5 Uouuooon

5.1 0OJOOO
(X,(,)000000D000O00.J0000O0000, 0000000000000 0O0OO0
Definition 1 M Cc XOOOOOOOODOOO

T . M -X0O00OOOOOOOoOoooooboboobooobobrooooobboooo
{zn,} C MO

lim ||z, —z| = 0 (5.1
n—oo
lim | Tz, —y| = 0 (5.2)
n—oo

0oo0b000xeMO Tz =y.

Remark 2 (1) 70000 MO D(T)00000000. D(T)0 XOOOOD (dense) 00 O,
(T, D(T)) O densely defined operator 0 0 O .

(2)T : X —-X0O0OOOO0O,7T0Oclosed operator 00 0. 000, 0000000000
gooooooobobooooo.

ugboboo,ggooboodgbbuooobooodbboo,goboboobobbooobboan
g,000booobooboooooboooo.

Definition 3 00000 T : D(T) — X0O0OO (closable) <= {x,}5°, € D(T) 0 limy,—o0 p =
000 Tz,0 ye XO0OODOODOO, y=0.

Example 4 QCR*"0000000. X =L2%(Q)0,

N
Tf@) = @) (i =) 5:3)
1 n

f e DT)=CrQ) (5.4

oooooOo (T,p(T)Doo00o0O000o0O0D. 000, 00000000 ooOoOoo.
ubo,0gboobboobuoobbooboon.

Proposition 5 00000 (7,D(T)0o0U0oOdo. DO Ha,}oe, € D(T)

lim z, = x. (5.5)

n—oo

lim Tz, 00000 (5.6)

n—oo

000ze XO0OOO0OOOOO, 00000000 zePO00000(.5), (5.6)0000
{z,} 0000

St = lim Tx,.
n—oo

000000 well-defined0 (S,D)0000000O0O.



Remark 6 (1) D(T) cPO0ODOOO0O0. 00 (S,p)000000000O,SOT,D0O D(T)
ooo.

(2) 00000000 (T,D(T)),(S,D(S)0000, D(T) c D(S)0 Sz = Tx Vx € D(T)
0O00TcSO000SOTOO0O (00)D0OD. (D0D0DO0DD00O0ODODOD) (HODOOO
ooooooo, (7,D(T)0 (7,D(T))00000000000000000000000, 0
00D00000000000.

Proposition 7 (7,D(T))0000000000OO.

(1) (r,D(T))ooOo.

(2)(T,D(T))000O (S,D(S)0000oooooOoooooD.
0 1 00O Proposition 7 000 .

5.2 OOOOOO

Definition 8 70 X O0UOOODOOOOOOOOODOOOOO. TOOUOOOOOO (self-adjoint
operator) 00,0000 z,ye XO0OOO (Tz,y) = (2, Ty) DO00D00O0O0O0O0OOOODO.

00000, R"O0000000DO00D00D0O0,CrO0D00D00D00D000DOO0DO0ODO00O0
00000.00000000000000D0D000,00000. 0000000000000
00000000 densely defined 00 0O .

Definition 9 00000 (7,D(T)) 000000 (=adjoint operator), (0 0000 00 O =con-
jugate operator) (T, D(T*))000000000O0O.

D(T*)={ye X |z X,Vx € D(T),(Tx,y) = (z,2)}. (5.7)
000 yeD(T*)0O0O,
Ty =z (00000 (Tz,y)=(y,2) 0000000 2).
O000. (00000 well-defined0 0000000000 0OOOOO.).
0 2 (7*,D(7*)0000000000000.
Definition 10 Vz,Vy € D(T) 0000,
(Ta,y) = (z,Ty)

oooo,
TCT*

0007000000 (symmetricoperator) D00 . T=7"00000000000 self-adjoint
operator) 0 O 0O.

01,0200,0000000b000000D00. 0D0ODOO0ODOODOOOODODOO
go.



03 Q0RO0000000000NO000000. X =L%Q,de)000. A=31
ooo.

1181

D1::{fer@)UﬂH@DDCWDDD{xeRﬂf@y#MDDDD
QDDDDDDDDDDDDDDDDD}

Dy :-Uec%m\fDRHmuﬁDDDQDDDDDDDDDDDDggzq

DDD,%DDDDDDDD nogooagoogo.

(1) D;,D,0 X0OODO0OOODODODOODOOOOOOooOoO.

(20000 D00 fO0O0O0 AfODODDOOOOOOD Ap, 000.0000 D,0ODOO
Oo0oo0ooooooooboO0o0on Ap, 000. Ap,,Ap, 0000C0OC0O0OO0O0OODODO.

040000 =[0,1000000000000X =L%([0,1],dz)0000f€ X000
gd
(Tf)(x) = () f(z)
googoon
ol)={zeR|m<z< M}

00000000m =min, f(z), M =max, f(z) 0000

05 ¢x0ROIODODO0O0D0000000X =L2(R,dz)0000

D(T) = {feX\/ lo(x ]dx<oo}
(Tf)(@) = ex)f(x) (f D))

000000 (7,D(7)0000000000000000000 (7,D(T)000000000
00000000 sup, |p(z)|<ocoDOODOODOOOO

gobogbooboooboboobooboo,0oobobooboboooobooboooboo.
D(T*y=D(TOOUOOODOOOUOOOODODODOOUOODOO0OO. o0, 00000000 0oo
goobo,bogbboobooboo,boobooboobboobooboobbOoDbbo
gob.oobooboboobooon.

Definition 11 00000 (7,D(T)) 000000000 (=essentially self-adjoint) O O, (T, D(T))
I A A A

Remark 12 (7, D(T)) 0000000000000 7TO0000000000O00O0O000OOO0

Example 13 (1) 0 3000000. (Ap,,D1) O essentially self-adjoint 00 0O . (Ap,, D2)
O essentially self-adjoint 00 0. (Ap,, D) DOOO0OD000ODO Neumann DO OO OO0O00OODO
goooo.

(2) X = L2(R%,dx) 000. T=-A, D(T) =C(R*) 000, (T,D(T)) O densely defined O
0000000 essentially self-adjoint O 0O O .



(3) X = L*(R™). V(z) O
/ V(z)Pdz < oo (0OO0<R<ooDODOO0O) (5.8)
|| <R

C:= inf V() > —o0 (5.9)
TER™

00000000. D(T) =Cge(RY), 00

(Tf)(x) = =(Af)(2) + V() f(z).

000o00,(7T,D(T))b0000000000 (Reed-Simon, Methods of Modern Mathematical
Physics II: Fourier Analysis, Self-Adjointness, Theorem X.28 00 0). OOO00O0OO0OO0OO0O0OO
gooooooooood T:—C%;—{—mQD C¥R)y0OoDOOOOOOOOOODOnO.

0000ooooO0opooooooOo (T,D(T))00oo0O0D0ooOO00D0ooOOoooooo
gopboobooobboobooobooboobbooboobbooboobbon

Definition 14 (00000000, 0000000) 000 (T,D(T)0000000
o(T) = {AEC‘()\—T):D(T)—»Ran()\—T)DDDDDDDDD Ran(A — T) = X OO
()\—T)*lzXaD(T)DDD} (5.10)

0000000000O000C\p(T)0TOO00000000000000X0RO0000O
000000O00p(T),s(T)0ROODOOOOOO

uboooboobooboooboboobooboboobooboboboooboboooobogn
gooooooooooooXxocoooopooOoUoOoOoUoUUUorRODOODODOODODDO
OooooooooicxeROODODOOOCOO

Theorem 15 (T,D(T))00000000000. AeCOD,
Ker(A—T)={z e D(T) | ( A—=T)z =0}
ooooo.
() KerfA—T)0 XO0OOOOOOOO. A¢ROOD Ker(A—T) = {0}.
(2) )
X =Ran(A — T) @ Ker(A - 7). (5.11)
A00000000. 0000, 0002 € XO00O0OO0OOO00O 23 € Ran(A—17) O a3 €
Ker(A-T)OO0OOO z=2;+2000,00 (z1,22) =0000.
(3)A=T:D(T) - Ran(A-T)0D00000000C>000000,000 2 € Ran(A—T)
oooo,
I =T)""z]| < Ol (5.12)
0000000, Ran(A—T)=X00 [|[(A=T)"} <C.
A A=a+vV=1b(a,beRbA0)000D000000N-T):D(T)—Ran(A—T) 0000
0000000 z€Ran(A-T)00000

I~ T)""a] < . (1)

O000Ran(A—T)=X0000



Remark 16 Theorem 15 (3) 0000007 0000000000000
i) A\=T:D(T)—X0000
(i) 00 C>0000000000 2z€Ran(A—T)00000(\—T)"1a| <Cllz||

00000000 ANO0OO0DDOOO0O0O0DOO0O0O0O0D0OO0O0O0, WO o) cROOOO
goo

Proof of Theorem 15. (1) x, € Ker(A—=T) (n =1,2,...) 00 limp ooz, =2 0000000

O Tap = Atp. 0000 lmyeTan =Ae. TOODODOD0000 z€ D(T)00 Ta = Az. OO

0zeKer(A-T)000D00 Ker(A\—T)00D0000000000000000
ooooopooooobooooo

e 00 zeDTODOOO (Tz,z) € R.

00000000 (Ta,z) = (z,Tz) = (Tz,z) 00000A¢ ROODOOODOOOO0z #00

oo
(@, (A =T)z) = Mz|* = (z,Tx) ¢ R,

000 (A—T)z #£0.
(2) X = Ran(A — T)®Ran(A — T
ooooooOoo
(i) Ker(A — T) € Ran(Ar —T) 00O

zeD(T)0 (A-T)z=00000000000000000yeDT)0000

) (XDOOOD)0000000000Ker(A-T) = Ran(h —T)

0=(A=T)z,y) = (x,(A = T)y).

000 x€Ran(A—-T)+. 000 xERan()\—T)L.
(ii) Ker(A — T) > Ran(r — T7) 00O
yeRan(»—T) 000000000000 ze D(T)00000(y,(A—T)z)=0. 0000

(Tz,y)=(x,\y) O0000zecD(T)DDDODO

TOODOODOO0D0O0000yeD(TDOOTy= Ay000000000000000000000
B) () N¢R, (i) eR DOOODDOOODOO
() A¢ROODO
Ker(A\-T)={0}000O
X =Ran(A —-T). (5.14)

000000000X =Ran(A-T)0000. (5.14)00y e X0O0O00 2, € D(T) (n=1,2,...)
00000 y=lim, .oo(A=T)2, 0000y, = A=T)z, 00002, =A—T)"1y, 00

10 = 2mll = [ = T) 7 (¥ — ym)l < Cllyn = ymll = 0 (n,m — o0).

000 XOOO0OOO0O0O 2 000000 lMy—ee Ty = Too. 00O limy—o0 Ty, = limy, o0 (Azy, —
Yn) =Moo —y. TOOOOO0000 200 € D(T) OO0 Txoo = Moo —y. 0000 A—T)zeo = y.
oopoooooao
i) eROOO



0000 A=XA0000000000000000 Ke(A—T)={0}. 000000 X =
Ran(A—7). 000000, X =Ran(A-T)00000000000000000@G) 0000
0oooooo|A\-7)"}<cO0000000000d0
() (1)00000 Ker(A—T)={0}00000000000000(5.13)0000z € D(T) O
000

IA=D)z)> = ((a+vV=1b—T)z,(a+ V—1b—T)a)

(
((a = T)z + vV-1bx, (a — T)x + vV—1bz)
I(a = T)a|? + ?[l|* > b°||||*. (5.15)

[]

06 (7,D(T)0000000000,CeRO0O00,000xeD(T)0000,
(Tx,z) > CHxH2 (5.16)

00000.00000(-00,C)Cp(T). 00000XA<COODON-TOOOODODODODODOO
ooo
oo00: [[A-T)z|>>(C-N?z|?0000000000000000

Remark 17 (1). 000000 (5.16)0 00000, 00000000000.000,C=00
ocooooooo,c>o0000,00000000.000D0000O0DODODOOOOODODO
O0000000. Example 130 0000000000000000. OO Example 13 (2)00
00 A=-A+V0OO0OOOOOVOODODODOODODODODOOODODODODOOOODOOOOO
0000000000D0000000000000000. (5.16)0000000 o(T) C [C, )
goobobh,00bbbooobobooooboboo, bbb ob0o. oo, boogoo
000070000, 0(T)C[C,00)0 (5.16)000000000000000000000

(2) 0000000000 Friedrichs 000 0000000000000 0O0O0OOOO, 00
00000000 0o0DbOOobObO0ob0bOo0obOob0bOooDbOno. ODOOd Reed and Simon OO
Functinal analysis0 31300000 5000. 00O, Example 13 (1)0 (A,D;) 0000000
O0O0. OO Friedrichs 0 OO Dirichlet DO OO0O0O00OOO0OOOO0ODOO.

07 Aep(T)D000p0 |jp—A-|A=T)"}<1000000puep(T)0000D00000
00000000000

(=T =T+ @-NA-T)H (-1
D000pu-T=A-D)+p-N=Xx-D{I+p-NA-T)"'} 000000

0000 p(T)OOD0OOD0O0O0D0C0ODO0O00O0O0OO0O0D00D0OOO0O0O e(T)OOOOODO
goboobooboobooboobobooboobboobooobo

08 700000000000D00000o(T)c{AeC]|N<|T|}.
O00O0A>|T|0000M-T=XA(I-%)0000000 NewumannD OO OO000000
oooooooo

ubboobooboobboobooobobooobooobobon.



Lemma 18 (7,D(T))00000000000O.

(1) o(T) = {X € R | infjz=10ep(r) |(A = T)z|| = 0}.
0O0,D(T)=X00,700000000000000.

(2) |72 = ||

(3) ft) =>r_,at* 000000000000, f(7)=>1,e7*00000000000

0. f(T)ODOOODODOOOODOO,

(4) 7)) = sup {J2| | = € o(T)}.
Remark 19 (4)|]DDDDDDDDDDDDDDDDDDDDDDDDD TOOOOOo
sup{|| | 2 € o(T)} = lim | T"]"/"
n—oo

000000 oO|T| < |T|"000 o(T) c{zeC ||z <|T|}000. 00D0D0DOO0O0O
Neumann 0 00000000000000000

Proof. (1) p(T)NR ={XA € R | inf, =1 zep) A =T)z|| >0} 00000000000 p(T)
dooooooooobon
@) |T2| < |T|’0C0000000000000000000000000000

IT|I* = sup (Tw,Tz) = sup ([%z,z) < sup |[T%z|| < |17 (5.17)
ol <1 ol <1 ol <1

(3) A(TMODDOOODDOOOODOf(e(T)) Co(f(T)DD0D0DDOO. o(f(T)) C f(o(T))D
0000000. a,#0000. Aeo(f(T)D00. AX000000. f)—-A=000000
000000 w; (e=1,...,mO000000 ¢,...,q 00000 (1#500 ci=c; 00000
DDDDDDD)

F&)=A=an [] t=p) J] (+¢p)- (5.18)

1<i<m 1<5<i

0000n=2+mO000000000000O00O0O0O0OOOOOOOODODODODOO (OO
oooooo P(t)DDDDDDDDD Pt)=000000000000000)00000O0OO
pgodooooodoouoodo

o (f) =N = 1] @—w)- ] @ +¢) (5.19)

1<i<m 1<j<l

Aea(f(T)D00 nf{||(f(T) =Nzl | |z] =1} =000007T*+¢ 0000000000

mf{||( [[ (= pa)z| | llz] =1} =0.

1<i<m

000000,00:i00000 inf{|(T - w)z| | |z|=1}=0000000000000 0
000 w €o(T)000000000 f(w)=A000D0
(400

HT2H:sup{]xH:c€U(T2)} (5.20)



000.00000000,6(T)CR, (2),3)00
ITI? = |T?|| = sup {|«| | = € o(T?)} = sup {a* | z € o(T)} .

00000000. 0000000000 7T0000,0 800 ||T?| >sup{|z| |z€a(T?)}.
O00|T|?eo(T?) 0000000

sup (T2{L‘,IL‘) = sup (Tz,Tx) = HT||2 = ||T2H (5.21)
llzll=1 lzll=1
ggoono
it TP = T2el? = int {7+ TP~ 2T )
< int 2T (171 - (2%.2) o (5.22)
xz||l=

(522)0 (5.21)0000. 00000, (000000000000 O

Remark 20 TOO0O0000000 o(7)={0}00700000000000000000
0.00,X=L[0,1])0

@nw—ﬁf@w

0000, VolterraDOOOOOODOOOODODOOOOO Neumann OO OO OO0OOO o(T) = {0}
oooo.0o0o0T#0.0000T0000O0ODDOO.

0900(@OD0000DL0TOUOOo(T)={0}000. 000, T*0000T#T*000.

53 0000O0000O0OO0OOOOO (D)

gobboooboboobbooobuoooboooobboobboobobooobooooboo
gobooboooboobobooobooboboooboon

Theorem 21 X =C"0 00 R*"O0000000OO0O0OOOOOOODOT: X —-X0OOOO
00 AD0DDOOX =CrO000007T0000000% A=A, X=R"'0000A=A0
gooboboboboboboboboboboboboborTrobobobobobOobo
gboobornbOooboobooobooboobooboobool og,...,a, 0O00000 o O
000000000000 X;0000+:¢#;000 X, 1LX;0000000Xx,00000 B0

ugoo
k
T = ZOQPZ
=1

gooooo



0000000000 0O0000O0O000ooOU0O0OO0 (DO0D00OOO000O0OO0O0)O von
Neumann OO0 000000000 O0DOOOOO0OO0ODOOOOODOOTheorem 21000000
000000 NeROODODOOOOOO EWN)O

EN) = > PR

{i [ oa<A)
= {®4|men X} 0000 (5.23)

gooooooobobooboobood

(i) A<puO00 RanE(A\) C RanE(u).

(i) 000 z2eXO00000lmyseo EAN)z =200 limy—,_o E(A)z =0.
(i) 000 peRO z€ X 00000k, EN) = E(g).

00 (i),3G),(i) 00000000000 {E\)} 000000000000 {ay,...,ax} C (a,b)
0000000000000 [¢,b)0000[e,b 000

A={a=cy<...<cy=0>}

oooo
m—1
I(A,E(N) = ) ci(E(civ1) — E(a)) (5.24)
=0
D000000zeXOOOODO
k
lim I(A,E(\))z =Y oPx=Tax (5.25)

A
Al=0 i=1

D0D00000000000lma_o[(A,EN)D00D00000 [PAEMNDDDC

T = / " \EO) (5.26)

a

goboodgboboooooooo

Remark 22 0000000000 {7,}0000000000000O0T0O00O0O0O0O0O0OO
xeXO0O000 limyeTpr=T2000000007,0700000000001(A,E(N)O
TODODOODOooDOooDo

000000000000000000000000000007T00000000 (i), (i), (i)
000000000000 {EN\)| —co<A<oo}O0O0O000

sz(/wAﬂﬂM>x € D(T)

—00

gobogboobboobgobooboboobaon



Theorem 23 (000000000) 0000000 (X,(,))000000000 (T,D(T))0
0000000000000000{EW\) | —co<A<oo}00D0000 (i), (i), (i) 0000

gobooboooooooboooboo

D(T) = {x e X ‘ /Z N2 (E(\)z,z) < oo},

(/Z AdE(A)) x.

0000000000000 00000000ODAO [e,b0D0OD0DODOOO

Tx

b m—1
[ RdENag) = fm 3 @ (B - (B},
o) = b
/ Nd(E\)z,z) = a%_gi:m/ Nd(E(\)z,z)
b
/a ME) = Jim I8, B()

gobgooboooboooo

e JIUJ0ODODDODDOO(DOOODO,O00DO)
e 00U IIODOUO,0000,0000)

ubobooboogan

(5.27)

(5.28)

(5.29)

(5.30)

(5.31)

010700000000 (X,(,))000000000O0O0O0OOUDOO0O0DDOOOUOOOO

() TO XO00OOODOOOOO LOODDOOODDOO.
2)T?*=T00T*=T.

011 {E(\) | AeR}O0000000O0O0D(T)O (52700000000

(1) ¥ >A00000002eX0000 (EN)a,z)> (E(\Ne,z)>00000000000

/

b
D00000a<d <¥ <b000 og/ )\Qd(E()\)x,x)g/ MNAd(E\z,z) 0000000

000000000(530)000000000000000000
000000000 E\)ODO ()000o0o

(2) lima|o (A, E(\)000000000000000000000
O0000A,A'000000000000000

(3)a<b, c<ddO00(a,bN(cd=00000000zeX0000

(/ab )\dE()\)x,/cd AdE(A)q:) =0

0000 (a,b]N(e,d #0000 o =max(a,c),3=min(b,d) 00000

(/ab)\dE()\)x,/cd)\dE()\)x) :LﬁA2d(E(A)x,x)

10



0ooo
b
(4)zeDT)OD000 lim </ mEQ0xDDDDDDDDDDD

a——00,b—00

(5) 00000 {EN}O000O (5.27), (5.28)00000000 (7,D(T)000000000O0
0oooooo

54 000000000OO0OOOOO (ID)

gobobooobooobboobboobbooobooobboobboobboooboo
0000000000000 00O000000000 (DD0O00o0O0 Dirichlet(O OO Neumann) O
0000000000000)000000000000000000000O00DULOoUooOO
gobobo,gboobgobgobobobobgobobobobobobobobobobobon

Definition 24 (X, | |)0 0000000007 € L(X,X)0 00000000000 0000
gooooooo

{n}pzy C X O sup, [|[za]|lx <ccODOO00D0O000D000O 240000 limg o0 Ty k)
googoon

Remark 25 X OOOOUOODOOOOOOODOO,OD000000D000O0DOOO.

Example 26 (1) X =C([0,1] = R), 0000 sup-norm 00 0. K(x,y) O (z,y) €[0,1]?00
00000, (Tf)(z) = [} K(z,y)f(y)dy000. 0000, 7000000000000
(2) X = L*([0,1],dz) 000 . K(x,y)0 ff[() 12 K(z,y)’dzdy <oco 00000000, (Tf)(z) =

Jy K(z,y)f(y)dy 0000 TOOOOO0OOOOOOO.
012 000000000000000000000000

Theorem 27 (0000000000000 O00000) $:X—>X0000O0O0O0O0O0OO0O0O
0D0000.dimX =cc0000000 (1), (2)00000000000000
(1) ¢(S)000000000

0000000000, 0(S)={4,---,8:,}u{0}000.000,4000000000
00000000.0000,00000000{X;}",0X;1X;(i#)000000000
00,P0X00 X, 00000000,

Tz =Y pPux. (5.32)
=1

oooo.
(2) o($) 000000000

00000,0(S)0000000000000, o(S)={6:}2,u{0} 000. 000, 60
0000000 o000000000.000

(i) hmi_)oo ﬂz =0.

(i) X0O0DOOODO0O000D0 X, 00000,i#,000 X, 1X;0X00 X,00000
pP,0000,0002zeX0000,

Sz =Y BiPux. (5.33)
i=1

000 ze (@2, X,) 000 Sz=0.

11



Remark 28 00 (2) (i)0000

0o o)
@X':: {m€X|E|xi€X¢, IL‘:Z.’L‘l}
=1 i=1

oo0000. X;0S0000 3000000000000, X=@2,X;00000000

DD.(@?;XZ-)J‘:@DDD oboobooobobooobobooboboooboobooboonon.
O0000 sSoooooooooo El)O

D x

{i | Bi<A}

gobooooan.

Proof 0000O0O00OO.
oo,

(i) pealS) (000000 2#0,Te=pz000.
(ii) Sz =pzx, Sy=vy, p#v 000 (z,y) =0.
(i) D00 peR(p#0)0000,dim{zr e X | Tz = ux} < co.

ooog.
00,0(S)000000D0O0O0OOOOODODO.
e0(S)0DO0DOOD:

0eo(S)D0OO000(S)\{0}=A{a1,--,a,}000. X;={r e X | Sx=aqz} 0000 (iii)
00 dimX; < 0o. Y = (&7, X,)" 0000 dimX = o D00Y #£ {0}. SY c YOO SO
YOOOO Sy 000000000000000000. beo(Sly),b£00000 ()00
(€Y |Tr=br}£0. 0D00D00D00D. DO0DO00(Tly) = {0}. Lemma 18 (4)0 0,
Sly=0000.000000€e0(T)000.

00000000000 (1)D0oooooooooooo

eo(T)ODDOODOOD

(iv) o(T)D 0000000000 DO.

0 (), ()000000000. 0000 «(7)000000 (2) 0000000000000

DDDDDDD.DDJ@ﬁ@&f%{@DDDSMyOXﬁzoﬂDDDDD.[
=1 “*1

0 13 00 (i), (i), (i), (v) 00000,

0000000000000000
Theorem 29 (000 000000000000 000000000000000) (T,D(T))0

(Tz,z) > C|#|? (x e D(T))00000000000000. A<COODOOOOOO (A=T)"
00000000000000. 00000000000

12



(1) X0O0OOOOO0OOO X,000000nrn#mO000 X, LX,,00
o0
X=x. (5.34)
=1

(2) 400 00000000000000 {a,},0 @ >CO000000000, D(A)0000
00000oooo.

[ee])
Danz{xex‘Ejﬁw%ﬂg<m}. (5.35)
n=1
(3)zeD(T)DOODO,
(o]
Tz =) anPuw. (5.36)
n=1

Proof. S=(M\-T)"'000. S000000000000000 kerS={0}000,0000
000000000000000000 {§}*, 000000000 X;000000

Sx = iﬂszx (5.37)
=1
(A=T)z,z) <A=0)|z||? =2zeD(T)ODODDDD2(#£0)eX0000
(Sz,z) <O0. (5.38)

oooooodobD <0000 B;<0. 00000000 0ODODO, ;0000000000 0O0DOOO
00000000o0o0o0o0o0o0o0 T=A-S"1000 (5.37)000

[ee]
~ 1
Tx = A—— | Px. 5.39
;( ﬁi> ' (5.39)
DDDDT:T[IDDDDDDDDDDDDDDDDDDDDD,DDDDDDDD.

(i) ai:)\—éDDDDD o0 +c00000O0OoOoOoOoOoOOOO

(i) (5.35) 0000 T000000000 (7,D(T)00000000 (D(T) 0 dense 000
000D0000000)000.000,R 080000000 ROOO.

(iiiy S=\-7)"'00000000T=7T000.
(iv) 000 o; >CO000

ooooooooooo. O

0 14 00 (i), (i), (i), (v)00D0D0D00000000.
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Remark 30 000000000000 (Theorem 23) 000000000 OO Theorem 29 00
oooooo,rooboogooo

EN= Y P (5.40)
{i | a;<A}
(5.40)0000000ODODOOODO
/ Nd(E(Nz,z) = > of||Pa|? (5.41)
oo i=1

< /_ Z AdE(A)) A gaiﬂm (5.42)

5.5 U

gbbo,boobobbuobobobobobbobboboboobbobbobboo.bboboboo
goboobooobboobooboooobon.

Theorem 31 Example 13 (1)Neumann OO0 0000000000 ORemark 1700000
Dirichlet D0 0000O0D0OO0OO00O0OOO, Theorem 29 DO0DOOOODOO.

Example 32 0000000000 D= (0,0)(/ >000000000X00000000
0 L*((0,1),dz) 0007 = £, 0 Neumann 0000 «/(0) = «/(I) = 00000000000

DDDDDDD%@):vﬁeam:VEam(TQ(n:1gJDDDD{%}m:0J,J

DTO000 A\ =-(2)?000000000 X000000000000feX00000
u(t,z) = 300 g e (fren)en(z) (00 XOODOOOOO, (f,e,) 0 XOOOD)DOO0 u(t,x)

n=0

gboboobooboboooboobooab

Mie) = Ttta)  (>0reD)
U(O,x) = f(x)a

= 0. (Neumann 000 0)

z=0,1

p(t,x,y) =320 setMley(z)en(y) (t>0,z,y € D)OOOD u(t,m):fép(t,x,y)f(y)dyDDDD
00 p(t,z,y) 0000000000000 00000000000 f p(t,z,y)dy =1, p(t,z,y) =
p(t,y,2) 00000000000000000000000000000000 pt,z,y) > 00
0000000000000 p(t,z,y) 0 DOOODOOODOOOOOOO0OO0O02:0000000O0
DDDDDDDDDDDDDDDDDp(t,x,y)DDDDDDDDDDDDDDDDDDD D0O0O
O0000000O0e,(z),\,, D000000000O0ODO

0 15 X = L*(D,dz) 0 T:%DD|:|DDDDDDDDDDDDDDDDDDDDDDDDD
00000000000 0bO00DO0DbO00D0OU00D0Example 320000000000000O0O
000000oogoo(,)0o0!00d0oo0000000DUoooooDo0ooDooOo

(1) (Dirichlet 00 00O ) u(0) = u(l) = 0.

(2) (000000) w(0) = u(l),'(0) = u(1).
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Theorem 33 X = L2RM) 0007 = -A+V(z), D(T)=Ce000. V(z)DOOOO0OO
D000<R<00000 supp<p|V(@)| < oo 00 im0 V(z) = +oo 0000000,
Example 13 (3) 00 0(7,D(T))0000000000000000000000 Theorem 290
ooooooo

000 Theorem 31, Theorem 330 0000000000000 0OOO0O0OOOOOOOODO
0000000000 O00OO00DOO0bOO00DO0ODbDO0O00O RellichOOOoooO

Theorem 34 Q C R*"000000D0D0O0CEQ) 00000000000 f,ge CP(Q) 00
ooo

-0y = |30 g5 @) 0) (5.43)

D0000{f}5, € CE(Q) O sup, | fullgy <o DOODOODOL200000000000
0 {famtiz, O0O0DD0OO

0000000000000 000000o00O00000000 (DOoOoooooood

0oo)o
Theorem 31 0000

sup [|(1 = T) fullx <00
n

ooo, f,00000000C000000D. DO,

/fn(x)2dx+ anHqué = / fn(g;)ng;+/(—Afn)(a:)fn(a?)da: (5.44)
Q Q Q

= ((1_T)fn7fn)

< =T falk (5.45)

000, Relich00O0O0O0O,0KOO0ODO. (544)0000000000O0O0O.
Theorem 330 0 0 0O

0000 C :=infeern V(z) > —0co. 0 60001+ |C|+A)~'0 XODODODODODOOOOO
O00.0000000000000000. {fa}cXO

IA+Cl+ A)fullx <1 (5.46)
0000000. 000000 |fu]lx <100000000000000 000000000
OR>00000, infjsp V(z)>e . (5.46) 00,

/ V(z) folz)?dz < 1.
[z >R-1

ooogo
/ fulz)?dz < e. (5.47)
[|z[|>R—1
pr U
1 ifflz| <R-1
¢r(2) {0 it |z > R (5.48)

15



00D000000. 000Osup, |¢r(r)| <100 sup,;

%n(2)| <200000000.000

0 8(fn90R) 2 8fn 2
= (fnp :/ — 5| dx < / dx +8 frn(x)*dx
Ha%‘( ") L@y Jlel<rel 0T O R )
< / CA)(@) ful@)di + 8
< (5.49)

00000, Rellich 000000, {fupp}e>, 0000 L2(R")000000000000000O
0.0000 (547)00000,{f}00000000 LXR") 000000000000

gboooobooboobooooo

Example 35 X = [2(R®) 0007 =-A- 1 D(T)=CR*) 000. 00700000

I
gboobgobooobooboboobooooobooobobooboooobobobobooboon
DDDDDDDDDDD.DDDD,infx—H%”:—ooDDD Example 13 (3) 000000000

000000000 OD. OOD0,0000-Rellich0000 Theorem 37 00000, 0000
gobobobob. oo, roooooooooobooooooo.

Theorem 36 (0 O-Rellich) (S$,D(S)00000000X000000000000. (B,D(B))
ooooooo

(1) D(S) c D(B)

(2)000<6<10C>00000000002zeD(S)0000,

| Bz|| < 0|[Sz|| + Cllz| (5.50)
00000000000, S+B0O D(S)0000000,0000000000.

Theorem 37 0000<é<10000COOD0DOO0O0O00O,000 feCe®)OO0OO,

up [1(2)| < SIAT 12+ Ol (5.51)
z€R3

0 16 Theorem 370000, S = —A,

BNHE) = — () (5.52)

]

_ 23y | 4(T) _ 1o
Dw)_-{feLURH"HGL} (5.53)

OoodbOd, Theorem 36 OO ODOODOODOODO.

0 17 Example 350 7T70000,00 MeROOOOO o(T) C [M,c0)000.

16



5.6 UUOUOOOOOO

0000000000000000000000000000000000000000000
0000000000000 000000000000000000000000000000
0000000000000000000000000000000000000000000
000000000000000(T,D(T))00000000,E(\) 0000000000000
O0a<bOOO0O0E((e,b])=E(M) —E(@ODO00000000000000000000OOOO

Proposition 38 A e o(T) 000000000000 e>00000 Ran E((A—¢g,A\+¢]) #0.

Definition 39 (1) \0 TOO0O0O000000000 o(7) 0000000000000 ogise(T)
00000000000 (discrete spectrum) 0000

(2) Gess(T) = o(T) \ 0uise(T) 0 TOOODOODOOD (DODODOODOODODODODO
essential spectrum) 0 0 00

(3) TOO00DO000 (D000 2#00 Te=X000A00)00,(7)00000000
00 (point spectrum) 00 0O O

Remark 40 D000 O0O0O0OOO0ODOODOODOOOODOODOO.
ugbboobuogboobobodobouoobbooboobboobooabobo

Theorem 41 L2(R",dz)0 T =-A+V, D(T)=Co(R") 000000000n=30000
Ve LR, dr),n>4000000 p>n/200000 Ve LP(Rdz) 0000000000
(T,D(T)00000000000000000000 TO000 0ess(T) = [0, 00).

000 o(—A) = ess(—A) = [0,00) OO 0.

Theorem 42 Example 13 (3) 0000 L?(RV,dz)000000000000007T =-A+V
O000. 000 liminf, .o U(z) =c00000. 0000 0ess(T) C [c,00).

gboboooobooboobooobooboob

Theorem 43 0O O0O0O0OOODOOO
(1) X € 0ess(T).
(2) \Do(IOOOOOOODUODUDOOODOOOODUOUODDODODOO
(3) 000 e>00000dim Ran E((A —e, A +¢]) = cc.
(4)A\0000000000000 {z,)000000

(

i) {zn} C D(T).
(i) {z,}000000000.
(ifi) limp_oo [|(A — T)zn|| = 0.
TDDDDDDDDDDDDE(/\)DDDDDDDDDD

Definition 44 (1) X, 0 TODOD0O0O0O0000000000000000000
(2) X.O0 (E(\e,z) 0 ADOODOOOOOOOO 2000000000
(3) X0 (E(\)z,#) 0 ADODDDOO0O00O0OODOD 2000000000
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Remark 45 00 F(t) teR) 0000000000000 0OO0O0ODOOOOOOO
e 000e>000006>00000000000000000000 {(a;,b]|1<i<n}O
Z?zl(bi—ai)<6DDDDD Z?:1|F(bi)—F(ai)’<€|:||:|D.

O0000000000000O0O00000000 FOOOODOOooooooooooDoo
oooo

e F())000000000¢0000000000 —so<a<b<+4o00000 F € LY([a,b],dt)
ooooooo

b
F(b) — F(a) = / F(1)dt (5.54)
a
D|:||:|DD|:||:||:|DD(5.54)DDDDDDDDDDDDDDDDD

Theorem 46 (1) X, X,,0 X000OODOOODOOODOODO X=X,0X. 000000000
(2) T(D(T)NX,)c X,. 000 (TIprynx,.D(T)NX,) 0 X, 0000000000000

Definition 47 Theorem 46 (2) 00000000 (T|perynx., D) NX,)000000000
o (T)00007T000000000000

Remark 48 DUU0DOO0OOO0O0ODOOOOOODOOOOO0OODOOOOOOODOOODO
0000000000000 00000oOO0O000DU00ooO(oooo)DoOOoooOo

Xy, X, X OOOOOOOOOOOOOOOOO0O0OO0O0O0O0O000000000000000
goboobobooobooboboroobgoobobooboboobob0 HOoDOOoDOOo
oon

Definition 49 HO COO00OU00O00O0 XOOOOODOOODOUOE\OODODOODOODOOOO
teROODODODODXOOOOOOOOO

b
VEINGE(N) = i —Vlat — E(ci :
/a e |A1|r£0 Z e E(cit1) (ci)) (5.55)

00000 (0000000000000 0000O0O00D0O0O0DODO0O0O0OD). o0 A={a=
< -<cp,=0}000[e,b 0000000000 ODOOOOOOO

a——00,b—-+00

Ult) = eV = i ( / b e—ﬁ*tdE(A)> (5.56)

goooboo

Remark 50 (1) U(t) 00000000 (U] = |« V# € X) 000000000000
oo0

—U(t)r = —/—1HU()z  (t€R) (5.57)

OO0 H=-A+V0OOOOOOOOOOODODOOOOOoOoOoo
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(20000000 HOOOOOOODOOOOOODOOO f()ODOOODDOOO f(FHH)ODODOOO

goooaoo
m = [ fovaeo

000000000f00000000f(H)000000000000f(\)000000000
000000000000000000000000000000000HO000000000
00 fN) =37 ,axX* 00000((.55)0000000000000000000

}:%sz/mfumEu)
k=0 >

goooo.

Theorem 51 H=-A+V 0O X =L*R"—-C,de) 000000000000000000
(HueX,000

lim sup/ |e_tﬁHu(a:)\2dx =0. (5.59)
R=00 >0 J{z | |2|2R}
(2) VO -A-D0D00O00O0O00Owe X, O0OO
1 [T
lim / / ]e*tﬁHu(x)Fdx dt =0, VR > 0. (5.60)
T=o T Jo \Na | lel<r)

(3) VO -A-000000000u€E X, 0ODO
lim \e‘tﬁHu(m)lzdx =0, VR > 0. (5.61)
=400 Jiz | |2|<R}

Remark 52 VO —-A-00000000D0O0O00O00O0O

e {u,} C D(—A) O sup,, |[unl|z2@mny < 00, sup,, || — Aup||r2@ny <00 OO0 DO O0{V -upty
0 2R 000000000000

oo

(i) Ve L2(R")

(ii) limpy o V(z) =0

0000000000 —-A-000000000
DDDDDDDDDDDDDDA&tf”%@WMEDDDDDDDDDDDDDDDDD

00000000 +000 ADDODODDO0ODDOO0ODOOOO0ODOO0ODODOODODOODOOODOOO
gobooaoo

(1) veX,00000000000D00000000D000 (D000, bound state)

(2) veX OOODOOODOOOOOUOOOOOOOODOOODOOODODOOOOOUOOOOOOD
O00000,000000000000 (0000, scattering states)

3) ve X, 0OODODOODODUOODOOODO (DODODOOOOODOODODOODODUOO0)ODOODDOOOO
00o0o00oo0oooUooo(uoooooon)

000000000000 Reed-Smon 00000000000 (QOOOO,000000O0
00)00oooooooo
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