M = H & V. This identification can be seen as an
isomorphism between T2M and p*(T'M). Note that the horizontal lifts
give sections of the projection from T?M to TM. If V is a connection
on T'M and g its infinitesimal deformation, then we can define a con-
nection, say 6 on H & V. Indeed, let Hij, //j be matrix representations
of V and ;. with respect to -2; on M. On the other hand, we consider

oz’
((%)H, (%)V> as a local frame for 72M = H ¢ V. Then locally de-

fined tgl,, (R)-valued 1-forms (i/ yi > give rise to a connection V. The
J J
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diagonal part correspond to the pull-back connection of V on V' and H iden-
tified with p*(T'M). On H, we have an additional term valued in V' which
is given by an element of Hom(H, V'). This corresponds to the pull-back of
1t € Hom(TM, TM). The connection V is related with the one obtained
by Theorem 6.5 as follows. Let P*(7'M) be the principal bundle associated
with T2 M, which is a TGL,,(R)-bundle over T'M described as follows. Let
(U, ¢) be a chart of M and (x,v) be the associated coordinates for 7'M |y;.
Let {f,g}: (R x R™, (0,0)) — T'M be a mapping of the form

&n) = A{f,9}(&n) = (f(€),9(&) + Df(E)n)

with respect to a chart. If we ignore terms of order greater than 1 with
respect to 7, this property is independent of charts. Note also that such a
mapping is a local diffeomorphism if and only if D f(0) € GL,(R).

Definition 6.15. We set

T(M) ={{f, g} as above},
To(M) ={{f.9} € T | g(o) = o},
P(TM) = {jiooy({f.9}) | {f, 9} € T(M)}, and
G = {iooy{ S 9}) [ {f. 9} € T(R"), f(0) = g(0) = o},
where T'R"™ is naturally trivialized.
Lemma 6.16. 1) The set G is a group of which the product is the com-

position, and is isomorphic to TGL,,(R).
2) The bundle P'(T M) is isomorphic to P*(T' M) as TGL,,(R™)-bundles.

Proof. We have D¢, o ({f,9}) = (gg((g; Df(o))' On the other hand,

we have
(6.17)

{93 A g HEm) = {f, g} (f(€).9'(§) + Df(E)n)
= (f o f'(€), g0 f'(€) + DF(f()(g' () + Df(E)n))
= (f o f1(£),h(&) + D(f o [)(E)n),

where h(§) = go f'(§) + Df(f'(£))d' (€). Hence we have

D(o,o)({f7 g}{f g })

_ ( Df(f'(0))Df'(0) )
Dy (f'(0))Df'(0) + H[('(0))Df'(0)g'(0) + Df(f'(0))Dg'(0) Df(f'(0))Df (o)
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If f'(0) = oand if ¢’(0) = o, then we have

D(o,o)<{fa g}{f,7 g/})

( Df(0)Df'(0) )
(0)Df'(0) + Df(0)Dg'(0) Df(o)Df(0)

Dy
o i) (05 b))

Similarly, if (U, ¢), ((A] , ®) be charts and ¢ the transition function, then we

have

Doo{f,g}(&n) = (do f(&), De(f(£))(g(&) + Df(E)n)).

Hence we have

Dotioo 1590 = (oot potsion) (Date) D))
Therefore P'(T'M) and P (T M) are isomorphic as TGL,,(R)-bundles. [
We set
Po(TM) = {jiony({f.9}) | {1, 9} € To}-
The bundle P3(T'M) is a principal TGL, (R)-bundle which is the re-

striction of P!(T'M) to the zero section of TM — M. Recall that we have
an isomorphism between T'GL,(R) and GL,(R) x gl,(R). We have the

following

Lemma 6.18. The bundles Py(T M) and P'(M) x gl,,(R) are isomorphic
as principal GL,(R) x gl,,(R)-bundles.

Proof. By the proof of Lemma 6.16, we see that the transition function on

PH(TM) is given by (D¢(f(0)) D(;S(f(o))) because we have g(0) =
o. If we associate j, , ({ f, g}) with ((f(0), Df(0)), Df(0)~'Dg(0)), then
obtain the desired isomorphism. U

Let now consider a pair of a connection on 7'M and its infinitesimal
deformation. This induces a connection on P!(T'M). By restricting this
latter connection to Pg(7'M), we obtain a connection on P'(M) x gl,(R)
by Lemma 6.18. By Lemma 6.3, we see that this is the connection giv_en by
Theorem 6.5
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Remark 6.19. There is a description of P2(M) x g, similar to that of
P'(M)xgl,(R). We consider mappings from T?R™ to 7 M locally defined
by
{f.9: F,GH&m: €,1)
= (f(&), Df(E)n + g(&); F(E)E, (DF(€)'ayn® + G(€)E + F(€)i),
where we assume that D f(o) = F(0), Dg(o) = G(0) and that D f(o) is

regular as a matrix. We set

T*(M) = {{f,9: F, G} as above},

To (M) ={{f.9; F,G} € T*(M) | g(0) = o},
PHTM) ={jlo0{f9: F.G}) | {f.9: F.G} € T*(M)},
PHUTM) = {jiooy{f,9: F,G}) | {f,9; F, G} € TZ(M)},

G* = {ioy{ [, 9: F,G}) [ {f.9: F.G} € T*(M), f(0) = g(0) = o}

We can show that G is a group isomorphic to G2 x g2 of which GL, (R) x
gl,,(R) is a subgroup. We can also show the following

Lemma 6.20. The bundle P2(TM) is isomorphic to P2(M) x g, as a
éi X &—bundle.

We omit the proof because they are parallel to the case of Pg(T'M).

7. APPLICATION TO DEFORMATIONS OF FOLIATIONS

We consider regular (non-singular) foliations. Associated with such fo-
liations, there are natural connections called Bott connections. If foliations
are deformed, Bott connections are also deformed according to deforma-
tions. We will discuss infinitesimal deformations of Bott connections as-
sociated with infinitesimal deformations of foliations. Let F be a foliation
of M, of codimension ¢q. Let {(U,, ¢,)} be a foliation atlas, that is, we
have homeomorphisms Uy = V) x T) such that the restriction of F to U is
given by {Vj x {y}},er,, where Vy and T}, are balls in R4™ ¥ =4 and RY, re-
spectively. Let p, denote the projection from U, to 7). Then, the transition
function from U) to U, is of the form (xy, yx) — (Yux(zx, Yr), Vur(¥a))-
We refer to v, as the holonomy map. Let T'F be the tangent bundle of F,
which is the subbundle of 7'M which consists of vectors tangent to leaves
of F. The bundle T'F locally consists of vectors tangent to V) x {y}.
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Definition 7.1. The quotient bundle Q(F) = TM/TF is called as the
normal bundle of F.

Definition 7.2. A connection on Q(F) is called a Bott connection if and
only if VxY = LxY holds for X € T'F, where Ly denotes the Lie deriv-
ative with respect to X.

It is well-known that Bott connections always exist in the C'*°-category.
Bott connections enjoy the following property.

Lemma 7.3. Let V be a Bott connection on Q(F). Let (U, @) be a foliation
chart and (x,y) be coordinates for U = V x T If 6%, denote the com-

ponents of connection matrix with respect to a =, ai then 0"; do not

involve dx*’

Proof. This is because we have V o % = ﬁ ai = 0. O
oz

Remark 7.4. Lemma 7.3 does not mean that 6'; are independent of z*.

In the setting of Lemma 7.3, we can represent ¢°; as 0'; = I''j;.dy”. The
functions I, are referred as the Christoffel symbols. Note that the order of
lower indices are always reversed as in the previous sections.

Proposition 7.5. Let V a connection on Q(F). Let e = (e;) be a local
trivialization of QQ(F) which is foliated or locally projectable in the sense
that each e; is of the form ;2 747
of x, where (x,y) are local coordinates on a foliation chart. Let (6";) be

with f; being functions on 1y independent

the connection matrix of V with respect to e. Then, V is a Bott connection

if and only if 0 ;|77 = 0.

Proof. Let I''; be the connection matrix of V with respect to ( Byt ) If we
set F' = (f';), then we have 0°; = (F~1)',dF*; + (F~ 1) ,I°3F5,. Aseis
foliated, 6"; do not involve dz* if and only if so do not I"*;. O

By Theorem 4.6 we can form é;—bundles P (F) by pasting px*P"(T}).
To be precise, suppose that Uy N U, # o, and let u, € pjﬁ’”(T,\) and
u, € pZﬁT(T ). We have naturally have p} P"(Ty) & Vi x Ty x ég Let we
represent u)y = (:v,\, Yx, g») and u, = (2., yu, g,). Then, v, gives a locally
defined map from P"(T)) to P (T,,), which we represent by 7,,,..
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Definition 7.6. We say that vy ~ u, if and only if x) = z, and (y,, g,) =
Yure (Yn, g1). We set Pr(F) = (|_|A pjﬁ”(T,\)) / ~. The natural projection
from P"(F) to M is represented by 7"

It is easy to see that ﬁr(}" ) is independent of the choice of foliation at-
lases. It is clear that P'(F) is isomorphic to the frame bundle of Q(F)
which is represented by P! (F).

There are natural foliations of P"(F). Indeed, if U = V x T is a fo-
liation chart, then P"(F) is trivial, namely, we have P"(F)|y =~ U x
é; >V xTx é; The transition functions are of the form (z,y, g) —
(¢(x,y),7(y), 7+ (y)g). Therefore, we have a foliation of P"(F) locally de-
fined by asking y and g to be constant, to which we refer as F". We always
equip P"(F) with the foliation F.

Definition 7.7. A connection on P"(F) is said to be a Bott connection if it
is a Bott connection for F™.

The following is easy.

Lemma 7.8. A connection on P*(F) is a Bott connection if and only if it is
associated with a Bott connection on Q(F).

Definition 7.9 (Canonical form). Let u € P"(F) and X € T, P"(F). We
choose a foliation chart U = V' x T which contains 7" (u). Let p: U — T'
be the projection, 67 the canonical form of P"(7") and set

We call 6 the canonical form on P"(F).

By Theorem 4.6, the canonical form on P (F) is well-defined.
We have the following. The proof is just a combination of Lemma 7.3
and Theorem 2.13 so that omitted.

Theorem 7.10. There is a one-to-one correspondence between the follow-
ing objects:
1) Bott connections on Q(F).
2) Sections of P2(F) — PY(F) which are equivariant under the GL,(R)-
actions and that preserve foliations.
3) Sections of P*(F)/GLy(R) — M which preserve foliations.

Next, we discuss deformations of foliations and Bott connections.
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Definition 7.11. A connection V on P'(F) x gl (R) is said to be a Bort

connection if 1*V is a Bott connection on P'(F), where ¢ is the inclusion
obtained by the natural identification of P!(F) with P'(F) x {o}.

Let w = (w') be a local trivialization of Q*(F). By the Frobenius theo-
rem, there exists a g[q(R)—Valued 1-form, say 6, such that

dw+0ANw=0.

The 1-form € is essentially the connection form of a Bott connection, say V,

with respect to the frame dual to w. Assume now that F, V, w, 6 are smooth

1-parameter families. Let ¢ be the parameter and assume that F, = F and

so on. If we represent derivatives with respect to ¢ at £ = 0 by adding a dot,

then we have

dis + 0 Aw+0 A =0.

By considering a foliation atlas, we consider w, etc. are family defined on

M. Then a gl (R)-valued 1-form 0 gives rise to a global Hom(Q(F), Q(F))-
valued 1-form on M independent of the choice of foliation atlases. In gen-

eral, we adopt this property as an infinitesimal deformation of connections.

Definition 7.12 ([7], see also [4]). Let F be a foliation and V a Bott con-
nection on Q(F). We fix a family w of local trivializations of Q(F), and
let O be the family of the connection forms with respect to the dual of w. A
Q(F)-valued global 1-form w and a Hom(Q(F), Q(F))-valued 1-form 6
are said to be infinitesimal deformations of w and 6, respectively, if we have
do+0N0+0Aw=0
in the sense that if we choose a local trivialization and if we represent w, 6, w
and 6 by components, then we have
dis' + 0" A+ 07y A w® = 0.
By Lemma 7.3 and Theorem 6.5, we have the following

Theorem 7.13. There is a one-to-one correspondence between the follow-
ing:
1) Pairs of Bott connections on Q(F) and their infinitesimal deforma-
tions.
2) Bott connections on P'(F) x gl (R).
3) Sections from P'(F) x gl (R) to P*(F) x 9. equivariant under the
GL,(R) x gl (R)-action and preserving foliations.
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The normal bundle Q(F) is also equipped with a foliation. Indeed, if
(x,y,v) denote the coordinates for ()(F) on a foliation chart, then we
have (Z,y,0) = (¥(z,y),v(y), Dv,(v)) so that foliations locally defined
by y = const. and v = const. give rise to a foliation of Q(F) which is
represented by 7). It is easy to see that the normal bundle Q(F®) is the
2-normal bundle Q™ (F) in [2]. The bundle Q® (F) plays a role of T2M.
Namely, we always have the vertical subbundle of Q® (F) which we rep-
resent as Q(F)Y. On the other hand, given a Bott connection on Q(F),
we can define the horizontal subbundle of Q™ (F) which we represent by
Q(F)™. If w denotes the projection from Q(F) to M, then the both lifts
are isomorphic to w*(Q(F)). If in addition an infinitesimal deformation of
the Bott connection is given, then we can define a connection on Q) (F)

0
by considering ( i o) This is the construction given in [2], where char-

acteristic classes for infinitesimal deformations of foliations are studied by
means of these connections (cf. [5], [8]). They are obtained as differential
forms on Q(F) and then shown to project down to M. If we make use of
Theorem 7.13, then we can obtain a Bott connection on P'(F) x gl (R)
which is valued in the Lie algebra of GL4(R) x gl (R) = TGL,(R), and
we can avoid bundles over Q(F) to obtain these classes. If we denote by
B the space of Bott connections on P'(F) x gl (R), then these classes
are functionals on B. For example, we can consider the derivative of the
Godbillon—Vey class, DGV for short, with respect to infinitesimal defor-
mations of foliations. It is known that if the foliation under consideration
admits a transverse projective structure (not necessarily flat), then DGV
vanishes for any infinitesimal deformations of foliations [1]. This means
that if F admits a transverse projective structure, then DGV as a functional
on B is identically equal to zero. Similarly, some characteristic classes are
introduced for deformations of flat connections in [14]. If C denotes the
space of connections on P'(M) x gl,(R), then these classes can be re-
garded as functionals on C and results can be understood as properties of
such functionals.
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