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Introduction and statement of our main theorem

Cyril Houdayer (Uni ité Paris-Sud) Amenable absorption in AFP von Neumann algebras



What is... an AFP von Neumann algebra?

For each i € {1,2}, let B C M; be an inclusion of von Neumann
algebras with faithful normal conditional expectation E; : M; — B.

Definition (Voiculescu 1985)

The amalgamated free product von Neumann algebra

(M,E) = (My,E1) x5 (M2, E2)

is the unique pair consisting of a von Neumann algebra M with a
faithful normal conditional expectation E : M — B such that:

e for each / € {1,2}, M; C M is a von Neumann subalgebra
o M= M;V M

@ M; and M, are x-free with respect to E, meaning that

whenever n > 1, x; € ker(E,;), ¢j € {1,2} and 11 # -+ # tp
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What is... an AFP von Neumann algebra?

Once conditional expectations are fixed, we simply write
M = Ml *B M2
When B = C1, E; = ;1 and E = ¢1, we simply say that

(M, ) = (M1, p1) * (M2, ¢2)

is the free product von Neumann algebra.

Example (Group von Neumann algebras)

Let G = Gy xyy Gy be an amalgamated product of discrete groups.
Then we have
L(G) = L(G1) *(m) L(G2)

with respect to canonical conditional expectations.

Recall that L(G) = Ag(G)” where A\g(g)dp = 0gp for all g, h € G.
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Popa’s maximal amenability result in L(F5)

It is well known that any II; factor N contains a copy of the
hyperfinite 11; factor R. Kadison asked the following question.

Problem (Kadison 1967)

Let N be any I1; factor and x = x* € N any selfadjoint element.
Does there always exist an intermediate hyperfinite subfactor
R C N such that x € R?

Popa answered negatively the above question by proving the
following pioneering result.

Theorem (Popa 1983)

Write Fo = (a, b). The generator subalgebra A := {\g,(a)}" is
maximal amenable inside M := L(Fy), that is, whenever Q is
amenable and A C Q C M then A= Q.

Popa introduced a powerful method to prove maximal amenability
known as asymptotic orthogonality property (AOP).
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Maximal amenability in free product von Neumann algebras

Popa's method and result have been recently extended by H-Ueda
to arbitrary free product von Neumann algebras.

A von Neumann subalgebra Q@ C M is with expectation if there
exists a faithful normal conditional expectation Eg : M — Q.

Theorem (H-Ueda 2015)

For each i € {1,2}, let (M;, ;) be any von Neumann algebra
endowed with any faithful normal state. Denote by M = My x M,
the free product von Neumann algebra.

Let @ C M be any amenable von Neumann subalgebra with
expectation such that Q N My is diffuse and with expectation.
Then Q@ C M;.

In particular, if My is diffuse and amenable, then My is maximal
amenable (with expectation) inside M.

See also Ozawa (2015) for a different proof in tracial free products.
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Boutonnet—Carderi's maximal amenability result

Recently, Boutonnet—Carderi found a new way to prove maximal
amenability results in tracial von Neumann algebras.

Their idea is to exploit amenability via the existence of non normal
central states and use C*-algebraic tools.

Theorem (Boutonnet—Carderi 2014)

Let A < T be an inclusion of infinite discrete groups. Assume that
N\ is amenable and that there exists a compact [ -space X for which
whenever (i € Proba(X) and g € T\ A, we have g.u L p.

Then L(A) is maximal amenable inside L(I").

The above theorem applies in particular to hyperbolic groups and
amalgamated product groups.
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Amenable absorption in AFP von Neumann algebras

Our main result is:

Theorem (Boutonnet-H 2016)

For each i € {1,2}, let B C M; be any inclusion of arbitrary von
Neumann algebras with expectation. Denote by M = My xg M,
the amalgamated free product von Neumann algebra.

Let @ C M be any von Neumann subalgebra with expectation
satisfying the following two conditions:
© Q is amenable relative to My inside M (e.g. Q is amenable).
Q@ QN M; C My is with expectation and Q N My A, B.

Then Q C M.

Our result completely settles the questions of maximal amenability
and amenable absorption in AFP von Neumann algebras.

It simultaneously generalizes results by Popa (1983),
Boutonnet—Carderi (2014), Leary (2014) and H-Ueda (2015).
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Strategy of proof

@ Popa’s AOP approach cannot work to prove amenable
absorption in general AFP von Neumann algebras.

@ Instead, we use Boutonnet—Carderi's approach and exploit
amenability via the existence of conditional expectations.

@ For this approach to work, we need to extend Popa's
intertwining theory to arbitrary von Neumann algebras.

@ We prove a useful intertwining criterion for subalgebras with
expectation in terms of the existence of non vanishing
bimodular completely positive maps defined on Jones basic
construction.

@ We will then sketch the proof of our main theorem using the
intertwining criterion.
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Popa’s intertwining theory in arbitrary von Neumann algebras
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Jones basic construction

Let M be any von Neumann algebra and (M,L2(M), J,1.2(M).)
the standard form of M.

Let B C M be any von Neumann subalgebra with faithful normal
conditional expectation Eg : M — B. Then denote by

eg : L?(M) — L?(B) the corresponding Jones projection.

Definition (Jones basic construction)

Denote by (M, B) := (JBJ)' N B(L?(M)) the basic construction
of M with respect to B.

Observe that (M, B) is also the von Neumann subalgebra of
B(L2(M)) generated by M and eg.

Denote by Ty : (M, B); — M: the canonical faithful normal
semifinite operator valued weight satisfying Tp(eg) = 1.
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Popa's intertwining theory: terminology

Let M be any o-finite von Neumann algebra and A, B C M any
von Neumann subalgebras with expectation.

Definition

We say that A embeds with expectation into B inside M and
write A <y B if there exist projections e € A, f € B, a nonzero
partial isometry v € eMf and a unital normal s-homomorphism
0 : eAe — fBf such that:

@ the unital inclusion §(eAe) C fBf is with expectation and

@ av = vf(a) for all a € eAe.

Transitivity property: H-Isono (2015)

If A<y B and D C Ais a (unital) von Neumann subalgebra with
expectation, then D <, B.
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Popa's intertwining theory: characterization in tracial case

When (M, 1) is tracial, the weight Tr := 7 o T, defines a faithful
normal semifinite trace on the basic construction (M, B).

Theorem (Popa 2001, Ozawa—Popa 2008)

Let M be any tracial von Neumann algebra and A, B C M any
von Neumann subalgebras. TFAE:

QO A=y B.

@ There exists a nonzero projection p € A'N (M, B) such that
Tr(p) < +o0.

© There exists an A-central normal state p on (M, B).
Q There exists an A-central state 1) on (M, B) such that

Y|m is normal and  |c+(megnry # 0.
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Popa's intertwining theory: characterization in general case

We generalize Popa's intertwining theory to arbitrary von
Neumann algebras as follows.

Theorem (Boutonnet-H 2016)

Let M be any von Neumann algebra and A, B C M any von
Neumann subalgebras with expectation. TFAE:

QO A=y B.

@ There exists a nonzero projection p € A'N (M, B) such that
Tm(p) € M4

© There exists a nonzero normal A-bimodular completely
positive map ¢ : (M, B) — A.

@ There exists an A-bimodular completely positive map
V: (M, B) — A such that

Wy is normal and  V|cx(yeymy 7 0.

Our intertwining criterion further generalizes H-Isono (2015).
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Proof of the intertwining criterion

(4) = (3). Assume that there exists an A-bimodular completely
positive map V : (M, B) — A such that

W|p is normal and W

C*(Megm) 7 0.
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Proof of the intertwining criterion

(4) = (3). Assume that there exists an A-bimodular completely
positive map V : (M, B) — A such that

W|p is normal and W

C*(Megm) 7 0.

Following Ozawa—Popa, take an approximate unit (f))xea in
C*(MegM) that is quasi-central for the C*-algebra
M + C*(MegM), i.e. limy ||xfy — fax|| = 0 for every x € M.
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Proof of the intertwining criterion

(4) = (3). Assume that there exists an A-bimodular completely
positive map V : (M, B) — A such that

W|p is normal and W

C*(MegM) 7 0.

Following Ozawa—Popa, take an approximate unit (f))xea in
C*(MegM) that is quasi-central for the C*-algebra
M + C*(MegM), i.e. limy ||xfy — fax|| = 0 for every x € M.

Choose a cofinal ultrafilter I/ on the directed set A and define

®(T) := o-weak lim V(A TH)
A—=U

Using properties of (f))xcn, we have &
and ¢ is A-bimodular.

c*(MegM) = V] (Megm)

Then we show that ¢ : (M, B) — A is normal.
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Proof of the intertwining criterion

(3) = (2). Assume that there exists a nonzero normal
A-bimodular completely positive map ¢ : (M, B) — A.

We regard ¢ : (M, B). — Ir as a nonzero normal bounded
operator valued weight.
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Proof of the intertwining criterion

(3) = (2). Assume that there exists a nonzero normal
A-bimodular completely positive map ¢ : (M, B) — A.

We regard ¢ : (M, B). — Ir as a nonzero normal bounded
operator valued weight.

Denote by E5 : M — A a faithful noLrI]aI conditional expectation.
Then Tp:=Eao Ty : (M,B)y — Ay is a faithful normal
semifinite operator valued weight.
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Proof of the intertwining criterion

(3) = (2). Assume that there exists a nonzero normal
A-bimodular completely positive map ¢ : (M, B) — A.

We regard ¢ : (M, B). — Ir as a nonzero normal bounded
operator valued weight.

Denote by E5 : M — A a faithful noLrI]aI conditional expectation.
Then Tp:=Eao Ty : (M,B)y — Ay is a faithful normal
semifinite operator valued weight.

Since ® is bounded on A’ N (M, B), T4 is not purely infinite on
A"'N (M, B) by Haagerup's theorem (1979).

Then we can find a nonzero projection p € A'N (M, B) such that
Tm(p) € M.
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Proof of the intertwining criterion

(2) = (1). Assume that there exists a nonzero projection
p e AN (M,B) such that Tp(p) € M.

Then there exists a nonzero projection g € Z(A)p such that
Aq C q(M, B)q is with expectation by Haagerup's result (1979).
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Proof of the intertwining criterion

(2) = (1). Assume that there exists a nonzero projection
p e AN (M,B) such that Tp(p) € M.

Then there exists a nonzero projection g € Z(A)p such that
Aq C q(M, B)q is with expectation by Haagerup's result (1979).

Using that eg has central support equal to 1 in (M, B) and
eg(M, B)eg = Beg, the transitivity property implies that

Aq =(m,B) Bes.

There exist projections e € A, f € B, a nonzero partial isometry

V € eq(M, B)feg and a unital normal *-homomorphism
0 : eAe — fBf such that aV = V0(a) for every a € A.
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Proof of the intertwining criterion

(2) = (1). Assume that there exists a nonzero projection
p e AN (M,B) such that Tp(p) € M.

Then there exists a nonzero projection g € Z(A)p such that
Aq C q(M, B)q is with expectation by Haagerup's result (1979).

Using that eg has central support equal to 1 in (M, B) and
eg(M, B)eg = Beg, the transitivity property implies that
Aq =(m,B) Bes.

There exist projections e € A, f € B, a nonzero partial isometry
V € eq(M, B)feg and a unital normal *-homomorphism
0 : eAe — fBf such that aV = V0(a) for every a € A.

By Pimsner—Popa push down lemma (lzumi-Longo—Popa 1996),
we have Ty(V) # 0. Moreover a Ty (V) = Tp(V)6(a) for every
a € A. Taking the polar decomposition Ty (V) = v |Tp(V)], we
have v € M, v # 0 and av = vf(a) for every a € A.
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Proof of our main theorem
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Amenable absorption in AFP von Neumann algebras

Recall the statement of our main theorem:

Theorem (Boutonnet—-H 2016)

For each i € {1,2}, let B C M; be any inclusion of arbitrary von
Neumann algebras with expectation. Denote by M = M xg Mo
the amalgamated free product von Neumann algebra.

Let @ C M be any von Neumann subalgebra with expectation
satisfying the following two conditions:

Q@ Q is amenable relative to My inside M (e.g. Q is amenable).
Q@ QN M; C My is with expectation and Q N My A, B.

Then Q@ C M;.

We will sketch the proof in the case when @ is amenable.
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Statement of the vanishing lemma

Since Q@ C M is amenable and with expectation, we may choose
and we fix a conditional expectation ¢ : B(L?(M)) — Q such
that ®|y, is faithful and normal.

Denote by E : M — B the canonical conditional expectation.
Choose a faithful state ¢ € M, such that o o E = .

Denote by K the closure of the linear span in L2(M) of all the
reduced words x; - - - x,§, where n > 1 and x; € M> © B.
Denote by Py : L?(M) — K the orthogonal projection.
Vanishing lemma

We have ®(uPxu*) = 0 for every u € U(My).

Therefore, for every u € U(M;), the projection 1 — uPiu* belongs
to the multiplicative domain of ® and ®(1 — uPxu*) = 1.
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Equivalent formulation of the vanishing lemma

Recall that & : B(L?(M)) — Q with ®|y; faithful and normal and
IC=5span{xi---xp{y : N> 1,x1--x, is reduced, x; € M> © B}.

By definition, K is naturally a B-M;-bimodule and as
My-M;-bimodules, we have the following isomorphism

L2(M) © LZ(Ml) = LZ(Ml) ®p K
Since Q@ N My C M is with expectation, there exists a faithful

normal conditional expectation Eqnp, : M — QN M.

Put © := Egnm, 0 @ : B(L2(M)) — @ N My. Since Egny, is
faithful, in order to prove the vanishing lemma, it suffices to show
that ©(uPicu™) = 0 for every u € U(M).
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Proof of the vanishing lemma using intertwining theory

Vanishing lemma (© version)
We have ©(uPyu*) = 0 for every u € U(My).

Proof of the vanishing lemma.

Key observation: L?(M;) is a (My, B)-B-bimodule. Then

L2(M) o L2(M;) = L2(My) @5 K

is naturally endowed with a structure of (My, B)-M;-bimodule.
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Proof of the vanishing lemma using intertwining theory

Vanishing lemma (© version)
We have ©(uPyu*) = 0 for every u € U(My).

Proof of the vanishing lemma.
Key observation: L?(M;) is a (My, B)-B-bimodule. Then

L2(M) o L2(M;) = L2(My) @5 K

is naturally endowed with a structure of (My, B)-M;-bimodule.

Thus there is a normal *-homomorphism 7 : (M, B) — B(L?(M))
such that 7(eg) = Pk and 7(x) = xe,\l/,1 for every x € Mj.
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Proof of the vanishing lemma using intertwining theory

Vanishing lemma (© version)
We have ©(uPyu*) = 0 for every u € U(My).

Proof of the vanishing lemma.
Key observation: L?(M;) is a (My, B)-B-bimodule. Then

L2(M) o L2(M;) = L2(My) @5 K

is naturally endowed with a structure of (My, B)-M;-bimodule.
Thus there is a normal *-homomorphism 7 : (M, B) — B(L?(M))
such that 7(eg) = Pk and 7(x) = xe,\l/,1 for every x € Mj.

Then V:=Qon: (M, B) - QN My isa QN Mi-bimodular
completely positive map such that V|, is normal.
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Proof of the vanishing lemma using intertwining theory

Vanishing lemma (© version)
We have ©(uPyu*) = 0 for every u € U(My).

Proof of the vanishing lemma.
Key observation: L?(M;) is a (My, B)-B-bimodule. Then

L2(M) o L2(M;) = L2(My) @5 K

is naturally endowed with a structure of (My, B)-M;-bimodule.
Thus there is a normal *-homomorphism 7 : (M, B) — B(L?(M))
such that 7(eg) = Pk and 7(x) = xe,\l/,1 for every x € Mj.

Then V:=Qon: (M, B) - QN My isa QN Mi-bimodular
completely positive map such that V|, is normal.

Since @ N My A, B, we have W|cs(p,e5m,) = O by the
intertwining theorem. This implies that for every u € U(M,),
O(uPxu*) = G)(ue,\L/,1 Px (ue,\Lﬂl)*) = V(uegu*) =0. O
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Compatibility between ® and Eyy,

Recall that ¢ : B(L?(M)) — Q with ®|y; faithful and normal and
IC=5span{xi---xp{y : n>1,x1 - X, is reduced, x; € Mr © B}.

We have ®(x) = ®(Epm,(x)) for every x € M.

Proof of the claim.

By normality of ® on M, it suffices to prove that ®(x) = 0 for a
word of the form x = ux;---x, v € M © My where u, v € U(M,)
and xi -+ - xp is a reduced word with x1,x, € M © B.
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Compatibility between ® and Eyy,

Recall that ¢ : B(L?(M)) — Q with ®|y; faithful and normal and
IC=5span{xi---xp{y : n>1,x1 - X, is reduced, x; € Mr © B}.

We have ®(x) = ®(Epm,(x)) for every x € M.

Proof of the claim.

By normality of ® on M, it suffices to prove that ®(x) = 0 for a
word of the form x = ux;---x, v € M © My where u, v € U(M,)
and xi -+ - xp is a reduced word with x1,x, € M © B.

By construction of the AFP and the definition of /C, we have

(I—uPcu")x(1—v'Pcv)=u(l—Px)xi---x,(1—Px)v=0
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Compatibility between ® and Eyy,

Recall that ¢ : B(L?(M)) — Q with ®|y; faithful and normal and
IC=5span{xi---xp{y : n>1,x1 - X, is reduced, x; € Mr © B}.

We have ®(x) = ®(Epm,(x)) for every x € M.

Proof of the claim.

By normality of ® on M, it suffices to prove that ®(x) = 0 for a
word of the form x = ux;---x, v € M © My where u, v € U(M,)
and xi -+ - xp is a reduced word with x1,x, € M © B.

By construction of the AFP and the definition of /C, we have
(I—uPcu")x(1—v'Pcv)=u(l—Px)xi---x,(1—Px)v=0
Applying ® and using the vanishing lemma, we finally have

P(x) = d((1 — uPxu™)x (1 —v*Pxv)) =0 O
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Proof of the main theorem

Recall that & : B(L?(M)) — Q with ®|y, faithful and normal.

Proof of the main theorem.
Fix a faithful state ¢» € M, such that 1) o (®|p;) = 1. The previous
claim implies that

QZJOEMI :’(/JO((I)‘M)OEM1 :wo(q)‘/\/]):w
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Proof of the main theorem

Recall that & : B(L?(M)) — Q with ®|y, faithful and normal.

Proof of the main theorem.

Fix a faithful state ¢» € M, such that 1) o (®|p;) = 1. The previous
claim implies that

QZJOEMI :’(/JO((I)‘M)OEM1 :QZJO(CD‘M) :w
Then for every x € Q, the previous claim also implies that

Ixlly = [P0y = I1O(Enm () lle < (B (<l < [Ix]ly
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Proof of the main theorem

Recall that & : B(L?(M)) — Q with ®|y, faithful and normal.

Proof of the main theorem.

Fix a faithful state ¢» € M, such that 1) o (®|p;) = 1. The previous
claim implies that

QZJOEMI :’(/JO((I)‘M)OEM1 :QZJO(CD‘M) :w
Then for every x € Q, the previous claim also implies that
Ix[ly = [[@)lly = [PEnr CNlv < 1B (X)lly < [lx]l
Then |x||y = ||Em, (x)|| and since 1) o Epy = 1), we have
Ix = En GO, = [IX115, = [ Ean ()5 = 0

This implies that x = Ep, (x) € M;. Therefore Q C M. O

Cyril Houdayer (Université Paris-Sud) Amenable absorption in AFP von Neumann algebras



