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Recall : Bulk classification

Definition (Bulk Classification)

We say that the Hamiltonians H(ho), H(h1) given by ho, hy are
bulk equivalent (H(ho) ~g H(h1)) if the followings hold.

1. There exist an m € N and a continuous path of self-adjoint
elements h : [0,1] — Ao ,,_1] Such that h(0) = ho, and
h(1) = hy.

2. There is a constant v > 0, such that

o <H<ps,och(s)> \ {0} C [v,00),

for any s € [0,1] and ay(s)-ground state ¢s. Furthermore, for
any aps)-ground state ps, 0 is a non-degenerate eigenvalue of

Ps Xh(s) "
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We want to classify all the Hamiltonians in the world.

To show that two Hamiltonians are equivalent, we have to
construct a path of gapped Hamiltonians connecting them.

To do that, we need to know how to guarantee the existence of the
gap.

But actually, even constructing of gapped Hamiltonian
is a highly non-trivial problem. If local terms 7,(h) and 7, (h) in

Hithy= Y w(h),

x:[x,x+m—=1]C/

mutually commute, we can consider the joint distribution. But we
are interested in systems, where local terms do not
commute in general.
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Fortunately, for quantum spin chains, there is a great recipe by
Fannes-Nachtergaele-Werner (1992) to construct gapped
Hamiltonians.

This talk:
1. The recipe by Fannes-Nachtergaele-Werner.
2. The injectivity condition
3. The class of FNW is the backbone of our problem.
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The recipe by Fannes-Nachtergaele-Werner

Parent Hamiltonian
Recipe of FNW

The recipe by Fannes-Nachtergaele-Werner
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The recipe by Fannes-Nachtergaele-Werner Parent Hamiltonian

Recipe of FNW

Parent Hamiltonian

The Hamiltonians given by FNW is so called Parent Hamiltonians.
A parent Hamiltonian is made out of a sequence of subspaces of
®f;(1) C", I € N, which satisfies the condition called the
intersection property.

Definition

We say that a sequence of subspaces {Dpy}nen, Dy C ®,’-V:_01 cn,
N € N, satisfies the intersection property, if there exists an m € N,
such that the relation

N—m
Dy = ﬂ ((Cn)®x @Dy ® ((Cn)@)mefx7
x=0
holds for all N > m.
(Recall that our quantum spin chain is @, M.)
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The recipe by Fannes-Nachtergaele-Werner Parent Hamiltonian

Recipe of FNW

Parent Hamiltonian

Let {Dp} be a sequence of non-zero spaces satisfying the
intersection property, i.e., there exists an m € N, such that the

relation
N—m

Dy = ﬂ (Cn)®x @ Dm ® (Cn)®N—m—x,
x=0
holds for all N > m.
Let h,, be the orthogonal projection onto the orthogonal
complement of Dy, in ®7;61(C”.
Then, by the intersection property, we see that

ker (Hio,n—1](hm)) = Dn

for all N > m.
Hamiltonians given in this way are called Parent Hamiltonians.
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The recipe by Fannes-Nachtergaele-Werner

Parent Hamiltonian
Recipe of FNW

Parent Hamiltonians are nice in the sense that

» we know that the lowest eigenvalues of local Hamiltonians are
zero, and

» we know how the ground state spaces of local Hamiltonians,
ie., ker( o,n—1)(h m)) = Dy look like.
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The recipe by Fannes-Nachtergaele-Werner Parent Hamiltonian

Recipe of FNW

Now we would like to construct a sequence of spaces

1. satisfying the intersection property, and
2. the corresponding parent Hamiltonian is gapped with respect
to the open boundary conditions.

This is carried out by a linear map determined by an n-tuple of

matrices.

Yoshiko Ogata Classification of gapped Hamiltonians



The recipe by Fannes-Nachtergaele-Werner

Parent Hamiltonian
Recipe of FNW

Construction of subspaces

iko Ogata ification of gapped Hamiltoni:



The recipe by Fannes-Nachtergaele-Werner Parent Hamiltonian

Recipe of FNW

Construction of subspaces

Prepare an n-tuple of k x k matrices v := (vy,...,v,) and m € N.
Fix some orthonormal basis of C", {¢,,}/_;.

Define a subspace G, of ®7;61 C" by the range of the following
map my : My — ®75)1 Ccn,

m—1
My (X) = Z (TrX(vuovm-~-va71)*> ®w/m X € Mk -
i=0

MOy im—1E€{1,+ ,n}
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The recipe by Fannes-Nachtergaele-Werner

Parent Hamiltonian
Recipe of FNW

Let h,, . be the orthogonal projection onto g#m in ®§’:01(C".

We consider the Hamiltonian H(hp, ).
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The recipe by Fannes-Nachtergaele-Werner Parent Hamiltonian

Recipe of FNW

The injectivity condition

For a random choice of v,
» {Gny}n does not satisfy the intersection property, and

» the Hamiltonian given by h,, does not have a gap.

Some sufficient condition for v to satisfy these properties?

Injectivity condition

Assume that I',—1y is injective.
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The recipe by Fannes-Nachtergaele-Werner

Parent Hamiltonian
Recipe of FNW

Theorem (Fannes-Nachtergaele-Werner '92)
Assume that [ ,,_1y Is injective. Then the followings hold.

1. The sequence of subspaces {Gn }n satisfies the intersection
property. In particular, for N large enough, we have

1 < dimker (Hj nj(hmy)) < K

2. The Hamiltonian H(hp, ) is gapped with respect to the open
boundary conditions.
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

How the injectivity implies these properties?
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Injectivity
The injectivity condition Intersection property
Exponential decay of correlation functions

How the injectivity implies these properties?

Injectivity =
> Intersection property

» Spectral gap (= Exponential decay of correlation functions)

The proof of the spectral gap is due to the Martingale method.
[Nachtergaele '96]

| would like to give a brief sketch of the proof for the intersection
property and the exponential decay of correlation functions.
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

What does the injectivity mean?
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Injectivity
The injectivity condition Intersection property
Exponential decay of correlation functions

What does the injectivity mean?

For each / € N, set
’C/(V) ‘= span {Vﬂlv,uz CeVy, | (,ul,,uz, R ,,u/) C {1, cee n}Xl} .
Recall the definition

/-1
Civ (X) = Z (TrX (Vuo‘/m T Vum)*) ®wm-
i=0

/‘1’07"'#"/716{17'“7’7}
We have
[m—1y is injective = Kpn_1(v) = M.

This last condition has several characterizations.
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Injectivity
Intersection property
Exponential decay of correlation functions

The injectivity condition

Theorem
Forv :=(vi,..
positive map given by

S Vp) € M, let Ty : Mk — My be the completely

n

TW(A) =) VAV, A€ M.
i=1

Assume spectral radius r, = 1. The following properties are equivalent.
1. There exist a unique faithful state ¢, and a strictly positive element
ev € My satisfying
lim TN(A) = o (Ae,, A€ My.
N—oco
2. The spectrum o (T,) of T, satisfies o (T,) N T = {1}. 1 is a non

degenerate eigenvalue of T,. There exist a faithful T,-invariant
state p, and a strictly positive Ty-invariant element e, € M.

3. There exists an m € N such that ICp,(v) = M.

Classification of gapped Hamiltonians
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

Remark
We say v is primitive when it satisfies the (equivalent) conditions above.

Remark
If Kim(v) = Mg, then we have Ki(v) = My, for all | > m.

Remark
We may assume r, = 1 for our v. From now on, we assume that this
condition holds.
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

Injectivity =Intersection property
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Injectivity
The injectivity condition Intersection property
Exponential decay of correlation functions

Intersection property

We want to prove
N—m
gN,v — ﬂ ((Cn)®x ® gm,v ® (Cn)®N_m_X.
x=0

To prove this, it suffices to show

(Gn-1v ®C")N(C"® Gn_1v) = Ny,
for all N > m+ 1. The inclusion

Gny C (Gn-1v @ C")N(C" R Gn_1y)

is clear from the definition.

We prove
(ngl,v & (Cn) N (Cn X ngl,v) C gN,v‘
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Injectivity
The injectivity condition Intersection property
Exponential decay of correlation functions

The intersection property [FNW '92]

We show the inclusion (Gy_1v ® C") N (C" ® Gn_1.v) C Gny, for all
N>m+1.

Let ® € (Gn_1v®C")N(C" ® Gy_1,). Then by some sets of k x k
matrices, {C,};,_; and {D,};_;, we can write ® as

o= Z%; & rN—l,v(Cu) = Z rN—l,v(Dy) ® wu-

,LL:]. v=1
This means

M1y 1 N

Tr((C v, —v.D )V;N71~-~V*):O,

for all py,...,un € {1,...,n}.
As Ky—2(v) = span { vy, vy, ... vy, } = Mg, this implies

CunVyey = Yy Dy = 0, for all p1, uy € {1,..., n}.
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

We have
Cuvy — v, D, =0, forall p,v € {1,...,n}.

Recall ¢, € My from
lim TN(A) = ¢u(A)e,, A€ M.
N—oo

As o, is a faithful state on My, there exists an invertible density matrix
py such that ¢, = Tr (py-). By the Ty-invariance of ¢y, we have

Z Vo puVy = py.
v

From this, we get

C. = upvpv_lz ) Z PvVy 'pv_l
v

= Z PuVy -pv_lz:v;X.

v
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

Hence we obtain €, = v; X, forall p =1,...,n.
Substituting this, we obtain

® = Zw,u & rN—l,v(C,u) = rN,V(X) c gN,v-
p=1

Hence we obtain

(Gn-1y @ C")N(C" ® Gn-1v) C Gny-
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

Bulk-ground state and

the exponential decay of its correlation functions
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Injectivity
The injectivity condition Intersection property
Exponential decay of correlation functions

Finitely correlated state

The bulk ground state of H(hy, ) is given by a finitely correlated state.
Definition (Finitely correlated state)
Let (B,E, ¢, e) be a quadruplet given by a finite dimensional C*-algebra

B, a CP mapE : M, B — B, a state ¢ on ‘B, and e € B with
o(e) # 0 such that
E(l®e)=e, ¢oE(I®X)=¢(X), XecB.
For each A € M,,, we define a map E4 : B — B by
Ea(X)=E(A® X), X ¢e€B.

A state w on @), M is generated by (B, E, ¢, e) if

a+/—1
} ( X Af) = p(e) MpoEa, 0B, 0 -0 Ea,, , (e),
i=a
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

Theorem (Fannes-Nachtergaele-Werner '92)

Suppose that the injectivity condition holds. Then there exists a
unique ap,, -ground state wp,, . The state wy,,, is a finitely
correlated state generated by (Mg, EM, ¢y, ev), where

EM) (el([;) ®X> = v, Xv,, X € Mx.

e/(ﬂ,) : matrix units of Mp.
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

We would like to show the exponential decay of correlation
functions in wp,, , .

Namely, we want to show the function

N> N = wh,, (Atn1i (B)) = why,, (A) Whyy (Th41 (B))

decays exponentially fast for each local A, B.

Yoshiko Ogata Classification of gapped Hamiltonians



Injectivity
The injectivity condition Intersection property
Exponential decay of correlation functions

Exponential decay of correlation functions in wy,

Let A= ®]_g Al D= Q!5 Di € Ap,_1), for some | € N. By the
definition of the finitely correlated state, for any N € N,

Whypy (ATn4r (D)) = @yoEa 0- -0 -0E4,_, 0 TVNOEDOO- --0---oEp,_, (&) .
and

Why,, (A) wh,,, (Tn41 (D))
:SOVOEAUO”'O.'.OEA/_l(eV)';v (EDoo...o...oEDl_l (ev)) .

Recall that the spectrum of T, satisfies o(T,) NT = {1}, and 1 is a non
degenerate eigenvalue of T,. Hence there exist constants C > 0 and
0 < s <1 such that

[TY(X) = eu(X)ea]| < GMIIX], X € M.
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Injectivity
The injectivity condition Intersection property

Exponential decay of correlation functions

From this spectral property of T,, we obtain the exponential decay
of correlation functions.

|y (ATN41 (B)) — Whyny (A) Wiy (Tngr (B))] < C7sV.
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The FNW-Hamiltonian class is the backbone of our problem

The FNW-Hamiltonian class is the backbone of our problem
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The FNW-Hamiltonian class is the backbone of our problem

Anyhow, we got a class of gapped Hamiltonians by the
FNW-recipe.

It is nice to have a systematic way of constructing gapped
Hamiltonians.

...but we wanted to classify more general class of Hamiltonians,
didn't we?
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The FNW-Hamiltonian class is the backbone of our problem

The class we were to classify is Jrg, the set of h satisfying the
followings.

1. H(h) is gapped in the bulk.
2. There exists a unique ap-ground state w on Ay,

3. There exists a constant d € N such that
1 < dimker (Hjy nj(h)) < d,

for all N € N.
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The FNW-Hamiltonian class is the backbone of our problem

Recall our goal.

Theorem
For any hg, h1 € Jrg, we have H(hg) ~g H(h1).
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The FNW-Hamiltonian class is the backbone of our problem

FNW-Hamiltonians are given by a special recipe, and given by
projections.

Therefore, they may look just of gapped Hamiltonians.

However, it turns out that this gives a of our problem,
thanks to the following theorem.
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The FNW-Hamiltonian class is the backbone of our problem

Theorem (T. Matsui '13)

Let h € Jrg and w its unique bulk ground state. Then w is a
finitely correlated state.
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The FNW-Hamiltonian class is the backbone of our problem

Theorem (Arveson ‘69)

Let H be a separable infinite dimensional Hilbert space, and n € N.
Let ® : B(H) — B(#) be a unital endomorphism of B(H) such
that (& (B(H)))' is isomorphic to M,. Then there exist

Sie B(H), i=1,...,n such that

SiSi=05, > _SixS; =d(x), x € B(H). (1)

j=1

Remark

The n-tuple v generating the finitely correlated state w, in the
previous theorem is given as a restriction of S;s to a suitable
subspace.

The condition 1 < dim ker (H[l,N](h)) < d is used to guarantee
that this subspace is of finite dimension.
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The FNW-Hamiltonian class is the backbone of our problem

Reduction of the problem

Let h € Jeg. Let w be the unique ap-ground state, and (H,w, Q) its
GNS triple. Let Pq be the orthogonal projection onto CXQ.

1. By the general theory of finitely correlated state in [FNW], the
n-tuple v of elements in My generating w can be taken to be
primitive. From now on, we assume that this condition holds.

2. By the recipe of [FNW], for m large enough, H(hp,) is gapped with
respect to the open boundary conditions, and w is the unique
ahm)v—ground state. Therefore, for some v; > 0, we have

71 (1 - PQ) S Hw,ahmyw
3. By the assumption h € Jrg, for some 7y > 0, we have

Yo (1 - 'DQ) S Hw,oq,-
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The FNW-Hamiltonian class is the backbone of our problem

4 Therefore, we have

min{’YOale} (1 - 'DQ) < Hw,oéshﬂps) s e [0, 1]

hm,v’
We can show that w is a unique Ay (1—s)h,, ,~ground state.

5 Hence we conclude H(h) ~g H(hp,) for a primitive v.

The bulk-classification problem of Jrg is reduced to the
bulk-classification problem of FNW-Hamiltonians.

Yoshiko Ogata ication of gapped Hamiltonians



The FNW-Hamiltonian class is the backbone of our problem

On Thursday we carry out the classification of FNW-Hamiltonians.
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