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PERTURBATION OF DOMAINS
IN THE POMPEIU PROBLEM

TOSHIYUKI KOBAYASHI

ABSTRACT. An old problem in integral geometry called the Pompeiu
problem is closely related to the existence of a solution of the over-
determined Neumann problem:

Au+Adu=0 in €2,
(N)’\ Su __ 0 —
%2 = 0,u = constant on Of).

It is easy to see (N)y holds if © is a ball. In this paper we shall
give a quantitative estimate of the following statement in terms of
one parameter family of domains and some special values of Bessel
functions: If Q is sufficiently ‘close to’ a ball and if (N), holds for a
bounded A, then © must be a ball.

1. INTRODUCTION AND STATEMENTS

The study of the relations between the geometry of a given domain and the
spectrum of the Laplace operator is very old and has been an area of active
research. One of these problems is a free boundary problem called Schiffer’s
conjecture ([20], Problem 80), related to the Pompeiu problem which has
originated in harmonic analysis ([15], [16]).

Suppose {2 is a bounded domain in R” whose boundary 852 is C* diffeomor-

phic to §™'. We associate the following three objects to
i) The null variety N(Q) := {¢ € C" : Fxa(¢) = 0}. Here Fxq(() =
fo eV=T@htdeala) gy . dz, is the Fourier transform of the charac-

teristic function xq, which is a holomorphic function of the variables

C:(Clr"‘ vCR)ECn'
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ii) An integral transform Tg : C(R™) — C(M(n)) defined by (Tnf) (9) =
[, f(gz)dz. Here M(n) = O(n) x R™ is the Euclidean motion group.

iii) An overdetermined problem:

Au+du=0 in €,
(N))\ du __ 0 —
St =0,u= constant on 99Q.

Here —é‘% stands for the outward normal vector field on 852.

Then it is a well known result using an argument of spectral synthesis that

these three objects are related with one another:

Fact 1.1. ([7], [18]) In the above setting, the following three conditions on £
are equivalent:

(1) There ezists 7 > 0 such that N(§2) D Sc(0: 7).

(2) KerTq # {0}.

(3) There exists A > 0 and a nontrivial solution u of (N).

Here, Sc(a:r):={CeC": .%I(Cj —a;)? =1%} fora=(a,...,a,) €R"
]=

and r € R. (1) and (3) are related by A = r°.

A ball in R™ satisfies the above three conditions. In fact, if € is the unit
ball, then

(12) ]:XQ(C):f%< <12+...+<n2>, (C= (G &) €T,

where f,(z) = (2%)%J;—ff) is a holomorphic function of z € C (Lemma 2.2
(1)). Hence,
(1.3.1) N(Q) D Sc(0:7),

(1.3.2) Ker Tq 3 fa-1 (7"\/2:12 +...+ :z:n2) ,
(1.3.3)
2PV +... z,2) is a solution to (N),
whenever  is a positive zero of the Bessel function Jx (2) (there exist countably

many).
Conversely, it has been a long standing conjecture (the Pompeiu problem,

Schiffer’s conjecture) that a ball would be the only domain satisfying one of
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(any of) (1)—(3) in Fact 1.1. Berenstein [3], Aviles [2] (see also [4] Proposition
1), and Brown and Kahane [6] have made progress regarding (N), which might
be summarized as follows: For simplicity, suppose ) is convex in R? (this
assumption can be weakened in (1.4.1) and (1.4.2)).

(1.4.1) If (N), holds for infinitely many A;, then € is a ball.

(1.4.2) If (N)) holds and A < vy, the seventh Neumann eigenvalue, then
also 2 is a ball.

(1.4.3) If (N), holds and n = 2, then 2?&1}1{9(0) > gé%:;(Hg(G), where
the breadth function Hq(8) := 21618(;5, 8) — :'I:Ielsf; (z,8).

For further progress and some survey related to this conjecture, see [5], [9],
and [14] and the references therein.

Loosely speaking, the result (1.4.3) of Brown and Kahane asserts that a
long thin convex domain in R? (‘far from’ being a ball) never satisfies the
conditions (1) - (3) in Fact 1.1. In contrast to this, our concern in this paper
will be with the case where Q is sufficiently ‘close to’ a ball. In order to define
the ‘closeness’ and to give a quantitative estimate on how perturbations of a
ball affect the properties in Fact 1.1, we need to take parallel translations and
similarity transforms into account because they do not affect the properties in
Fact 1.1. So, we first define unessential perturbations as follows.

Given a continuous function g : "' — R, = {z € R : z > 0}, we define

a star-shaped region {2(g) with respect to the origin by
(1.5) Qg):={p-neR":neS",0< p<g(n)}

Suppose g : [0,T] x 8! — R, is a C'-map such that g(0,n) =1 (7 € S*71).
Then £, := Q(g(¢, -)) forms a family of domains parametrized by ¢ € [0, T] with
Qo = B(0: 1), the unit ball.

We call {2} unessential if there exist a € R and b € R™ such that g,(0,7) =
a+(bn) (g == &) (i.e. g, € Ey + E; with the notation of Lemma 2.5 on
spherical harmonics). This means that {€),} is degenerate at ¢ = 0 up to
similarity transformations and parallel translations (see §5).

Fix 0 < 7,0 < @ < 1 and 0 € R. For a C** function g : [0,7] x S*~! —>
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R, we shall define (see (2.6.4), (3.3.3)):

100, e
e = Tolna

by using spherical harmonics and Bessel functions with the following property
(see (2.6.5)):

(= 0),

[9lra=0 < {Q(g(t,-))} is unessential.
We put B(a : r) = {z € R* : i(:cj —a;)? <r*},Sa:7r) = {z € R*:
=1

S (e — ;)% = 12} for a = (ay,... ,a,) € K™, 7 > 0. N(Q), = N(Q) N R".
j=1
Now we are ready to state our main result:

Theorem. Let R > 0. There ezists a constant C(n, R) > 0 with the following
property: Suppose 0 < T,0 < a <1 and that Q, = Q(g(¢,")) (0<t<T)isa
family of domains in R™ given by a C** map g : [0,T]xS""! — R, satisfying
9(0,-) =1 and |¢:.(0,n)] <1 (n € S*71). If there exist t; € R,z € R™ and
T > 0 such that
0 <ty < min (T, (C(n, R)[g]r.a)?),
N )rNBO:R)D S(z: 1),

then ty = 0 and so €y, is a ball.

Remark. Actually it suffices to assume R > j(%,1) the first positive zero of
Ja(2), when the constant C(n, R) is given in (4.5.2). In Proposition 4.4 we
drop the technical assumption [g;(0,7)| <1 (n € S*~!). A small price to pay
is the condition (4.4.1b) on ¢, is somewhat complicated (see also Lemma 4.5).

Corollary 1. Let R > 0 and retain the setting as in the theorem above.
Assume that there exist A, ty € R and v € C?(,,) N CY(Q,,) such that

0< X < R?,
0 <ty < min (T, (C(n, R)[g]ra)?),
u # 0 is a solution of (N),,.

Then ty =0 and Q,, is the unit ball.
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In a slightly different formulation we may define a perturbation of domains
{Q;} by giving the boundaries by means of a continuous map G : [0,77] x
Sl — R™ with G(0,n) =7 (n € S™!) such that

oQ, = G(t,S" ") := Image (G(t,-) : S" ' — R™).

If G is in the C? class, then we find a uniquely defined function g¢ : [0, 7] x
Sl — R (0 < T" < T) such that Q, = Q(ge(t,-)) (see Lemma 5.4). In
§5 we discuss a geometric aspect of unessential perturbations. In particular,
{€,} is unessential if and only if there exist 0 < 7" < T and C'-maps

a:[0,7"] - R, a(0) =1,

b:[0,77] — R™, b(0) = 40, ...,0),

@ [0, 7" x S*~1 — §n~ 1 p(0,w) = w, ,
o(t,") is a C'-diffeomorphism of
gn-1

such that G(t,w) := a(t)G(t, o(t,w)) + b(t) is degenerate at t = 0 in the sense
that 2|, _, G(t,w) = 0 (Proposition 5.7). Because of the ambiguity of the
map G up to Map([0, 7], Homeo(S™~!)), we present only a weaker version of
Corollary 1 by means of a sequence t; in this formulation, instead of giving an

explicit estimate of a single ty as in Corollary 1.

Corollary 2. Let 0 < T and 0 < a < 1. Suppose {Q,} (0 <t <T) is not an
unessential family of domains in R™ given by a CV* map G : [0,T) x S*' —
R™ with G(0,n) =n (n € S™'). Assume that there exists a sequence t; €
[0,7],A\; ER (j € N) and u; € C*(,) NC'(SY,) such that

1imj_,oo t] = 0,
SUPjen |’\j| < 00,
u; is a solution of (N)x, in €Qy,.

Then there exists ng € N such that £, is a ball for any 7 > ne.

We finally mention that the results here were announced in {11} Theorem 3
in 1986 (see also [12] Chapter 3 and [14] Theorem 5.12) with the C? assumption
on the parameter. Recently C. Berenstein brought to our attention a preprint
of Agranovsky [1]. There Agranovsky gives a similar result to Corollary 2

assuming that the dimension n = 2 and assuming the existence of a solution
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to (NV),, for all t with the condition that both the boundary 9}, and the
eigenvalues A\; depend analytically on the parameter ¢, though his result covers
unessential perturbations (cf. Remark (5.10)). His approach using Riemann’s

mapping theorem for C ~ R? is quite different from ours.

2. PRELIMINARY RESULTS ON
BESSEL FUNCTIONS AND SPHERICAL HARMONICS

In this section we give a short survey on Bessel functions and spherical
harmonics on S"~! that will be used in later sections.
For v € C and z € C\ (—o0,0], the v-th Bessel function is defined by

AN S G Y
Jul2) = (5) HZ:: nIl(v+n+1)

\/_FVH)/ eVt (1 — 42)-

If we put 6 = z-, then both J,(z) and J_,(2) are the solutions of the ordinary
differential equatlon 0>+ (22=v2))f(2) =0

Here is a collection of some basic properties of the Bessel function:

(2.1)

Lemma 2.2.
1) %ﬁ is an entire function of z € C with J”z(f) lm0 =
2) (see [8], (7.5.38), (7.15.42)) Let z € C. We have

1
2T (w+1) "

(2.2.2a) i Ju(2)?=1.
(2.2.2b) fj(zn + 1)1 (2)? = ?f-

3) For real v > —1,J,(z) has only real zeros (Lommel, see [17], pp.482-483).
Let denote by j(v,1) the first positive zero of J,(z)(v > 0). Then j(v,1) > v
([17], p.485).

4) (Siegel, see [17], p.484) J,(2) and J, m(2)(m € N,) have no common

zeros other than zero (Bourget’s conjecture).



PERTURBATION OF DOMAINS IN THE POMPEIU PROBLEM 521

The first and the last statements in Lemma 2.2 imply the following lemma,
in which the constants e(n, R) and §(n, R) will be used in a quantitative esti-

mate of our Theorem.

Lemma 2.3. Let j(2,k) (k € N,) be the k-th positive zero of the Bessel
function Jx(z). We fizx R> j(%,1) and define kr € Ny by

We define an entire function of z € C by
J

w3

(=)

n
2

(23.1) £(z) = (2m)*
Put

™

W(R):={2€C:0<Rez < R,|Imz| <1}.
Then there ezist € = €(n, R) > 0 and 6 = §(n, R) > 0 such that the following

three conditions hold.

(2.3.2) §(n, R) < 2minjcken (5(%, k) —5(%,k—1)).
(2.3.3) ¢ € W(R)N B(j(%,k) : 6) for some k € {1,... ,kr}, then

S 2 el B |z~ (5.8

23

(2.3.4) If z € W(R) \k’ﬁzj‘lB(j(ﬂ k) : 6), then
|f(2)] = e(n, R)6(n, R).

Remark 2.4. We might take §(n, R) = 1, however, we do not pursue this kind
of numerical estimates of the Bessel function in this paper. On the other hand,

we can and do assume

(2.4.1) g(n,R) < é(n,R) <1,
(2.4.2) e(n, R) <wp_1.
Here we define

ont
2.4.3 Wn_y == Vol(§" 1) = —

Next, we review spherical harmonics. We induce a Riemannian metric g on

S™~! from the standard metric on R™. Denote by Agn-1 the Laplace-Beltrami
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operator on S"~! with respect to g. Then the Laplace operator A = Ag~» on

R™ is represented as A = Z; 4 2219 + = L Agn-1 in the spherical coordinate
Br r or

z=rw (r>0,we S™" ). We write L2(S" 1) for the Hilbert space of square

integrable functions with respect to the measure given by the metric g. For

each non-negative integer k € N we define an eigenspace
By = {f € C®(S"Y) : Agr f = —k(k+n—2)f} C L2(S™).

The orthogonal group O(n) naturally acts on the unit sphere S™~'. This
action is transitive and we have O{n)/O{n — 1) ~ S™~'. Since this action is
isometric, Agn-1 belongs to the algebra of O(n)-invariant differential operators
and so E} is an O(n)-submodule of L*(S™~!), on which O(n) acts unitarily by
f(x) = f(g7'z) for f € L2(S™ '),z € S* ! and g € O(n).

In fact, it turns out that each Ej is an irreducible O(n)-module and the
eigenvalue of Agn—1 is given as an evaluation of the Casimir operator. Here

are classical results on spherical harmonics:

Lemma 2.5. (see [10], Introduction, Theorem 3.1 and Lemma 3.6)
1) L?(S™ 1) = Z @F, (orthogonal Hilbert space decomposition).

2) Ey is zrreduczble as an O(n)-module.
3) Ey is the C-span of

{(a1m1+-'-+anmn ta; € C, za wl,...,mn)GS"_l}.

In particular,
(2.5.1) Ey=C-1,
(252) E1 = C.’Zfl S...0 (C:Cn

4) (see also [8], p. 247, (11.4.22)) For h € L*(S" '), r € C and w € S"~* we
put

(2.5.3) h{r,w) := eV b (V.
Sn—l
If h € Ex(k € N), then we have forw € S™! andr € C
Jkyz-1(r)

(2.5.4) Ar,w) = (2m) V=T hw) “ 55
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We introduce a family of seminorms | - | on L?(S™"!) parametrized by
r >0 by

[

(2.6.1) | =

f"‘A”\

Z Hhk||2Lz(Sn—1)Jk+%-1(7“)2}
=1

for h = z he € L2(S™1) = z;°° ®E,. It h e S @F (ie. hy = 0), then it
k=0 k=1
follows frorn (2.5.4) that

(2.6.2) I1A(r, @)llz2sn-1y = (2m) Fr'=F AL,
Since f Jerz-1(r)? < max(l,r) (see Lemma 2.2 (2)) if N> n > 2, we have
k=0

(2.6.3) |h|. < ||R||z2(sm-1) max(1,7).

Let j(v, k)(k € N, ) be the positive zeros of J,(z) arranged in ascending order.
For R > j(2,1) let kg € Ny be the integer such that

n n n n
| = | = | — < | — .
0<](2,1)<3(2,2>< <j(2,kR)_R<](2,kR+1)

For h € L*(5™1), we define

(2.6.4) |h|R = mln |h|](12",k

1<k<kr

It follows from Lemma 2.2 (4) that

(265) |h|R =0 & h€FEy+E;.

3. SOME ESTIMATES OF ERROR TERMS.

In this section we give the first and second terms of the expansion of Fxq, (¢
w), the Fourier transform of a family of domains {§;} in R", and also give an
estimate of the error term.

We define a function F : C x C — C by

By a simple calculation we have

BF . an—=1 \/:Tsu
(3.1.2) B (s,uy =s"""e ,
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and thus
8
(3.1.3) / eV~ ldp = F(s,u).
0

By means of this function ' we have a formula of Fxn (¢):

Lemma 3.2. Suppose g : S*~! — R, is a continuous function and that Q(g)
is a star-shaped region with respect to the origin as in (1.5). Then we have a
formula

Fxaw(©) = [ Ploln), (0,))dn, ¢ec

Proof. From definition we have

Fxa () = eV~ gy
Qg)

=/ /9(71) e\/—_lr(n,g)rn__ldrdn
sn—1 Jp |
= [ Flotn), tr.0an. O

We fix 0 < T and 0 < @ < 1. For a C%*map f:[0,7] — R, we put

Ifllcecoay = sup 1f(#)]+ sup @) = f(s)l

< 00},
o<s<t<T |t —s|® ( )

Next, suppose g : [0,7] x S*~!' — R is a C**map. We put

(331) ”9H00= sup |9(t’77)|a
0<t<T
nesn—l

(33.2) lgllo+a : = sup g, mllco.= o,
nes’n—l

(3.3.3) lglli+a = = llgllco + ligello+as

where g:(t,7) := 59(t, 7).

Lemma 3.4. Let 0 < T and 0 < o < 1. Suppose g: [0,T] x S* ! - R, isa
Ch* map such that

(3.4.1) g(0,m) =1 forne S
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We write Q, = Q(g(t,-)) (see (1.5)). In particular, Qq is the unit ball. We put
(3.4.2)
Y(g:7T,a):=

)n—le\/——_lrg(t,n)(n,uJ)

sup |lg(t,n ge(t, ) |lcoe (o, -

1 [0 nesm1
wes™ 1!
If( e C,r >0 and w € S™!, then we have (see (2.4.3)for the definition of

wn—l)

(343)  1Fxa(C-w) = Fxoo (€ )] < gl lguloaeon el Mol =

0
(3.4.4) |[Fxa,(r-w)— Fxa,(r-w)— ta

fXQt(‘r w)]

<ttew, Y(g:r T, a).

t=0

Proof. Let ( € C and w € S™!. By Lemma 3.2 we have
Fxa(Cw)= [ Flglt,n),((nw))dn.
Then, from (3.1.2) we have
345) g FxaCow)= [ gt el mey Ty,
Thus,
|Fx0. (¢ w) = Fxa, (¢ w)| < t Sup,

< twn 1 [|gll5 1 geflooe! ™ EE =,

1o}
%fm(c ‘W)

which shows the first inequality (3.4.4).

It follows from the definition of Y(g : 7, T, ) and (3.4.5) that
3] 0
EFXQt(T UJ) - a

for 0 <t <T,we 8" ! and r > 0. Therefore, we have

Fxan(r- w)y < (14 a)Y(g: T a)wn 1t

t=0

o
e (@) = Fra,(rw)—t o Fxarew)
s=0
t 9 5]
= ,/0 {gngng(T'w) ~ 3 szofXQs(T'w)}dS

IA

oY (g:r,T,a)wnq. O

We shall need the following estimate of Y in §4.
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Lemma 3.5. Retain the setting of Lemma 3.4. We define §: [0,T] x S™* x
R — R by

(3.5.1) g(t,m,a) := (1 + at)g(t,n).
Assume

(3.5.2) 0<T <1 and |a|T £ 1.
Then

(35.3)Y(§(,a) : T, @) < 2% (n+ 1) gl gllorallglira(l + fal)®.

Proof. First we treat the case a = 0. Fix r > 0 and n,w € S™~'. We put
h(z) := z"~leV~12r %) Then

(g (-, M)lco.a o,y
tg(ta 77) — 9(37 77)|

< sup |h(g(t,n))| + sup |h(g(t,m))| sup ~
0<t<T 0<t<T 0<s<t<T [t — s
< gzt +{tn = Dllglz? + lgllz " rHgllo+a

< (n+7)gll%  lgllosa-

Here we have used ||g||cc > 1 in the last inequality. Hence

1
Y(g:nTo)=1— sup_ [Mg(,m)g.C,mllcowqory
n?w e

(3.5.4) < lgello+a sup 1RLg (-, mM)lcoe (o,

7wES

< (n+1)lgllss  lgllorallgellosa

Next, let us estimate Y for §(¢,n,a) = (1+at)g(t,n) in terms of g. We assume
T <1 and |a|T < 1. Since

gt(tvn:a’) = ag(ta 7)) + (1 + at)gt(t>n)a
1+ atllota < 1L+ atllors <2+ al,
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we have

9/l < 2lgloo,
19(, ", @)llo+a < |11 + atllotallgllota
< 2+ laDligllo+a;
13:(5 5 @)llova < lalllgllora + 11 + atllorallgellota
< 2(1+ la)llglli+a-

Applying (3.5.4) to g, we have
Y(G(,a):nTa) < (n+1)2" gl 2+ laDligllo+a2(1 + lal)ligll1+a
< 2" (n+ 1)1 + |al)?llglles Hlgllorallghhve. O
4. PROOF OF THEOREM
Now we are ready to prove our main Theorem. We start with the following:

Lemma 4.1. In the setting of Lemma 3.4, let p be a positive zero of Jz(x).

Assume

(4.1.1) 0 <t < min (T, ( H71(27r)%|9t(0, N, );) |
p2

wn-I%Y(g P, T7 a)

(see (2.6.1) and (3.4.2) for notation). Then N(€) D S(0 : p) if and only if
t = 0. Here we write Q; = Q(g(¢,+)).

Proof. If t = 0, then Fxq,(r-w) = (2m)% i?;—) and so we have Fyq,(p-w) =0
for any w € 8™}, that is, N(£%) D S(0: p).

Conversely, if ¢ > 0 satisfies N(£2;) D S(0 : p). Then we have Fxq,(p-w) =
Fxao(p-w) =0 for we S*~1. Using the inequality (3.4.4), we have

5}

] —

E:

Taking the L:-norm on S™ !, we have from (2.6.2) the following inequality:
(2m)?

21

Fxa(p-w)| < 1w 1¥ g ,T,).

t=0

19:(0, )], < w13V (g : p, T, ).

_(2")7‘9*(0")‘1’ < t*. Thus we have completed the
p% 1wn_1%Y(Q5PaT>C¢)

This implies t = 0 or
proof. [
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Lemma 4.2. Let 0 < T,0< a <1 and g: [0,T] x ™! - R, be a C** map
such that g(0,m) =1 forn € S™'. We put

(4.2.1) B = B(g) = llglls " lgllo+10n—1-

We recall notations of Lemma 2.3 such as e(n, R),6(n, R), kg and j(5,k). Let
R > j(%,1). Assume

(4.2.2a) 0<r <R,

. [&(n, R)6(n, R) )
4.2.9b 0 < to < min (—,T ,
( ) ’ B(g)
(4.2.2¢) wy € S™71,
(4.2.2d) FXau, (o - wo) = 0.

Then there exist k € {1,2,... ,kg} and a € R such that

(4.2.3a) ro = (1+ ato)j(%, k),
(4.2.3b) la] < 551,(,9})2)’
(4.2.3¢) Iro — j(g, k)| < é(n, R).

Proof. If to = 0 then we can take a = 0. Hence we assume t; > 0. It follows
from Lemma 3.4 that

|F X, (To - wo) — Fxa,(ro - wo)| < B(g)to.

Since Fxaq,, (To-wo) = 0 and Fxqa,(ro-wo) = f(ro) (see (2.3.1) for the definition
of f), we have

(4.2.4) [f(ro)] < B(g)to < €(n, R)6(n, R).

Therefore, from Lemma 2.3, we find k& € {1,... ,kgr} such that

(4.2.5) g(n, R)

r =35 < 1)l

Now, we put a := °=2Z* Then we have

tDj(%vk)
‘TO - ](%a k)l
to e(n,R)’

laf <
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Here, the second inequality follows from (4.2.4) and (4.2.5), which proves
(4.2.3b). The inequality (4.2.3c) is direct from (4.2.4) and (4.2.5). O

Lemma 4.3. Retain the setting of Lemma 4.2. Assume

(4.3.1a)
0 S To S Ra 1 S R)
(4.3.1b)
([ e(n,R)S(n, R) [ (2m)%e(n, RYlglra \°
< 1 n ’ 7T7 1 bl
0 <ty < min ( B(g) 3 2n+4nwn_15R'2'B(g)3
(4.3.1c)

N(,) D S(0: 7).

Then to = 0.

Proof. Tt follows from Lemma 4.2 that we find a € Rand k € {1,... , kg} such
that

(4.3.2a) ro = (1+ ato)j(‘g, k),
(4.3.2b) la| < EZ (,91)2).

We put g(t,n,a) := (1 + ato)g(t,n). Then we have

- N
(4.3.3) N(€Q(g(to, -, a))) 2 50 : 5 (5, k),
because

N n n
an((1+a:o)g(to.-))(J(§, k) -w) = (1 + ato)" Fxag(te,»n((1 + ato)](g, k) -w)
= (1 + ato)n]'—XQ(g(to,.))(To . UJ)
We want to apply Lemma 4.1 to §(-, -, a) in order to show (4.3.3) implies ¢ = 0.

To do this, it suffices to show (4.3.1b) implies (4.1.1) with g replaced by g,
that is,

(27)%1:(0, -, a)[,
pElw, 1 3Y (g p, Ty )

(2m)%e(n, R)*[g)Ra
2n+inw, 12 R? B(g)3

(4.3.4) <
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where p = j(%,k)(< R). Since |a| < %,to <landt, < 5("’};)(‘;()"’R) < Eg"(’;;")

(see (2.4.1)), we can apply Lemma 3.5 and thus we have for 0 < p < R,

2

B(g) )

Y(3() ) < 277 o+ RIS Nalloraloliea (14 22 55

wran g B@ o Blo)
<onr= g2’ s

B B lalhee
wn-l‘s(n$ R)2

Here we have used R > 1 and €(n, R) < w,_; < B(g) (see (2.4.2)). Therefore,

(0")|R
wna) e, T a)
O,’,a){R
-,-,a):p,T,a)'

x
p——
w3

(277) %E(na R)QIQ]R,Q < (2
2 tinw, 17 R3B(g)® ~ R¥ 'w,y

=
Vo)
S5 8

~_~
Y

ol |~ wlee
[XE]

b.<
1

n_
2 lwn—l

N

Hence we have shown (4.3.4) and thus Lemma 4.3. O

Proposition 4.4. Let 0 < o < 1,0 < T and 0 < R. Suppose g : [0,T] x
Sl 5 Ry is a CY* map such that g(0,-) = 1. Retain the notation as in

Lemma 4.3. Assume

(4.4.1a)
0<r,zeR",
(4.4.1b)
et RS, R) [ (27)Fe(n, Rglna \*
0 <ty < min ( B(g)ellsll= (2n+4nwn_12R B(g)3> . 1)
(4.4.1c)

N(Q,)rN B0 : R) D S(z 7).

Then z =0 and to = 0.
Proof. Tt suffices to show x = 0 by virtue of Lemma 4.3. Because t, satisfies
(4.4.1b), the inequality (3.4.3) gives

(4.4.2)
|~7:Xﬂr.0 (C : w) - fXQo(C ’ w)' < '[;OB(g)elImd"g“oc < 5("’: R)(S(lnﬂ R)»
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for ¢ € C with |Im¢] < 1 and w € S™!. On the other hand, if ¢ € C satisfies
|¢ — 7(%,k)} = 6(n, R) for some k € {1,..., kg}, then

|Fxeo(¢ - w)| = £(n, R)8(n, R)

from Lemma 2.3. Therefore by using Rouche’s theorem Fxq, (¢ -w) has a
unique zero in {¢ € C : |{ — j(Z,k)| < 8(n, R)} for each w € 5™ 1.

Next, the condition (4.4.1c) means Fxq,, (2 +7-w) =0 for any w € Sl
Applying Lemma 4.2 with ro = ||z + 7 -w||(< R) (with the notation there), we
find k € {1,...,kgr} for each w € S"*~! such that

e+ oll — 5, k)‘ < 6(n, R).

By (2.3.2) and because S”~! is connected, the above integer k does not depend
on w € S™!. This means that there exists k € {1,...,kg} such that

(4.4.4)

o+ 7wl - i3, )] < 8(n B)

for any w € S™1.
Now, let us show z = 0. Suppose z # 0. We put
r

T
Zy 1= 1+—)a:, zZ_ :=’1——
¥ ( [l [l
Then, from (4.4.4) we have

x.

(4.4.5)

Jeall = 3(5, )| < 8. B).

On the other hand, since Fxq,, (¢ w) = Fxa, (=( - w) for ¢ € R, N({,) D
S(z : 7) if and only if N(Q,) D S(—x : ). Therefore Fxq, (tz £r -w) =0

for any w € S™"L. In particular, we have
(446) fXQto (Z;I:) =0.

Because Fxaq, (¢ ﬁ) has a unique zero in {¢ € C:|{ —j(%,k)| < é(n,R)},
we conclude ||z4|| = ||z—||. This implies 7 = 0, which contradicts to (4.4.1a).

Therefore z must be the origin. Now Lemma 4.4 is reduced to Lemma 4.3. (O

In the normalized case where ||g:(0,)||L=(s~-1) < 1, we can replace the

assumption (4.4.1b) by a simpler one:
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Lemma 4.5. We put

1 (2m)2

1 .
(4.5.1) C’n = mm(l, 2"+3wn—1, 240+ Tnw, 43 .

1
Wp—12

For (1 <)j(%,1) £ R, we put

(4.5.2) C(n, R) :=

where €(n, R) is the constant in Lemma (2.8). Let 0 < T and 0 < a < 1.
Suppose g : [0,T] x S ! — R, is a CY* map such that

(4.5.3a) g(0,7) =1, for anyn € S™71,
(4.5.3b) sup |g.(0,m)| = 1.
nesn—1

If t satisfies
(4.5.4) 0 < ¢ < min(T, (C(n, R)[glra)®),
then t satisfies (4.4.1b).
Proof. If r > 1, then it follows from (2.6.3) that
19600, . < 119e(0, Mzasn—ryr? < 196(0, ) lzoo(smrywar 71
Therefore, from the definition (2.6.4), we have

‘gt(()?')'R wn—I%R%
(4.55 9|R,a = S N
) 9lra = ToTne = Tlalire

Suppose t satisfies (4.5.4). Then

.y Cns(nﬁ,R)z[g]R,a < wn,l"ﬂ% 1w, _1?R? < 1 < l
Rz Rz lglli+a lgllisa ~ 2
Therefore we have
1
t< ‘éa

1
lg:(t, )| < 1ge(0, )] + t[Igll14a S 1+ 5 $2=2,

1
gt m)] < 9@, m)] +tlgeloo  S1+5-2=2,

B(g) = llgl% Ngllorrwnr < 2" wn g,

B(g)eldl= < 2n+1y, - € <oty 1.
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Thus from (4.5.2), (4.5.5) and (2.4.1) we have

2
t<t < Cnf%’%i)[gla,a

1 e(n, R)6(n, R) w,_17 R?

VAT R3 lglli+a
e(n, R)6(n, R)
- 2n+4wn_1
g(n, R)6(n, R)
B(g)ellglle -~
On the other hand, since C,, < (2m# - < (2m)% ) We have
MntTne (T B(g)32"+Hinw, _1

e(n, R)z[g]R o
ta )
< Cn—————R%
(27!')_2_5(71,, R)Z[Q]R,a
= ontinw, 17B(g)*R%

Hence t satisfies (4.4.1b). O

Now, Theorem follows from Proposition 4.4 and Lemma 4.5. Corollary 1 is
an immediate consequence of Theorem (with z = 0) and Fact 1.1. Corollary

2 is a direct consequence of Corollary 1.

5. APPENDIX (GEOMETRIC ASPECT OF UNESSENTIAL PERTURBATION)

In Definition (1.5), we have defined a star-shaped region (with respect to the
origin) by using the polar coordinate, that is, (g) C R™ for g € C(S™ 1, Ry).
In this section, we also consider a star-shaped region 2 by defining the bound-
ary G : 87! — 9, and discuss a geometric aspect of “unessential perturba-
tion” that we have treated. This is done in Proposition 5.7. Throughout this
section we use the notation C* where k stands for l ({ e N={0,1,...}), ({,®)
(1 € N,0 < @ < 1), 0o or w (real analytic). The condition & > 1 means that we
exclude the cases k = 0 and k = (0, a) from the above possibilities. We define

a standard norm in R" by ||z|| := (Z};l a:f)i for z = {z1,...,2,) € R™
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DEFINITION 5.1. A C*-map G : S ! — R" is called to bound a C* star-shaped
region (with respect to the origin) if the following two conditions are satisfied:

(5.1.1)
Image(G) # 0
(5.1.2)
G _ _ Gw) . . -
e L - R defines a C*-diffeomorphism of $7~1.
IGIl [E®I

Then Image(G) is the boundary of a star-shaped region (see Lemma 5.2 (1)).
We write C*(S™1,R") for the totality of such maps.

Clearly, if h € C*Diffeo(S""!) and G € C¥(S™!,R"), then both G and
G o h define the same boundary Image(G) = Image(G o k). The following
lemma relates Definition (1.5) with Definition 5.1.

Lemma 5.2. We have a bijection:
(5.2.1)
CEH(S™ !, R™) = C*(5™!,Ry) x C"Diffeo(S"7"), G~ (g6 he);

characterized by the following property:

(5.2.2) Gohg(n)=gs(mn (eSS ).

In particular,

1) Image(G) = 9Q(gg), the boundary of the star-shaped region Q(ge) (see
(1.5)).

2) If G1,Gy € C*¥(S" 1, R") define the same boundary Image(G,) =
Image(G5), then there exists an h € C*Diffeo(S™™!) such that Gyoh =

Gs.
—1
Proof. Given G € C*(S"1,R"), we put hg = (ng_ﬂ) € C*Diffeo(S"1)
and ge(n) = ||G o ha(n)]l (n € S™'). It follows from definition of hg
that "—(G;E%g% = n and so G o hg(n) = ge(n)n. Conversely, given (g,h) €

C*(8" 1, R,) x C*Diffeo(S""?!), we define G(w) := g(h~'(w)) h~'(w). Then
it follows from definition that G € C¥(S"~!,R") and that (g¢, he) = (g, h)-
This establishes the bijection (5.2.1). The remaining part (1) is followed from
(5.2.2), and (2) holds if we put hg := hg, o hg,. O
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Next, we consider a deformation of domains by Map([0,T], C¥(S"~,R")).
We prepare the following lemma asserting that it is an open condition for a

domain to be star-shaped under a C!'-deformation of domains.

Lemma 5.3. Let k > 1. Suppose G : [0,T] x S™™! — R" is a C*-map such
that G(0,-) € CE(S™1,R") (see Definition 5.1). Then there exists a positive
number 0 < T" < T such that G(t,-) € C¥(S™',R") for any t € [0,T"].
Moreover, if we define ga(t,n) = gee,y(n) and ha(t,n) = hge,y(n) with the
notation in Lemma 5.2, then gg : [0,T']xS™ ! - Ry and hg : [0, T"]x S —
S™=1 are C*-maps satisfying

(5.3.1) hg(t, ) is a C*-diffeomorphism of S*~! fort € [0,T"].
(532) G(ta hG(ta T/)) = gG'(t’ 77)77 fOT’ te [O’ T,], ne Snul-

Proof. We fix T > 0 such that G([0,7"] x §7~') C R™\ {0}. We define a C*-
map H : [0,T"]xS"! — S~ 1 by H(t,w)'= "ggi‘:;" for (t,w) € [0,T"}x 8™ 1.
Let us show that the map H(t,-) : S*~! — §"! is a C*-diffeomorphism for

any small ¢.

Since G(0, -) bounds a star-shaped region, we find C*-maps k : §*~! — §n~1
and g : S™' — R, such that G(0,h(n)) = g(n)n by Lemma 5.2. Then
the Jacobian JH(0,-) of the map H(0,:) = A~ : $*71 — S"~! is nowhere
vanishing. Because H(t,w) is in the C* class and because S"~! is com-
pact, there exists (7" >)T" > 0 such that the Jacobian JH(t,-) of the map
H(t,-) : S ' — S™~! is nowhere vanishing for all ¢ € [0, 7"]. This means that
the map H(t,-) : S"~! — S™~1 is locally C*-diffeomorphic. Because a local
homeomorphism from a compact manifold to a connected one is automatically
a covering map, the map H(t, ) : S* ! — S"~! is a covering map. On the
other hand, consider the following commutative diagram of homology groups:

H(t,)y: H,_1 (8" 1,2Z) —— n-1(S" 1 7Z)

| |

G(t,)u : Hoa(S"1,Z) —— Hooi(R™\ {0}, 2).
Since G(t,w) is continuous, the mapping degree of H(¢,-) equals to that of
H(0,-), that is, £1. Therefore H(t,-) is a C*-diffeomorphism from S"! to
S™=! for any ¢t € [0,7']. Hence G(t,-) € C¥(S™1,R") for any t € [0,7"]
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by definition. Now the last statement is proved in the same way as Lemma
52. O

A deformation of domains starting from a unit ball is a special case of the

previous lemma and so we have:

Lemma 5.4. Let k > 1. Suppose G : [0,T] x S*~! — R" is a C*-map such
that G(0,w) = w (w € S™'). Then there exist a positive number 0 <T' < T,
and C*-maps g : [0, T"] xSt — Ry and hg : [0,T"]x8™"! — S™~1 satisfying
(5.9.1), (5.3.2) and

(5.4.1) 9c(0,n) =1, h(O,n)=n  forne S

Thus the map G defines a family of star-shaped regions

(5.4.2) Q= Qgs(t, ) (see (1.5))

parametrized by t € [0, T'] with Qo = B(0: 1), the unit ball.

Let TR™ — R” be the tangent bundle, and TR"gn-1 — S™! its restriction

to §7~1. We write T*(TR"s~-1) for the space of sections in the C* class.

DEFINITION 5.2. Suppose G : [0,7] x S*! — R" is a C'-map such that
G(0,w) = w(w € S 1). We define the velocity Xg € I''(TR?|gn-1) of a
deformation Q; = Q(gg(t,)) (see (5.4.2)) by

a
Xe(w) == 7l G(t,w).

The map G(t,w) is called degenerate at t =0 if Xg(w) =0 (w € S™ ).

The groups C*Diffeo(S"') and AF(R") := GL(n,R) x R® act naturally
on CK(S™1 R™) by G +— 70 G o ¢, where ¢ € CkDiffeo(S™!), » € AF(R™)
and G € C*(S" ', R"). In particular, if we define 7(a,b) € AF(R") (a >
0, b € R") by n(a,b)z := az + b(z € R™) describing a parallel translation and
similarity transform, then (w(a,b) o G o ¢) (w) = aG(p(w)) + b.

As we are interested in the perturbation of domains up to parallel transla-

tions and similarity transforms, we consider:
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DEFINITION 5.3. Suppose G; : [0,7;] x S*™! — R" is a C*-map such that
G0,w) = w (i = 1,2). We call G, is C*-equivalent to G, if there exist
0 < T" <T and C*-maps

a:[0,7"] - R, a(0) =1,

b:[0,T"] - R™, b(0) = 40,...,0),

0:[0,T"]x 8"t = 81 »(0,w) = w, ,

o(t,+) is a C*-diffeomorphism of
Sn—l

such that Go(t,-) = m(a(t), b(t)) o G1(t,-) o (¢, ), that is,
Ga(t,w) = a(t)Gu(t, o(t,w)) + b(¢)

for t € [0,7"], w € S"~'. We write [G]* for the C*-equivalence class containing
G.

Proposition 5.7. Let k > 1. Suppose G : [0,T] x S"~! — R" is a C*-map
such that G(0,w) = w. Let gg : [0,T"] x ™! — Ry be the corresponding
function in Lemma 5.3. Then the following conditions on the map G are
equivalent:
(1) Q(ga(t,-)) is an unessential family of perturbations (see §1).
(2) Among the C*-equivalence class [G]* (Definition 5.6), there exists G
which is degenerate at t = 0 (see Definition 5.5).

The rest of this section is devoted to the proof of Proposition 5.7.

Let Tgn-1R® — S"~! be the normal bundle associated to the embedding
of Riemannian manifolds S"~! C R™. According to a Whitney sum of vector
bundles over S™!

TRnlSn—l = TS?'L—]. @ TSn—an,

we have a direct sum of vector spaces:
Fk(TRn|Sn—1) — xk(sn—l) @ Ck(Sn_l),

where we denote by X*(S™~1) the space of vector fields over ! in the C*
class, and identify C*(87~1) with I'*(T's.—1R"™) by the outer normal vector field.
We recall Ey, E; are the subspace of C*(S™"~!) which are the eigenspaces of
the Laplace-Beltrami operator Agn-1 with eigenvalues 0, 1 — n, respectively
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(see Lemma 2.5). Thus we regard X¥(S"') ® E, @ By C T'*(TR"gn-1). We

write a quotient map as

p: (TR |gn-1) =TF(TR"5n-1)/ (X*(S™™) @ Eo © Ey)

~ CHS™ N (i GBE,C> .

k=2

(5.8)

Formula 5.9. Suppose T > 0 and we are given C'-maps

G:0,T] x "' - R", GO,w)=w (we S,
a:[0,T] — R, a(0) =1,

b:[0,7] = R", b(0) = 40,...,0),
0:[0,T]x 8" =S p0,w)=w.

If we put G(t,w) := a(t)G(t, p(t,w))+b(t), then with the notation in Definition
5.9

(5.9.1) Xz(w) = Xe(w) + Xp(w) + a'(0)w + 5(0).

In particular, p(Xg) € C*(S"1)N f @ E, is determined only by the equivalent
k=2

class [G]*.

Proof. The formula (5.9.1) follows by a direct calculation. [

Proof of Proposition 5.7. In the setting of Proposition 5.7, we consider an-

other condition on the map G:
(5.7.3) p(Xs) =0, that is, Xg € X*(S"™") & Eq ® E.

i) (5.7.1) & (5.7.3):
Because G(t, hg(t, 1)) = gc(t,n)n, we have

d 0
E —o G(t> hG(t1 77)) - E —o gG(t7 77)77,

that is, Xg(n) + Xne(n) = ge(n)n since G(0,n) = hg(0,n) = n. Because
X, € X¥(8™ 1) and because ( — ga(n)n) € [*(Ts--1R™) is identified with
gg € C*(8™1) via the outer normal vector field, we have

p(XG) = g mOd EO &b El-
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Therefore p(Xs) = 0 if and only if g € Ey @ Fy, that is, (5.7.3) is equivalent
to (5.7.1).
i) (5.7.2) & (5.7.3):

Assume there exists G € [G]* such that X, 5 = 0. It follows from Formula
(5.9) that p(X¢) = p(Xgz) = 0. Therefore, (5.7.2) implies (5.7.3). Conversely,
assume p(X¢) = 0, that is, Xg € X*(S"" 1) @ Ep & E,;. In view of (2.5.1) and
(2.5.2) we find Y € X*¥(S"!) and @ € R,b € R™ such that

Xe(w) =Y W)+ (a+ (b,w)w (wes" ).

Because S™~! is compact, there exist 0 < T” < T” and a one parameter family
of diffeomorphisms ¢ : [0,7"] x S*~! — S™~1 such that

a

21 pltw) = Y () + (b - (bww),

Otli—o
from fundamental existence and uniqueness theorems of a system of first order
differential equations. We put a(t) := 1 — at, b(t) := —bt and G(t,w) =

a(t)G(t, p(t,w)) + b(t). Then, from Formula (5.9.1), we have

Xz(w) = Xg(w) + (=Y (w) + b — (bw)w) —aw — b= 0.

Hence we have proved (5.7.3) implies (5.7.2) [

Although the assumption in Corollary 2 about “not unessential” restricts the
perturbation to “generic” cases, we can also treat “degenerate cases” (Defini-
tion 5.5, Proposition 5.7) by a change of variables if the degree of degeneracy

is finite in the sense of (5.10.1). To be more precise, we mention:

Remark 5.10. Let k = oo or w (real analytic). Given a C*-map G : [0,T] x
Sl — R™ such that G(0,7) = . If Q(gc(¢,-)) is not unessential, we can
apply Corollary 2. Otherwise, from the equivalent condition (5.7.2) we can find
G € [G)* such that G(t,n)—n = 0 mod t, so that Gy (t,n) := G(v/%,7) is in the
ch2 class. In the same way, either we can apply Corollary 2 to G or we can
find G € [G]* such that G(¢,7) —n =0 mod %, so that Gy(t,n) :== G(}/t,7)

is in the Cb3 class. By an iteration of this argument, we can show either
(5.10.1) there ezist | € N and G € [G]* such that G(t,n) —n =0 mod ¢!
and that G(¢t™1,7) € CLT1([0,T7] x S*1,R"™) defines a family of

domains which is not unessential,
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or

(5.10.2) for any | € N there exists G, € [G]* such that Gi(t,n) —n =0

mod #.
In the real analytic case k = w, it is likely that (5.10.2) can be replaced by
(5.10.2)" there exists G € [G]* such that G(t,n) =1.

This would enable us to drop the assumption “not unessential” in Corollary
2 in the case where G is real analytic, because the case (5.10.2)" means that
Q(ge(t,-)) is a ball for all ¢ and because we can apply the original form of
Corollary 2 in the case (5.10.1) to the map G.
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