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Classification of near-group categories

Let C ⊂ End0(M) be a near-group category with a finite group G.

[ρ2] =
∑
g∈G

[αg] +m[ρ].

Assume G is non-trivial and m ̸= 0.

If d = d(ρ) =
m+

√
m2+4|G|
2 is irrational, then G is abelian and m is a

multiple of |G|.
Moreover, the categorifications of R(G,m) are completely classified by
explicit polynomial equations.

A quadratic form on G appears in the polynomial equations:

⟨g, h⟩ = a(g)a(h)a(g + h), a(−g) = a(g),

c3 =
1√
|G|

∑
g∈G

a(g).
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Character formula

αg ◦ ρ = ρ.
Se ∈ (id, ρ2), Sg = αg(Se) ∈ (αg, ρ

2).
U(g) ∈ (ρ, ραg), U(g)Se = Se.

(ρ2, ρ2) =
⊕
g∈G

CSgS
∗
g ⊕B(K),

U(g) =
∑
h∈G

χh(g)ShS
∗
h + UK(g),

where K = (ρ, ρ2).

d =
m+

√
m2+4|G|
2 ∈ R \Q ⇒⊕

h∈G
χh

∼= λ, UK ∼=
m

|G|
λ.
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Irrational case

Lemma

⟨g, h⟩ := χh(g) is a non-degenerate (in fact, symmetric) bicharacter.

Proof.

αh(U(g)) ∈ (ρ, ραg) ⇒ αh(U(g)) = ∃c(g, h)U(g).

c(g, h)Se = c(g, h)U(g)Se = αh(U(g))Se

= αh(U(g)S−h) = χ−h(g)αh(S−h) = χ−h(g)Se,

and χ−h(g) = c(g, h) is a non-degenerate character.

UK(g) ∈ B(K) is given by K ∋ T 7→ U(g)T .

Definition of two other representations on board.
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Irrational case (continued)

Definition

Let H(G) be the universal C∗-algebra generated by three unitary
representations v0, v1, v2 of G, and a unitary w of period 3 satisfying

vi+1(g)vi(h) = ⟨h, g⟩vi(h)vi+1(g),

w∗vi(g)w = vi+1(g),

where i ∈ Z/3Z.

We have a representation of H(G) in K = (ρ, ρ2).
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Irrational case (continued)

Lemma

∃3|G| irreducible representations of H(G), realized in ℓ2(G) as

πa,c(v0(g))f(h) = ⟨g, h⟩f(h),

πa,c(v1(g))f(h) = f(h+ g),

πa,c(v2(g))f(h) = a(h)a(h− g)f(h− g),

πa,c(w)f(h) =
c√
n

∑
k

a(h)⟨h, k⟩f(k),

where a : G → T and c ∈ T satisfy

a(g + h)⟨g, h⟩ = a(g)a(h),

c3
∑
g∈G

a(g) =
√
n.
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Quadratic categories with (G, τ,m)

Definition

Let G be a finite group, τ ∈ Aut(G) be an involution, and let m ∈ N.

A quadratic category of type (G, τ,m) is a fusion category C with
Irr(C) = G ⊔ {g ⊗ ρ}g∈G, satisfying

[g][h] = [gh], g, h ∈ G,

[g][ρ] = [ρ][gτ ],

[ρ]2 = [id]⊕m
∑
g∈G

[g][ρ].

The even part of the Haagerup subfactor is a quadratic category of type
(Z3,−1, 1).

Asaeda-Haagerup subfactor can be constructed from a quadratic category
of type (Z4,−1, 2).
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Obstructions

Let C ⊂ End0(M) be a quadratic category of type (G, τ,m).

αg ◦ αh = Ad∃ Ug,h ◦ αgh,
ρ ◦ αgτ = Ad∃ Vg ◦ αg ◦ ρ.

We seek obstructions to making Ug,h = 1 and Vg = 1.

A quadratic category of type “(G, τ, 0)” is VecωG⋊τZ2
.

Recall that the E2-term of the spectral sequence computing
H∗(G⋊τ Z2,T) is Ep,q

2 = Hp(Z2, H
q(G,T)).

We use this analogy to define invariants of quadratic categories of type
(G, τ,m).
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E0,3
2

∃ω ∈ Z3(G,C×) satisfying αg(Uh,k)Ug,hk = ω(g, h, k)Ug,hUgh,k.

Lemma

∃ξ(g, h) ∈ T satisfying

ω(g, h, k) = ω(gτ , hτ , kτ )ξ(h, k)ξ(gh, k)−1ξ(g, hk)ξ(g, h)−1.

In particular, [ω] ∈ H3(G,T)Z2 = H0(Z2,H
3(G,T)) = E0,3

2 .

ρ ◦ αgτ ◦ αhτ = ρ ◦AdUgτ ,hτ ◦ α(gh)τ = Ad(ρ(Ug,h)Vgh) ◦ αgh ◦ ρ,

ρ ◦αgτ ◦αhτ = Ad(Vgαg(Vh)) ◦αg ◦αh ◦ ρ = Ad(Vgαg(Vh)Ug,h) ◦αgh ◦ ρ,
⇒ ∃ξ(g, h) ∈ T satisfying Vgαg(Vh)Ug,h = ξ(g, h)ρ(Ug,h)Vgh.

Definition

c0,3(C) := [ω] ∈ H3(G,T)τ .
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E1,2
2

Assume c0,3(C) = 0.
We may assume α is an action, ξ ∈ Z2(G,T) and
ρ ◦ αgτ = AdVg ◦ αg ◦ ρ,
Vgαg(Vh) = ξ(g, h)Vgh.

Lemma

∃η(g) ∈ T satisfying

ξ(gτ , hτ )ξ(g, h) = η(gh)η(g)−1η(h)−1.

In particular, the 2-cocycle ξ ∈ Z2(G,C×) gives a class in
H1(Z2,H

2(G,C×)) = E1,2
2 .

Using rigidity, we get Vg ∈ (αgτ−1 ◦ ρ, ρ ◦ αg−1), and η(g) ∈ T satisfying

V(gτ )−1 = η(g)Vg.

Definition

Define c1,2(C) ∈ H1(Z2,H
2(G,T)) by the class given by ξ.
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Condition for Cuntz algebra models

Assume further that c1,2(C) = 0.
Then we can choose Vg satisfying

ρ ◦ αgτ = AdVg ◦ αg ◦ ρ,

Vgαg(Vh) = Vgh.

Thus ∃W ∈ U(M) satisfying Vg = W−1αg(W ), and

AdW ◦ ρ ◦ αgτ = αg ◦AdW ◦ ρ.

Replacing ρ with AdW ◦ ρ, we get

ρ ◦ αgτ = αg ◦ ρ.

Summary: To obtain a Cuntz algebra model for C, we need c0,3(C) = 0
and c1,2(C) = 0.
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Vanishing theorem

M −M idM ρ αρ α2ρ α α2

M −N ι κ αι α2ι

N −N idN ρ̂ σ ιαι

The Haagerup subfactor is 3Z3 .

Theorem (I)

When a quadratic category C of type (G, τ, 1) comes from a 3G-subfactor,
then c0,3(C) ∈ H3(G,T)Z2 and c1,2(C) ∈ H1(Z2,H

2(G,T)) vanish.

Proof.

[αg][κ] = [κ] ⇒ c0,3(C) = 0.
(κ, ρκ) ∋ T 7→ Vgαg(T ) ∈ (κ, ρκ) gives a projective representation of G
with dim(κ, ρκ) = |G| − 1 ⇒ c1,2(C) = 0.
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Odd G

Theorem (I)

Let C be a spherical quadratic category with (G, τ,m).
If G is an odd group and m is an odd number, then G is abelian and
gτ = g−1 for any g ∈ G.

Let (π, Vπ) be an irreducible representation of K(C).
Then the formal codegree fπ for π is defined by

fπ =
∑

X∈Irr(C)

Tr(π(X))π(X).

Since fπ commutes with π(X) for every X ∈ Irr(C), it is a scalar.

Theorem (Ostrik 2009)

If C is spherical, there exists a simple object in the Drinfeld center Z(C)
whose dimension is dim C/fπ.
In particular, dim C/fπ is a cyclotomic integer.
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Odd G

Lemma

If G and m are odd, for any non-trivial irreducible representation π of G,
π and πτ are inequivalent.

Proof.

Suppose that π is a non-trivial irreducible representation of G with π ∼= πτ .
Then π extends to an irreducible representation π′ of K(C) whose formal
codegree is fπ′ = 2|G|/dimπ, and

dim C
fπ′

= dimπ +
m|G| dimπ dim ρ

2
.

This is not an algebraic integer.
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Generalized Haagerup categories

Definition

A generalized Haagerup category with a finite abelian group G is a
quadratic category C with (G,−1, 1) satisfying c0,3(C) = 0 and
c1,2(C) = 0.

Caution:
(1) There exist two quadratic categories of type (Z3,−1, 1) with
c0,3(C) ̸= 0.
(2) To construct the Asaeda-Haagerup subfactors, we need a quadratic
category of type (Z4,−1, 2) and c0,3(C) = 0.
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Classification theorem

Theorem

Generalized Haagerup categories are completely classified by explicit
polynomial equations.

More precisely, there exists a one-to-one correspondence between the
equivalence classes of generalized Haagerup categories and the
H2(G,T)⋊Aut(G)-orbits of the gauge equivalence classes of the
solutions of the polynomial equations.

For a fixed solution, the stabilizer subgroup is isomorphic to the outer
automorphism group of the corresponding category.
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Polynomial equations for odd G

Variables: A(g, h) ∈ C and η ∈ T with η3 = 1.∑
h∈G

A(h, 0) = −η

d
,

∑
h∈G

A(h− g, k)A(h− g′, k) = δg,g′ −
δk,0
d

,

A(k, h) = A(h, k),

A(h, k) = A(−k, h− k)η = A(k − h,−h)η,

∑
l∈G

A(x+ y, l)A(−x, l + p)A(−y, l + q)

= A(p+ x, q + x+ y)A(q + y, p+ x+ y)− δx,0δy,0
d

.
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Solutions for the polynomial equations

G # (sols/H2(G,T)×Aut(G)) With Q-system for id⊕ρ

Z2 1 1

Z3 2 1

Z4 2 1

Z2 × Z2 1 1

Z5 2 1

Z6 4 2

Z7 ≥ 2 1

Z8 ≥ 1 ≥ 1

Z4 × Z2 ≥ 1 ≥ 1

Z2 × Z2 × Z2 ? ?

Z9 ≥ 2 2

Z3 × Z3 ? 0

Z10 ? ?

Z11 ≥ 2 2
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From generalized Haagerup to near-group

Theorem

Let C ⊂ End0(M) be a quadratic category of type (G,−1,m) with an odd
abelian G and c0,3(C) = [ω].
Let

ι : M ⊗Mopp ↪→ (M ⊗Mopp)⋊α⊗αopp G.

Then ι ◦ (ρ⊗ id) ◦ ῑ generates a near-group category with group
Irr(Dω(G)) and multiplicity m|G|2.

From G = Z3 and m = 1, we get a near group categories for Z3 × Z3 or
Z9 with multiplicity 9.
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Orbifold (de-equivariantization) of near-group categories I

Theorem

Let C ⊂ End(M) be a near-group category with m = |G|.
If H is Lagrangian, i.e. H = H⊥ and a|H = 1, then de-equivariantization
of C by H is a quadratic category of type (G/H,−1, 1).

There is a unique near-group category for Z3 × Z3 with m = 9.
It has two Lagragians, giving the Haagerup category and Grossman-Snyder
category.

There are two near-group categories for Z9.
They have Lagrangian Z3, giving C with non-trivial c0,3(C).

Corollary

There exist exactly 4 quadratic categories type (Z3,−1, 1).
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Twisted orbifold (de-equivariantization) of near-group
categories

Theorem

Let C ⊂ End(M) be a near-group category with m = |G|.
Assume G = K ×H and H = Z2l

2 .
Assume ∃ω ∈ Z2(H,T) such that ⟨h1, h2⟩ = ω(h1, h2)ω(h2, h1) is
non-degenerate on H.
Then ω-twisted de-equivariantization of C by H is a near-group category
with group K and multiplicity 2l|K|.

There are two solutions for K = Z3, H = Z2 × Z2 satisfying the above
conditions, and they produce 2 near-group categories of Z3 with
multiplicity 6.
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