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obobodbe-00000 XODOUODODODODOODODOODOOOOoOooDoooboD
DDDDDZXDDDDD(1)D(3)DDDDDDDDDDDD? gobooooooboon
uboboobooboooo

00 3.19 C,C,c2X0000C CcCIONCGOCGIDDDD (CGOCODODDODO)DDOO
0000000000000000 (0000000oD0)0oboOO0o0ooO0oOo

00 3.20 Cc2¥0000
o(C) = NxeaFa

0000000000{F |AeA}0CCF 000,000 FO0000000000(C)OC
000 .000000000000000
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00 0002X0006¢00000000000000CCcAO00000000000000
00000CCe(C)000000000000000000000

(i)o(C)D ¢-00000000

(i) FO ¢-0000 CCcFOOOOO¢(C)cFOODOOO
()0DD0000 36000 (1)-(3)0000
(H)00DDADDDD X,0e /000 X,0 € o(C).

(2) Aco(C)0DD000AeADDOD AcF,. /A0 o-000000 A€ FrVAeA. [
0000 A° € a(C).

(3) Ap€ca(C) (n=1,2,..)0000A,€ F 000 UpA, € F\. 0000000 ADDOD
00000 UpA, € a(C).

0000 ¢(C)0 e-0000
(i) 0000CcFOOOOO FO {F}00000000000000¢(C)cF. [

00 3.21 ()0 COOOO0OOe-0000ODOO
000 .-000000000000000000O0O000 RO Bore(OOO)OOOOOOO

0322 X=R'00OOC={0OCR"|OOR"OOO0O }0000¢(C)0 BER")OOOO
R"00000000000000BRYOIODODODODODODODODODODOOOOOOOOOOOOOO
00000000000 (000 908[RY CB(RY) 00000000000 BL(R™) C2X0
000000000000000000000

00000000000 SO0000000000000000000 ¢-0000 BorelD OO
0000%B(S)0000S000000 (3.9), (3.10) 000000

0000 3.23 X =R"000000C (i=1,...,5)00000000 ¢(C)0 BR") OO0
oooooo
()¢ ={R"O0O0D0000}

(2) Co =A{I1ilai bi] | —o0<a; <b <oo}
(3) Cg = {H?zl[ai,bi) ‘ —oo<a < bi < OO}
(4) Cy = {H?:l ai,bi] | —o<a; <b < OO}
(

(
5) Cs = {B,(a) | r00000eeR" 00 0000000000000 }. 0000 B,(a) =
{r e R" | d(z,a) < r}.

4 0000

0000000 XOOooooooo (oo)oooooooooooooooooo(@a)ooo
ooobooo

00 41 00 X,YOOO f: X -YOOOOODACXDOOOO f(A):={f(z)|zcA}D A
0 f00000BCYOOOD f'(B):={zreX | f(z)eB}0BO f0000000000
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(1) B,CY (n=1,2,..)000

FHULLBR) = Uit f (B (4.1)
FHMLBa) = MLy f~H(Ba): (4.2)

(2) A C X (n=1,2,..) 0000 f(UX;4,) = U2 f(An), f(NZ,A4,) €N, f(A,) 00D
ooo
(3)000 BCcYOOOO f 4B =(f4B))"

4.1 00000

ubbod—-oco, o000 0OO0O0DOO0nOOOonOO

00 42 (0000) (1) (X, /HO0DODDOOODO0OOOOO0OO f:X — [—o0,+00] 0 F-O0O00OO
(F-measurable function) D00 (0O00OO0D0F-00000)00000000000O0OO

D00 eeROOOOOf N (a,400]) :={z € X | f(x) >a} €F

2) X =R"0F=8R"),B,(R"HO00DOO0OO0O0OO0OOOO,000000ODOOO0OO
00000000000000000000000RODODOO0O (D000 400,—co00O00O0O)
000000000O00O0O0000

043 (1) FOOOODOO0OO0O00O0O0O0O0OO0OO0OOO0O0000000000000

(2) f:R">RO000000000000000OOOO000 (00090

(3) Ac FOODAOODOOOODOODODOOO f:A— [—o0,400] 00000000 a€RO
000 {z€A| f(z)>a} € FODO F-OODOOO

00 44 f(:R"—-ROOOOOOOOODOOOOOfOO0ODOOODOOOOO

00 f:R*-ROOOODOO00f Y (a,4+00]) 00000000000 0000DODOOO0OODODO
BRHY-00O0O0ODODOO0O [

00 4.5 f: X — [—o0,+00] 000000000 fYR), f1({+o0}), f1({-0c0}) DODODO F

goono
gd
FH{#ood) = fH L, +oo]) = MLy f (0, +00])
FH{=o0}) = O lo0, —nl) = MLy ([=o0, —n]) = M02y (71 ((—n, +00)))”.

f(a,+00]) € FOOOOODODOO (2),3) 00 f1({+o00}),f1({-oc}) € F. OO
FTHR) =X\ (f'({£oo})) e F. L
0040000 464900000000
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00 4.6 (X,7)00000000000 f: X — [—o0,+00] 00000040000 (1), (2), (3), (4)
gooooono

(1) f(z) 0000000000000 000 « € ROOOD {zeX | f(z) >a} €F

(2) 000 eeROODOOO{ze X | f(x)<a} eF.

3) 000 eeROODODOO{ze X | f(zx)>a} eF.

(4) D00 acROODDOD{zeX | f(z)<a}€F

00 (1)~ (2)0@3) - 4), (1)~ (3) 00000000 FO ¢-000000000000 410
oooooo
(1) = (2): fH([~00,a])
(2) = (1): f~'((a,+o0])
(3) = (4):

P (ool = £ (Ul 500 ) = Ui (fa+ 2.0)).
L]

00 4.7 (X,7/)00000000000 f: X — [—00,400] 00000000000 (1),(2),(3)
0ooooooo

(1) f(x) 0 XO0DOOOOOO

(2) f1({+o0}), f1({~c}) e FOOOOOODOOOOOODOOOOOOROOOOCOOO
000

000 AeCcOO000O f1(A4)erF.

)
)
(3) f'({+o0}) e FOOOUDDOODDODOOD AecBR)DOODO f~HA) eF

)
(1) — (2)000: f71({+o0}),ft{-oc}) € FOODODDDOOOC = {(a,b] | —c0 < a <
b< 400} 00000000 323 (4)00 o(C) = BMR). 00, f~1((a,b]) = f((a,+ox]) N
(f~Y(b,+oc])) e FO00D0 (H)DODO0ODO0O0O0O0ODOCOOOO (2000000
(2)— (3)00000000000000000000000000000000

H={A|AOROOOOOO fY(4) € F}
O000%BR)cHOODODOOOOOOOOOKO
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(a) CCH,
(b) HO o-0DDOO0DOO.

00000000000000000000%B[R)=0¢(C)cHOOODO(e)D ({)000O00(b)
oooo

(HR,PeH: fFY(R)=X,f0) =000 OKO

(2) AceHODDO A°e H: f~YA9) = (f1(A) e FODODO OKO

B)A,eH (n=1,2,..)000 U2 A, € H: f1 (U2 4,) =02, f1(4,) € F OO OKO
O0D000KO «-0000000

(3) = (1)0000eeRODODO f~1((a,400)) = f1((a,00)) U fH({+00}) € F. [

00 4.8 f(z),9(x) 000000 +oo,—ooDDDDDDDDDg0:R2HRDDDDDDDDD
h(@) = @(f(x),9(x)) 0000000

00 «eROODO0e00000000 S,={(z,y)]|¢(y) >e 0000800000000
S,#£00000

H={(a,8) x (7,0) | ,8,7,6 00000 (o, 8) x (7,0) C Sa- }

D0D0000000000000000000(a,f)000 (0,8)={z|a<z<f} 0O
DDDDDDDDDDDDDDDDDHZ{L‘XJZ"i:1,2,...}DDDDDDDDDDDDD
I = (i, Bi), Ji = (4,04). OO0 S, =02 [; x J; 000

{reX |h(z)>at = {zeX|o(f(z).9(x)>a} ={zeX]|(f(z)g(x) € S}
= UZ{ze X [ (f(2),9(x)) € I; x J;}
= U2, (' I)nf i) e F.
O]
00 480000000000000000000000O0DO00O0ODO0O0OODOO0OOO

ooo
gboboobogbbooboobboobooboooboobooboboooboo

00 4.9 f,: X —[-00,400] (n=1,2,..)0000000000000000

(1) 00O sup,en fo(x), infeny fr(x) DO0DOO0OOO

(2) 00 limsup,,_,, fn(z), liminf,, o f,(z) D0O0000000000000 20000 limy,—00 fn(z)
0 (+o00,—co0000)000000OO00O0OODOOOOO

oo (1)
{freX | supfulz) <a} = MI{zeX| fulz)<aterF
neN

{ee X | inf fule) 2a} = MZi{z € X | fulz) 2 a} € F.

oboobob 46000000000

(2) limsup,, o fn(z) = infy, {sUp,,>, fm(2)}, iminf, o fr(x) = sup, {infr>p fr(z)} 00O
(Woooooooo [
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0000 4.10 f,g: X — [~00,400] 00000000000 A={ze X | f(z) £g(z)} OO
000000000000

0000 4.11 fu(z) (n=1,2,...)0 ROD000 (X,F) 0000000000
Xo={ze€ X |limy .o fn(zx) 00000000000 }
0000 XoeF000000000

0000 4.12 f(z) 0 [0,1]0000000000000000Of(x)000000O0O0DOOOO
goboobooboboobbooobooboobboob 3220000

D000 413 (1) f: X —>RODO0DO0O0O0F:={fY4) |AeBR)} 0000 FO
c-00ono Fcruoooooooon
(2) XOOoe-0OOGOOO

(i) gcrF.

(i) fO0 G-0000O0O

00000000000000 (0000000 5190000000)0 F 000000000

0000000 FOe(f)0OO0fO000000«-0000000

4.2 00O

00 4.14 (X;,F) ((=1,2)00000000000 f: X; —» X0 FA/FH-O00000000
ooooooo:
000 AeFX»0O0000fYA)eFrm 0000

00 4.15 (X,F)000000SO000000000SO000000000000000 o-0
00 (S0000000000)B((S)000000000 (5,8(5)00000f:X — S0
F/B($)-00000000000000000000

0 4.16 Xo =R,/ =BR)D000FA/F-000000 4200000 /A-00000000

0000 4.17 00 f(z) = (A(x),..., fo(x)): X >R" 00000000 (1),(2)0000000
(1) fO0 F/BRH-000000
() 00000000 f;: X >ROO0 420000 F-0O0OO0OO0OO

5 Uuoboboonod
5.1 00000000

00 5.1 (X,F/)000000000f:X -RO000 (simplefunction) 000000000
ooooooo

(1) f000000

(2) f(x 000000000
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052 D00 ACXOOUOO X0O0O0OO Ix(x)0O

1 ifxeA,
@) =4 "7 (5.1)
0 ifxe A

0000 ADOOOO (indicator function) O 0 OO

00 5.3 f(z)000000000f00000000000000 {a1,...,a,}00 E; = f'({as})
0000000000000000

(1) BieF. i#j000 B;NE; =000 U E; = X.

(2) f(z) =21 ailp,(2).

00 (2)0 e =0000000alg(zx)=00000000000000000000000
O000000000000000000 530000000 f(x)DODOODOOOO

00 5.4 f(zx) 000000000000000000000 ; (i=1,...,n)0 E;e X000
00 f(x) = >, ailg,(z).

goobogoobooobobooobboobboobbooobooobooobbooobobg
gooobgo

00 5.5 00000 f00000 f(z) =", al(x)0000f0 X00000O

/ fl@)dm(z) = a;m(E;) (5.2)
X i=1

gobodboobbo-co=0000000

00 5.6 XOOOOOOO f(x)O
fl@) =" oilp,(x) (5.3)
=1

0000000000000000i#000BNE =0, UE=X,0>0(G=1,...n)0
0000000000 [y f(x)dm(z) = >, aim(E;).

00 i#j000a#e,00000000000(.3)000000000000000000
Do0o0oooo

{a1,...,0,} 000000000 {B1,...,8,}0000N; ={i |y =4;,1<i<n}000D0
{N;}n,0{1,...,n}0000000

f(z) = ZﬁjIUiGNjEi
j=1
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O fO0000O00OOO0ODOO

| s@im@) = Zﬂj (Usen, Fi)
- S (g e

1EN.

m

= Z (Z ozim(Ei)>

j=1 \i€eN;
= Zaim(Ei) (5.4)
=1
N
gd 8.7 00000000OC0O00O0ODOOOO
() 000 a,8>00000
/X (af(x) + Bg(x))dm(z) = /X f(@)dm(z) + 8 /X g(z)dm(z). (5.5)

2) f(z) = X0, aila(z) (o >01 <4 <n D000000000) 000 [, fdn =

2 im1 cim(A;).
/demﬁ/xgdm- (5.6)

3)0< f(x) <g(x)ODOO
00 (1) flz) = XL ailp,(v), g(z) = 302, bilp(z) OOOO00000IE = 3 cicp I,

I, = Zlgign Ipnp, 000 f(z) = Z@',j ailp;nr; (z), g(x) = Zm’ bjIEij (z). (,jOODOO
1<i<n1<j;j<m0O000000)000

f@) +9(@) = (ai+ b)) Ig,nr, (@).
,J
Ui (EiNF) =X 00 (i,§) # (¢,7)000 (BN F)N(ExNFy)=0. 000000 5600
/X (f(z) + g(x))dm(z) = Z<az +b;)m (BN F)

= Zaz (EinFy) + > bym (E;N Fj)
1,5

= Zai E)+ Y bym (Fy)
i j

— /Xf(x)dm(x)ﬂL/Xg(w)dm(m)-

2) [ @iladm = a;m(A;)0 (1) 00000000000
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(3)(1)0D00 f(z) =X, ailpnr (2), 9(z) = X, bilpar () 0000000000 20000
f(x) <g(x)D00 ENF; #0000 a; <bj. 000 (i,5) # (', 7) 000 (BNF)N(ExNEj) = 0
00000000

/fdm = Zal (EiNFy)
X

< ijm E; ﬂFj)

1,J

= L}mm (5.7)
L]

5.2 UO0U0OO0ObObOOOOoOoOobDbOOOo

00 5.8 [0,00]0000 ¢n(t)00000000000000N €N.

0 0<t<-4000
on(t) = §7§%<t3@¢0<k§2NN—1DDD (5.8)
N t>NOOD

00 5.9 f(z),9(x)0 [0,+00] 00 000000000000000000C
(1)

2N.N
k

en(f(z)) = Z 2WIEN,k($)v (5.9)

k=0
000 Eng=f (& 55]) (0<k<2VN 1), Eyovy = f7H((N,00]). OO on(f(z)) O
Doooooo
(2) 000 NeN, ze XO00O0O py(f(z)) <
3) 000 2zeXOD00OU limy—o on(f(z)) =
(4) f(z) < g(x) 000 on(f(2)) < onlg(z)).

00 LemmaO 0 ¢n(f(z)0 f(zx) 000000000000000000000¢xN(f(z))0
00D0000000000000000 59 (2)000 57 (3)00 0 < [, en(f(z))dn(z) <
[xen41(f(2))dm(z) D0DDO0DOD0O0D00000 I(f)0 f(2)00000000000
0000000000000000 f(zx 000000

on+1(f(x)).
f(x).

~ 2N.N k
fnl@) = > o ley, (@) (5.10)
k=0
Eyy = fﬂoibégfﬁ (0<k<2VN-1) (5.11)
Eyony = F7HIN, o)) - (5.12)

gobooobooobobooooo
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00 5.10 [0,+00]00000 f(z)00O0O

In(f) = /X on(f(2))dm(z) (5.13)
1) = Jim In(p). (5.14)

oooo
00000000000
00 5.11 f(z)0 (X,F,m)0000000000000000I(f) = [y f(z)dm(z)

00 fz) =" alp(x)00000000000000000000ey(f(z) =0, on(ai) g, (@).
000 In(f) = [y en(f(z)dm(z) = 37 en(a)m(E;). 000 limy_o on(a;) = a; 000
I(f) =lmy—o IN(f) = 20y aim(E;) = [y f(x)dm(z). ]

000000 f00O000O00OO0OOI(fH)DDO0OC00O0UOOO0OUDOODOOUDOODOODOOOO
O0I(f/)000000 [0,+00]00000000O0OODOODOOOOOOOOOOODOODODOD
dooooooooobon

00 5.12 [0,+00] 00000 f(x)DODODO

/ f(@)dm(z (f) (5.15)

O000[0,+00]0 0000000 (cc 00000000 ODOOODOD )0DOO0O0OOODODOOO
goooo

00 5.13 0< f(z) <g(z) Vee X)0OO [y f(x)dm(z) < [y g(x)dm(z).

00 f(z) <g(x)000 on(f(2)) <n(g(x)) 0000000000000 [y en(f(z))dn(z) <
[y en(g(@))dm(z). N—occ00D00O0DO00O0000 [

00 5.14 (000000 (Monotone convergence theorem,MCT O 00)) f(x)O [0,400]
000000000000 [0,400]0000000 {fu(x)}o, 0000000000000
(1) fi(z) < foz) < ... < falz) <
(2) limp o0 fr(x) = f(2).
00000limy—o [y fu(@)dm(z) = [y f(z)dm(z

00 00000 513000y fu(z)dm(z) 000000 limy, o [y fu(z)dm(z) < [y f(z)dm(z)
0000000000000IN(),In(f)0000000000

2]\7

() = Y o (E4)) (5.16)
k=1
2N.N k

In(f) = Zzwm(ENk) (5.17)
k=1



goo

. k k+1
EEVL = {m €X | oy < falz) = TJJFV } (1<k<2¥N-1) (5.18)
Eﬁ%w = {z€X | fulz) > N} (5.19)

k E+1
ENk::{xeX|2N<f@)§j»,} (1<k<2VN-1) (5.20)
Enovy = {zeX | f(z)>N}. (5.21)

fa(z)000000000 limy o f(z) = f(z) 0000000 31800000 lim, o By =

Eny 000000 3.14 (2) 00 m(Exyg) < liminf, oom(EVL). In(f,) D n0000000
00000 lmp e In(f,) 00000

lim In(f,) = liminfIn(f,)

2N.N i
>~ g lmintm (E7)

v

> Y m(Brg) = In(). (522

lim [ fo(x)dm(z) > In(f)- (5.23)

000000limy—o [y fal@)dm(z) > limy_o In(f) = [y f(z)dm(z). 0000000000
oooo O

0 5.15 00000000 a, >0,b,>0(n=1,2,...)000
liminf(a, + b,) > liminf a,, + liminf b,
n—oo n—o0 n—oo

gobodobooooboobooon

0000 51200000000 f(»)0OODDODOD0ODODODO0DO0DO0DOOD0OD0ODODODOOOODOOOO
o0o0oO00ooOOooooOoOoooMCTOOOOODOODOOOOOODOOO

0o0o0o 5.16 fO[0,+0c0]000000O00ODO

/f(a:)dm(x):sup{/ glx)dm(z) | g0 0OO0O0O0O00DO0OOOO 20 Ogg(a:)gf(x)}.
* * (5.24)
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0 5.17 (1) 00 3.13(3)0000000 {A,}, A0DOOO fu(z) = Ia, (2), f(x) = Ia(z) OO
000 MCT OO limy—aem(Ay) =m(A) 000000000000MCTOO0O 3.13 (3)00
0oooo

(2 000000000000000000000000 512000000000000000
00000000000000000000000(0000f/0000000)0000000
0000000000000000000000000000000000000000000
00000000

() 000000 fO0000000000000 fule) < fasi (@) (0> 1,Ve € X), limy oo fu(z) =
flx) 000000000limy— [y fa(z)dm(z)0 [y f(z)dm(z) 000000

(i) ()00D000 {f,})000000000000000

(i) (i), (i)0000000000000000000000

0000000000 Iy(f)00000000000000 (i) 0 (i)00000000000
00000000

000 (5.24) 0000 [0,400] 00000 fO000000000000000000O0OO0O
ooooooo

5.3 UUUobbobuoooobbbuoooon

fx)D00000C0COODOO0OOO0OOOOOODODDOOOOOOOODD

00 5.18 (1) f(x)0 (X, F,m)0000000000f(z) :==max(f(z),0), f-(x) := max (—f(z),0)
goono

/ fr(z)dm(z) < oo OO / f=(z)dm(x) < o0 (5.25)
X X
000 f(z)DOODODOOOOOODO

/f Ydm(x /f+ ydm(z /f x)dm(z (5.26)
gooogao

(2) Ac FOOOOf(x)0 ADODDODODOOODOOOOOOf(z)0 ADOODODOOOOOO
0000 (A,F|a,ml4) 000000000000000000 [, f(z)dm(z) 00000000
Fla={BeF|BcCA}, miB)=mB)0DOOD

0 519 000000000 [y fr(z)dm(z) = 0000 [y f-(x)dm(z) < coD 000y f(z)dm(z) =
+00. [y fr(x)dm(z) <oo OO [y f-(x)dm(z) =000000 [y f(z)dm(z) = —oc. DO ODOO
Joooooooooboboboobon

00 5.20 00 (1),(2)0000
(1) fO (52500000
2) fX |f(x)|dm(z) < oo.
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00 en(f@)) = en(fs(@) +en(f-() DOODODODDOOD [

00 5.21 00 5200000000000 f00 (000000000000) 0 LYX,F,m)
0000000000 flf(@)ldn(@) 0 ||flmxrm, Iflx 00000 f0 L'-0000000
00000000000000

00 5.22 00000000000000000
() 000020000 f(z)>0,9(x)>00000000>0,4>00000

[ (@rt@) + B@)dmiz) = a [ f@yin) + 6 [ gw)in(), (527)
X X X
(2) 000020000 f(x) >0,9(x)>000 f,gc€ LP 000 h(z) == f(z) —g(x) e L' 00

/ /f ydm(z / g(x)dm(z). (5.28)

(3) f,ge L', a,f e RODO O af(z) + fg(x) € L' OO
/ (af(2) + Bg(x))dm(z) = o | f(x)dm(z)+ 8 / g(z)dm(z). (5.29)
X X X

0 (1) fu(z),gn(x) 000000000000 f(z),¢(x)00000000000000 af.(z)+
Bgn(z) 0000000000000 af(z)+Bg(x)0000000

/ (af +Bg)dm = lim [ (afn,+ Bgn)dm
X X

= :1;;{@/ fndm+ﬂ/ gndm}
- /fdm+ﬁ/ gdm. (5.30)

(2) h(z) = hi(x)—h_(2) = f(x) —g(x) 00 hy(z)+g(x) = f(@)+h_(z). 000 hy(2) < f(2)
00 h (z)<g(x). 000 hy,h € L. 00000 f—gell. (1)0DDDODOO

/Xh+dm+/ngm:/dem+/Xh_dm. (5.31)
/ hdm = / hydm — / h_dm = / Fdm — / gdm. (5.32)

()fGLlDDDDDEIDfX dm——fodm O000o0o0@B)0e,p>00000000

000 af(z)+ By(z) = (afi(z) + Bgr(2) — (af-(z) + Pg-(z ))- af++ﬂg+,af7+ﬁgf €L
000 (200000 af+pge 00

[ (s spyim = [ (@t +Bg.)am— [ (af-+ By )am

() o[ o)

~ /X fdm + 8 /X gdm. (5.33)

goooo
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0 5.23 (1)0000 20000 |f(2)| <g(x)00 ge L'00D
[ gan] < [ p@anto) < [ gwin) (5.31)
00 f|fleL.

(2) f,gel'000000 20000 f(z)<g(z)000 [ fdm < [ gdm.

00 (1)00 513,00 520000000

‘/dem‘ N ‘/Xerdm_/dem‘ < ‘/X |f|dm‘ < /ngm.

(2)0000< f(z)<g(x)000000 5130000000000000000000000
00000 522(3)00 [ygdm— [y fdmn= [ (g—fldm>0000 (4000000 [

00 5.24 f(z),¢(z)000000000m{zeX | f(x)#g@x)})=0000 f(z)0 g(z) O
00000000 20000000

f(z) = g(x) m— a.e. T. (5.35)
gobddae xz,m—a.s.x,as. z,ca 0000000000

00 525 00000000 f(x),9(x) 0 f(z)=9g(x) ae.200000

![;fdnl=1[;gdnt (5.36)

OO0 N={zx € X | f(z) # glx)} D0000m(N) = 00000 f,¢g00000 f(x) =
Yoy il (z) g(x) = 370 Bilr(2) DO O Ofi1(2) = 31 ailpane(2), fa(z) = 2001, il gnn (2)
000 gi(z) = 305 Bilmnne(@), g2(x) = 327%, Bilpan(z) 00000 f(z)lne(z) = fi(z),
f(@)In(z) = fa(x), g(x)Ine(x) = g1(2), 9(x)In(x) = g2(x) OO O Of (2)Ine(x) = g(x)Ine(2) Vo €
XO0OoOooooooooooo NOOoooooooooooo

[ f@ima) = [ f@iy@im(s / () T () dm()

= /g(:):)INc( ydm(z —i—Zaz (E;NN)
i=1

g(x)Ine(x)dm(z)

g(x)Iyn z:l: m(F;NN)
9+ f o

m(z)

T—a S T 3
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00 5.26 (1) f,g0000000000f=gaex0000 [y fdm= [y gdm.
(2) fel'00 f=gae x000geL'00 [y gdm= [y fdm.
(3) fOODOOOOOOOODO f=0ae a0 fodm:OEIDDD

00 (1) N={ze€X | f(z)#¢(x)}0000mN)=0000000000 f,0000000
f00000000000MCTOO

lim fndm:/ fdm.
X

n—oo

fa(x) = fou(z)Iye(z) 0000000 f, 000000000000 f(z)Iye(x)0000000
oo

lim fndm / fInedm.

n—oo

0000 52500 fondm:fondm. 0000

/dem:/XfIchm.

000 [ygdm = [ygIyedm. 0000 0000 f(z)Iye(z) = g(x)Ine(x) D00 [y fdm =
fngm.

(2 f=gae 000 fr =gy ae 00 fo=g_ae x. 0000 [y fedm = [ g+dm. 00
goooooo

3) f=0ae o= [, fdm=00 (1) 0000000000A={ze€X | f(z)>0}0000
m(A)=00000000A4, ={zeX | f(z)>1/n}0000 Ay C Apsy (n=1,2,...) 00
A=U2,A, 00000000000 m(A) = limy_em(4y). m(A)>000000000 n
0 m(4,)>0.0000

/ fdm >/ fIa dm> = / Ia,dm = mdn)

n

000000000000 m(A)=0 L]

0 5.27 (1) f(z)0 [0, 0000000000000 [0 f(z)dz =00 f(z) =0 Va € [a,b] O
0000000000000 @)000000000on

() 0000000 NeFOOOOONOOOOOOOOOOOOOOOOOOO000000
DDDDD(DDDDDDDDDDDDDDDDD)DDDDDDDDDDDDDDDDDDDDD
00000000000000000000000000 [y f(z)dn(z)0000 [, f(z)dm(z)
00000000 (Fubini000 00 82(3)0 (i)00000000000000

6 UUOO0OOOdbbooobogd
ROOODOOOOO0O0O0O0O0O0O0D0O00O0O00O00000O00000000 R—/f(x)dx,D
A

gooobgo L—/f(x)deDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
A
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goboboooboboobobooooboooboooboooboboobbooobooooobooo

go
(DDDlDDDDD,/ S 00D00) 0000000000000 00000000NDO
0 x

gobooobooooboobooooboobooooboonboo

00 6.1 f(xyOOO I=[0,1]0000000000000O0O0O0OD f(x)DOODO0ODOOOOODO
004dL- f )dx = R /f )dz.

00 f(z) DDDDDDDDDDDDfA)f(@DDDDDDDDDDDDDDDD*:+r
000000000 AQ0O0O00 8(fy,A)—s(fe, A) <S(f,A)—s(f,A) 0 Darboux 00000
00000000000000000000000f(z)>0 Veel0,1]0000000000
00000 f(x)000000000000000000000000000

2N 1

N k k+1
fn(@) = Z sup{f(z) | 9N << ToN }IFNk( )

k=0

2! k k1
[o@) =Y mf{f(x)| o <7 < o Hey (@)

k=0

ok oktl .

Fynp = bﬁﬁﬁf)(DDDk_2—JDDDDDDDDDD)

00000000000000
(1) Fn(z),fy(@)0000000000000000000000000000000D00

(2) 0000 NOOOOOf, () <[y, (@) <y < Fy@).

(3) (DarbouxO O 0O)

lim R — /f )z = lim B — /IfN(a:)dx:R—/If(m)dx. (6.1)

N—oo N—o0

fy(@)D0000000 f(z)0000fy(x) 00000000 f(z)000000000000
(f00000000000000000000000)0

_ /If(x)dx —L- /If(a:)dx =R- /If(a:)d:v. (6.2)

oo00ooooodoxelf0OOOon
f(x) < f(z) < f(=).
O (6.2)|:J|:|[|D 5.26 (3)|:J|:|
f@)=f(z)=f(z) ae xzel.

f(2),f(zx)D000000000000000000 10300 f(2)0000000000000
000000000000 52600

/If(x)dx:L/If(w)deL/If(@dﬂf

00000000000000000000000000oooooo O
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0000 6200000 f(z) = f(z) = f(z) ae. 2 € I 0000000000000 f(z)00
0000000 :000000000000000000000000000O00000000
000000000000000000000000000000000000000000

7T oogg

7.1 0OO0O0O

00 7.1 (FatouDOO0) 0000000 f,(¢)00000

/liminffn(az) <hm1nf/ fu(z)dm(z (7.1)
X

n—oo n—oo

00 gn(z) =infi>, fr(x) 00000000 20000 liminf, o fr(z) = limy—oo gn(x) OO
g1(z) < g2(z) < - gn(e) <. 0000000000 DOOO

/ lim inf f,,(x)dm(z) :/ lim g,(x)dm(z) = lim [ gn(xz)dm(x).
X X

n—oo n—oo n—oo X

[x gn(@x)dm(z) < [ fa(z)dm(z) 000000000000 [

0000 7.2 0000 fo(z) 00000 20 f(z) 00000000 Osup, ||fallpr < oo 000
ferL'n I flle < liminf, oo || fullz1-

00 73 (0000000000 (Lebesgue’s dominated convergence theorem)) {f,(x)}
0O0o0ooo (1),(2)00000000

(1) lim fo(@) = f(2) (v €X)
(2)00ge LY(X,m)00000 |fu(x)] < g(x) (z € X).

godon
lm [ fu(e /f
n—oo X

00 00000 ()000f, € LNX,m)00OO0DO0O0O0O0O(1),(2)0000000]f(z)] <
g(z) (Vz e X)OOO fe LNX,m)00000h,(z) = g(@)+ fo(x) D000 hy(z) >0 (Vo € X)
00 limy oo hn(x) =g(x)+ f(z). 000000 FatouD OOOO

/(g(:v)ﬂ—f(@)dm(m) < liminf/ hy(x)dm(x)
X X

n—oo

_ /X o(w)dm(z) +liminf | fu()dm(z). (72)

gooog

n—oo

/X f(@)dm(z) < liminf / Fu(@)dm(z (7.3)

f.,f00000O —f,,—fO00000000O000OO

—/Xf(x)dm(w) < —liisolép/xfn(w)dm(ﬂﬁ)
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gooond
/ f(x)dm(x) > hmsup/ fn(z)dm(z (7.4)
X

n—oo

(7.3), (7400000000000 [

074 000000000 3.133)00000000000000O0O0OO0OODOOOO0O 3.13(5)
gbobobobobobo

gboobobooboooooooooooooboooooooooooooboooboooonDog

0000 7.5 {z, |n=1,2,..}00000000000¢€[0,1]0000 limy_e e 1 =1
000 limy, o0 xp = 0.

000D 7.6 f(z)0 [0, 00000000000000000F(2)= [, f(dmr(t)00D0
0 F(x)0x00000000000000

gooboooo v30000000o00ood

07700000 {f,(z)} 000000000 g(z)00000 3%, |fu(@)] < g(z) (z € X)O
00000 X%, fo(z) 00000

/an Ydm(x Z/fn ydm(z

0000000000000 0000000 (bOobooOOooDOoDoDUooooooOo)o

ooob 78 0 7700000000000

S an < 400, an >0 (Vo) D000 f(t,n) (t>0,neN)O DD (1),(2) 00000000
(1) lim f(t,n) = ay.

n—oo
(2) 000 t,n 0000 |f(t,n)| < an.

o0 o0
000002, f(t,n), 0% a, 0000 Dtlirgozlf(t,n) = Zlan.
n= n=

100
o000 7.9 Y7 a, <00, ap >0 (Vn) DDDDtlimg g log(1+a,t)=00000
—00
n—=

00 710 (000000000000) f(t,z) (e<t<breX)0OOOOOOOOO
(1) ft,x) 0D t0 CctOoOO
(2) 0000000 f(t,-) € LY(X,m).

(3)ge LYX,m)0000000000O (t,x)DDDDD'gtf(t,x) < g(x).

D00O00F@®) = [y f(t,z)dm(z) 0 t O ClmDDDF’(t):/gtf(t,m)dm(x).
X
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ugb ooobooooo

F(t+h)—-F(t) ft+h,z)— f(t,x)
h = /X - dm(x) (7.5)
S+ h) - f@) 9
e N AR (7:6)

DDDDDDDDDDDDDDDDDDDF@F#}%@JMm@)F@DDDDDDDDDD
oooooooooo O

72 doogOoboboOooonboo

00000000000000 20000 limpe fu(z) = f(z) (Ve € X)0OOO000000
00000000000000000000000 20000 limp—ee fa(z) = f(z)00000
00000000000000@MO00000000 20000 limy e fu(z) = f(z)00000
000 (=)0 f(x)00000000000000000000

00 7.11 (1) 0000 (X,Fm)000000 f,(x)00000 f(x)00000000000
0o000000000000

m({zex| lim fu(e) # f2)}) =0

D000D00000 N ={z€X | limyo fu(z) # f(z)} 0000000000000000
2)m{{zre X | f(z)>g(x)})=0000 f(z) <g(x)ae 0000

goboobooobooboooboooobooobobooooboogob r30bbooboooooD
gobooboooboboobooog

00 712 (0000000000 (0000000000000)) {f.(z)}000000 (1),(2)
00000000

(1) nh—{go fulz) = f(z) ae xzeX.
(2)00ge lYX,m)00000 |fu()| < g() ae. v € X.
Doooo

lim fn(x)dm(a:):/ f(z)dx.
g oooboooboooogogd

N o= {zex| lm fule) # f(a)]

N, = {zeX||fe(z)>g(x)} (k=1,2,...)
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0000 mN)=m(Ny) =0 (k=1,2,...). N=NU(RL,N) 0000 m(N) =00 0000
00, fa@) = fa(@) g (@), f(@) = f(2)I5.() 000000000 limpoo fulx) = f(z) (Vz €
X) 00 |fulz)| < g(z) (Ve € X). 00000000 7300000

Jm [ e / F(@)dm (z (7.8)
fn(x)—fn(a;)ae z, f(z) = ( )a.e.z00000 5.26(2)00 [y fu(x)dm(z) = [y fu(z)dm(z),
[x f(@)dm(z) = [ f(z)dm DDDDDDw&DDDDDDDDDDDDD ]

ubobooboobbdeedbooooonobooooon

o000 713 000000
(1) f(z) =g(x) ae. 200 g(x) =h(z) a.e. 2000 f(x) = h(z) a.e. x.
(2) fi(z) =g1(x) a.e. 200 fo(z) = go(x) ae. x 000 fi(z) + falz) = g1(x) + g2(2) a.e. x.

8§ UUuuuubboooooobobod

R O0 20 z=(x,y) e Ry e R"O0000000 00000 2000 mOO00O0
yO0OO0OO0O000O0f(2)=f(z,y) OR"™™ 000000000000 O0O0ODOODOOOOO

| s ( N f(w,y)dy> = [ ( i f(x,y)dx> dy

0000000000000 00000000D0 Fubini(DO0)000000OO
ubbooboobooobaoboo

() D0000000000 FubiniO OO

(2) 000000000000 FubiniOOO
ugboboobgadd

00 81 ACR*™™QOOO0O

Ar = {yeR"[(z,y) A} (zeR")
AV = {z eR" | (z,y) € A} (yeR™)

000 RL,RY R O0000000000000O0O0DOOOOOOm, 000000000

81 U0UODOODOOOODO FubiniOOO

ooooooboobobood rebiniO0OOO0OD0OO
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00 8.2 f(z) (z=(z,y) eR"™™ z e R,y cR™) 000000000000

() yeR"O00000000 z(eR") - f(z,y) DR"0000000000000zeR*00
0000000 R"0000 y— f(z,y) 0000000000

(2) (00000000)0000 2=(2,y) 0000 f(z,y)>0000000000g,y000

F(x) = Rmf@amdmL@%

Gly) = Rnf@ayﬁhanﬁ (8.1)

0 (+eoc0000OO0O0DODOO0ODO)000DODOO0O0OOOOODOOOODOOODOOODODO

/ f(2)dmp(z) = / F@)dmp(@) = [ Gy)dmy(y) (8.2)
Rt n R

(3) (0oDoo0) felL'(R"™ m,)00000000000000000

(i) mp(N1)=0 (N, € BR")DOO0000x¢ NqO0OOO f(x,-) € LYR™,mg). OO0
mp(N2) =0 (N2 € B(R™)000000y¢ N0OOOD f(-,y) € LY(R", my).

(i) 00 F(z) = [gm f(z,y)dmi(y) (x € NY), = Jgm [z, y)dmp(x) (y € N5) 0000
DDDDDDDDR”,RmDDDDDDDDDDDDDDDDDDDDDDDD

[ i@ = [ Fa@an

= G(y)dmp(y). (8.3)
Rm

0 8.3 000 (i) O statement 0000000 5.27(2)0000000000000 F(z),G(y)
DDDODDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDDD
0000 [y F@)dmy(z) 0000 [, F(@)dmy(x) 0000000
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OO0 FubiniOO OO

1. f(z,y) DD0O0OOO0O0 (0O 8.4)
2. f(z,y) 000000000 (OO 8.8)

3. f(z,y)OODDOOOUOOOOODOOOD (OO 8.2)
gboboboboboobool1loboobooboobobobono

00 8.4 (00000000 FubiniDOO) A BR"™™)ODOOO

(1) AeBR"™) 000000 2,y0000 A, € BR™), AY € BR"). 00 z(e R") —
mp(Az), y(€ER™) - mp(AY) 00000D0DOOOOO0

(2)

mp(A) = mp(Ag)dmp(z) = mr(AY)dmr(y). (8.4)
R" R™

O 8.5 f(x,y)=Ia(x,y) DODOO
(1) flz,y) =1a,(y) = Lav(2),

2) o F@.y)dmL(y) = mL(Ar), fon f(2.9)dme(x) = mp(AY), fenin f(2)dme(z) = mp(4)

0000000000 f(z,y) = Ia(z,y) 0000 Theorem 8.2 (1),(2) 00000000000
00000000

0000000000 00000000 (Monotone class theorem) 0 O 000 OO Monotone
class theorem U0 0000000000 DOOOOO0O0ODOOOOO0OODOODOOOOD

00 86 000 COO0OO00OOO0OO0OOOOOOOOOOOOOO
(1) A, €C, AiCAH_l (i:1,2,...)[||]|:| U?ilAiEC.
(2) A; €C, Ai+1CAi (i:1,2,...)DD|:| ﬂ?ilAZ'EC.

00 8.7 (Monotone class theorem) ADOO0ODOOOCOO0OOOD AccOOdnopoOooonO
o(A) CC.

00 84000

AD (@i, bs] (—oo<a; <b;<+00) 00000000000000000000000
000000006 =40000000((a;,+00] 00000 (a;,+00)000000000.A000
0000000000000Ey=(—N,N"00000

C:={Ae%@MM|DDDNDDDDDDDDDAmENDDDD
DDD(UmmDDDDD}

()cooooooooo
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(i) AcC

oo000oooooOogao %(Rner):U(.A)CCDDDDDDDDDDDDDD NOOOOO
(ANEN)s, (ANEN)Y000000000 z(€ RY) — mp((ANEy)2), y(€ R™) — my((ANEy)Y)
000000000000ON 00000 (1)0D0ODDOOOOOO

mr(ANEN) = [ mp((ANEN))dmp(z) = [ mp((ANEN)Y)dmL(y). (8.5)
R R™
O000ON - oo0000000000000(Q)DO00000000(), (i)00000 (i)
000000000000000000000 3.13(3), (5)000000000A00000
000000000000 (e, 0000000000000000G)00000000
A=T[""(a;,b;) 0000000000

$—(CC1,..., n)l]l:lDl:l
A — H?Lﬁl(apbj] (a; <z <b;1<n<n000) (8.6)
: ¢ (ODOODDOD)
y=,...,ym) 0000
v — Tl (ai b (anij <y; <bny; 1<j<mDO0) .

¢ (CDOOOoOoD)

000 a <z <b (1<n<n)0000mL(Az) =172 (bntj — ants)s Gneg < yj < bpgj (1<
j<m)0000mL(AY) =[["y(b—a;). 00ODDO000CO (1),(2)00000000000
oooooo [

oboobuooboboobo 82000 s400booooo

00 8.8 (0000000 FubiniOOO)
R 000000000000 flz,y) = YF  aila,(z,y) 0000000000000O0
A; e BR™™)00000000000

(1)
Kk K
v) =Y aidia), (y) = ailia(z) (8.8)
=1 =1

DDDDDDxWDDDDDDDDDDDyaf@y)meﬂwaDDDDDDDDD
(20 a; >0 (1<i<k)0DO0F(z) = Jgn flz,y)dmp(y = Jgm f(z,y)dmp(z) D000
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gobooobooooo

F(z) = ZklaimL((Ai)x) (8.9)

Gly) = Zk:aimL((Ai)y) (8.10)
i;l

[ Fe)imsta) = 3 am(4) = | feam) (8.11)
k

[ Gwani) = > ami)= | fGam) (312

00 82000 (1) fi(z,y) 00000000000 00000000 f(z)0000 f+(z,y)
D00000000000000000 f (200000000 fy(z,y) 0000 fy(z,y) =
fa(xy) — fy(z,y) D000 fy(z,y) 00000000000

Jim fy(wy) = fly) V(zy) R

x— fplz,y) D BR"-0000000000 =2 — f(z,y) O BR"-0O00y — f(z,y) DODOO
BR™)-000000
(2)(1)D000000 fy(e,y) 000000000 fy(z,y) >0000000

Fn(z) = RmfN(w,y)dmL(y)

Gnly) = A S (@, y)dmy (z)
00000000000 00000 2,y0000 Iimy—e Fn(z) = F(z), imy—eo GN(y) = G(y)
goooon

/ f(z)dmp(z) = F(z)dmp(x) (8.13)
Rn+m R~
oood
/ f)dmy(z) = Jim fn(x)dm(z) (O0OO0O00)
Rn+m — 00 Rn+m

= lim Fy(x)dmp(z) (DO0OO0O00ODO FubiniOOODODO)

N—oco JpN

= / F(z)dmg(z) (0D0OOOOOO). (8.14)
RN

G(y)0DD00DO0000
(3) (1)0O0O00 fi(z,y), fn(z,y) 00000G(y) 0000 statement 0000 F(z) 00000
O000F(z)0000000

Fya(z) = Rmf;(fv,y)dmL(y) (8.15)

Fno(z) = /Rmfﬁ(w,y)dm(y) (8.16)
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0 Fy1,FyeOOOOON - co000000000000 Fi(z) = imy e Fyvi(z), Fa(z) =
limy oo Fy2(z) 0000 (+0c0000000000000000000O0Y)

Fi(z) = ij”(x,yﬁhnL(y) (8.17)

Fy(z) = - [ (@, y)dmp(y) (8.18)

00000 2000000000000000000 FubiniO0ODOOODO (2)00
/ Fi(x)dmp(x) = / fr(z)dmp(z) < oo (8.19)
n Rn+m
/ Fy(z)dmy(z) — / - (2)dmu(2) < co. (8.20)
n Rn+m

ooo Kl = {x | Fl(CU) = +OO},K2 = {x | FQ(I) = +OO} gooo mL(Kl) = mL(Kg) = 0.
N =KiUK,0OOOOOOOmp(Ny)=000000000000000000000O0OOOO
oooooooooood

[t = [ p@ame - [ @)

Rn+m Rn+m

Rn+m

_ / (Fi(@) e (2) — Fe) e () dms () (8.21)
0000000z eNfOOOD f(r,y)yOyOODOODOOOOODO
R~ )= [ fledmi) = F@) (e K
D00000 (821)0000 fy, F(z)dmy(z)0000 [

82 [JDLOUOUODLUODDOOCOOO FubiniOhOO

gboobooblol10obobooboooooboooobooooooo

00 8.9 Ae B (R™™)0000

() 00000000000 N CcRY,N, cCR"O00000000 € NS, ye NS OODOD
A, AY0000000000000000 (e NY) — mp(A), y(€ N§) —» m(AY) 00000
0oooooo0

(2)

mr(A) = mp(Ag)dmp(z) = mr(AY)dmp(y). (8.22)
R™ R™

gooooo

OO0 0 102000000000 B,COCCACB,m (B\C)=00000000O0O0O0OO
D=B\CUOOOOOOOOUOOOOOOOD 84(2)00

mr(Dy)dmp(z) = mr(DY)dmp(y) = 0.
R R™
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0000000000000000 N cRL,N, cR*"00000000 x€ Nf,ye NsOOO
0 mp(Dy) =0,mz(DY)=0. 00000000 2,y0000 mp((B\A)) =mp((B\A)Y) =

B,,BY000000000000000000z € Nf,y € NsOOOO A, A¥000000
D00000000 « € Nf,y € NSOOOO mp(Ay) = mp(B,), mp(AY) = mp(BY) 00
0 z(e R") — mr(B,), y(€ R™) — my(BY) 00000000000 2(e Nf) — mp(Ay),
y(e N§) —m(AY) 00000000000

(2) 0000 ze Nf,ye NSOOOO my(Ag) =mp(By), mp(AY) =m(BY) 000000 BO
ODoO0O00 8400000000 O

00 810 f(2) (z=(z,y) eR"™ zeR",yeR™) D000 0DO0OO00ODOOOO

() y e RMOODODUODODOOODOOOOOOOOO Ny RN, CcR"O00COCOOOODOO
OO0z € NeOOODODOOOOOOO g€ R — f(z,y), y € NNOOODOOODOOOO
2(€ R") — f(z,4) 00000000000

(2) (00000000) 0000 2= (z,9) 0000 f(z,y) >00000000002,y000

Fla,y)dmr(y /ﬁfxy@u(H]HmDDDDDDDDDDD)DDDDDDDDDD
]R
000000000000o0o0

/Mm z)dmp(z) = /n ( o f(ﬂc,y)dmL(y)> dmp(r) = /m ( - f(m,y)dmL(x)> dmr(y)
(8.23)

(3) (00DOoO0) felL'(R"™ m)00000000000000000

(i) mr(Ny) =0 (N, €eBR"))ODDDD0D0x¢ ;0000 f(z,:) € LYR™,myg). 00O
mp(N2) =0 (N2 € B(R™)000000y¢ N.OOOD f(-,y) € LY(R™, my).

(i) OO0 x(¢ Nl)—>/ f(z,y)dmp(y),y(¢ NQ)—>/ flz,y)dm(x) DODOOOOO0OOO0O
R™ R™
000 R,R"O0D00O0O00O0O0ODO0O0OOO0OODOO0OOO0O0OO

/an f(z)dmp(z) = /n < - f(a:,y)dmL(y)> dmy (z)
N /m<wf@wwm@>ﬁm@- (8.24)

0 (1) fo(2),f-(z)000000000000000000, f(2) >000000000f(2)0
0000000000000 f,(:)00000000000000000000 A0DO0D0O0O0 Iy
000000000000000zeR,yeR™OD000

{y e R™ | Iy(z,y) =1} = A,
{z e R" | In(z,y) =1} = A"

00000000 89 (1) 0 N,N,ODOOODODO
(2) fz,y)) DO0DDO0DO0O0O0DO0 flz,y) 0 flz,y) = f(z,y) mp —ae(z,y). 0000
N ={(z,y) | flz,y) # f(z,y)} 0000 m(N)=0. 00 NOOODOOO 89 (1)00O0000
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0000000000 N, CRYN, CR*O0000000(2)00000 [y, mp(Ny)dmp(z) =

1
Jnsmr(N¥)dmy(y) = 0. 0000000000000 MO N, C N/ODOODDOODOO
my(Ny) =0 (z € N'¢), my(N¥) =0 (y € Ni¢). 0000

000 zeNcOODO f(z,y) = flz,y) (mp—ae y)
O00yeNSOOOO flz,y) = flz,y) (mp—ae. x)

(8.25)

googd

000 zeNcOOOO f(z,y)dmp(y) = / f(a,y)dmy(y)
R R™

000 yeNFoooo | fly)dmy@) = | f(a,y)dmy(y)
(8.26)

w @ y)dmp(y), [ fla,y)dme(y :
- )d - )d 0000000000000 82(2)00000000
(3)(2)DDDDDDDD 82 (3)000O0000O0OODOOOODOO [

0 8.11 (1) f(x,y)00000000 [ (Jgm [f(@,9)|ldmi(y)) dmp(z) 000000 f e LYR™™ my)
Ooooooooon
(2) f(z,y) D Ac B, (R 0000000000 OOOODDOOO000000000 well-

defined O
[ @am = ( / If(m)dmL(y)) dm(2)

-/ (. seims(o)) dms o) (5.27)
goooog

0000 812 IO R"O0O0OOOJOR™ODOOOOO f(zyy) O IxJOOODODODODOODODO
oon

(1) mp-ae. 2 €I000000 y— f(z,y), mp-ae.yce JOOOOOO z— f(z,y) DOODO
gobodoboboooboooo

(2) JOODOOOO F(y) 00000000000000000 R-J, F(y)dy, R- [, F(y)dy O O
00000000000R-[, f(z,y)dy, R- [, f(x,y)dy 0 I00000000000

/I<R-/Jf(w,y)dy> dx = /1 <R—/Jf(a:,y)dy> de= | f(xy)dedy

08130000000 (2)000000(1)0000000000000(1)00000000
00000020000 R-f, f(z,y)dy =R- [, f(z,y)dy 0OOOO0OO0OO0O0

gooog

41



9 Juuobuobgood

10 OO
10.1 OOoOoogbooogoooon

gbooooo

1) boboboooboooboooboobooboobooboobobobobobobOobobOoDbo

2) boobooooooboooboobooo r-poOgoobooobbOOobbooo

3) booooooooooooogog

(1)
(2)
(3)
(4 0000000000

oooo
(1)

00 10.1 00000 000000000000 ADOODODOODODGOOOODFOFCACG
00 mp(G\A) <e,mp(A\F)<eOOOODO

00 (1) ADDOODO0OOOO0 0000Omg(4) < co0000000000000000
0000000 {L}2,0 A C UX, T, Y2, mp(l) <mp(A)+ 5000000000000
=100, 0000000000000 000000000 {5}0000J; =[I, @@ -
e,b) +6) 0000 ACuR, ;00

> mp(Ji) <mp(A) +e. (10.1)
=1
G:UjZIJiDDDD GOOoOOooood
mL(G\ A) = mL(G) —mp(A) <> mp(Ji) —mp(A) <e.
i=1

O000O0000o0o000o0o0000o00D0DACEODOOOODO FOOOOB=FE\NADOOO
BOOUOUOOOO GO BCcGUUO m(G\B)<eOOUOOOUOOOOF=FENG‘OOO
OFOOOOOFCAOO

mp(A\F) =mp(A) = mp(F) = mp(E) —mp(B) — (m(E) — mp(GNE))
— mu(GNE) —mu(B) < mi(G) — mp(B) = mi(G\ B) <e. (10.2)

(2) ADUDODUOOOOUOOO0 ODOOUOOO0OUO0O0OUDOP0O000 B, O000O(By=00O0O

0)0A,=ANn(B,)NBS_, 0000 A4,0000000000000DO000000O0O0O0O0O0O

A=U% A, 00000 A,0000 (1)00000000000000000O0000D00OO0

(0000000000 000000000000000000000000000o0o00) O
gbooooo
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0 10.2 00000000000 ADOOOOOOOO0OOB,CO0CCACBOOmy(B\A)=
mL(A\C)=0000000000

goooooog

00 10.3 (1) f(x)0 R*"000000000000000000000 ¢(z)00000000
gooad
f(z)=g(x) mr, — a.e. T. (10.3)

(2) OO00D0OO0O0OOOO0OOO0OOOOODOO0ODOOOODOOOODOOOOOOODOO

00 (1) f(x)OOODO0OODOOOUDO0OO0ODOO0ODOOOOOOOO

2NN k
@) = Y gelng, (@)
k=0
Lk k1
Eng = {HTER |2N<f(95)§21v} (0<k<2"N-1)
Enovy = FTH(N, +00))

000000 limy—e fn(z) = f(z) (r €RY). Exy,0000000000000000000
~ ~ ~ ~ N
Eni;0 Eng CEny 00 mp(Eng\Engy)=0000000000 fy(z) = i 2%[];1“ 0o

00 fy(x)0000000 fy(z) = fn(x) mp —ae. . 0000000 U {fn(z) # fn(z)}
00000 fy(z) = fy(z) 000 limy oo fy(z) = f(z) 0000 f(z) O

~ limsupy_, fyv(z) limsu = fn(z) < 4oco0 00
fla) = PN o0 /N(T) | PN ooJiN( ) (10.4)
0 limsupy_,o fn(z) =400 000

00000 BorelDOO f(x) = f(z) mp —ae. 2 0000
(2) 00 f(z) D0DO000D0DO00O000 g(z) 00000 mp({f(z) # gx)}) =00000
N={zeR"| f(z)#g(x)}0000ececRO0OOO

{reR"| f(z) >a} = ({f(x)>a}NN)U{[f(z) >a}NN)
= ({9(z) > a} \ ({g(x) > a} N N))U({f(x) >a} N N). (10.5)

(105) 0000 3000000000000000000 f(x)0000D0D00O0O0DO O
(2) LPOO0O0OODODOOOOOO
ubbooboobooobaoboo

CoRM) ={f:R">R| f(x) D R"0000000 {zeR"| fz)£0} 000000000 }.
(10.6)

00 104 f € LP(R*,mz) (p > 1) 0000000 ¢ >00000 f. € Co(R*) 000000
If = fellr <ce.
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(3 O0O0OO0D0DUU0OOOOOO0OODUDUUOOODODDOODOOODOO

00 105 A0 R"O0000OO000O0O0O0O0O0O0O0R*"0O0vwOO(n) 00 TOODOOOA+4+
vi={z4+v|ze A}, TA:={Tzx |2 € A}0000000000 mr(A) = mp(A+v),
mp(TA) =mp(A).

(4)00000000ODOO0OO0O0OO0OO0

00 106 0000 (X,F/,m) 00000000000 00O00O0OOOOOOOOO
Ae FOm(A)=0000O0OOD0ODDAODOOUOOOOD FOUOOOODDODOOODoOOOOO

00 10.7 0000000000000

00000000000000000

00 10.8 00000000

(1) m(4)=0

(2) ADDDODD0OOO mg(A) =0.

00 (2) > (1)00000000(1)—(2)0000BOR'000000000000mL(AN

B)+mi(A°NB)<m,(B)0000000mL(ANB)<m,(A)=00000000000 [

10.2 CarathéodoryODO OO DO OOOO

10,3 00000 FubiniDl OO
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