5 Uouuooon

5.1 0OJOOO
(X,(,)000000D000O00.J0000O0000, 0000000000000 0O0OO0
Definition 1 M Cc XOOOOOOOODOOO

T . M -X0O00OOOOOOOoOoooooboboobooobobrooooobboooo
{zn,} C MO

lim ||z, —z| = 0 (5.1
n—oo
lim | Tz, —y| = 0 (5.2)
n—oo

0oo0b000xeMO Tz =y.

Remark 2 (1) 70000 MO D(T)00000000. D(T)0 XOOOOD (dense) 00 O,
(T, D(T)) O densely defined operator 0 0 O .

(2)T : X —-X0O0OOOO0O,7T0Oclosed operator 00 0. 000, 0000000000
gooooooobobooooo.

ugboboo,ggooboodgbbuooobooodbboo,goboboobobbooobboan
g,000booobooboooooboooo.

Definition 3 00000 T : D(T) — X0O0OO (closable) <= {x,}5°, € D(T) 0 limy,—o0 p =
000 Tz,0 ye XO0OODOODOO, y=0.

Example 4 QCR*"0000000. X =L2%(Q)0,

N
Tf@) = @) (i =) 5:3)
1 n

f e DT)=CrQ) (5.4

oooooOo (T,p(T)Doo00o0O000o0O0D. 000, 00000000 ooOoOoo.
ubo,0gboobboobuoobbooboon.

Proposition 5 00000 (7,D(T)0o0U0oOdo. DO Ha,}oe, € D(T)

lim z, = x. (5.5)

n—oo

lim Tz, 00000 (5.6)

n—oo

000ze XO0OOO0OOOOO, 00000000 zePO00000(.5), (5.6)0000
{z,} 0000

St = lim Tx,.
n—oo

000000 well-defined0 (S,D)0000000O0O.



Remark 6 (1) D(T) cPO0ODOOO0O0. 00 (S,p)000000000O,SOT,D0O D(T)
ooo.

(2) 00000000 (T,D(T)),(S,D(S)0000, D(T) c D(S)0 Sz = Tx Vx € D(T)
0O00TcSO000SOTOO0O (00)D0OD. (D0D0DO0DD00O0ODODOD) (HODOOO
ooooooo, (7,D(T)0 (7,D(T))00000000000000000000000, 0
00D00000000000.

Proposition 7 (7,D(T))0000000000OO.

(1) (r,D(T))ooOo.

(2)(T,D(T))000O (S,D(S)0000oooooOoooooD.
0 1 00O Proposition 7 000 .

5.2 OOOOOO

Definition 8 70 X O0UOOODOOOOOOOOODOOOOO. TOOUOOOOOO (self-adjoint
operator) 00,0000 z,ye XO0OOO (Tz,y) = (2, Ty) DO00D00O0O0O0O0OOOODO.

00000, R"O0000000DO00D00D0O0,CrO0D00D00D00D000DOO0DO0ODO00O0
00000.00000000000000D0D000,00000. 0000000000000
00000000 densely defined 00 0O .

Definition 9 00000 (7,D(T)) 000000 (=adjoint operator), (0 0000 00 O =con-
jugate operator) (T, D(T*))000000000O0O.

D(T*)={ye X |z X,Vx € D(T),(Tx,y) = (z,2)}. (5.7)
000 yeD(T*)0O0O,
Ty =z (00000 (Tz,y)=(y,2) 0000000 2).
O000. (00000 well-defined0 0000000000 0OOOOO.).
0 2 (7*,D(7*)0000000000000.
Definition 10 Vz,Vy € D(T) 0000,
(Ta,y) = (z,Ty)

oooo,
TCT*

0007000000 (symmetricoperator) D00 . T=7"00000000000 self-adjoint
operator) 0 O 0O.

01,0200,0000000b000000D00. 0D0ODOO0ODOODOOOODODOO
go.



03 Q0RIO0000000000MNO000000. X =1%Q,de)000.A=%% 2

i:laiz?
Doo.
Dy = {feC’go(QHfDRdDD c°000 {zeR?| flz) 200000
QDDDDDDDDDDDDDDDDD}
Dy = {f602(9)|fDRdDDCQDDDQDDDDDDDDDDDD %:0}

DDD,%DDDDDDDD ndooooooon.

(1) D,,D,0 XOOOOOOOOODOOoooooooo.

(2)0000 D00 fODOO0AfOODODODOOODOO Ap, DODO0.0000 D000
O000000oooooo0oO00n0 Ap, 000. Ap,,Ap, 00D0O0CDOOOOO0ODODDO.

gobogbooboooboboobooboo,0oobobooboboooobooboooboo.
D(Tr*y=D(T)OOUOOOO0OOO0OOOOODOOOUOODOO0OO. 0O, 000000DO000O0
goobgo,bogbboobooboo,boobooboobboobooboobboOobbo
gob.o0booboboobooon.

Definition 11 00000 (7,D(7T)) 000000000 (=essentially self-adjoint) 0 O, (T, D(T"))
gobodbobooobuoobbooboobobooboobboob.

Remark 12 (7,D(T)) 0000000000000 7TO0000000000O00O0D000OOO0

Example 13 (1) 0 3000000. (Ap,,D1) O essentially self-adjoint 00 0O . (Ap,, Da2)
O essentially self-adjoint 00 0. (Ap,,D2) DOODOO0O00ODO Neumann DO OO O0O0O00OO0O
goooo.

(2) X = L2(R%dx)000. T=-A, D(T) =C(R") 000, (T,D(T)) O densely defined O
0000000 essentially self-adjoint O O O .

(3) X = L3(R"). V(x) O

/ V(2)PPdz < oo (D0OO0<R<ooDDOOO) (5.8)
l=lI<R

C:= zlenRgn V(z) > —oo (5.9)

00000000, D(T) =Cge(RY), 00

(Tf) (@) = =(Af) (@) + V() f(x).

O0o000,(7,D(T))00D0b000do0O0oO (Reed-Simon, Methods of Modern Mathematical
Physics II: Fourier Analysis, Self-Adjointness, Theorem X.28 00 0). OOO00O0O0OO0OO0O0OO
gooogoooooood T:—jf;—i—xQD CR)yDODO0OOOOOOOOODOOO.

00000oo0o0o0oooooooo(7,D(T)) 0000000000000 ooOoooooo
gboboboboboobobooboooooobooobooboooooooboooooooDo



Definition 14 (00000000, 0000000) 000 (7,D(T)0000000
o(T) = {)\E(C‘()\—T):D(T)HRan(A—T)DDDDDDDDD Ran(A —T) = X OO
()\—T)_l:X—>D(T)DDD} (5.10)

0000000000000C\p(T)0 T0000000000000000X0RO0OOODO
00000000pT),e(T)0 ROODDDOO0O0OO

goboooboboobooboboobooboboobooboboboobobbooboon
oooboOoO0ooooooo0o XxXpopcoooboooooooopboOoooRrROoODOOoOoOoDObOOO
oobooooboooxeROOD0OOODO

Theorem 15 (7,D(7)) D0000000000. AeCODO,
Ker(A—=T)={ze D(T) | (A\—T)x =0}

goooo.
(1) Ker(AW—T)0 XODOODDODOOOOO. A¢ROOO Ker(A—T) = {0}.
(2)
X =Ran(A - T) @ Ker(A - 7). (5.11)

A0DO0O0OO0O00. 0000, 0002 € XO0O0OO0OOO0O 21 € Ran(A—T) O 3 €
Ker(A\-T)00000 x=2;+2,000,00 (z1,29) =0000.
(3)A—=T:D(T) »Ran(A-T)0 000000000 C>000000,000 « € Ran(A—T)
oooo,

(A =T)" || < Cll|| (5.12)
0000000, Ran(A-T)=X00 [|[((A=T)"}| <C.
W A=a++vV=1b(a,beR,DA0)000000000MN—-T):D(T) —»Ran(A—T) 000D
0000000 z€Ran(A—T)00000

I~ T)~"a] < . (51
O000Ran(A—T)=X000O0O
Remark 16 Theorem 15 (3) 0000007 000000000O0O0OOO
(i) A\=T:D(T)—X0O000O
(i) 00 C>0000000000 2z€Ran(A—T)00000|(A=T)"12| <C|lz|
00000000 ANO0OOU0DOO0O0OU0DO0O0O00D0O0O0OU0O0,@W0oe(T) cROOOO

goo

Proof of Theorem 15. (1) x,, € Ker(A—T) (n=1,2,...)00 limy 0oz, =2 0000000
O Txp =z, 0000lmyooTz, =X TOOOOOOOO0 zeD(T)00 Te=Xz. OO
OzeKer(AW-T)OOOOO Ker(A—T7)00O0OO0O0O0OO0DODOOODODOOOOOO



goooooboboooboooga
eJ00zeDT)ODDOOO (Tx,x) €R.

00000000 (Tz,7) = (z,77) = (T2,2) 00000A¢ ROODOOOO0000x #00

00
(z, A =T)z) = A|z||* — (2, Tx) ¢ R,

000 (A=T)z #0.
(2) X = Ran(A» — T)@Ran(A — 7) (XODOOOD)000000000OKer(A-T) = Ran(h — 1)
Doooooo |
(i) Ker(A\=T) CRan(A—T)  0ODO

reD(T)0 (A-T)r=00000000000000000yeD(T)00O0

0= ((5‘ - T)x,y) = (x7 ()‘ - T)y) :

000 z€Ran(A—T)'. 000 z € Ran(A — 1) .
(ii) Ker(A — T) > Ran(A — T) 000
yeRan(A— 1) 000000000000 ze D(T)00000(y,(A—T)z)=0. 0000

(Tz,y)=(x,\y) O0000zeD(T)DDODODO

TOODOODOO0DOO0000yeD(TDOOTy=MAy000000000000000000000
B) () A¢R, (i) eR DODOODDOOODOO
() A¢ROODO
Ker(A\-T)={0}000O
X =Ran(A —=T). (5.14)

000000000X =Ran(A-T)0000. (5.14)00y € XO0OOO 2, € D(T) (n=1,2,...)
oooong y:limnﬁoo(/\—T)aanDDDyn:()\—T)anDDDxn:()\—T)_lynDD

1z = 2mll = [ = T) " (o = ym)l < Cllyn = ymll = 0 (n,m — o0).

000 XOO0O0OO0O0OD 2 000000 lMy—ee Ty = Too. 00 limy—o0 Ty = limy, o0 (Azy, —
Yn) = Moo —y. TOOOOO0O000 200 € D(T)OO0 Txoo = Moo —y. 0000 A=T)zeo = y.
oopoooooad
(i) \eROOO

0000 AN=A0000000000000000 Ker(A—=T)={0}. 000000 X =
Ran(A—7). 000000, X =Ran(A—-7)00000000000000000@() 0000
0000000\ -T)"Y<cO00000000000
(4)(1)00000 Ker(A—T)={0}00000000000000G.13)0000z € D(T)O
oogd

[\ =T)z|?> = (a+¢‘% T)z,(a+v~1b—T)x)
= ((a—T)x+ V—1bz,(a — T)z + V—1bz)
(@ = T)a|* + 0?||[|* > 61>, (5.15)



04 (7,D(T)00D00000DOO,CeRO00O0O,000zeD(T)0OOO,
(Tz,z) > C||z|? (5.16)

00000.00000(-00,C)Cp(T). 00000A<CODODOAN-TOODODOODODOO
ooQg
O00: |(A=T)z|?>(C-N?z|?0000000000000000

Remark 17 (1). 000000 (5.16)000000,00000000000.000,C=00
00000000,C>0000,00000000.0000000000000000000
0000000, Example 1300000000000000000. 00 Example 13 (2) 00
00 A=-A+VOOO0OO0OO0OO0O0VOOOOOOOOOOOO0OO0OO0O0O0O0000000000
00000000000000000000000000. (5.16)0000000 o(T) C [C,)
00000,000000000000000000,0000000000.00,000000
0000 7TO0000,e(T)C[C00)0 (5.16)000000000000000000000.

(2) 0000000000 Friedrichs 1000000000000000000000, 00
00000000000000000000000000000. 000 Reed and Simon 0 O
Functinal analysis 0 31300000 5000. 00, Example 13 (1)0 (A, D) 0000000
000. 00 Friedrichs 1 00 Dirichlet 0 00 00000000000000

05 Aep(T)D000u0 |jp—A-|A-T)"}<1000000pucp(r)000000000
00000000000

(W=T)" =T+ @E-NA-T)") (A -1)"

D000pu-T=A-D)+p-N=Xx-D{I+p-NA\-T)"'} 000000

0000 p(IO0OD0OO0O0O0DDOO00O0O00O00O0OO00O00DOO0OLO0O (T OUODOOO
gbobogboobboobooobboobuoobbooboaoboo

06 700000000000000000(T)C{rAeC]|A<|T|}
D000 > |T0000M-T=X(I-5)0000000 NeumannDOODOO0OO000O0O
00000000

gooooogopooooooooooobooogooboouoooo.
Lemma 18 (T,D(T)) 00000000000,
(1) o(T) = {AeR | infy =1 pen(r) |(A = T)z| = 0}.
D[l,D(T):XDD,TDDDDDDDDDDDDDD.

(2) 172l = |7
(B) fO) =) ,att* 000000000000, f(T) =Y ,aTF00000000000
0. f(T)00000oOoOooDoO00O0oO,

(4) 7] = sup{|z| | = € o(T)}.



Remark 19 (4 00000000000000000000000000 700000
sup{lz| | & € o(T)} = lim 77"/
n—oo

000000007 < |T"000 o(T) c{z € C||z|/ <|T|}000. 00000000
Neumann 000000000000000000

P?"OOf. (1) ,O(T)QR:{AGR’ 1an:c||:1,x€D(T) H()\—T)$H>O}DDDDDDDDDDD p(T)
gooooooooooo
(2) |T?| < |T|?00000000000000000000000000000
HTHQ: sup (Tz,Txz) = sup (sz,x)g sup \|T2xH§HT2H (5.17)

llzll<1 llzll<1 llzll<1
(3) f(T)DDD00D000000000f(e(T)) Co(f(T)DD00000. o(f(T)) C f(o(T)) O
DDDDDDD.an#ODDD.AGU(f(T))DDD.)\DDDDDD. f(t)—)\ZODDDDD
gooooo ui(i:L...,m)DDDDDD cl,...,qd oo (i;ﬁjDD cg=c; 00000
DDDDDDD)

FO) =A=an [ t—m)- [] & +cp) (5.18)

1<i<m 1<j<l

O000n=2+mO00000000000000O0O0O0O0O0DOOOOOODODODODOO (OO
gooooo P(t)DDDDDDDDD P(t)ZODDDDDDDDDDDDDD)DDDDDDD
gooooooooooooooo

a,' (fFT) =N =[] @-m) J] @ +¢) (5.19)
1<i<m 1<5<i
ANEo(f(T)DODO inf{|(f(T)—Nz| | |lz| =1}=000007T?+¢ 0000000000
inf{|( T] (T —pa)z| | ] =1} =o0.
1<i<m

000000,00:i00000 inf{|(T—pw)z| | |z|=1}=0000000000000 0
000 w €o(T)000000000 f(u)=A0000
(400

HTQH = sup {|a;] |z € U(T2)} (5.20)

000.00000000,07)CR,(2),3)00
1717 = 172 = sup {Ja| | = € o(T?)} = sup {2* | = € o(T)}.

0D0000000. 000000000070000,0 600 (T2 > sup{|z||z€a(T?)}.
O00|T|I?ee(T?) 0000000

sup (T%,x) = sup (Te,Tar) = | 7| = |[7°|. (5.21)
llzll=1 llzll=1
oooao
nt N(TI2 =Tl = inf (T + 7% — 2T |7, )}
< inf 2T (IT)P - (T°.2) =0. (5.22)
x||l=

(522)0 (5.21)0000. 00000, (2000000000000 O



Remark 20 70000000000 ¢(7)={0}00700000000000000000
0.00,X =L2[0,1])0

(TF)(t) = /0 £(s)ds

0000, VolterraDOOOODODOOOODDODOOOOO Neumann OO OO OO0OOO o(T) = {0}
ooo0.0o0o0T#0.0000T00000O0DDOO.

0700 (0)000000700000T)={0}000.000,7*0000T#£T*000.

53 0000000000O0OO0O0O00O ()

goboobooobobooobobooobuoooooooboboobobooboobooobooooobooo
gobooboooboobooobooboboooboon

Theorem 21 X =C"O0 00 R*"O0000000C0OOOOOOODOOODO0T: X —-X0OOOO
00 AD0DDOOX =CrO000007T0000000% A=A, X=R"'0000A=A0
goboboboboboboboboboboboboboborobobobobobOoDbo
gbooobornbOoobooboooboooboobooboooboon og,...,a, 0000000 o O
000000000000 X;0000+:¢#;000 X, 1LX;0000000Xx,00000 B0

gdd
k
T:ZalPl
=1
googoon

0000000000000 00O0000000OO (00O OOODO0ODOO0OOn)O von
Neumann OO0 O 0000000000000 O0OO0OO0O0OO0OO00O Theorem 21000000
000000 X NeROOODOOOODOO ENO

E(N) = > PR

{i | as<A}
= {®4 | menXi} 0000 (5.23)

goboobooobooboooobooon

(i) A<pOO00 RanE(\) C RanE(u).

(i) D00 € X00000lmy o BNz =200 limy_._e E(\)z = 0.
() 000 peRO e X 00000k ,p0ER) = E(y).

{o1,...,a5} C (a,) 0000000000000 [0,b] 0000 [a,b)]000

A={a=cp<...<cy=>}



gooo

m—1
I(A,E(N) = ) ci(E(cit1) — E(ai)) (5.24)
=0
oboobuobzeXxOOOUODOO
k
lim I(A,E(\))z = Z%’Pz‘ﬂ? =Tz (5.25)

A
Al=0 i=1

D0D00000000000lma_o[(A,EN)D00D0000O0 [PAENDDDC

- / " \EO) (5.26)

gbooboboboboboob

Remark 22 0000000000 {7,}0000000000O0O00O0TOOOODOOOOO
xreX0OO00O0 limy,eTpx=T2z000000007,07T0000000000I(A,E(N)DO
TODODODOODOODOODO

000000000000000000000000000007T00000000 (i), (i), (i)
000000000000 {EW\)| —cc<A<ool00D000

o
Tx = (/ /\dE(/\)>x x € D(T)
—0o0
0000000000000 000O0{EN)}00000000DO0DOOOOOOOOOOO

Theorem 23 (000000000) 0000000 (X,(,))000000000 (T,D(T))0
0000000000000000{E\)| —co<A<oo}000000 (i), (i), (ii)0000
000000000000000000

D(T) = {xeX‘ /_Z)\2d(E()\)x,:1:)<oo}, (5.27)

Ty — < / AdE(A))x. (5.28)
DDDDDDDDDDDDDDDDDDDDDDAD[a,b]DDDDDDD

b m—1
/AQd(E(A)w,w) = ‘iigozc?{(E(cz'H)fc,:ﬂ)—(E(cz'):r,w)}, (5.29)
o) = b
/ Nd(E\)z,z) = %_111?% / Nd(E(\)z, ) (5.30)
b
/a)\dE()\) = ‘il‘gof(A,E(/\)). (5.31)

uboboobooooooooo



e JIJUJDODDDODDOD (DODOUD,T00D)

e IO III(DDODO,0000,0000)
gooboobogn

08 (1) N>)\I0000O0OO2e€XO0000O (EWN)z,2) > (ENz,z)>00000000
v’ b
DDDDDDDDDa<a’<b/<bDDDO§/ /\Qd(E()\)a:,a:)g/)\Qd(E()\)x,x)DDDD
000000000000 ((.30)000000000000000000
000000000 ENDOOO (1)00000
(2) lima—o I(A,E(\)) 000000000000000000000
O000AA'000000000000000
(3)a<b,c<dd000(a,bN(cd=000000002cX0000

</ab AE(N)z, /Cd AdE(A)x) =0

0000 (a,b]N(e,d] #0000 o =max(a,c), =min(b,d) 00000
< / " MEO). / d)\dE()\)x) _ / ’Nd (B0 o)
gooo

b
(4)zeD(T)0000 lim (/)\dE(A))xDDDDDDDDDDD

a——00,b—00

54 00000000OO0OOOOOOO (ID)

gobobooobooobboobboobbooobooobboobboobboooboo
0000000000000 00O000000000 (DDO0OOoO0 Dirichlet(O OO Neumann) O
0000000000000)0000000000000000O0000DO0O0DUOoUooOO
gobobo,gbogbgobgobobobobgoboobobobobobobobobobobon

Definition 24 (X,| )0 0000000007 € L(X,X)0 00000000000 0000
gooooooo

{n}pz, C X O sup, [|[za]|lx <ccODOO00D0O000D000O 240000 limg o0 Ty k)
googoon

Remark 25 X0O0OOOOOD0OO0O000O0000,00000000000000.
Example 26 (1) X =C([0,1] = R), 0000 sup-norm 00 0. K(x,y) O (z,y) €[0,1]?00

0oooo, (Tf)(z) = f, K(z,y)fly)dyODOD. 0000, 7000000000000,
(2) X = L*([0,1],dz) 000 . K(x,y)0 Sl K(z,y)’dzdy <o 00000000, (Tf)(z) =

Jy K(z,)f(y)dy 0000 TOOOOOOOOOOOO.

U9gobobooboobooobooboobboobd

10



Theorem 27 (000000000000000000) $:X —»X000000000000
00000.dmX =cc0000000 (1), (2)00000000000000.
() o($) 000000000

0000000000, 0(S)={4,---,8:,u{0}000.000,4000000000
00000000.0000,00000000{X:}",0X,1X,(i+#;)000000000
00,P0X00 X;00000000,

Tz =) BiPu. (5.32)
=1

oooo.
(2) o($) 000000000

00000,0(S)0000000000000, o(S)={6:}2,u{0} 000. 000, 60
0000000 000000000, 000

(i) X0ODOO0ODOO00000 X;00000,i#000X,1X,0X00X,00000
POD00,0002zeX0000,
¢]
Sz =Y BiPux. (5.33)
i=1

000 ze (@2, X,) 000 Sz=0.

Remark 28 00 (2) ()00 00

o0 o0
@X- = {:CGX | 3x; € X, x:le}
i=1 i=1

000000, X;0S0000 3000000000000. X=,X;00000000

DD.(@?;XZ-)J‘:@DDD obodboobobobooobobooboboooboobooboonon.
00000 SOo0000oooooo ENO

D x
{i | Bi<A}

0DoO0ooo0o0ooo.
Proof 0000O0O0D0OO.
oo,

(i) peoS) (p#0)00000 2#0,Te=px000.
(ii) Sz =pzx, Sy=vy, p#v 000 (z,y) =0.

(iii) OO0 peR (p£000000,dim{z € X | Tz = pz} < co.

11



ooo.
00,s(S)0000000000000000.
eo(5)0000O0D0D00:

0e€o(S)00006(8)\{0} ={ar, - ,a,} 000. X;={z€ X |Sz=qaa}0000 (iii)
00 dimX; < co. Y = (@7, X;)T 0000 dimX = o 000Y # {0}. SY cYOO SO
YOOOD Sy 000000000000000000. beo(Sly),b#00000 ()00
{zeY |Te=0bz}#0. 00000000000. 00006(T|y) = {0}. Lemma 18 (4) 00,
Sly=0000.000000€0(T)000.

00000000000 (1)0000000000000

eo(T)ODOOOOOOOO

(ivie(T)D 000000000000.

0 (i), ()000000000. 0000 ¢(T)000000 (2)0000000000000
0000000, 00, (@2, X)"#{0}000 S|, x,) =0000000. O

0 10 00 (i), (i), (i), (v) 00000,

booboooobooooooooon

Theorem 29 (0000000000000 000000000O00OOO00OOO) (7,D(T))0
(Tz,z) >Clz||? (x ¢ D(T))00D0D00D00000O00OOD. A<COOOODOOO (A-T)"!
O0000D0000D0000D. 00000000000.

(1) X00ODO000O000 X, 000000n#m000 X, L X,,00

X = éx (5.34)
=1

(2) +cc00O0O0O0OO0OO0OODODOO {an}, 0 >CO00000000, D(A)ODOOO
goboboboobaog.

D(T) = {x e X ‘ 3 Q2| P} < oo} . (5.35)
n=1
(3)zeD(T)DOOO,
Tr = Z anPpx. (5.36)
n=1

Proof. S=(A—T)"'000.S000000000000000 kerS={0}000,0000
000000000000000000 {4}, 000000000 X;000000

Sx = ZﬁzPﬂ3 (5.37)
i=1

(A=T)x,z) <A=0O)|z||? =2eD(T)DODDD0002(#0)eX0000

(Sz,x) <0. (5.38)

12



ooopooodobD <0000 B;<0.0000000O000ODODO,s00D000000000D0O00
000000000000000 T=A-5"1000 (5.37)000

(oo}
. 1
Ty = A—— | Px. 5.39
gj( ﬁ,) Z (5.39)
0000 T=70000000000000000000000,00000000.

() ei=A-4 000000 +c0000000000000000

(i) (5.35) 0000 T000000000 (7,D(T)00000000 (D(T) 0 dense 000
000D0000000)000.000,R 080000000 ROOO.

(iii)y S=\-7)"'0D0000000T=7T000.
(iv) 000 o; >CO000

ooooooooooo. O

0 11 00 (i), (i), (i), (v)0 0D D00000000.

Remark 30 000000000000 (Theorem 23) 000000000 OOTheorem 2900
ooobob, 70000000

E\N= > P (5.40)
{i | <A}
(5.40)000000O0ODDOOODO
/ Nd(E(Nz,z) = > of||Pa|? (5.41)
o i=1

</_: AdE(A)) = io‘ipix (5.42)

5.5 [0

goobo,booboboboboboooboobobooboboobbobbobboo.bbooboo
gobogboobbooboooboooobgad.

Theorem 31 Example 13 (1)Neumann D0 0000000000 ORemark 1700000
Dirichlet DD O0UO0000O0D0OO0OO00O0O0O0O, Theorem 29 DO0DOOOODOO.

Example 32 0000000000 D=(0,]) (! >0)00000000X0O0O0O0O0O0OOO
g LQ((O,Z),de’)DDDT:%D Neumann 0000 «/(0) =«/(I) = 00000000000

2
DDDDDDD%@):vﬁeA@:VCaECTQ(nzlﬂJDDDD{%}mZOJ,J
D7T0000 A =-(%)’000000000 X000O000OO00000feX00000

13



ut,z) = Y% e (fen)en(z) (00 XOOOODOOODO, (fe,) 0 XOOOD0)O000 u(t, z)
0000000000000000000

ou 0%u
U(O,J}) = f(x)a
0
%u(t,x) N = 0. (Neumann 0 00O 0)

p(t,x,y) =300 s ettey(z)en(y) (¢ > 0,2,y € D)OOOD ult,z) fo (t,z,y)f(y)dy OO OO
00 p(t,z,y) 000000000000000000000000 [!p(t,z,y)dy = 1, p(t, ,y) =
p(t,y,z) 000 0000000000000 O00OCO0OOOOOOOOO0O0O0 p(t,z,y)>00
0000000000000 p(t,z,y) 0 DOODODODODODODO0O0O0O0O0OO00:0000000O0
00000o0o0O0O0o0ooo0oO00O pt,e,y) 00ODOOODOOOOOOOOOOOOO DOO
O000000000e,(z),\, 000000000O0ODO

g 12 X:LQ(D,dlL‘)D T:%DDDDDDDDDDDDDDDDDDDDDDDDDDDD
O00db0o0b0obbo0buouobDoboUbOUb0DExample 32 000000000 0OOODOO
00000o0oogooo(,)0o0!0000booo0o000D0DUUooooDDOOooDooOOn

(1) (Dirichlet0 00 0) uw(0) = u(l) =0.

(2) (DO0DO0O00) uw(0)=u(l),u(0) =4 (1).

Theorem 33 X = L2(R") 0007 = -A+V(z), D(T)=C000. V(z)0O0O0O0000
O000<R<00000 supj<p|V(@)| < oo 00 lim_e V(z) = +o0 0000000,
Example 13 (3) 00 0(7,D(T))0000000000000000000000 Theorem 290
0000000

OO0 Theorem 31, Theorem 330 0000000000000 0OOOCOOOOOOOOODO
obobobobobobobobobobobobOobobOobOOon RelliechOODOooooOQ

Theorem 34 Q C R*"000000000Ce(Q) 000000000009 ec Ce(Q) 00
000

(f,9)m _/Zaxz 8% ) dz. (5.43)

DDDDDUh °, CC§(Q) O sup,, || fully <00 00O00D0DODOL200000000000
O {faw}2, 000000

00000000000000o00o0o0o0oo0o0O0000000O0 (boboooooooOoO
0oo)o
Theorem 31 0000

sup [[(1 = T) fnllx < o0
n
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ooo, f,00000000C000000D. DO,

[ dolaide+ 1l = / fulw)?de + / (= A ) (&) fu()de (5.44)
Q Q
(L =T)fn, fn)
< Q-1 fallk (5.45)

O00,Relich00000,0KO00. (544)0000000O00OO0OO.
Theorem 330 0 0O O

0000 C :=infpern V(z) > —co. 0 40001+ |C|+A)~'0 X00D0D0DODO0OO0OO0O
O0.000000000000DODOO.{f,}cXO

[A+[Cl+A)fallx <1 (5.46)

OD000000. 000000 |fallx <100000000000000 000000000
OR>00000, infyysp_q V(z) > (5.46)00

jl|>R—1
ooooo
/‘ fulz)?de < e. (5.47)
| >R-1
prU
1 if |z <R-1
T) = - 5.48
¢r(z) {0 it ||z > R (5.48)

00000000, 000Osup, |pr(r)| <100 sup,;

%g@ﬂg2DDDDDDDD.DDD

9 a(fn(PR) 2 8fn 2
(fn¥R) :i/ — | dz < L/ dr+8 [ fu(x)dx
H Ox; L2(Rn) |lz||<R+1 z; Ox; R™
< (5.49)

00000, Rellich 000000, {fupp}e>, 0000 L2(R")00000000000000O0O
0.0000 (547)00000,{f,}00000000 LXR")0O00000000000

obooboooooooooogoog

Emmmm35X:L%RﬁmmmT:-A-ﬁWDavzcgﬁﬁDDD.DDTDDDDD
000000000000 0000000000000000000000000000000
00000000000, 0000, inf; —py=-co000 Example 13 (3) 000000000
00000000000, 000,0000-Rellich0000 Theorem 37 00000, 0000

ooobobob.oboo,rooobobooboboobobooooo.
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Theorem 36 (0 0-Rellich) (S,D(S)00000000X000000000000. (B,D(B))
0000000
(1) D(S) € D(B)
(2)000<6<10C>0000000000zeD(S)0000O,

| Bx|| < 6[|Sz|| + Cll|] (5.50)
00000000000,8+B0D(S)0000000,0000000000.
Theorem 37 000 0<46<10000 CO0D0000000,000 feCP@®R)OOOO0,

iﬁgUﬁﬂ\SéHAme-%CHﬂh% (5.51)

0 13 Theorem 370000, S = —A,
Bf)(z) = —f(z) (5.52)
D@)::{feL%W)y‘”eLﬂ (5.53)

00000, Theorem 3600 0000000O0DOOO.

0 14 Example 350 TOOO0D0,00 M eROOOODO o(T) C [M,00)000.

5.6 UDOOOOOOO

0000000000000000000000000000000000000000000
0000000000000 000000000000000000000000000000
0000000000000 000000000000000000000000000000
000000000000000(T,D(T))00000000,E(\) 0000000000000
O0a<bOO000E((e,b])=EOb) —E(@O000000000000000000000000OO

Proposition 38 A e o(T) 000000000000 e>00000 Ran E((A—¢,A\+¢]) #0.

Definition 39 (1) \0 TO000O00O000000C0 o(T)0000000000000 ogiel(T)
00000000000 (discrete spectrum) 0000

(2) Gess(T) = o(T) \ 0ase(T) 0 TOOODOODODO (D0D0D0OD0DO0DOOODODN
essential spectrum) 0 O OO

(3) TOOOD0DOD000 (D000 2#£00Te=X000A00)00,(7)00000000
00 (point spectrum) 00 0O O

Remark 40 D0 0ODOOO0OOO0ODOODOODOOOODOODOO.

gbobooboobooobooboobbooboobobooboooDbo
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Theorem 41 L2(R",dz)0 T = -A+V, D(T) = Co(R")000000000r=30000
VelL?(R"ds),n>4000000 p>n/200000 Ve P(R*dz) 0000000000
(T,D(T))00000000000000000000 TOO000 0ess(T) = [0, 00).

000 o(—A) = 0ess(—A) = [0,00) OO O.

Theorem 42 Example 13 (3) 0000 L2(RV,dz)000000000000007T =-A+V
O000. 000 liminf, .\ooU(z) =c00000. 0000 0ess(T) C [c,00).

goboobooboobbooboo

Theorem 43 00000000000

(1) A € 0ess(T).

(2) A0 ¢(T)00000000000000000000000000
(3) 000 e>00000dim Ran E(A—¢,A+¢]) = oo.
(4)A0000000000000 {z,} 000000

(

i) {zn} C D(T).

(i) {z,}000000000.

(i) limpy—oo [|[(A = T = 0.
TOODODOOOOOOOOO E(\)DO00O0OOO0O0OO

Definition 44 (1) X, 0 TOODO0O0O00000000000000000000
(2) X.0 (E(\z,2)0 ADODODODODOOOOOO 2000000000
(3) Xoe O (E(\)z,2) 0 ADOODOODDDD0O0000 2000000000

Remark 45 00 F(¢) (tcR)000000000000000000000000O
e J00e>000006>00000000000000000000 {(ai,b]|1<i<n}O
S (bi—a;)<600000 X" |F(b) — F(a)| <eD0DOD.

0000000000000000000000 F)OOODODODODOooooooooooo
goog

e F(H)0O0D00D0000¢t0000000000 —co<a<b<-+oo0000 F € L([a,b], dt)
0000000

b
ﬂw—Fmﬁi/F%Mt (5.54)
a
DD|:|DDDDDDD(5.54)DDDDDDDDDDDDDDDDD

Theorem 46 (1) X, X,,0 XO0O00OODOOODOOODDO0 X=X,6X. 000000000
(2) T(D(T)NX,)Cc X.. 000 (TIprynx..D(T)NX) 0 X, 0OODODODODOO0OO0OO0

Definition 47 Theorem 46 (2) 00000000 (T|paynx., D(T)NX,) 000000000
o (T)0000T000000000000

Remark 48 DU00DOO00OO0O0ODOOOOOODOOOOO0OODOOOOO0OODOOODO
0000000000000 0000000D0000000O(oOoOOoO0)DOOOO00O0OD
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Xp, X, Xo,cOOOOOOOOOOOOOOOOOODOOOOOOO0O0O00O0O00000000
gboobooboooboobobooroobgooboboobobo0obo0D HOoDOOooDOOoOo
goo

Definition 49 HO COOU00OU00O00O0 XOOOOODOOODOUOE\OODODOODOOOOOO
teROODODODODXOOOOOOOOO

b
VERMIB() = i —Vlet — B(e; :
/a e |A1|r£0 Z e E(cit1) (ci)) (5.55)

00000 (D00oOo00000OO0O0O00000OO00UOODODOO0OOD). o0 A={a=
<--<cp,=0}000 [a,b 000000000 OODOOOOOOO

b
Ut) = e V1 = lim (/méV*”MﬂM> (5.56)

oooooao
Remark 50 (1) U(t) 00000000 (|JUWz|| = ||| V2 € X) 000000000000
ooo

d

ZUWMz = —V/-1HU(t)z  (t€R) (5.57)

U0z = = (5.58)

000 H=-A+V0O00O00000000000000000
(20000000 HOOODODOOOOOOOOOO0O0O0 f#(\)0000000 f(H)00000

0oooooo
/ FOVAE(A

000000000 f00000000f(H)0000000000O0Of(\)O000000000
000000000000000000000000000000000AHOO0O0OO00000
00 fA) =" e 00000((.55)0000000000000000000

}:%sz/mfumEQ)
k=0 >

gooog.

Theorem 51 H=-A+V 0O X =L*R"—C,de) 000000000000000000
(HueX,000

lim sup/ |e_t\/j1Hu(x)\2da: =0. (5.59)
R=00 150 J{z | 2|>R}

(2) VO -A-D0D00O0O0O0O0Owe X, O0OO

T
hm,lt/ L/ eV THy ()2 | dt =0, VR >0, (5.60)
T=oo T Jo \Jia | al<R}
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(3) VO —A-000000000u€ X, 000

lim le= =y (2)Pde =0, VR > 0. (5.61)
t=%00 Jia | |z|<R}

Remark 52 VO -A-000000O0ODOOCOODOO

e {un} C D(=A) O sup, [[unl|r2@n) < 00, sup,, || — Aup||p2@ny <00 00O O O00{V -up}y
0 XRY 000000000000

goo

(i) Ve L*R")
(i) limy oo V(z) =0

0000000000 -A-000000000
DDDDDDDDDDDDDD/w4ﬁﬂmemmDDDDDDDDDDDDDDDDD

A
Oo0oooopoot¢t0ooo0 ADDODODOOOU0ODOOOODOOOOO0OODODOOOOOOO
gboooooo

(1) veX,00DOOOOOOO0O0DO0ODO0O0O0OO00O0O00 (D000, bound state)

(2) veX OUOODOODODOOUOOOUOOOODOOOODOOOOOODODOOUODOOUOOOOOOD
O00000,000000000000 (0000, scattering states)

3) ve X, 0OODODOODOOODODOODO (ODODOOOOOOODODOODODUOO0)ODOODDOOOO
00o0o0o0oo0ooooooo(@ooooooon)

000000000000 Reed-Simon 0000000000 O(MOOOO,0000000
O0)0ooooooooo
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