Compact Abelian Group Actions on Injective Factors

YASUYUKI KAWAHIGASHI
Department of Mathematics, Faculty of Science
University of Tokyo, Hongo, Tokyo, 113, JAPAN

(email: d338447tansei.cc.u-tokyo.ac.jp@RELAY.CS.NET)

MasaMICHI TAKESAKI

Department of Mathematics, University of California

Los Angeles, CA 90024-1555, U.S.A.

February, 1990

Abstract. We classify compact abelian group actions on injective type III
factors up to conjugacy, which completes the final step of classification of compact

abelian group actions on injective factors.
80 Introduction

The purpose of this paper is to provide a classification, up to conjugacy, of actions
of a (separable) compact abelian group on injective factors of type III (Theorem
3.1).

Studying automorphism groups has been a powerful and fruitful approach to
deepening our understanding of the structure of operator algebras, and the class of
injective factors, which are approximately finite dimensional, (AFD), by [C5], has
been the most important and well-studied. Group and groupoid actions on AFD

factors have been extensively studied in recent years by Jones [J] (for finite groups),
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Ocneanu [O] (for discrete amenable groups), Jones-Takesaki [JT| (for compact
abelian groups), and Sutherland-Takesaki [ST1] (for orbitally discrete amenable
groupoids), since Connes’ breakthrough [C2, C4] for integer actions. Sutherland-
Takesaki started a classification of amenable discrete group actions on AFD factors
of type III, 0 < A < 1, in [ST2], while [ST1] gave a complete classification only
on semifinite algebras, and Kawahigashi-Sutherland-Takesaki extended the classi-
fication of discrete abelian group actions to the case of type III; in [KST]. Here
we classify (separable) compact abelian group actions on AFD factors of type III.
This completes the classification of compact abelian group actions on AFD factors
as the natural continuation of Jones-Takesaki [JT].

In §1, we prepare some technical results on automorphisms of AFD factors of type
III. The key is Theorem 1.2, by which we obtain a special type of approximation of
approximately inner automorphisms by inner automorphisms. Because we already
have a complete list of automorphisms of AFD factors of type III by [ST2, KST],
we check the property for each automorphism in the list.

Section 2 handles centrally ergodic actions of discrete abelian groups on AFD von
Neumann algebras of type III which are not necessarily factors. Such actions arise
as dual actions of compact abelian group actions. We heavily rely on the method
of [JT, ST1], but a new difficulty arises from the fact that the isomorphism class
of each fibre of the central decomposition of the algebra is not unique in general,
while it is unique in the semifinite case.

We apply the result of §2 to compact abelian group actions in §3 by Takesaki

duality. With the aid of inner invariant, we get a classification up to conjugacy. We



also give an example. For prime actions with properly infinite fixed point algebras,
we obtain simpler classification result, which extends Thomsen’s result [Th].

Section 4 is devoted to detailed study of the 1-dimensional torus. We determine
all the possible combinations of types of the original factors and the crossed product
algebras for prime actions.

The basic references are Connes [C1] and Connes-Takesaki [CT] for type III von
Neumann algebras, and Jones-Takesaki [JT] and Sutherland-Takesaki [ST1,2] for
group actions. We use notations and results from these sources freely.

This work was started while the authors stayed at IHES and the Mittag-Leffler
Institute, continued during the stay of the second-named author at University of
Tokyo, and completed at Hokkaido University. The authors are grateful to these
institutions. The second named author was supported in part by NSF Grant-DMS

8908281, THES, the Mittag-Lefler Institute and JSPS.
61 Preliminaries on automorphism groups of AFD factors of type III.

Let M be an AFD factor of type III and M = N x4 R be the continuous

decomposition of M. Define maps

UZN))/T - UM)/T x Aut(M | N),

UM)/T x Aut(M | N) — Cnt(M),

by v — (v,0") and (v,0) — Ad(v)-o respectively, where oV is defined by o¥(z) = x
for x € N and 0¥ (u(s)) = v8s(v*)u(s) for the unitaries u(s) implementing 65 in M.
Here Aut(M | N') denotes the group of automorphisms which fix the subalgebra

N elementwise.



Proposition 1.1. In the above context, the following sequence is exact:

1 — U(Z(N))/T — UM)/T x Aut(M | N) —> Cnt(M) — 1.

Hence Cnt(M) is a Polish group under the quotient group topology. In particular,

Cnt(M) is Borel in Aut(M).

Proof. We get the exactness at Cnt(M) by Theorem 1(ii) in [KST]. Exactness
at the other points is clear. Since U(Z(N)), U(M), and Aut(M | N) are Polish
groups and U(Z(N))/T is the quotient group by the compact group T, Cnt(M) is

also a Polish group, being the image of a continuous homomorphism. Q.E.D.

We need a special type of approximation for approximately inner automorphisms
of AFD factors of type III. This will be used when we apply the generalized

cohomology lemma in [Su2] to our problem.

Theorem 1.2. Let M be an AFD factor of type III, and ¢ be a dominant weight
on M. If an automorphism o of M is approrimately inner, then there exist a

unitary u € M and a sequence of unitaries {v,} in M, such that o = Ad(u) -

lim,, 00 Ad(vy,).
We need some lemmas for the proof.

Lemma 1.3. Let M be a factor of type Iy and ¢ a dominant weight on M. Let
M = M, xg R be the continuous decomposition of M and c¢ be a 0-cocycle in
Z(My). Then for a positive integer n, there exist a -cocycle d on Z(M,) and a

unitary u in M such that 6¢ = Ad(u) - (67)".



Proof. We have an isomorphism ® : H} (R,U(C,)) — H'(Z,U(Cy)) by Appendix
in [CT], where ® is a faithful normal semifinite lacunary weight of infinite multi-
plicity and M = My, x Z is a discrete decomposition of M. (See also Theorem
3.1 in [ST2] and Corollary 5.6 in [HS].) Let [¢/] = ®([¢]), where ¢’ is a 1-cocycle on
U(Cy). Then there exists a 1-cocycle d’ on U(Cy) such that (d')" = ¢’ by taking an
n-th root in U(Cy). Setting [d] = ®~1([d']), we get 7 = (67)" modulo Int(M).

Q.E.D.

Regard elements of Z}(R,U(C,)) as maps from R to a Polish group U(C,), and

topologize Z} (R, Z(M,)) by uniform convergence on compact sets.

Lemma 1.4. Let M be a factor of type Iy, ¢ a dominant weight on M, and M =
M, xg R the continuous decomposition of M. The map X : ¢ € Zi(R,U(Cy)) +—

gf € Aut(M) is continuous.

Proof. Both Z}(R,U(C,)) and Aut(M) are Polish groups. Since the map ¥ : ¢ —
of is a group homomorphism, it is enough to show that X is closed. Suppose ¢,, — ¢
and 0f — o as n — oo. Then o is identity on My, so o is of the form o7 by the
relative commutant theorem in [CT]. Comparing &7 (u(s)) and 6 (u(s)) for the
unitaries u(s) implementing 5, we get lim,, .o ¢, (s) = d(s) in the strong topology

for all s € R. Thus we have ¢ = d, which shows the closedness of >. Q.E.D.

Next we approximate extended modular automorphisms by certain inner auto-

morphisms.

Lemma 1.5. Let M be an AFD factor of type III and ¢ be a dominant weight on

M. For an extended modular automorphism ¢, ¢ € Z;(R,U(C,)), there ezist a
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unitary u in M and a sequence of unitaries {v,} in My such that 62 = Ad(u) -

lim,, 00 Ad(vy,).

Proof. Case 1 (M is of type III,, 0 < A < 1): Let ¢ be the Powers state on
®;?O:1M2(C) corresponding to A. Then we may assume ¢ = ¥ ® w, where w is a

weight on £(L?*(R)) such that 0% = Ad(p;). (Here p; denotes the translation on

R by t.) Then af@Tr = ( > ,Ad (0 ;L)) ® id|c(r2(r)), and setting v, =

( =1 ((1) ;L)) ®1e Mg, we get lim,, .o Ad(vy,) = a;/@Tr. This completes
the proof in this case because of = a¢®Tr mod Int(M) by the Connes Radon-
Nikodym cocycle theorem.

Case 2 (M is of type III;): This case is proved in a way similar to the above,
by regarding the AFD factor of type III; as a tensor product of the AFD factors of
type I and III,, log A\/log 1 ¢ Q, by the uniqueness of the AFD factor of type
111, [Ce], [H].

Case 3 (M is of type Illp): Let C, = L°°(X), and regard the flow 6 of weights on
X as the flow built over the base { B, m, @} under the ceiling function f : B — R4
as in §3 of [ST2]. Let v € Z}(B xg Z) be a cocycle such that L - p*([v]) =
[c] € Hj(R,U(L>*(X))) in the notation of Theorem 3.1 in [ST2]. Then we have
a @-cocycle ¢ = p*(v). It is enough to show that &/ can be approximated by
Ad(vy,) because 7¢ = 77 mod Int(M). As in the proof of Theorem 4.4 in [HS],
an argument based on the Rohlin lemma shows that v can be approximated by

coboundaries w,, in the strong topology. Then ¢’ is approximated by coboundaries

d, = p*(wy,) in our topology defined above by the definition of p*. Let Ad(v,),



vp € My, be the inner automorphisms corresponding to 6§n. Then by Lemma 4,

we get 07, = limy, o0 Ad(vy). Q.E.D.

Proof of Theorem 1.2. We may assume ¢ - « = ¢ replacing « by an inner
perturbation of « if necessary.

First note that if the conclusion holds for some a € Aut(M), then it also holds
for p-a-p~! for any p € Aut(M). The reason is as follows. Suppose a = Ad(u) -
limy,—o0 Ad(vp), v, € U(M,,). Since p(My) = vM,v* for some v € U(M), ¢ being
dominant, there exists a sequence of unitaries w,, in M, such that p(v,) = vw,v*.

Then

pra-pt= nlgr;o Ad(p(u)p(v,)) = Ad(p(u)v) - Ad(nlirrgo wpvtwy) - nlLIr;O Ad(wy,).

We regard M = Mo ®R, ¢ = ¢o®tr, and Mg ,, ® R C My, where M = M,
R is the AFD factor of type I1;, and ¢ is a dominant weight on M.

Assume first the asymptotic period p,(«) to be 0. Then by Theorem 2 in [C2],
we may assume « is of the form idyq, ® o, where o is a free automorphism on R.
Since Int(R) = Aut(R), we are done.

Next assume p,(a) = p # 0. Then by Theorem 1(ii) in [KST], a? is of the form
Ad(w) - 5¢. By Lemma 1.3, take a cocycle d such that ¢ = (57 )? mod Int(M).
Setting 3 = - (57) 71, we get po(8) = pa(8) = p because p-a = ¢ and mod(a) = 1.
Thus by Theorem 2.7 of [O] (see also Theorem 1.5 of [C4]), we may assume [ is
of the form ida, ® 0p,, Where 7 is an obstruction of 8 and o, is the model
automorphism of R with obstruction v constructed in [C4]. Now « is of the form

o7’ @ op modulo inner automorphisms for some d' € Z;(R, Z(My,p,)) by the



Connes Radon-Nikodym cocycle theorem. Thus Lemma 1.5 completes the proof.

Q.E.D.

§2 Centrally ergodic actions of discrete abelian groups on AFD von

Neumann algebras of type III.

We will classify centrally ergodic actions of (countable) discrete abelian groups
on AFD von Neumann algebras of type III up to cocycle conjugacy.

Let M be an AFD von Neumann algebra of type III, and a be an action « of
a discrete abelian group G on M. The case where M is a factor was handled in
[ST2] and §2 of [KST]. Here we do not assume that M is a factor. Instead we
assume that « is centrally ergodic, i.e., Z(M)* = C. Let M = /}ja M(x)dp(z)
be the central decomposition of M. Then each M(x) is an AFD factor of type
III by Proposition 6.5 in [C5]. (We ignore measure-zero sets here and later unless
specified otherwise.) Note that the isomorphism class of M(x) is not necessarily
unique. (See p. 405 of [T3] for instance.) This is different from the case where M

is semifinite and causes technical difficulty.

Lemma 2.1. In the above context, the map v € X — Cnt(M(z)) is Borel in the

sense of [Su2].

Proof. This follows immediately from Theorem 3.1 (ii) in [Su2] and Proposition

1.1. Q.E.D.

Let H = {h € G : ap|lzm) = id}. For h € H and z € X, let af be the

automorphism of M(z) corresponding to «y, in the central decomposition of M.



Define N(z) = {h € H : of € Cnt(M(x))}. Then N(x) is constant on each G/H-
orbit, thus by Lemma 2.1 and the central ergodicity, N(x) is independent of z. We
denote it by N(a) = N. Let M = M xgR be the continuous decomposition of M
for a dominant weight ¢. We can define xo = [Aa, tta] € A(G, N(a),U(F(M))),
Vo = [ca] € HY(F(M)), and mod(a) : G — Aut(F(M)) as in p. 437 of [ST2]
even though M is not necessarily a factor here. (Here F (M) denotes the flow of
weights of M.) The center Z(M) is then identified with the fixed point subalgebra

of F(M) under the flow. As in [ST2], p € Aut(F(M)) can act on these invariants.

Theorem 2.2. If a and 3 are centrally ergodic actions of a discrete abelian group
G on M, then these are cocycle conjugate if and only if N(«) = N(B) and there

exists a p € Aut(F(M)) such that

plzmy - alzom) - Plzim) = Blzm),

p(mod(oz), Xas Va) = (mOd(ﬁ)v X8> Vﬁ)'

It is clear that the conditions are necessary as in [ST2]. We will prove that these
conditions are also sufficient in this section. In the rest of this section, assume «
and (3 satisfy the conditions in the theorem. We will prove that o and 3 are cocycle
conjugate. We will follow the lines of [JT] and [ST1].

Identify Z(M) with L*°(X). Define a groupoid G by G = X x G. Setting
K =G/H and K = X x K, we can identify G with H x K as in Lemma 2.2.11 in

T



We extend p to an automorphism of M and replace a by p-a-p~*! so that a = 3
on Z(M). We may and do assume that o and 8 have an invariant dominant weight

o, and satisfy

(%) ag(u(s)) = u(s) = By(u(s)), geG, scR,

where {u(s)} is the one parameter unitary group corresponding to the continuous
decomposition M = M, xy R, by Lemmas 5.10, 5.11 and 5.12 in [ST2]. (The fact

that M is a factor was not used in [ST2].)

Lemma 2.3. There exists an action k of a groupoid H x IC on the unique AFD
factor R of type ILwith x,. =1 € A(H xIC, N, T) such that for each homomorphism
q of K into H, there exists a Borel map p:x— py € Aut(R) with the following

properties:

—1
Py K1k Py = Ad(ug) - K1k, for a cocycle ug;
—1
Pz Rhx Py = Ad(vh,x) *Rh,z, for a cocycle Vh,x;

Unk1 k(Vhg) = (h,q(k))on ykny(ug), wherek € K:x—y.

Proof. This is nothing but Theorem 3.1 (b) in [ST1]. Q.E.D.

We regard this  as the action of G on R ® L™ (X).
-
According to the central decomposition M = / M(z)du(z), we get a decom-
X

position a4 @ M(z) — M(gx) of ay, where gx stands for the image of x by the

10



=
transformation induced on X by «,. Based on the fact: M = / M(z) @R dp(x),
be

we define the model action m of G on M by
Mg x = Qgz O Kg g M(il?) ®R — M(g.fE) ®R.

This m also satisfies the above condition (x). We will prove that m and [ are
cocycle conjugate, which is enough for the proof of Theorem 2.2.

For each z € X, we have actions m® and $* of H on M(x). Now m and
B have the same invariants by construction. Hence by [ST2, Theorem 5.9] and
[KST, Theorem 19], m® and (37 are cocycle conjugate for each x as actions of
H, thus there exist 7% € Aut(M(x)) and an mf-cocycle vy for each x so that
0 B8 (%)t = Ad(vf) - m¥. Integrating 7% and v¥ respectively based on the
von Neumann measurable cross-section theorem, we obtain 7 € Aut(M) and an
m-cocycle {vy} in M, so that 7- 8, - 771 = Ad(vp,) - mp, h € H. Now we replace
Bri : M(z) — M(y) by 7Y B (%)L, where (h,k) € Hx K and k : z +— y. It is
enough to prove that this new 3 is cocycle conjugate to m. We will write 8y, = B1

and my = mq . Summarizing the above change, we come to the situation:
Br = Ad(vy,) - mp, h € H; equivalently g = Ad(vy) - my, h e H.
Set

Ao(x) = {(p",wp) : p* € Aut(M(x)),p" - mj; - (p") ™" = Ad(wy;) - mj,
wy, is an mj-cocycle,h € H},

Bo(z) = {(Ad(u®), u"mj ((u®)")) : u” € UM(z))}.

11



The group structure of Ag(x) is given by

and the topology of Ag(z) is given by the topology of the semi-direct product of
Aut(M(z)) and U(M (x))H | the group of all functions of H into U (M (z)) equipped
with the product topology, as in page 242 of [JT]. The above group structure and
the topology of Ay(z) may appear to be artificial. We should note, however, that
Ap(x) can be viewed as the group of automorphisms of M(z) X, H commuting

with the dual action m?® of H under the identification:

(p* w®) — p* € Aut(M(x) Xpm= H)

where

Here {u”(h)} is of course the unitary representation of H in the crossed prod-
uct. It then follows that By(z) corresponds to the group of inner automorphisms
commuting with me.

Since H is commutative, H , or more precisely its action via m”, is a closed
subgroup of Ay(z), which consists of those elements (id,p), p € H, regarding each

p € H as an m*-cocycle: h — p(h) € T. Define A(x) by A(x) = Ao(x)/H and =

12



to be the quotient map: Ag(z) — A(z). It is a normal Borel subgroup of a Polish
group A(z).
We define nj, € Aut(M(y)) by ng = Bpmy ' for k € K : x + y. Since 7 =

Ad(vf) - m§, we have

ny-my -t = Br-mi - By
= B - (Ad((v)*) - BE) - B, *

= Ad(Br((vh)")) - By

Define wf = Bx((vf)*)vy, which can be shown to be an m!-cocycle by a routine

calculation. This means the class [ng, wf] of (ny,w?) belongs to A(x).

Lemma 2.4. In the above context, [ny, wy] belongs to B(y).

Proof. By the conditions (x) and the definition of n, we know that n, satisfies
oY -n, = ¢¥ and ng(u¥(s)) = w¥(s) in M(y) for k € K : © — y, where ¢
@
and u”(s) are given by the central decompositions ¢ = / ¢ du(x) and u(s) =
X
@
/ u®”(s)du(x). We also know mod(ng) = 1, because m and 3 have the same
X
modules. Hence by [KST, Theorem 1. (i)], ny is approximately inner. By Theorem
1.2, we have a unitary u € M(y) and a sequence of unitaries {v,} in M(y),v such

that ny = Ad(u) - lim,—oc Ad(v,). Set p = lim,, o Ad(v,) € Aut(M(y)). Since

ni leaves ¢ invariant and mod(ng) = 1, ny commutes with the extended modular

13



automorphism &, corresponding to the continuous decomposition: M = M, xg R.

We have also .- p = p- &, hence 7. - Ad(u) = Ad(u) - 5.. Set

(nfe ') = (Ad (), umfy ()™ - (g, wf) = (Ad(u*)n, w*wfmi (w)).

For h € N C H, we have mj = Ad(aj) - 6fyy(h), where aj € U(M(y),v) and
c(h)(s) = (a})*0s(aj) € U(Z(M(y)pv)), see [ST2, Lemma 5.12. (iii)]. Hence,

Y

Ad(w'§al) - 0% = Ad@w'}) - m) = nf -m}l - (n}) ™ = Ad(nf(a})) - 5%,

which implies that (i) there exists ¢f € U(Z(M(y))) = T such that

(ii) wi¥ belongs to M(y)w. Using p¥(h,h')a¥,, = alal,, h,h' € N, and p¥(h,h') €
Z(M(y)pv), we can show that c’fL is a character of N, by a computation similar
to that in p. 243 of [JT]. We extend c* to a character ¢ of H. Therefore we
may assume c® = 1 by changing (n},, v’ ]2) within its class in A(z). For simplicity,
we write (ny,wk) for this new (n},w’}). Now ng(al) = whal, ng -mi -n. ' =
Ad(wﬁ) -mj, and ng = lim, o Ad(v,) in our new notation, and it is enough
to show that (ng,w}) can be approximated by elements in By(x). The sequence
{(wk)*v,mY (v;)} is strongly central in M(y), and we get

(wh) vnmi (v;) = (wy) vaaj vy (a)* — (i) nq(af)(ah)* =1 asn — oo,

14



for h € N. Thus the same argument as in p. 244 of [JT] appealing to the 1-
cohomology vanishing theorem in the ultraproduct algebra of [O] completes the

proof. Q.E.D.

Proof of Theorem 2.2. We define a covariant Borel functor F' from K to Polish

groups in the sense of [Su2, Definition 4.1] by

F(r) = Aut(M(z)),

Fk(p):mk~p~m;1, ke K:z—y and pe€ F(x).

Define F-cocycles p; and ps by

pl(k) = Nk, IOQ(k) = /Ldv kek.

Then p1 (k) = p2(k)mod(B(r(k))). Thus the Cohomology Reduction Lemma, [Su2,
Theorem 5.5, entails the existence of 6, € Aut(M(zx)), an m®-cocycle {wF} and

ar € M(r(k)) such that for k€ K:2 — yand h € H,

9y - Ok - 9;1 = Ad(ak) - M,

0z -mj, - 0;1 = Ad(wy) - mp,.

We now follow the line of arguments of [JT, pages 247-248| and [ST1, pages 1111-
1112]. Since K is hyperfinite, {ax} can be chosen to be an m-cocycle. Recalling

B¢ = Ad(vy)-m¥, we replace 3, by 0, - 3, - 0,1 where v = hk € H x K = G and set

bhkz = Gy(v,ﬂ)w% mh(ak),

15



so that we have now

(%) Bk = Ad(bpi) - Mg, hk € H x K.

It then follows easily that the map: h € H — by, € U(M(x)) is an m-cocycle, and
that k € K — by, = ap, € U(M(r(k))) is an m-cocycle also. As [ST1, Lemma 4.4],
we have

bgkmgk (bne) = (h, q(k))bgkne, g, he H; k,leK.

for some ¢ € Hom(K, H). By the construction of m, we can choose 6, € Aut(M (z))

and unitaries ¢, € U(M(r(7))), v € G, such that

Oy -my 07" = Ad(cy) - my,y €G;
cgkMgk(cne) = (h,q(k)) cgrne,g9,h € H, k,l € IC;

he Hw cpp e UM(z)) is an m®-cocycle;

k € K +— ¢, is an m-cocycle.

With § as in (x*), we have, fory € G: 2 — vy,

Oy - By - 051 = Ad(By (by)cy) - .

It is now routine to check that v +— 6,..,)(by)cy is an m-cocycle over G, and that (3

()

is cocycle conjugate to m. Q.E.D.

§3 Actions of compact abelian groups.

16



Let A be a compact, (separable), abelian group. We define the dual invariant
Jd(a)) and the inner invariant ((a) as in [JT, Definition 3.2.1] for each action «
of A on an AFD factor. With these two invariant, we complete the conjugacy

classification of actions of A on an AFD factor as follows:

Theorem 3.1. Let o and (3 be actions of a compact abelian group on an AFD
factor M of type III. Then we conclude:

i) a and B are cocycle conjugate if and only if

a) M xq A2 Mxg A,

b) N(&) = N(D),

c) there ezists an isomorphism 6 of F(M x4 A) onto F(M xg A) which con-

jugates the restriction of & and 3 to the center Z(M x4 A) and Z(M x5 A) and

~

0(mod(&), Xa,va) = (mod(B), x3,vp)-

it) a and B are conjugate if O(a) = I(B) and 1(a) = ().

Proof. i) Since M is properly infinite, stable conjugacy implies cocycle conjugacy.
Each fibre of the central decomposition of the crossed product algebra is semifinite
or of type III. Thus we get the theorem by Theorem 1.2 in [ST1] and Theorem 2.2
in each case, respectively.

ii) This follows from the proof of [JT, Proposition 3.2.2] without change.

Q.E.D.

We will construct an example of a T?-action o on an AFD factor M of type III;
in Example 3.4 such that all the fibres of the central decomposition of M x, T?
are not isomorphic. We prove Theorem 3.3 for computation of flow of weights of

crossed product algebras. (At the final stage of the preparation of this paper, we
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received a preprint of Sekine, who proves the same result as Theorem 3.3 as the
main theorem of [Se].)

Let M be an injective factor of type III and M = AN x4 R be the continuous
decomposition of M. Thus we have a trace 7 on the semifinite von Neumann algebra

N and the one-parameter automorphism group 6 of N satisfying 7-0; = e~*

-1, and
o

6 on the center Z(N) induces the flow of weights of M. Let N' = / N (z) dp(x)
X

be the central decomposition of N. Here each N(x) is isomorphic to the AFD

factor of type 11, Ro,1-

Lemma 3.2. Suppose « is an automorphism of N and commutes with 6 in the
above context. If there exists a non-zero a € N such that xa = ac(x) for allz € N,
then there exists a unitary u € N and an element b € Z(N') such that o = Ad(u)

and a = u*b.

Proof. Let a = hu be the polar decomposition of a with A = (aa*)1/2. Since
aa* € Z(N), we have h € Z(N), and we get zu = ua(z) for all z. Let Z(N) =
L*(X,p) and T be the transformation on X determined by (af)(z) = f(Tlx),
f € L>®(X,u). DefineY = {x € X : Tx = x}, and consider o® € Aut(N(x)) arising
from the central decomposition for z € Y. Define Y’ = {z € Y : o® € Int(N(x))}.
The set Y is invariant under the flow on X induced from 6 because - a- 071 = a,
and has a positive measure because uu* and u*u are central projections. Thus we
get Y = X, u is a unitary, and a = Ad(u). By za = auzu®, a is of the form u*b

for b € Z(N). Q.E.D.

Let G be a discrete (countable) group, and « be an action of G on an injective von

Neumann algebra M of type III. For the continuous decomposition M = N xg R,
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we may assume the action o keeps a dominant weight ¢ invariant, N' = M., «
commutes with 6 on NV, and « keeps the implementing unitaries of # invariant by
Lemma 5.11 in [ST]. We denote also by « the restriction of & on N. Let N(a) =
{n € G : «a, is inner on N.}, and choose a unitary v, € N with a,, = Ad(v,) for

n € N(«a). Let

R(us; Z(N)) ={ Z anvp Uyt an € Z(N)} CN X, G,

neN (a)

where U, denotes the implementing unitary of the crossed product algebra. Now
G and R act on R(pl; Z(N)) by Ad(U,) and ;. The product and the G-action
on R(uk; Z(N)) is given by

a0 Up - amv), Up, = apampia (n,m) v, Upm,

Ug(anvpUn)Uy = ag(an)Aa(g, 9ng ™" ) 0501 Ugng1,

This is why we use the notation R(u; Z(N)) for this algebra. For n € N(a),
the automorphism «,, of M is centrally trivial, and it is of the form «,, = Ad(v,,) -
Tc(n,) € Aut(M), where & is an extended modular automorphism, by Theorem 1(ii)
of [KST]. Since a, (u(t)) = u(t) for the implementing unitary u(t) of M = N xp R,

the R-action on R(uk; Z(N)) is given by

an v, Uy — c(n, t)* 04 (an v, U,

Let A= R(u’; Z(N))Y, then the above R-action can be restricted to this commu-

tative algebra A = Z(N %, G). We denote this flow by F.
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Theorem 3.3. In the above context, the flow of weights of M x, G is given by

(-Aa Ft)

Proof. Since o and the modular automorphism o of M commute, the flow of
weights of M x4, G = N x4 (GxR) is given by § on Z(N x,G) = (N NN x,G)%,
where 0 is an extension of 0 to N x4 G.

We compute N' NN x4 G. Suppose ) . 74U, commute with every y € N,
where 2, € N, and U, is the implementing unitary of the crossed product algebra.
Then we get yx, = z404(y) for every y € N, thus by Lemma 3.2, we get g € N(«),
and 4 is of the form vja,, where ay = Ad(vy) on N and ay € Z(N). Thus the
center Z(N x, G) is given by A as in the theorem. The flow on A given by 6 is

exactly our F. Q.E.D.

Now we can construct a T2-action on the AFD factor of type III; such that the
isomorphism class of each fibre of the central decomposition of the crossed product

algebra is not unique.

Example 3.4. Consider the AFD factor R of type III;, and the modular auto-
morphism group o; of Re. For A € R\ Q, set M(\) = R Xs (Q + AQ). Then
as in p. 406 of [T3], we get a von Neumann algebra M = RGiQ M(X)dA. Here
M(X) and M(N') are isomorphic if and only if A = a)\ + b for some a,b € Q,
a # 0. The ax + b-group (a,b € Q,a # 0) defines the hyperfinite relation on
R\ Q, hence this relation is generated by a single transformation 7" on R\ Q by
[CFW]. Then we have M(X) = M(T")) for n € Z and A € R\ Q. We define
apx = id : M(A) — M(T")). This defines a Z-action o on M. We also define

another Z-action o' on M with o/[z(am) = id by a7, (z) = 2, € Ree T M(N),
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and ay, 4 (u(p)) = exp(ip)u(p), p € Q + AQ, where a7, y : M(A) — M(}) and
u(p) is the unitary implementing o, in M(A). These o and o' commute, hence
define a Z?-action. We denote it by a again. Then this action satisfies the assump-
tion of Theorem 3.3, thus we can compute the flow of weights of M x, Z?. Now
N' NN % Z2)is Z(N) =2 L®°(Q x Q) ® L*°(R\ Q). The fixed point algebra of
Z(N) by the action of the second component of Z? is now L>°(R \ Q) because the
action is ergodic on N'(\) for A € R\ Q\ 27Z. Considering the fixed point algebra
under the action of the other Z, we get the flow of weights is the trivial flow on C.
Thus the crossed product algebra is the AFD factor R, of type III;. Let § be the

dual action of & on Ro,. Then this 3 has the desired property.

In the rest of this section, we consider a faithful action a of a compact abelian
group A on an AFD factor M of type III with the condition that the fixed point
algebra M® is a factor. Such an action is called prime. The fixed point algebra
is a factor if and only if the crossed product algebra M x, A is a factor by [P,
Corollary 4.7], and thus this condition is also equivalent to I'(a) = A. Thomsen
studied prime actions of compact abelian groups on AFD factors, and classified
them on semifinite AFD factors in [Th]. We apply Theorem 3.1 to prime actions
to obtain a classification result.

We assume that the fixed point algebra M® is properly infinite. Because M is
of type III, M® cannot be of type I,,, n < oo, by [St, 3.4]. Thus we assume that
M*® is not of type II;. (Note that if M is of type II;, we can change o within its

stable conjugacy class so that M is of type Il.)
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Then we know that « is a dual action by [Th, Theorem 4.3]. That is, we have
a full unitary spectrum by maximality argument as in [Th, Lemma 2.5] and adjust
Ug, g € A, by [Sul, Theorem 4.3.3] so that Ad(U,) is an action on M. Lemma 5.10
in [ST2] shows that we have a dominant weight ¢ on M® which is invariant under
the action Ad(Uy), by changing U, if necessary. Let N' = (M®*),. Then the action
Ad(U,) of A restricts on N. Define N(a) = {g € A : Ad(U,) on N is inner.}. As
in [ST2, page 437], we can define x € A(A, N(a),U(Z(N))) and v € H (Z(N))
for Ad(U,). We denote them by Q(«) and ®(«) respectively. These are conjugacy

invariants of . We also define A(a) : A — Aut(Z(N)) by A(a)(g) = Ad(Uy)|z .-

Lemma 3.5. The invariants N(a), Q(«a), ®(«a), A(a) are equal to N(&), x(&),

v(&), mod(&) in Theorem 3.1 1).

Proof. Because the actions Ad(U,) and & of A are stably conjugate, we get the

conclusion. Q.E.D.
Now we get the following.

Theorem 3.6. Let a, 8 be prime actions of a compact abelian group A on an AFD
factor M of type III with properly infinite fixed point algebras. Then « and (3 are
conjugate if and only if N(a) = N(3) and there is an isomorphism 6 : M* — M?P

with 0(Q(a), (a), Ala)) = (28), 2(8), A(5)).

Proof. By Theorem 3.1 ii) and Lemma 3.5, it is enough to show t(a) = ().
Because the fixed point algebras are properly infinite factors, this is proved as in

(3.2.3) and (3.2.4) in [JT]. Q.E.D.
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Remark 3.7. Thomsen studied prime actions on semifinite AFD factors in [Th],
and he also obtained the above theorem in the case M® = R 1 [Th, Theorem 8.1].
We extend his result so that the type III fixed point algebra case is included as

above.

We now close the section with a brief discussion on the case where M® is a factor
of type II;. As seen in the structure analysis of a factor of type III\, 0 < A < 1,
[T1], there exists an action of the one dimensional torus group T whose fixed point
algebra is a factor of type Ilj, yet it is not dual. On the other hand, if M is a
factor, then a ® id on M & L(¢?) is dominant, and hence it is dual. Therefore,
any prime action « of a compact abelian group A on an AFD factor of type III
is conjugate to a reduction of a dominant action & of A by a projection in the
fixed point algebra of &, which means that the conjugacy comparison of two prime
cocycle conjugate actions is reduced to the equivalence analysis of projections in the
fixed point algebra under &. In the case that M is a finite factor. The comparison
of projections in M% is nothing but the comparison of the relative dimension of
the projections. In the next section, we will discuss prime actions more in detail

for the group T.
84 Actions of the 1-dimensional torus T.

In this section, we make a detailed study of actions of the 1-dimensional torus

T on AFD factors M of type III. We identify T with R/Z.

Theorem 4.1. Let M be an AFD factor of type III, and o be an action of T on
M with T'(a)) = Z. Then the possible combinations of types of M and N = M x,T

are as follows.
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Type of N
111 1T, 115 Il
111, A A X X
Type of M | IIIy A O O O
I O O O X

Here “III\” means “III\(0 < X\ <1)”.
The symbol () means all the combinations are possible.
The symbol /N means only some combinations are possible.

The symbol x means no combinations are possible.

A

Proof. We will give a proof for each case. Now N is a factor because I'(a) = T.

Case 1 (N is of type II): It is clear.

Case 2 (N is of type III;): Let 8 = & € Aut(M). If p,(8) = 0, then 3 is unique
up to outer conjugacy by Theorem 1(i) in [KST] and Theorem 2 in [C2]. In this
case, M is of type III;.

Let po(8) = p # 0. Then we may assume 37 = Ad(u) - o, u € U(N,), for a
dominant weight ¢ on N by Theorem 1(2) in [KST]. Because N x g Z is isomorphic
to a factor M by Takesaki duality (Theorem 4.5 in [T2]), po(8) = 0 and T # 0.
Let B(u) = yu, v = exp(2mwik/p). Then by Theorem 3.3, we know that the flow
of weights of M is periodic with period exp(—pT'/k). Here T' can be any non-zero
number.

Case 3 (N is of type III5(0 < A < 1)): Suppose p,(8) = p # 0 first. Then (3P
may be assumed to be of the form Ad(u)- o5 as above. Then by Theorem 3.3, the
flow of weights of M is given by (L®(T) ® L°(T))RCd)*xS  where the flow is

given by the speed —log A and T' on the first and second components respectively,
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and S is given by the rotation by k/p, G(u) = exp(2wik/p)u. Here we have all
the possibilities 11y, 1I1,(0 < g < 1), and III;. But we cannot get all the AFD
factors of type IIly, because we can construct only type IIly factors with the flow
of weights having pure point spectrum. Again, 7' can be any non-zero number.

If po(B) = 0, then the flow of weights of M is given by LOO(T)mOdﬂ, where the
flow on L>°(T) is given by the speed —logA. We get factors of type III; and III,,,
where log i = (log A)/n for some n € N.

Case 4 (N is of type II1p): If p,(3) = 0, then the flow of weights of M is given by
F(N) mods  Thig can be of type Iy, of course. If F(N) is a flow under the constant
ceiling function, then we can make a factor of type III5(0 < A < 1). By using 07 as
mod () for some T', we can get a factor of type III;. (If O7 is not ergodic on F(N)
for some T # 0, then the original flow is a flow under the constant ceiling function.
Then we can use another 67 with T7'/T ¢ Q as an ergodic transformation.)

If po(B) = p # 0, then as in Case 3, we know that the flow of weights of M is

given by (F(M) ® LOO(T))mOd(ﬁ)XS, where S is defined as above. Q.E.D.

We consider actions « of T with I'(«) # Z next. If I'(«) = pZ for some p # 1,0,
then we may assume « has a period 1/p by changing « within its cocycle conjugacy
class if necessary by Corollaire 2.3.1 and Lemma 2.3.14 in [C1]. Then an action «
has the full Connes spectrum as an action of T/(Z/p). So these are reduced to the
above case.

Finally we consider the case I(«) = {0}. In this case, Z = T acts on X freely

because of I'(a) = {0}, where Z(M x, T) = L>®(X). So we have H = {0} for &
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in the notation in §2. Thus we do not have characteristic invariants nor modular
invariants. Hence, these are classified by modules.
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