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Abstract

In this paper, we prove existence of solutions to a class of path-dependent rough differ-
ential equations. The equations contain the path-dependent bounded variation terms and
can be viewed as a natural extension of reflected rough differential equations studied in the
author’s previous paper (SPA 2015, 125 no.9). We prove the existence of solutions by us-
ing Gubinelli’s controlled paths. In the case of reflected rough differential equations, the
main result in this paper extends the existence theorem in the author’s previous paper. We
also prove an approximate continuity property of solution mappings at smooth rough paths.
Consequently, we prove a support theorem for path space measures determined by random
rough paths and reflected diffusions.
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1 Introduction

In the theory of Itd stochastic differential equations(=SDEs), path-dependent SDEs can be
formulated naturally and have been studied by many researchers. The study is based on the
theory of martingales. On the other hand, rough path theory ([20, 21, 16, 17, 15]) enables us to
study the equations in pathwise and no martingale theory is needed in principle.

In [2], we studied reflected rough differential equations (=reflected RDEs) defined on a
domain D in R? and proved the existence of solutions. The boundary need not be smooth. This
depends on the important results of Skorohod equation which are due to Tanaka [25], Lions-
Sznitman [19] and Saisho [24]. The reflected SDE is uniquely solved in strong sense under the
boundary conditions (A) and (B) ([24]). We explain conditions (A) and (B) in Section 5. The
main strategy of the proof in [2] is a suitable modification of the Euler-Maruyama approximation
of the solution to RDEs without reflection term which is due to Davie [8]. Unfortunately, we
need a stronger assumption (H1) in addition to (A) and (B) on the boundary to prove the
existence theorem.

In the case of It6’s SDE with reflection, it is well-known that the equation can be transformed
to a path-dependent SDE by using the Skorohod mapping and this is used to study a large
deviation results and support theorem in [5, 9] in the smooth boundary case. They use the
Lipschitz continuity of the Skorohod mapping in uniform convergence topology. However, this
Lipschitz continuity does not hold any more in general ([11]) and the different approach is



necessary as in [25, 24, 19]. They proved the unique existence of strong solutions of the reflected
SDEs and this implies the unique existence of strong solutions of the associated path-dependent
SDEs under the conditions (A) and (B). Hence the path-dependent SDEs is not used in their
proof for unique existence of strong solutions. We note that the rate of strong convergence of
Fuler-Maruyama approximation and Wong-Zakai approximation for a class of path-dependent
SDEs were studied in [1].

In this paper, we propose a new approach to the reflected rough differential equations under
the conditions (A) and (B) by using Gubinelli’s controlled paths [17]. Actually, we consider
rough differential equations containing path-dependent bounded variation terms and prove the
existence of solutions. The class of path-dependent rough differential equations includes the
reflected rough differential equations for which the boundary satisfies the conditions (A) and
(B). Therefore, main result in this paper extends the result in [2]. In [2], we need to solve
implicit Skorohod equations and thus we put the stronger conditions (H1) on the boundary. We
do not need to solve the implicit equations and hence the condition (H1) is unnecessary in our
new approach.

Note that the required regularity condition on the coefficient of the RDE is ¢ € Lip?~! (see
Section 2 for the definition). This is the same assumption for the existence as the RDE without
boundary and the uniqueness does not hold in general ([8]). Actually, for reflected RDEs, it is
possible to prove the existence theorem by the previous approach in [2] under o € Lip”~! and
the stronger assumption (H1) on the boundary. By using the setting of controlled paths, we can
relax the assumptions on the boundary too.

As we mentioned, the path-dependent rough differential equations in this paper includes
reflected rough differential equations. In this case, further, we can prove the existence of uni-
versally measurable selection mapping of solutions as in [2]. We prove continuity property of
the solution mappings at smooth rough paths under conditions (A) and (B). By using this, we
prove a support theorem for path space measures determined by random rough paths. When
the driving process is Brownian motion, Wong-Zakai type theorem is proved in [4, 26, 3, 12, 22].
Recently, support theorem for reflected diffusion processes under (A) and (B) are proved by Ren
and Wu [23] by using the Wong-Zakai type theorem. We give another proof for this theorem by
using the continuity property of solution mapping at smooth rough paths.

The structure of this paper is as follows. In Section 2, we introduce a Holder continuous path
spaces with the exponent 6 based on a control function w of a rough path. In order to study
RDEs containing path-dependent bounded variation terms, we need to consider continuous paths
whose g-variation norms satisfies such a Holder continuity. Hence we introduce a family of norms
| - lg—var,p and Banach spaces Vg 4. In Section 3, we introduce controlled path spaces based on
w. We next introduce a mapping L from a continuous path space to a continuous bounded
variation path space. By using L, we introduce a path-dependent RDE. In Section 4, we prove
the existence of solutions to the equations and give the estimate of them. For that purpose, we
apply Schauder’s fixed point theorem in the product Banach space of controlled paths and V, ..
In Section 5, we consider the case of reflected RDEs on domains D under the conditions (A)
and (B) on the boundary. In this case, the solution is unique when the driving rough path is
smooth and the coefficient is Lipschitz. Although the solutions is not uniquely determined for
generic rough paths, as in [2], we prove the existence of universally measurable selection solution
mapping. We prove the continuity of the solution mapping at the smooth (rough) paths and
support theorems for the path space measure and reflected diffusions in Section 6. In Section 7,
we make a remark on path-dependent rough differential equations with drift term.



2 Preliminary

Let w(s,t) (0 < s <t <T) be a control function. That is, (s,t) — w(s,t) € RT is a continuous
function and w(s,u) + w(u,t) < w(s,t) (0<s <u <t <T)holds. We introduce a mixed norm
by using w and p-variation norm. Let E be a finite dimensional normed linear space. For a
continuous path (w;) (0 <t¢ <T) on E, we define for [s,t] C [0,T],

||w||oo—fua7‘,[s,t] = nggz);(gt |wu,v|> (21)
N 1/p
Hprfvar,[s,t] = {supz wtk—htk‘p} ) (2'2)
P =1
where P = {s = tp < --- < tny = t} is a partition of the interval [s,t] and wy, = w, — wy.

When [s,t] = [0,T], we may omit denoting [0,7]. For 0 < 9 <1,¢4>1,0<s<t<T anda
continuous path w, we define

el oy = £ {C > 0 | Jwyo| < Coo(u,0)? s <u<v<t], (2.3)
lwlgvarg o) =08 {C > 0| Jllyvarfun) < Cwr(,0) s<u<v<t).  (24)

When w(s,t) = [t — s, [|wl[g,s,) < 00 is equivalent to that w, (s < u <t) is a Holder continuous
path with the exponent # in usual sense. Hence we may say w is an w-Hdélder continuous path
with the exponent 6 ((w,#)-Holder continuous path in short). For two parameter function Fj;
(0<s<t<T), wedefine [|F|lg s, and [|[F[lq—var6,s,¢ similarly.

Let Vg 9,7(F) denote the set of E-valued continuous paths of finite g-variation defined on
[0, T satistying [|[w|lg—varg := [[w|lg—varg,0,7] < 00. Note that Vg 7(F) is a Banach space with
the norm |wo| + ||w]|q—varg- Obviously, any path w € V, g1 satisfy |ws¢| < |lw||qow(s,t)?. We
denote by Vy the set of w-Holder continuous paths w satisfying [|wllg = [[w/|g,j0,7r) < 00. Vp is a
Banach space with the norm |wg| + ||w]|g.

We next introduce the notation for mappings between normed linear spaces. Let E, F be
finite dimensional normed linear spaces. For vy =n+6 (n € NU{0},0 < 6§ < 1), Lip”(E, F)
denotes the set of bounded functions f on E with values in F' which are n-times continuously
differentiable and whose derivatives up to n-th order are bounded and D" f is a Holder continuous
function with the exponent € in usual sense.

Lemma 2.1. (1) Let 1 < ¢ < q. For a continuous path w, we have

wllg—varisg < 1l% 0l 2008 <l —vars.- (2.5)
(2) If Hqu_vm[Sﬂ < oo for some q, then limy_o Hqu_wr,[sﬂ = Hw”oo_wr’[&t].

Proof. (1) We have

1/q
||w||q var,[s,t] — {SuthUtZ 17t| }
1/q
’ o
< {S%pzmtu,tm m?X|wt¢71:t¢|q 7 }

7

‘q a)/a (2.6)

< ”qu 5.1

—var,[s,t] H ’



The second inequality follows from the trivial bound [[w||s—var,s,) < 10l —var,[s,-
(2) We need only to prove lim SUPg— 00 Hqufvar,[s,t] < Hw”oofvar,[s,t]- Suppose Hquofvar,[s,t] <
oo. Then for g > qq,

1/q

1/q
S%p (Z ‘wti—lyti ’q> < Sl;p (Z ‘wti—l,ti ‘q0> S%p m?‘x ‘wti—luti ‘(q—qo)/q. (2'7)
[ )

Taking the limit ¢ — oo, we obtain the desired estimate. O

3 Existence theorem

Let 1/3 < < 1/2. Let X = (X5, Xs¢) (0 < s <t <T)bea l/B-rough path on R" with
the control function w ([15, 16, 21, 20, 6, 7]). That is, X satisfies Chen’s relation and the path
regularity conditions,

(Xl < 1 X[gw(s, ), |Xee| < [X]l2pw(s, )*,  0<s<t<T, (3.1)

where || X || and [|X]|25 denote the w-Hélder norm which are defined in the previous section. We
denote by €2(R") the set of 1/3-rough paths. When w(s,t) = |t — 5|, X, is a S-Holder rough
path. If X, is a rough path with finite 1/8-variation, we can choose | X||g = ||X||2s5 = 1 and
_ 1/B 2/
w(s’t) - HXHl/ﬂ—Ua’I',[S,t] + HX||2/,8—var,[s,t]'
Let us choose p and 7 such that 2 < 1/8 < p <y < 3. We use the following quantity,

3
Xl =D XI5 11Xl = 1Xlls + /IX]2- (3.2)
i=1

We introduce a set of controlled paths 22 (R9) of X, where 1/3 < 6 < 3 following [17, 15].
A pair of w-Hblder continuous paths (Z, Z') € V([0,T],R?%) x Vy([0,T], L(R",R?)) with the
exponent 6 is called a controlled path of X, if the remainder term Rit =7y — Zs — Zl Xs4
satisfies || R?||29 < co. The set of controlled paths 2% (R?) is a Banach space with the norm

1(Z, Z')ll20 = 1Z0| + | Zo| +1Z'lo + IR |l26 (2, 2Z") € 2 (R?) (3-3)

Z! € L(R™,R?) is called a Gubinelli derivative of Z with respect to X. Note that Z’ may not be
uniquely determined by Z. It is easy to see that 2% # () because (f(X;), (Df)(X;)) € 2% (R?)
for any f € C’g(R",Rd).

The rough differential equation which we will study contains path dependent bounded vari-
ation term L(w);. We consider the following condition on L.

Assumption 3.1. Let £,n € R%.  Let L be a mapping from Vs([0,T] — R? | wy = £) to
C([0,T] — R? | wg =n) and satisfy the following conditions.

(1) (adaptedness) (L(w)s)o<,<; depends only on (ws)o<s<t for all 0 <t <T.
(2) L: Vs, |- llg) = (C(0,T7), || - lloc—var) is continuous.
(

3) There exists a non-decreasing positive continuous function F' on [0,00) such that

||L(w)||1—var,[s,t] < F(HwH(1/6)—var,[s,t})||wHoo—var,[s,t}' (34)
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The conditions (1), (2) are natural. In many cases, L is defined on continuous path spaces
and is continuous with respect to the uniform norm. See the following examples. The condition
(3) is strong assumption. This implies that the total variation of L(w) on [s, ] can be estimated
by the norm of the path (w,) on s < u < t. Note that this does not exclude the case where
L(w)y (s <u < t) depends on w, (v < s). The condition (3) implies that for 0 < 7" < T,

||L(w)”lf'ua?“,[T’Jrs,T’th] < F(HQT’le/vaar,[s,t])HGT’wHoof'uar,[s,t]a (35)

where (07+w); = wrryy. These enable us to solve the path-dependent rough differential equation
on small intervals and obtain global solution on [0, 7] by concatenating the solutions.

Example 3.2. (1) A typical example of L appears in the study of reflected process. We refer
the reader for the detail in the following statement to Section 5. Let D be a domain in R?
satisfying conditions (A) and (B). Consider the Skorohod equation y; = w; + ¢, where w is a
continuous path whose starting point is in D. Also y; € D (0 <t < T) and ¢; is the bounded
variation term. The mapping L : w — ¢ satisfies the above conditions.

(2) Let f = (f1,..., f1) € Lip'(R% R?) and define

D) = (o ... o fatwr) ). (3.6)

0<s<t 0<s<t
Clearly this mapping is closely related to the example (1).
We now state our main theorem.

Theorem 3.3. Let o € Lip” 1 (R? x R%, L(R™,R?)) and &, € R?. Assume that the mapping
L:C([0,T] = R | wg = &) — C([0,T] — R? | wo = 1) satisfies the condition in Assumption 3.1.
Then there exists a controlled path (Z,Z') € @)Q(B(Rd) such that

7= ¢+ /t o(Zs, L(Z)s)dXs, (3.7)

0
Zi=0(Z, L(Z):) (3-8)
(3.9)

Further there exist positive constants K, Cy,Co, C3 which depend only on o, 3,p,y such that

1Zlls + 1 RZllas + | L(Z) 1 -var,s
<1+ (14 PGIXI) " (1+01XT15) w©,7)} (1+ FClIX) ) 1XIl5 (3.10)

Remark 3.4. (1) Since L(Z); is continuous and bounded variation, it is easy to give the
meaning of the integral fg 0(Zs,L(Z)s)dXs and it will be done below. The problem is to find
good estimates for the integral by which we apply Schauder’s fixed point theorem.

(2) It is natural to conjecture that the uniqueness of the solutions hold under a certain stronger
conditions on ¢ and L. By checking the proof of the main theorem, one may prove the uniqueness
of solutions under the assumption that o € Lip” and L is a Lipschitz map from V, to Vg 4, where
a and @& are constants in (3.38). However, the assumption on L is too strong and cannot be
applied to interesting case, that is, reflected rough differential equations, because we cannot
expect the Lipschitz continuity of L in general, see [14, 11] and the estimate in Lemma 5.4.



Recently, Falkowski and Stominski [13] proved the Lipschitz continuity of the Skorohod map-
ping on a half space and proved the uniqueness of reflected SDE driven by fractional Brownian
motions with the hurst parameter H > 1/2. This result may be useful to study the uniqueness
of the solutions in this paper.

(3) We assume L(w) is bounded variation in this paper. However, by checking the proof of
Theorem 3.3, we may expect that similar results hold in the case where L(w) is g-variation path
(¢ > 1) under suitable assumptions on o, L, X.

If we write L(Z); = ®4, then the above equation reads

t
Zi=¢+ [ o(z.0)iX, (3.11)
0

0

B, =L <g + / o(Z,, @S)dXs)t. (3.12)

We solve this equation by using Schauder’s fixed point theorem. To obtain a compactness of the
embedding of the set of continuous paths of finite g-variation, we need to consider the set Vg,
g>1and 1/3 <6 <1/2. We begin by giving a simple estimate for an integral fst b, ® dw, for
such ®.

Lemma 3.5. Let q, @ be positive numbers such that

1 1
q>17 74_7217

> <a<p, (3.13)
P oq

W =

Let ® € V,5(R?) and w € V5(R™). Then the integral fst @, ® dw, converges in the sense of

Young integral and
t
/ (I)s,r ® dw,
S

Proof. The relation Bp > 1 implies that w is a continuous path of finite p — e-variation for
sufficiently small € by the property of the control function w. Since ® is a continuous path of
finite g-variation and 1/p+1/q > 1,

< 27 (Bp)' "7 | ®llg—varallwll (s, 1)+ (3.14)

N
lim Py ® wy, ¢, 3.15
|'P|—>O§ t; t17t1+1 ( )
converges, where P = {s =ty < t; < --- < ty = t}. Inductively we choose a point ¢;,

(1<k<N-1)from {t1,...,tn—1} \ {ti1,--.,ti,_, } such that

w(s,t)

wWltiy—1,ti+1) < 2N -

(3.16)

Let p* be the conjugate Holder exponent of p, that is, 1/p+ 1/p* = 1. By the Holder inequality



and the assumptions on ® and w, we have

N N-1
Z Py, @ Wi tip1 — s D wsp| < Z |<I>t¢k717t¢k ® Wty oty |
=0 k=1
N-1 p* /N1 1/p
< <Z ’(I)tik_lvtik 8 ) (Z ‘wtik7tik+1 |P>
k=1 k=1
N-1 ap\ M/P
2w(s,t)
S TS (Z (%)) )
k=1
< 2°C(B9) 7 1 ®llg—varallwll s, )+, (3.17)
which completes the proof. O

We now give a meaning of the integral (3.7). We denote the derivative of o = o(z,y) (v €
RY y € RY) with respect to x by D10 and y by Dao. Also we write Do (x,y)(u,v) = Dio(z, y)u-+
Dyo(z,y)v. Recall that we write Y; = (Z;, ®;) € R? x RY. Let (Z,2') € 2%(R?) and @ €
V,.a(R%). We assume that ¢, o, @ satisfy the following condition.

<a<a<pb. (3.18)

1
> 1, >1, -
>1, ap 3

Let
t
Zet = 0¥ Xut + (D10) (V) 2Kt + (Da0) (Vo) [ @y 0 X, (3.19)
S

By a simple calculation, we have for s < u < t,

—_ —_

(5:)37%75 = ES,t - Es,u — St
1
_ ( / (D10)(Ya + eys,u)> (RZ, ® X.)
0

1
(Do) - [ (Do) + em,u>de} ((Z/X s Be) © Xos)

+
+ ((D10)(Ys) Zy — (D10)(Yu) Zy,) Xt
- (D20)(Ya) — (Do) (Y) / By @ dX). (3.20)

u

Thus, under the assumption on Z, ®, using Lemma 3.5 and (a+b+¢)772 <37 2(a? 2 + 572 +
c’~2), we obtain



[C=
< D16l oo 1B 0]l X [l (s, £)7+22
212 ol X (3, 10)° + 1@ v (s, w)® 1K Jgeo(, 1)
+ {I1D10 12" llao (5, u)* + D167l —2 Vo212 oo } 1K 250 (1)
+ 27C(Bp) P D16 -2l Vi 2@ v X s, )7
< 1100 ool R 4]l X [|5t0(5, )2 + D0 loc|| 2/l X 255, £)+27
+ 0100 o{ (12 el X (5, 17) ™+ (1R aato(s, 1))
+ (I1llg-varaeo(s, ") }
{12701 (3,1)° + [ @llg—varao(s, ) ) 1K 5205, 1)° + 12 o K 120, £)*}
w(s, t)*0=2) (3.21)

+ [ Dolly—2[Ys,u

-2

where C' = 3724+ 28¢(8p)"/P and || - || o denotes the sup norm. Therefore, there exists a positive
constant C' which depends only on ~, 3, p such that

(02) 0| < B (1R 200 17 17 s 1@l var) (1K T (1 4+ (s, 6172 (s, 1)+ 00
0<s<t<T (3.22)
where
Ko = [|Dolly—2 + [ Do||oo, (3.23)
f(xa y72’7w) =Tr+y+ (lﬁi2 + 2772 + w772) (Z + UJ) (324)

Let P = {t;}1_, be a partition of [s,t]. We write [u,v] € P if u = t;_; and v = t;, for a
1 <k < N. We denote |P| = maxy, [ty — tx—1|. Since S+ (y —1)a > B+ pa—a > pa > 1, by a
standard argument in the Young integration and rough path (see the proof of Lemma 3.5 and
[21, 16, 15]), the following limit exists,

1((Z2,2"), ) := hm > Euw (3.25)
[uvep
We may denote this by
t
I(Z,®)s¢ or /U(ZU,CIDU)qu (3.26)

simply if there are no confusion. This integral satisfies the additivity property
1(2,2"),®) s + I(Z,2"), @) = 1((Z,Z'), ®)s 1 0<s<u<t<T. (3.27)

The pair (I((Z,Z"),®),0(Y;)) is actually a controlled path of X. In fact, we have the following
estimates.



Lemma 3.6. Assume (Z,2') € 2% R?) and ® € V,5(R?Y) and q,a,& satisfy (3.18). For
any 0 < s <t < T, we have the following estimates. The constant K below depends only on
| Do ||oo, | Do||y—2, a, B, 0,7 and may change line by line.

(1)
Zatl < {llolocll X 15 + 11D 1 2"l X125, £)°
+27C(B) P11 D0 o | @llgvaral X 505, )% (s, )7 (3.28)
(2)
[ 1(Z, ®)st — Es el
< K (18720 12/ 12" oo 190l g-vara) 1015 (1 -+ w(s,6)/2) w(s, 07077 (3.29)
and
112, @) 5 < Kg (187 1205 12" las 12" loo: 1@ lg-vara) (14 (5.)/2) 1 X5 (3.30)
where
fz,y,z,w) =z +y+ @2+ 272+ w2 (2 +w), (3.31)
9(@,y,z,w) = f(z,y,2z,0) + 2+ w. (3.32)
(3)
‘I<Z7 (I))s,t - U(YS)XS,I‘,
< {Kf (R 0 12/l 12/ lloos @1l —vara) 1T (1 + (s, )72 (s, ¢y 207
+ 100 ]locl| 2/ lloc X 505, )20~
+ zﬁcwp)l/pumroo|r<1>uq_m,&||X||ﬁw<s,t>ﬁ@}w<s,t>2d. (3.33)
(4)

0(¥2) — o(¥3)
< 10 loo {12/ ocl| XI5, 7% + | RZ a5, /2% + @l g vara b (s, D)% (3:34)

(5) 1(Z,®) € 2% and 1(Z,®), = 0(Zt, ®y).

Proof. (1) This follows from the explicit form of (3.19) and Lemma 3.5.

(2) This follows from (3.22) and the standard argument cited above.

(3) This follows from (2) and Lemma 3.5.

(4) This follows from the definition of Y;.

(5) This follows from (3) and (4). O



We prove the existence of solutions by using Schauder’s fixed point theorem. To this end,
we consider the product Banach space @)2(91 X Vy0,, where 1/3 < 0; <1/2 and 0 < 03 < 1. The
norm is defined by

(2. 2'), @)|| = |Zo| +|Z5] + 112" llgy jo.2) + |1 B l|20, o) + [P0| + [1®llg—var.0s o7 (3:35)
Let &1 € R Let
Wr61.65.0.6m = { ((2.2),@) € ZF" *x Voo, | 20 = €, Zy = o(&,m), o = 77}- (3.36)
The solution of RDE could be obtained as a fixed point of the mapping,

M:((2,2),®) (€ Wraaqen) = (E+1(Z,®),0(Y)), L+ 1(Z,®))) (€ Wraaaqgn)-

(3.37)
The following continuity property is necessary for the proof of the main result.
Lemma 3.7 (Continuity). Assume
1
—<a<a<pf, ap>1, 1<g<min L,@ . (3.38)
3 p—1" «

Then M is continuous.

By Lemma 2.1, Vy g C Vg for 1 < ¢ < q and || ®|g—vars < || ®|lg/—varp- We also have the
following compactness result. This also is necessary for applying Schauder’s fixed point theorem
to the proof of existence theorem.

Lemma 3.8. (1) Let 1 < ¢ < q. Let 0,0 be positive numbers such that qf < ¢'0'. Then the
inclusion Vg o0 C Vy g is compact.

(2) Let $ <9 <6 < B. Then 2¥" < 23 and the inclusion is compact.
We prove Lemma 3.8 first.

Proof of Lemma 3.8. (1) By Lemma 2.1 (1), we have

19/l —var s < @)% w(s, )10 @ U7 (s, 1), (3.39)

—var,0’,[s,t] co—var,[s,t]

If sup,, [(®n)o| + [|Pnll¢—varer < 00, then by their equicontinuities, there exists a subsequence
such that ®,,, converges to a certain function ®, in the uniform norm. By the above estimate,
we can conclude that the convergence takes place with respect to the norm on V4.

(2) Suppose

sup [[(Z(n), Z(n))le = sup{|Z(nol + |Z(n)o| + 1 Z(n) ller + IRZ 39/} < oo. (3.40)
This implies {Z(n)'} is bounded and equicontinuous. Since Z(n); — Z(n)s = Z(n). X4 +

Rign), {Z(n)} is also bounded and equicontinuous. Hence certain subsequence {Z(ng), Z(nx)'}

converges uniformly. This and a similar calculation to (1) imply {(Z(ns)’, R“(™))} converges in
2%. O
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Proof of Lemma 3.7. First note that

M(WT,a,d,q,g,n) CWra,a,q.6m- (3.41)
This follows from Lemma 3.6. We estimate ||I(Z, ®)' — I(Z, ®)'||o. We have
() = 0(10) = (o(¥:) = o(12))|
1
= {0+ 0%.0(0) — (Do) (T + 07.0) (To)}
0
< 1 DollVa = Yl + [ Derlly 02772 (1Y, = Va2 + [ Vo = Vel 72) Vol
< D0 loo (12 = Zlaw(0, )| X gw(s, )" + [|RZ = RZ |laao(s, )" + @ = B ga(t - 5)7)
+2772|Doll,—o{ (0112 = 2/l X[|0(0, 5)° + | R = R |200(0, 5)*
~ N2
19 = ®llg.a0(0,5)%)
~ = ~ \Y—2
+ (12" = 2700, ) [ X|gw(s, )" + R = BZ 200(s, )% + @ = Bl a(s,)7) " |
% (o) + 121w (0, ) )X (s, )7 + 1R 20005, + | @llgvianaco(s 1))

(3.42)

Since 3 > & > a, this shows the continuity of the mapping ((Z, Z'), ®) — I1(Z, ®)".
We next estimate the difference RI(%:®) — RI(Z,®)

|R1(Z,<1>) B Ri,(tz’(b) |

s,t

+ |(D1o) (V) (20X s0) = (D10) (Vo) (Z2%s)

Let Py = {t) = s+ %} be a dyadic partition of [s,t]. Recall that [u,v] € P is equivalent to

u=tp_1,v ="t foral <k <N. Then

‘(1(27 D)y — Z(Z,8)s4) — (I(Z, b),, —=(Z, é)s,t) ‘

< Z E(Zv é)u,v - E(Za (I))s,t - E(Z’ (i))u,v - E(Za (i))s,t
[u,v]€PN [u,v]€PN
+ | 1(Z,2)e0— D E(Z, D)y
[u,v]€PN
N
H L2, @)= > E(Z,®uw ||- (3.44)
[uv]€PN
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By (3.29),

I(Z, (I))Sﬂf - Z E’(Zv@)uﬂf + I(Z, &))Sﬂf - Z E’(Z7 (i))uﬂ)
[U,U]EPN [U,U]EPN

<K {f(IIRZHza, 12"l 112 oo, 1 @llq—var.a) + FUIRZll2a, 112l 12"]loo, H‘P’IIq—vand)} -

11Xl 2 w(u,v) VIR (T (s, t). (3.45)

Hence this term is small in the w-Holder space Vo, on a bounded set of Wr 4 5.4,y if N is large.
We fix a partition so that this term is small. Although the partition number may be big,

Y B2 —E(Z, )i | - | D] E(Z,®)up —E(Z, )y
[u, U}EPN [u,v]€ePN
= Z ( u,(u+v) /2,0 55(27 é)u,(u—l—v)/?,v) (346)
v]eP,

is a finite sum, and by the explicit form of 6= as in (3.20), we see that this difference is small
in Vo, if ((Z,2'),®) and ((Z,Z2'), ®) are sufficiently close in Wr 4 4,46, The estimate of the
other terms are similar to the above and we obtain the continuity of the mapping

(Z.2"),2)(€ Wraaaen) = (E+1(Z2,2),0(Y)) (€ Z5). (3.47)
We next prove the continuity of the mapping
((Z, Z/), (I))(G WT,oz,d,q,g,n) — L(f + I(Z, (I)))(G Vq@). (348)

Applying (3.39) to the case ¢ = 1,6 = 3,0 = & under the assumption g < 3/&, we get

1
19/l —var o < w(s,8) 7 [ @] (B3 (3.49)

1—wvar,B,[s,t] co—var,[s,t]
Therefore, by Assumption 3.1 (3) on L, we obtain
IL(E +1(Z,®)) = L(E+ 1(Z,®)) | g-vara
B-5q 1 5 &l
< 2900, 7) 0 (IL(E + I(Z @)%, 5+ ILE + I(Z, )Y, )
X L€+ 1(2,9) ~ LE+ I(Z, @)L

< {1z o0.17) " 4 1 (112 D)w0.77) '}
< | L(E+1(Z,%)) = L€+ 1(Z, )| 0 (3.50)

where H(z) = F(z)x. Hence the continuity of the mappings ((Z,Z'),®) — I((Z,Z"), ®) which
we have proved above and the continuity of the mapping w — L(w) and (3.30) implies the
desired continuity. ]
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4 Proof of Theorem 3.3

First, we prove the existence of solutions on small interval [0, 7”] by using Schauder’s fixed point
theorem. Since the interval can be chosen independent of the initial condition, we obtain the
global existence of solutions and the estimate for solutions. To this end, take 0 < 7" < T such
that w(0,7”) < 1 and consider Wy 4 4.4.¢,0- In this section, we assume that ¢, o, & satisfy

1
—<a<a<f, ap>1, 1<g<min L,é . (4.1)
3 p—1" «

We consider balls with radius 1 centered at ((§ + o(&,m) X, 0(&,m)),n) (0<t<T"),

Brig, ppa = (2, 2'),®) € Wi 0, 05,060 12 lor 0.7 + 1B oy jo.77 + 1@l g—var .07 < 1} -
(4.2)

Below, we consider two balls By o 4,4 and By 54,4, Where & is any positive number such that
a<a<p.

Lemma 4.1 (Invariance and compactness). Assume (4.1) and let « < a < & < a < . For
sufficiently small T', we have

M<BT’7a7d’q> - BT’,Q,&,(] - BT’,O{,&,(]' (43)
Moreover T" does not depend on & and 1.

Proof. The second inclusion is immediate because w(0,7”) < 1 and the definition of the norms.
We prove the first inclusion. Recall that I(Z, ®); = 0(Z;, ®;). From Lemma 3.6 (4), we have

11(Z, @) || 0,1 < HDUHOO{HZ/HOO,[O,T’]HXH,BW(OvT/)B_g + | B ||3,j0,7jw (0, T7)** ™
+ ||(I)Hq7'uar,d,[0,T/]W(0,TI)&ig} (44)

We next estimate R!(%®). Let 0 < s <t < T’. By Lemma 3.6 (3), we have

1(Z,®
’Rs,(t )‘

< D0 e 2/ oo o X 5005, £)
+2°¢(8p) 7 Do || oo || Dl g—var.a. 0.7 | X | s (s, £) 7
+Kf (HRZ”2047[0,T’} 1Z' o, 0715 12 [l oo, 0,77 1@l g var o fo,17]) \mw(sa t)yyethme (4.5
which implies
1B 0,71 < 1Dl 2o o1 Kl 2500, T2~
+2°C(89) 7 Do |0 1@l g—var,, 0,71 X | (0, T') *+5 -2
+ K f (1B ll2a,00.2112 .71 12w 0,215 191 g—var 0,771
x [|X] g (0, Ty FFme2e, (4.6)
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We turn to the estimate of L(§+1(Z, ®)). By Assumption 3.1 (3) on L and applying Lemma 2.1
(1) and Lemma 3.6 (2), we have

IL(€ + 1(Z, @)l g—varaor) < F (HI(Zv(I))H,B,[O,T’]W(OaT/)ﬁ) 11(Z, ®)||3,0.71(0, T')"~°
< F (K[IXIl5) KIIX] 5000, 7). (4.7)

Here we have used w(0,7”) < 1. This term is small if 7" is small. All the estimates above implies
the desired inclusion for small 7. To obtain explicit, 7", let

Ko :min{ﬁ—Q,Qa—d,d—g,&—i—ﬁ—Qg,'ya—i—B—a—2@}_1. (4.8)
Then kg = min{ﬁ—g,%,d—g}fl. Let G(z) = 1/ (#F(x))"™. We can take T" such that
w(0,7) < min (1, G(K[IX])). O

Proof of Theorem 3.3. In the proof of Lemma 3.7 and Lemma 4.1, technical constants «, &, o, &
appeared. We fix them as follows,

08—«
T

a:1<1+6p_1>, f—a=a—-a=a—a=a—a= (4.9)

p 2
For these constants, let kK = kg. By Lemma 3.7 and Lemma 4.1, applying Schauder’s fixed point
theorem, we obtain a fixed point for small interval [0, 7’] with w(0,7”) < min (1, G(K|HX|H[3)>

That is, there exists a solution on [0,7']. We now consider the equation on [7”,7]. We can
rewrite the equation as

T+t
ZT’+t = ZT/ +/ O'(Zu, (Pu)dxu 0 S t S T-— ]_'/7 (410)

’

Opipy =L (g + / o(Zu, @u)qu) 0<t<T-T. (4.11)
0 T'+t

Therefore Z; = Zpry and &, = &gy (0 <t < T —T') is a solution to

t
Zy = Zo +/ 0(Zy, ®0)dXprp  0<t<T T, (4.12)
0
O, = L (/ o(Zu, éu)dXT,+u) 0<t<T-T. (4.13)
0 t
where
Lp(w)y = L(@)prae, weC(0,T—T),REwy=0), 0<t<T—-T (4.14)
and
N &+ [5 0(Zy, @u)dXy, s<T
s = " (4.15)
E+ [y 0(Zu, @u)dXy+ws_qpr T/ <5 <T.

For two paths, wy,wy € C([0,T — T'],R%wy = 0), note that [, — sz is equal to the
(w(T'+ -, T + ), 8)-Holder norm of w; — wy . By the assumption on L, we see that Ly also
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satisfies Assumption 3.1 with the same function F'. Therefore, we can do the same argument
as [0,7"] for small interval. By iterating this procedure finite time, say, N-times, we obtain a
controlled path (Z;, Z}) (0 <t <T). This is a solution to (3.7) and (3.8). Clearly,

N—1<K(1+[X][,)" (1+ F(K\m))”w(o,ﬂ (4.16)

We need to show (Z,®) € Wr g g1¢n and its estimate with respect to the norm || - [|5. We give
the estimate of the solution on [0,7”]. The solution (Z, Z’) which we obtained satisfies

HZ/Ha,[O,T’} + HRZHa,[O,T’] + H(qufvar,d,[O,T/] <1 (4'17)

Let 0 <u <wv <T'. From (4.17), (3.30) and (3.11), we have
12118, ) < KXl 5- (4.18)

Second, by (3.4), (3.30) and (3.12), we have

—_~—

IZ(Z) 11 —var,fu) < F X)X g0 (1, 0)° (4.19)

Therefore Z and L(Z) are (w, §)-Hélder continuous paths. Thus, by combining these estimates
and (3.33) (we need to replace & by [ and this is possible), we obtain for 0 < u < v < T,

‘Ri |Zy — Zy — 0(Yu) Xuw| < KH|X|||,8W(U>U)26- (4.20)

ol =
These local estimates hold on other small intervals. By the estimate (4.16), we obtain the desired
estimate. n
5 Reflected rough differential equations

Let D be a connected domain. The boundary need not be smooth. As in [24, 19], we consider
the following conditions (A), (B) on the boundary.

Definition 5.1. We write B(z,7) = {y € R?||y — 2| < r}, where z € R, r > 0. The set N, of
inward unit normal vectors at the boundary point x € dD is defined by

Nx = UT>ONx,7“a (51)
NLT:{nGRd ] ]n]zl,B(x—rn,r)ﬂD:Q)}. (5.2)

(A) There ezists a constant ro > 0 such that

Ne=Ngro #0  for any x € OD.

(B) There exist constants 6 > 0 and 0 < &' < 1 satisfying:

for any x € 0D there exists a unit vector l, such that

(lgym) > 8 for any m € Uyecpa.5)napNy-
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Let us recall the Skorohod equation. The Skorohod equation associated with a continuous
path w € C(]0,00), R?) with wy € D is given by

yr=wi+ ¢, weD >0, (5.3)

t
0= [ 1puIn(S 6l warios £20.  nls) €N, ity € D (5.4)
0

Under the assumptions (A) and (B) on D, the Skorohod equation is uniquely solved. This is due
to Saisho [24]. We write I'(w); = y; and L(w); = ¢;. By the uniqueness, we have the following
flow property.

Lemma 5.2. Assume (A) and (B). For any continuous path w on R with wo € D, we have for
all 7,5 >0

P(w)rys =T (ys + st)T ) (5.5)
L(w)rys = L(w)s + L (ys + Osw) -,
where (0sw)(T) = w(T + 5) — w(s).
The following lemmas can be found in [2, 4] which are essentially due to Saisho [24].

Lemma 5.3. Assume conditions (A) and (B) hold. Let w; be a continuous path of finite q-
variation (¢ > 1). Then we have the following estimate.

121w fsn < 57 ({67 GUwloevar o) + 11 0y + 1)
< (GIlwlloo-var,(s,5) + 2) 1wlloo—var s, (5.7)
where
Gla)=4{1+0Yexp {01 (20 +2) /(2r0)} Yexp {071 (20 + ) /(2r0)}, z€R  (5.8)
and 6,0', 79 are constants in conditions (A) and (B).

Lemma 5.4. Assume (A) and (B). Consider two Skorohod equations y = w + ¢, y' = w' + ¢'.
Then

|yt - yzlt‘2 < {’wt - wz/f‘Q +4 (H(b”lfvar,[o,t} + ”QS/Hlfvar,[O,t]) Org?i(t |’LU(S) - wl(s)’}

€xXp {(Hd)Hl—var,[O,t] + ”QZ)/Hl—var,[O,t]) /TO} . (59)

Lemma 5.3 shows that if w is a (w,f)-Holder continuous path, L(w) € Vg holds true.
Actually, || L(w)|1—yar,[s,g can be estimated by the modulus of continuity of w and [|w]|se—var,s,4-
For example, see [24] and the proof of Lemma 2.3 in [4]. Hence, we see that L is a 1/2-Hélder
continuous map on C([0, 00), RY).

By applying main theorem, we obtain the following result. In this theorem, X is a 1/5-rough
path on R™ as in Theorem 3.3.
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Theorem 5.5. Assume D satisfies conditions (A) and (B). Let o € Lip? "1 (R, L(R™, R?)) and
€ € D. Then there exists a controlled path (Z,Z') € .@;B(Rd) and a bounded variation path
® € V) 5(RY) with &g = 0 such that

Y, =Zi+ &, Z =0V, (5.10)

t
Y=g+ [ o)X, + o, (5.11)
0

o, =1L (f —1—/ a(Ys)dXs> . (5.12)
0 t
Further this solution satisfy the following estimate

1Z115 + | RZ |25 + |®]|1,5 < C1e®IXls (1 + w(0, T)I1X]ll5, (5.13)
where C1,Cy are constants which depend only on o, 3,7,p, 8,8, 7.

Proof. We consider the following path-dependent equation:
¢
Zy=§E+ / o(Zs+ L(Z)s)dXs, Z]=0(Z; + L(Zy)). (5.14)
0

By applying Theorem 3.3, we complete the proof. O

Remark 5.6. Assume that condition (A) holds and there exists a positive constant Cp such
that for any w, it holds that

||L(w) || 1—var,[s,t] <Cp ||w||oo—va7‘,[s,t] . (515)

We called this assumption (H1) in [2]. This condition holds if D is convex and there exists a unit
vector [ € R? such that inf {(I,n(z)) | n(z) € N, x € 9D} > 0. In [2], we proved the existence
of solutions and gave estimates for them for rough path with finite 1/3- variation. That is,
under the assumption o € Cg’ and the above assumptions on D, we proved

1Y llg6. < C(L+w(0,T)[lIX]] 5, (5.16)

for certain positive C. We also note that one can prove the existence of solutions under the
assumption o € Lip?~! and (H1) by modifying the proof in [2]. In Theorem 3.3 in this paper, we
only assume (A) and (B) and we get worse exponential term. However, under the assumption
(5.15), it is easy to obtain better bound as in (5.16) by the same proof as in this paper.

The solution Y; we obtained in [2] is a 1st level path of a rough path which is a solution to
the rough differential equation,

dY; = (Y)dX, 0<t<T, Yy=¢&, (5.17)

where &(x) is a linear mapping from R” @ R? to R? defined by & (x)(v1,ve) = o(z)v + v2 and
the driving rough path X is the rough path on R @ R given by

Xor = (Xoi, Pst) (5.18)

t t t
2, = (Xs,t, / Xy ® d,, / By @ dX,, / By, ® d¢u>. (5.19)
S S S

17



This is proved by showing that there exists € > 0 such that

Vi = ¥s = (0(Y)Xo + (D0)(Y2) (0(Y)Xs0) + (Do) (¥:) / "B, @ dX, 1 By o,)

< Cuw(s, )P forall 0 <s<t<T. (5.20)

By the definition of the integral in (5.11) and Lemma 3.6 (2), Y; and ®; in Theorem 3.3 also
satisfies this estimate. Therefore, the solution obtained in this paper is also a 1st level path of
a solution driven by X. Hence Theorem 5.5 is an extension of the main theorem in [2].

Remark 5.7. When D = R% and ¢ € Lip?, the mapping M is contraction mapping for small
T" and we can apply contraction mapping theorem. Gubinelli [17] showed that the existence
can be checked by applying Schauder’s fixed point theorem when D = R? even if o € Lip? L.
When 0D # (), as in Lemma 5.4, the Skorohod mapping I" is 1/2-Holder continuous in the
uniform norm under the condition (A) and (B). If D is a half space of RY, T can be written
down explicitly and it is easy to check that I' is Lipschitz in the uniform norm. However, in
general, the Lipschitz continuity does not hold any more. We refer the reader to [11] for this.

6 An approximate continuity property and support theorems

In this section, we continue the study of reflected rough differential equations on a domain
D C R? which satisfies the conditions (A) and (B). Let h be a Lipschitz path on R" starting at
0. If o is Lipschitz continuous, there exists a unique solution (Y (h, &), ®(h,&):) to the reflected
ODE in usual sense,

t
Yt:5+/a(YS)dhs+¢t, €eD, 0<t<T. (6.1)
0

We may omit denoting h,£. Moreover, Z(h); = £ + fga(}@(h))dhs, Zi(h)" = o(Yi(h)) and
®(h)¢ are a unique pair of solution to the equation in Theorem 5.5 for the smooth rough path
h, = (hsy, hit) defined by h, where

t
hZ, = / (hy — hs) ® dhy.

Hence the solution (Z(h), R“("") ®(h)) satisfies the estimate (5.13) with the same constant
C1, Cs.

It may not be clear to see the unique existence for the driving Lipschitz path h when we
try to prove it via the (transformed) path-dependent ODE because the functional w +— L(w) is
not Lipschitz in C(]0,7]) with the uniform norm in general. However, by using some idea due
to [25, 19, 24], the unique existence naturally follows from the view point of original reflected
ODEs. We use the uniqueness in the argument below.

In general path-dependent setting, the trick for reflected case cannot be applied to prove the
uniqueness of the solution. Of course, if we assume the Lipschitz continuity of L with respect
to the uniform norm, we have the uniqueness of the solution although such an assumption does
not hold for L associated with general reflected RDEs. By finding suitable assumptions on L,
especially the uniqueness, the results in this section probably may be extended to more general
path-dependent setting.
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We consider the case where w(s,t) = |t — s|. This means we consider Holder rough paths.
Let us denote the set of -Holder geometric rough path (1/3 < 5 < 1/2) by ‘ggB(R”) which is
the closure of the set of smooth rough paths in the topology of €”(R™). In this paper, smooth
rough path means the rough path defined by a Lipschitz path and its iterated integral.

When the driving rough path is a geometric rough path, we can give another proof of the
existence of solutions as in [3]. Below we use the notation Vy_ = Ne>oVo—2, V10— = Ng>1V4.0/4-
Clearly, these spaces are Fréchet spaces with naturally defined semi-norms.

Lemma 6.1. Assume D satisfies conditions (A) and (B) and o € Lip?~1(R?, L(R™, R?)).

(1) LetX e %f(R"). Let {h,,} be a sequence of smooth rough paths associated with Lipschitz
paths hy, such that imy,ool|X — hy |5 = 0. Let ((Z(hn),o(Y (hn)), @(hy))) be the unique
solution to (6.1). There exists a subsequence {(Z(hy, ), (Y (hn,)), ®(hn, )} which converges
in Vg—(R?) x Vg_(L(R",RY)) x V14 5 (RY).

(2)  We denote by Sols_(X) the subset of Vs_(R?) x Va_ (L(R™,R%)) x V14 5 (R?) consisting
of all limit points obtained in (1). Then Solg_(X) is a closed subset of @)Qf (RY) x Yy g(RY).

Moreover ((Z,0(Y)),®) € Solg_(X) (Y; = Zy + ®¢) is a solution to (5.11) and satisfies
the estimate (5.13) with the same constant.

Proof. For simplicity, we write Z(hy,) = Zy, ®(h,) = ®,, Yy = Z, + ®,,. By Theorem 5.5,

1Znllg + | RZ" |25 + | @nll1,s < C1e@IPnlls by 5. (6.2)
By
Ihalls < hn — Xllg + 1 Xlgs  [1B2]l25 < B2 — Xll2g + |X]|25, (6.3)
we have
lim supl|hn | 5 < [1X]ll5- (6.4)
n—oo

This implies there exists a subsequence {Z,, } and {®,, } which converges in Vs_ and Vi1 5
respectively and the limit point (Z, ®) also belongs to V3 x Vi g. Moreover,

|Zy — Zs — 0(Ys) Xst| = hm {Z — Zn(s) —o(Yu(s))
= hm |R . (6.5)
Therefore, letting RS =2 — 0(Ys)Zs 1, we see that Z, RZ, ® satisfies the estimate (5.13).

Hence (Z,0(Y)) € .@X(Rd) By (3 29) in Lemma 3.6, there exists C' > 0 such that for any n,
Zn(t) = Zn(s) — {U Yo(8)) Xst + (Do) (Yn(s)) (0(Ya(s))Xst)

(
You(s)) ( t nst®dxr>})gcyt—snﬁ. (6.6)

Thus, we get

7y — 7 — {a(YS)XS,t + (Do) (Ys) (0(Ys)Xs) + (Do) (Ys) (/: P,y ® dXT> }’

< C|t — [P (6.7)
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which implies that ¥; = Z; + ®; and ®; is a solution to (5.10) and (5.11). We need to prove
(5.12). It holds that

Yo(t) =€+ /0 o (Ya(s))dhn(s) + u(t). (6.8)
D,(t) = L (5 - a(i@(s))dhn(s))t. (6.9)

Since Yy, and ®,, converges uniformly to Y and ® respectively, [, o (Y, (s))dhn, (s) also con-
verges to [, o(Ys)dX, uniformly. Hence the continuity of L implies that (5.12) holds. This
completes the proof. ]

By a similar argument to the proof of Theorem 4.9 in [2], we can prove the existence of
universally measurable selection mapping of solutions as follows.

Proposition 6.2. Assume the same conditions on D and o in Lemma 6.1. Then there exists a
universally measurable mapping

T:65R") 5> X 1> ((Z(X,g),a(Y(X,§)>,<I>(X,§)) € Vs x Vi x Viy 5,
where Yy(X, €) = Z,(X, €) + (X, €)
satisfying the following.
(1) (Z(X,€),0(Y(X,£)) € 7% (R?) and ((Z(X,g),a(Y(x,g)) , @(x,g)) is a solution in The-
orem 3.3 and satisfies the estimate in (5.13).

(2) There exists a sequence of Lipschitz paths hy such that [[|X — hy||; — 0 and Z(hy,§)
converges to I(X, &) in Vs (R?Y) x Vs_(LR™,RY)) x Vi1 - (R™).

Proof. Below, we omit writing £. We consider the product space,
E =%/ (R") x Va_(RY) x Vg_(LR",RY)) x Vi1 5 (R") (6.10)
and its subset

Ey = {(h, Z(h),o(Y(h)), @(h)) € E | h is a smooth rough path} (6.11)

We consider the closure Ey in E. Then Ej is a separable closed subset of E. The separability
follows from the continuity of the mapping h — (Z(h),o(Y (h)), ®(h)). See Lemma 6.4. Note
that Solg_(X) coincides with the projection of the subset of Ey whose first component is X.
Hence by the measurable selection theorem (See 13.2.7. Theorem in [10]), there exists a univer-
sally measurable mapping 7 : %f(R”) — E such that Z(X) € {X} x Solg_(X). By Lemma 6.1,
this mapping satisfies the desired properties in (1) and (2). O

Let X;f be the translated rough path of X € ¥?(R") by h. That is, the 1st level path and
the second level path are given by,

X=Xt — hey (6.12)
t

t
X;ﬁ =Xsy — hi, — / X e dh, - / hsu ® dX ). (6.13)
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Hence
XMl < [1X = hllg, (6.14)

_ - 2 _
15 s < I = s+ (14 25 ) 721X = Al (6.15

By the definition of controlled paths, we immediately obtain the following.
Lemma 6.3. Let h be a Lipschitz path. If (Z,7') € .@)2(6, then (Z,7') € .@;ﬁ_h. In fact,

Zoy = ZX 0] < (1RZ s + (1251 + 12715 IRl — )12 (£ — ). (6.16)

Let (Z,2") € 2% (R%) and @ € V;,(RY) with &5 = 0 and ¢, a, & satisfy the assumptions in
Lemma 3.5. By the above lemma, we can define the integral fst o(Y,)dX;" and the estimates in
Lemma 3.6 hold for this integral. Here Y,, = Z,, + ®,,. Moreover, =g, in (3.19) which is defined
by XS_,? reads

s4%s,t

t
Zor = o (YO XsF + (Do) (Ya) 2550 + (Do) (Ya) / By @ dX (6.17)

t
=o0(Ys) X5t + (Da)(Ys)ZgXS,t + (Do)(Y5) / O, @dXy, —o(Ys)hst + Est, (6.18)
where

t t t
Eet = —(Do)(Ys)Z, <B§7t + / X, @ dh, + / hsu ® dX;[;) + (Do)(Y) / Dy @ dhy,.
(6.19)

Since |25 < C(t — s)'*%, the sum of these terms converges to 0. Thus we obtain

/:a(Yu)dX;h = /:U<Yu)qu —~ /:U(Yu)dhu. (6.20)

Using this simple relation, we prove that the solution mapping is continuous at any smooth
rough paths in the following sense.

Lemma 6.4. Assume that D satisfies the condition (A), (B) and o € Lip? 1 (R%, L(R",R?)).
For each X € Cﬁf(R”), let us choose (Zy(X, ), P1(X,§)) € Solg_(X). Let h be a Lipschitz path
and Y (h, &) be the solution to (6.1). Then we have the following results.

(1) Yi(X, &) satisfies the following equation,

Yi(X, €)= £+ /0 o (Ya(X, €)) dX; " + /0 o (Vo(X, ) dhs + 2,(X,6).  (6.21)

@ Tl =Xl <= <1, then X, < (14 /(1+ 125) T4 )

(3) Foranye > 0, there exists 6 > 0 such that if ||h—X[|| 5 <, then [|[Y(X, &)=Y (h,§)|ls- < ¢
and [|®(X, &) — @(h,E)|[14 - <&
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Proof. We proved (1). The statement (2) easily follows (6.14) and (6.15). We prove (3) by
contradiction. Suppose that there exists a positive number € > 0 and a sequence of Lipschitz
paths X,, € €, (R") such that lim,_,e||h — Xy, 5 = 0 and

Y (X, &) =Y (h,E)llp- =& or [[8(Xn,8) = B(h,E)[l145- =& (6.22)

Since sup,[|Xnll|5 < oo, there exists a subsequence Y (X, , ) and ®(X,,,, §) converges to Y and
® uniformly on [0,7]. Moreover, by Lemma 6.3, Lemma 3.6, and Theorem 5.5,

/ 0 (Y(Xn, €)) d(X; ") converges to 0 uniformly. (6.23)
0

From (6.21), we have
t
Y, =¢ +/ o(Vy)dhs + &, 0<t<T. (6.24)
0

By the continuity property of the Skorohod mapping, L (f + /5 U(ffs)dhs) =d, (0<t<T)
t ~

holds. By the uniqueness of the reflected ODE driven by A, it holds that Y = Y(h) and

® = ®(h). Since sup,, (||[Y(Xn,&)|lp + |P(Xn,&)|l1,8) < 0o, this contradicts (6.22). O

We now consider the following condition on the boundary.
Condition (C): There exists a C7 function f on R? and a positive constant k such that for any
x € 0D,y e D, n e N, it holds that

(y—.m) + 1 (D)) m) Iy — 2 > 0. (6.25)

Usually, the function f is assume to be Cg in the condition (C). Here, we assume f € C7 to
make use of estimates in Lemma 3.6.
Under additional condition (C), we can prove the following explicit modulus of continuity.

Lemma 6.5. Assume that D satisfies the conditions (A), (B), (C) and o € Lip?~t. Let
Yi(X,§), Zu(X, §), @e(X, §), Yi(h, €), @e(h, C) be a solution as in Lemma 6.4. Assume |[h—X[||; <
e < 1. Then there exists a positive constant C' which depends only on o, f, k such that

sup [Yy(X,€) = Y (h, Q)| < O+ ||h]|1)*2eCMMh (16 — ¢| + ). (6.26)
0<t<T

Proof. We write Y; = Y;(X,€), ®(X,£); = ®; and Y; = Y (h, (), &, = ®(h,(); for simplicity.
— o2 (JOO+HF YD) 1y, _ v12
Let Z; = e & |Y; — Yi|*. We have
Zi — e*%(f(f)ﬂ“(())‘g —¢? (6.27)

_ /O 20 HUODSTN L (v, — ¥, (oY) — o(F)) ) ds + (Y2 — Va0 (v)dx; ")}

2 2

- /0 Z, (o(Y2) DF(Y:) + o(Ya)" D (V) 1) ds — = /0 2. (DI (). o (V)X ")

- / t 26 UODHONI(Y, — v, a0, - dd, ) + % (Df(Ys),dDy) + % (Dr(v:).a9,) }.
0
(6.28)
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Condition (C) implies that the fourth integral on the right-hand side of the equation (6.28)
is always negative. By the estimates of the solution Y,Y,®,® in the main theorem and the
estimates in Lemma 3.6 and the Gronwall inequality, we obtain the desired estimate. ]

We now consider a probability measure p on ‘Kgﬁ (R™). Here we restrict the map Z in Propo-
sition 6.2 as 7 : Cfgﬁ(R”) > X = Y(X,§) € Vg_. It is now immediate to determine the support
of the image measure of p by Z under a certain assumption on .

Theorem 6.6. Assume that the set of smooth rough path is included in the topological support
of w. Then

Supp (Zop) = {Z(h) | he M} ", (6.29)

where Supp (Z,.uu) denotes the topological support of L pu.

Proof. The inclusion Supp (Z,u) C {Z(h) | h € Vl}vﬁ_ follows from Proposition 6.2 (2). The
converse inclusion follows from the continuity in Lemma 6.4 (3) and the assumption on pu. O

Finally, we consider the case of Brownian rough path. Let B; be the standard Brownian
motion on R™. Let B{V be the dyadic polygonal approximation, that is,

B(tY) - B(t],)

Nip\ _ p+N
B™(t) = B(t;1) + o~ NT

T
(t—tN), N, <t<tV, N = ;N,ogigﬂ. (6.30)

Let BY, = fst BY, ® dBYY. Let us define

Q1 = {B € W" | the smooth rough path (Bst,IBS ;) converges in ¢ (R") for all 8 < 1/2.}
(6.31)
It is known that " (91) = 1 and the limit point of (Bévt, ]B%N) for B € Q) is called the Brownian
rough path. Here p" is the Wiener measure. We identify the element of B € Q; and the
associated Brownian rough path B. For application to the support theorem of diffusion processes,
it is important to obtain the support of B. The following is due to Ledoux-Qian-Zhang [18].
More general results can be found in [16].

Theorem 6.7. Let 3 < 1/2. The topological support of the probability measure of B on €% (R™)
is equal to the closure of the set of smooth rough paths in the topology of €°(R™).

Let o € CZ(R?, L(R",R%)) and consider a Stratonovich reflected SDE,
dY; = o(Y;) 0 dB, + dd,, Yo =€ € D. (6.32)

The corresponding solution Y, which is obtained by replacing B; by B} is called the Wong-
Zakai approximation of Y;. It is proved in [4, 26, 3] that the Wong-Zakai approximations of the
solution to a reflected Stratonovich SDE under (A), (B) and (C) converge to the solution in the
uniform convergence topology almost surely. Note that a similar statement under the conditions
(A) and (B) is proved in [3]. By using the result in [4, 26], a support theorem for the reflected
diffusion under the conditions (A), (B) and (C) is proved by Ren and Wu [23]. We now prove a
support theorem for the reflected diffusion under (A) and (B) by using the estimates in rough
path analysis in this paper and in [3, 4]. In [3, 4], it is proved that the following hold.
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Theorem 6.8. Assume o € CZ(R?, L(R",RY)).
(1) Assume D satisfies condition (A), (B), (C). Let

QQ—{BGW”

max V¥~V -0 as N — oo} . (6.33)
0<t<T

Then p'V' (Qg) = 1.

(2) Assume (A), (B) hold. Then there exists an increasing subsequence of natural numbers
Ny, such that p™V' (Q3) = 1 holds where,

Q3 = {BEW” max |YVE —Y;| =0 as Nk—>oo}. (6.34)
0<t<T
It is proved in [3] that maxg<;<7 |V} — Y| converges to 0 in probability under (A) and (B).
This and the moment estimate in [4] implies the almost sure convergence in Theorem 6.8 (2).
The following is a support theorem for reflected diffusion Y;.

Theorem 6.9. Assume D satisfies (A) and (B) and o € C?. Let P¥ be the law of Y. Let
0 < 8 < 1/2. The law of PY is a probability measure on Vg(R%; Yy =€) and

Supp (PY) = Y (h) | h € Vi([R")}*. (6.35)

Proof. Take 1/2 > ' > 3. For B € Q1 N Q3, define Y;(B) = limy_, YtN’“(B). Then for B €
ngﬁ/ (R™), Y/(B) € Solg_(B) and the mapping Q1 N2 > B — Y (B) € Vg_ is p"V-almost surely
defined Borel measurable mapping. By the estimate in Theorem 5.5, the convergence Y V¢ (B) —
Y (B) takes place in the topology of Vg _. Hence Supp (PY) C {Y(h) | h € (R”)}Vﬁ/f holds.
The converse inclusion follows from Lemma 6.4 and Theorem 6.7. O

7 Path-dependent RDE with drift

We consider path-dependent rough differential equations with drift term. It is necessary to
study such kind of equations for the study of diffusion operators with drift. In the case of
n-dimensional Brownian motion B; = (B}, ..., B?)), one possible approach to include the drift
term is to consider the geometric rough path defined by B, = (Bg,t) € R*L. By considering the
geometric rough path which is naturally defined by Brownian rough path B, ;, we may extend
all results in previous sections to the corresponding results for the solutions to the equation,

Zt:§+/0 J(ZS,L(Z)s)dBS+/O b(Zs, L(Zy))ds. (7.1)

However, we need to assume b € Lip? 1 (R? x R, R?) (2 < v < 3) to do so and the assumption
on b is too strong. Hence, we explain different approach to deal with the drift term. Let us
consider B-Holder rough path, that is, the case where w(s,t) = |t — s|. Let b € CL(R? x R?, R?)
and consider the equation,

t t
Zy=¢ +/ 0(Zs, ®s)dXs —1—/ b(Zs, ®s)ds, (7.2)
0 0

Oy = I (§+/O'a(zs,q>s)dxs +/0' b(ZS,<I>s)ds> . (7.3)

t
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The meaning of this equation is as follows. The controlled path (Z,Z’) and ® are elements as
in the definition of =, ; and I(Z, ®),¢. In the present case, we consider

[1]:

ot 1= (V) Xos + (D10)(Ya) ZLXey + (Do) (V3) / G, @dX, Y —s).  (74)

Then, (62)sut = (6Z)sut + (b(Ys) — b(Ya)) (t — u) for s < u < t and

[ (B(Ys) = b(Y) (¢ — )
< 1Dbleo (12 cl| X Nt = 5)° + [ RZ a5(t = )% + [Bllgvaralt = 5)%) (E—5).  (7.5)

By using this, we define

t t
1(Z,®),, = / 0(Zug, Do) d Xy + / b(Zu, ®u)du = lim = (7.6)
s s —

For this, (I(Z,®)oy,0(Z;, @) € 9)2(5 and similar estimates to Lemma 3.6 holds. Moreover,
Lemma 3.7 and Lemma 4.1 hold. Thus, Theorem 3.3 holds for suitable constants «, C7, Co which
depend only on o,b, 5,p,v. In the case of reflected rough differential equation, all statements
can be extended to differential equations with drift term b € Cg. In particular, this results
include the support theorem for reflected diffusions which is proved in [23].
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