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dimensional representation theory.

Keywords and phrases: generating operator, symmetry breaking oper-
ator, holographic transform, Rankin—Cohen bracket, orthogonal poly-
nomial, branching rule, Hardy space.

2020 MSC'" Primary 22E45, 47B38; Secondary 11F11, 32A27, 30H10,
33C45, 43A85.

1 INTRODUCTION

To any sequence {ay }ren one may associate a formal power series such
[ee] [e.e]
£ . . . .
as > apt’ or Y a5 . The resulting generating functions are fascinat-
(=0 =0

ing ob jects prgviding powerful tools for studying various combinatorial
problems when a, are integers or, more generally, polynomials. One
may quantize this construction by considering differential operators as
non-commutative analogues of polynomials and may study the result-
ing “generating operators”. Dealing with the sequence of differential
operators given by iterated powers of some remarkable operator yields
the notion of an operator semigroup which is nowadays a classical tool
for the spectral theory of unbounded operators (e.g. the Hille-Yosida

theory). We explore yet another direction by introducing a sequence of
1
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differential operators with a different algebraic structure which is not
defined by one single operator anymore.

Let us start with our general setting. Suppose that I'(X) and I'(Y)
are the spaces of functions on X and Y, respectively. Given a family of
linear operators R,: I'(X) — I'(Y'), we consider a formal power series

(L)  T=T({R}it):=Y % € Hom(T'(X),T(Y)) ® C[[t]].
/=0

When X = {point}, R, is identified with an element of I'(Y"), and
such a formal power series is called a generating function, which has
been particularly prominent in the classical study of orthogonal poly-
nomials for I'(Y') = C[y], see e.g., [10, 11].

When X =Y, Hom(I'(X),I'(Y)) ~ End(I'(X)) has a ring structure
and one may take R, to be the ¢-th power of a single operator R on
X. In this case, the operator 7" in (1.1) may be written as e'® if the
summation converges. We note that even if R is a differential operator

tR is not a differential

on a manifold X, the resulting operator T' = e
operator any more in general . For example, if R = = actmg on O(C),
then T = e'd is the shift operator f(z) — f(z + t). For a self-adjoint
operator R with bounded eigenvalues from the above, the operator T
has been intensively studied as the semigroup e'f generated by R for
Ret > 0: typical examples include

e the heat kernel for R = A,

e the Hermite semigroup for R = (A — |z|*) on L*(R™),

e the Laguerre semigroup for R = |z|(§ — 1) on L*(R", ﬁdx)

Let us consider a more general setting where we allow X # {point}
and X # Y. In this generality, we refer to 7" in (1.1) as the generating
operator for a family of operators Ry: I'(X) — ['(Y).

In the present work we initiate a new line of investigation of “gen-
erating operators” in the setting that (X,Y) = (C?, C) and that {R,}
are the Rankin—Cohen brackets [2, 9]. We shall find a closed formula
of the generating operator T" as an integral operator, through which we

explore its basic properties and various aspects.
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It is known that covariant differential operators are often obtained
as residues of a meromorphic family of integral transformations. For
instance, the iterated powers of the Dirac operator are the residues
of the meromorphic family of the Knapp—Stein intertwining operators,
see e.g., a recent paper [1].

The inverse direction is more involved. In fact, some covariant differ-
ential operators cannot be obtained as residues, which are referred to as
sporadic operators. One of the important applications of the generating
operator introduced in this article provides us a method to go in the in-
verse direction, namely, to construct a meromorphic family of non-local
symmetry breaking operators out of discrete data. In the subsequent
paper [5], we give a toy model which constructs various fundamental
operators such as invariant trilinear forms on infinite-dimensional rep-
resentations, the Fourier and the Poisson transforms on the anti-de
Sitter space, and non-local symmetry breaking operators for the fusion
rules among others, out of just countable data of the Rankin—Cohen
brackets, for which the key of the proof is the explicit formula (2.1) of
the generating operator proved in this article.

The article is organized as follows. In Section 2 we give an integral
expression of the “generating operator” 7T of the Rankin—Cohen bidif-
ferential operators (Theorem 2.3), and discuss the domain of holomor-
phy. In Section 3, we introduce a second-order differential operator P
on C? which plays a key role in the detailed analysis of T' (Theorems 3.1
and 4.1). In Section 5 we focus on operators between Hilbert spaces,
and prove that T gives rise to a natural decomposition of the com-
pleted tensor product of two Hardy spaces (Theorem 5.1). In Section
6 we discuss briefly different perspectives of the generating operator
T from the viewpoint of unitary representation theory of real reduc-
tive groups, in particular, from that of symmetry breaking operators

and holographic operators associated with branching problems (fusion
rules) for SL(2,R).

Notation. N={0,1,2,---}, R, = {z € R: 2 > 0}.
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2 BASIC PROPERTIES OF THE INTEGRAL OPERATOR T’

Let D be an open set in C. For a holomorphic function f((;,¢s) in
D x D, we introduce an integral transform by
(2.1)

(TF)(z,t) := f(G,¢)

1
(2my/=1)? ?{cl ]{cz (€= 2)(G = 2) +1G — )

where C; are contours in D around the point z (j = 1,2). The denom-

dCl dCQ )

inator will be denoted by
(2.2) Q=Q(G, G52, t) == (G — 2)(¢2 — 2) + (G — &)

We note that the denominator is an irreducible polynomial of (; and
(2 when ¢ # 0. We shall give closed formulas of the transform 7'f(z,t)
for a family of meromorphic functions f((i, (2), corresponding to the
minimal K-types in representation theory, see Example 3.9.

We begin with general properties of the operator T

Theorem 2.1.

(1) There exists an open neighbourhood U of D x {0} in C* such that
T: O(D x D) — O(U) is well-defined.

(2) Tf(2,0) = f(z,2) for any z € D.

(3) For any neighbourhood U of D x {0} in C%, T is injective.

Proof of (1) and (2) in Theorem 2.1. (1) For z € D and t € C, we
define an analytic set by

Nz,t = {(Cl?CQ) S D xD: Q(Cl?CZ;zat) = 0}

Then there exists a neighbourhood W of ¢ = 0 such that C1; xCy C N,
forallt € W. The integral (2.1) does not change if we replace C; x Cy by
a compact surface S, as far as S belongs to the same second homology
class in D x D\ N, ;. We define d(z) = d(z,0D) to be the distance
from z to the boundary dD. We set d(z) := oo if 9D = ), namely, if
D = C. We claim that T'f(z,t) is well-defined and holomorphic in

(2.3) Up :={(z,t) € D x C:2|t| <d(z,0D)}.

We fix z € D, and set R := d(z,0D). Let ¢ > 0. If we take C; = Cy
to be the circle of radius R(1—¢) centered at z, then (C; x C2)NN,/; = ()
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for any (2/,t) satisfying |2’ — z| < Re and 2|t| < R(1 — 3¢) because
(G =) (G — )| > R*(1—2¢)* > R*(1 —€)(1 — 3¢) > [t(G — ).

Therefore, (C} x Cy) NN,y = 0, hence T'f(2',t) is holomorphic in this
region. Taking the limit as ¢ — 0, we conclude that T'f is well-defined
and holomorphic in the open neighbourhood of {z} x {t € C : 2|t| <
d(z,0D)} for every z € D, hence it is holomorphic in Up.

(2) Clear from Cauchy’s integral formula. O

Example 2.2. We make explicit two important examples of the do-
mains Up introduced in (2.3).

(1) Up =CxCif D=C.

(2) Up = {(2,t) € C* : 2|t] < Imz} if D is the upper half plane
II:={CeC:Im( >0}

Before giving a proof of the third statement of Theorem 2.1, we show
that T is a “generating operator” for the family of the Rankin—Cohen
brackets. For ¢ € N we define R;: O(D x D) — O(D), f((1,() —

(Ref)(2) by

(2.4) Ref(z) = (~1) (f) %

3=0 C1=C2=z

Theorem 2.3 (generating operator of the Rankin—-Cohen brackets).

The integral operator T in (2.1) is expressed as
Tf(zt)= ZERUC(Z) for any f € O(D x D).
=0 "

Remark 2.4. For f((1,() = f1(C1)f2(<22) with some fi, fo € O(D),
(Ref)(2) takes the form Zﬁzo(—l)j (f) %%, which is the

Rankin—Cohen bidifferential operator Ri‘::/,\,,(fl, fo) at (NN N = (1,1, 2+
20) with the notation as in [7, (2.1)].

Proof of Theorem 2.3. By the first statement of Theorem 2.1, one can
expand T'f(z,t) into the Taylor series of ¢:

Tf(zt) =Y t(Tf)(z)
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with coefficients Ty f(z) € O(D). Accordingly, we expand Q! into the
Taylor series of t:

—1DX(¢ J)t
(2.5) Q Z Z)>Z+1 QC_)Z)E-H

An iterated use of the Cauchy integral formula gives an explicit formula

of (Tuf)(2) by

f(G,G)
(T2f)(2) 27r\/_ 7401 j{@ € —2) 1z+1 Gy — )Hldﬁld@
(—1) (841) ’Cl z((Cl <2> f(Cl;C2))d
“ony1 I, G == “
ng (9([ .7( CQ)
W—Z Er b et
- 9@' I'f(&1,G2) 1
]Z a0 | B
Hence the theorem is shown. ]

We are ready to prove the third statement of Theorem 2.1, which uses
the property that the signature of the coefficients in (2.4) alternates.

Proof of (3) in Theorem 2.1. Suppose T'f =0 for f € O(D x D). We
9IS

0G0G | (===
the induction on &k := i + j. The case k = 0 is clear because ago(z) =
f(z,2) = (T'f)(2,0). Suppose now that a; ;(2) = 0 for all i + j = k.
Since La; ;(2) = aip1,;(2) +a;j+1(2), one has ay1_j;+ ag—jj+1 = 0 for
all 0 < j < k, namely, agr1-j; = (—1) agr1,0. In turn, (2)¥,oTf =

2
(Zf:é (’“ﬂ) )akt1,0- Hence agy10(2) = 0, and thus g, ;(2) = 0 for all

j
i,7 with i + j = k + 1. Therefore, the holomorphic function f((i, (2)

must be identically zero. O

set a; ;(2) = . We shall prove a;;(z) = 0 for all 4,5 by

3 DIFFERENTIAL OPERATOR P AND THE GENERATING OPERATOR

The following differential operator on C? plays a key role in the

analysis of the generating operator 7.
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- , O o 0
(3.1) P = (G — () 96,06 (C1 — CQ)(a_gl e

The goal of this section is to prove the following:

).

Theorem 3.1. Let D be an open set in C. For any f € O(D x D),
g., 0
T(Pf)(zt) = —(tz) (o, + DT(2,8).

One derives from Theorem 3.1 that the set of eigenvalues of P is

discrete:

Corollary 3.2 (Eigenvalues of P). Let D be a connected open set in
C. If there is a non-zero function f € O(D x D) satisfying Pf = \f
for some \ € C, then X is of the form —(({ + 1) for some ¢ € N.

For ¢ € N, we consider the space of all eigenfunctions:
(3.2) Sol(Dx D)y :={feODxD):Pf=—L{l+1)f}.

We shall see in Corollary 4.2 that Sol (D x D), is infinite-dimensional
for any £ € N and for any non-empty open subset D.

Remark 3.3. (1) In Theorem 5.1, we shall prove that P defines a self-
adjoint operator on the completed tensor product of two Hardy spaces.
(2) Taking this opportunity, we would like to point out that the first
term of the differential operator Py y» in [7, (2.31)] was wrongly stated:

the correct formula is

0? 0 0
o _ )\//_ _ >\/_ )
aé—lac2 (Cl §2>( 8C1 8<2)

All the theorems involving Py y» valid with this definition.

Py = (G — C2)2

Proof of Corollary 3.2. Suppose Pf = Af with f Z 0. Then T'f # 0
because T is injective by Theorem 2.1. By Theorem 3.1, one has

W+ DT f =-T(Pf)=—-ATf,
where ¥, denotes the Euler homogeneity operator t%. We observe that
9 (9 + 1)t = (£ + 1)t for every £ € N. Since T'f(z,t) is holomorphic
in a neighbourhood of ¢ = 0, possible eigenvalues of ¥;(9J; + 1) are of
the form ¢(¢+ 1) for some ¢ € N, and the corresponding eigenfunctions
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are of the form t‘y(z) for some holomorphic function ¢(z) € O(D).
Thus the corollary is proved. 0

The following statement is clear from the above proof.

Corollary 3.4. Let ¢ € N. Then the following two conditions on
f € O(D x D) are equivalent:

(i) f € Sol(D x D),

(ii) Tf(2,t) is of the form t'o(z) for some o € O(D).

The rest of the section is devoted to the proof of Theorem 3.1 by
comparing the integral expressions of T'(Pf) and ¢,(¢; + 1)T'f.

The following formula for J,(J; +1)T'f is an immediate consequence
of the definition (2.1) of the generating operator T. For the rest of
the paper, we omit writing the contours C; and C5 in the integrals for

simplicity.

Lemma 3.5. For any f € O(D x D), one has

D0+ V)T f(2,1) = ﬁfﬁ (G - €2)(€1Q—3 G = g e,

It is more involved to find the integral expression of T'(Pf). For this,

we set
. 1 G — GG 0*f o
I;(f) —m%% agla@dﬁdfz for j = 1,2,
P
/
I(f) = — 27r\/_ %7{ 841 82) d¢d(s.

By the definition (3.1) of P, one has

T(Pf)=L(f)+ L(f)+ I(f)

In view of Lemma 3.5, Theorem 3.1 will be derived from the following

two propositions.

Proposition 3.6. Let (1) := —1 and (2) = 1. For j = 1,2, one has
(3.3)

| 2 1 90(¢, — 2)(Ga — )G,
1(f) = 74 f - F(C C)ddGo.
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Proposition 3.7.

_ 1 (=2 (G 2)
L= G g G GG

For the proof of Propositions 3.6 and 3.7, we need some preparations.

We define & = &((a) and & = &(¢1) by

(3.4) £ = (Ca—2)z+ tC27 € — (¢ —2)z — tQ‘

G—z+t G—z—t
Then one has Q(&1, () = Q((1, &) = 0, where we recall

Q= QC1:¢2) = (G — 2) (G — 2) + UG — &)
Weseta:zcl—z—tzg—gandgg::g‘g—z—kt:g—g. One has
Q=0G+=0G-8)=0(G &)

We list some convenient formulse which are direct from the definition.

(35) & -G :M, C1—€1=g, fL—z= t(@%z)
2 2 2
_ 52 _ _
(3.6) 52—C1=—%, Cz—ézzg, 52—22%.

In the one-variable case, the Cauchy integral formula implies

LW 1 v(C)
0! 7{ (¢ — 2)tHt d = (0 +k)! 7{ (¢ — 2)tHktl dg

for a holomorphic function ¢(¢) and for any ¢, k € N. However, in our

setting, since () is an irreducible polynomial of the two variables (; and
(o for t # 0, the integration formulee for derivatives of a holomorphic
function F (¢, () against the integral kernel Q1 or its power are not
so simple as in the one-variable case. We establish such formulae for
derivatives against the integral kernel CJ‘-’Q_I’ (a,b € N) as below.

For a,b € N, we define functions H,;((1, (2) inductively by the fol-
lowing recurrence relation

a—1

(3.7) Hop = (& — 2)"Hop + &Q > (6= 2) Harmipen,s
i=0

with initial terms

(3.8) H,o:=0 and Hyp:= bfg.



10 TOSHIYUKI KOBAYASHI AND MICHAEL PEVZNER

Lemma 3.8. For any a,b € N, one has

. H,,
(3.9) ]{ (G sz) 564G = ]{ QbHngl

Analogous formulee to (3.9) hold if we replace (; by (; and t by —t.

Proof. We begin with the case a = 0. Since & = &((y) is independent
of the variable (i, one has

1 OF 27 10°F F
F et = g e 6 ) = b G
(G = &) G (-1 o¢ (G —&)
Since Q = (¢ — &), the identity (3.9) holds for a = 0 with Hy, =
bCy.
For a > 1, we proceed by induction on b. Obviously, (3.9) holds for
b=0 with H,p = 0. Suppose a,b > 1. By (3.5), one has

)a 1—12

+
Qb CQ =0

(C1—2)° (51—2 1§51—2’le

Since both & and E; are independent of the variable (;, the induction
step for the identity (3.9) is justified by the recurrence relation (3.7)
defining H, . O

Here are the first two examples of the family H,; for b = 1 and 2.

l—a

(3.10) Hoy =t%(G — 2)°G
(3.11) Hop =t (G — 2)" "G (24(G — 2) + aQ).

The proof for Proposition 3.6 uses a special case of the formulee (3.9):

(G —=)?orF 2t(GL — 2)(G2 — 2)F
(3.12) f % acldg = ]{ Q3 dcy,

G OF o
(3.13) 0 a¢; = an j{Q2 for j =1,2.

Proof of Proposition 3.6. By the definition (3.4) of & and &, a direct
computation shows

(3.14) GGl = (2 +1)Q — ¢, (1Goba = (2 = 1)Q — 1%,
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By (3.9) and (3.10), one has

—GiG+ G 8_F
9¢2

By (3.6) and (3.14), the right-hand side equals

—&(C1 — 2)? j{ éd@ _ _7{ ((z=1)Q —1*¢) (G — Z)ZFdCZ.

G = &(& — Q)G Co-

@2d

G1GQ*
Applying this formula to F':= £, one has
(3.15)
2 1)Q - £2G)(G — ) Of
I( — —=d(d
(2mvV—1)*I( f{% a0 a0 GidGs.
Since —(1G(Q 4 t2) + Q% = t*, one has
1 G 1
o —t4Q2(Q+t2) + e

Thus the function
(z=1Q—-tG) (G —2)?* 1 0f &(G—2)*0f
a t452 G t 7/6}

is holomorphic function in (;, and does not contribute to the integral
n (3.15), which reduces therefore to

(Q+1)((z —1)Q —t2¢) (¢t — 2)? Of
f% t4Q2 a_CldgldCé

(FPQ(z —t — () —t*¢) (G — 2)? Of
14 t4c22 o, ‘e

7{ ?{ e t2Q a< gl 7{ 7{ S Cl2 acldg G

In the first equality, we have used the fact that the integral involving

()? in the numerator vanishes. The last equality follows from Lemma
3.8, or more precisely, from (3.12) and (3.13). Hence the formula for
I,(f) is proved. The proof for [;(f) is similar. O



12 TOSHIYUKI KOBAYASHI AND MICHAEL PEVZNER

Proof of Proposition 3.7. By (3.13),

(Cl C2)3C1 Q
74 g da=(0+5a acﬁfgcy

(G —G)aL 00 9Q
f—Q i ~(52a+a- 520

Therefore one obtains

_ (G =2 — (& —2)°
I3(f) = 2V 17 7{ ]{ % fd¢idés

because (—Q + ¢ — Gola) — (GG +Q — iGo) = —(G — 2)2 — (G — 2)2.
]

o L,

By Propositions 3.6 and 3.7, the proof of Theorem 3.1 is now com-
plete.

We end this section by providing an example of closed formulae for
Tf(z,t) for a specific family of functions f € O(II x II), where II is
the upper half plane. The family {f;}sen below gives the complete set
of “singular vectors” in the tensor product of the two Hardy space, see
Section 6.3:

Example 3.9. For / € N, we set

(3.16) fo(G,G) = (G = Q) (G + V=1 G+ V-1)""!
Then one has the following:

(1) Pfe=—L(L+1)fs
(2) (Tfo)(z,t) = (2;) (2 +/—1)" %2,

Proof. (1) We set [(,b,c] := ({1 — (2)*(G +4) (G2 +4)~¢. By a direct
computation from the definition (3.1) of P, one has
Pll,b,c] = =L+ 1)[l,b,c] + bc[l +2,b+ 1,¢c+ 1]
+ L+ DOl +1,0+1,c]— (U + D[l +1,b,c+1].
Since [{ + 1,04+ 1,¢] = [0+ 1,b,c+ 1] = —[( +2,b+ 1,c + 1], we have
Pll+1,0+1]=—L(0+1)[0,6+1,¢+1].
(2) By Corollary 3.4 and Theorem 2.3, one has

(Tfe)(z,t) = @tE(Réfé)( z).
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By the definition (2.4) of the Rankin—Cohen bracket Ry, one has

(Rofo)(2) =(Ro(Cr — &) (2 + v/—1) 22

(2;)' (2 + \/_—1)725727

where the second equation follows from the formula

j=0

Thus the second assertion is verified. O

4 GENERATING OPERATORS AND HOLOGRAPHIC OPERATORS

Throughout this section, we assume that D is a convex domain in
C. Then any two elements (;,(s € D can be joined by a line segment
contained in D. For ¢ € N, we consider a weighted average of g € O(D)
along the line segment between (; and (5 given by

(Weg)(C1,C2) == (G — C2)Z/ g((@ — Qv+ (G + &)

» 5 )(1 = v?)'dw.

We investigate the “generating operator” 71" in connection with W,.
Recall from Corollary 3.4 that if f € Sol(D x D),, namely, if Pf =
—(((+1)f, then t=4(T f)(z,t) is independent of ¢, which we shall simply
denote by (T f)(z).

Theorem 4.1. Let ¢ € N.
(1) t=T: Sol(D x D), = O(D) is a bijection.
(2) The inverse of t=*T is given by the integral operator W,, namely,

U, O(D) = Sol(D x D) is a bijection and t=*T o U, = 2;:11 id .

As an immediate consequence of Theorem 4.1 (2), one has the fol-
lowing:

Corollary 4.2. For any { € N, Sol(C x C), is infinite-dimensional.
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Proof of Theorem 4.1. First, we prove Image ¥, C Sol(D x D),. Recall
from (3.1) the definition of P. A direct computation shows

P(Weg) +L(L+1)U,ug

1

= §(C1 - Cz)”l

1 (G = Qv+ (G +G)

¥ ; )(1 = %)),

which vanishes for any g € O(D). Hence ¥,g is an eigenfunction of P
for the eigenvalue —¢(¢ + 1).

Second, we prove that the “generating operator” 1" gives the inverse
of W, up to scalar multiplication, that is,

20+1
2041

To see (4.1), we observe from Corollary 3.4 that t=*(TW,g)(z,t) does
not depend on the variable t because ¥,g € Sol(D x D),. On the other
hand, it follows from the expansion (2.5) that the coefficient of ¢ in
(T'f)(z,1) is given by

f 1,6
27r\/_ ]{f (¢ — 2) €+1 ( 1)£+21)d<1d<—2

Applying this to f = W,g, one sees that t_Z(T\Ifgg)(Z, t) is equal to
Cl C2 2£f g Cz C1)v+(C1+Cz))(1 _ v2)£dv
f]{ +1 +1 dGidGs
27r\/ (G —2) (G —2)

((Cl _ <2)2€ /_1 g( <C2 - Cl)v; (Cl + C2))(1 _ ?}2)@611)).

(4.1) T(V9)(z,t) = tg(2) for any g € O(D).

_(_1)( 826
()2 a¢rag

An iterated use of the Leibniz rule develops the right-hand side as a

(1=C2=z

sum of various derivatives, among which the only non-vanishing term

1 20+1
o) s [ (=)o = Jalo)

Thus we have shown (4.1), hence the injective morphism ¢ ~“T": Sol (D x

18

D), — O(D) is also surjective.

Finally, let us show the surjectivity of W,. For any f € Sol(D X
D)y, there exists g € O(D) such that (Tf)(z,t) = t‘g(z) by Corollary
3.4. Since the right-hand side equals 2T, (g) by (4.1), one has
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f = 2?5;11 U,g because T is injective. Thus the surjectivity of U, is
shown. O

Remark 4.3. When D 1is the upper half plane 11, the integral operator
W, appeared in the study of the holographic transforms for the branching
problem of infinite-dimensional representations of SL(2,R). In this
case, the bijectivity of W, was shown in [7] by a different approach
based on the representation theory. See Section 6.

5 THE GENERATING OPERATOR 1" AND THE HARDY SPACE

Let II be the upper half plane. As we have seen in Example 2.2, the
“generating operator” T: O(Il x II) — O(Uy) is well-defined where
Un = {(2,t) € C* : 2|t| < Imz}. This section discusses how the
generating operator 1" acts on the tensor product of two Hardy spaces.

We recall that the Hardy space on II is a Hilbert space defined by

H(ID) = {h € O : [l == sup [ [+ V=T e < oc).
Let H(IT x II) be the Hilbert completion H(IT)@H(IT) of the tensor
product of two Hardy spaces H(IT). Any holomorphic differential oper-
ator P acting on O(IIxII) induces a continuous operator on this Hilbert
space. In turn, the eigenspace H(II x II), := Sol (IT x II), N H(II x II)
is a Hilbert subspace for every ¢ € N.

Theorem 5.1. Let P be the differential operator given in (3.1).

(1) The differential operator P defines a self-adjoint operator on the
Hilbert space H(IT x TI).

(2) (Eigenspace decomposition) H(IIxII) decomposes into the discrete
Hilbert sum of eigenspaces H(I1 x I1), of P where { runs over N.

(3) The generating operator T induces a family of linear operators
tT: H(IT x ), & o) N LA(11, y** dxdy)
which are unitary up to rescaling:

(5.1) I T Il yeer2aoay) = Lol flExquemy  for any f € H(IT x 1T);
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where we set
(20)! B (20 — !
22627 (20 4+ 1)(MN2 4w (20 + 1)(20)!
For the proof of Theorem 5.1, we use the double Fourier—Laplace
transform F defined by

F@w%»uvx@@y—émﬁmmawaﬁMﬁwuwy

According to the Payley—Wiener theorem, the Fourier-Laplace trans-
form F establishes a bijection from L?(R; x R ) onto H(IT x IT), and
satisties || FF (g = @721 F | 2@, xx,) for all F € LRy x Ry).
The inverse F': H(IT x IT) — L*(R, x R,) is given by

f(Cl, (o)e VM) ge de,

(52) bg =

(F ) = limlim o

where we write (; = & + v —1n;.

The change of variables (z,y) = (5(1 —v), 5(1 +v)) yields a unitary
map L*(R, x (=1,1), sdsdv) — L?*(R; x R, ,2dzdy). We denote its
composition with F by

F: L*(Ry x (—1,1), sdsdv) — H(II x II).
The inverse is given by (F~'f)(s,v) = (F1f)(3(1 —v), 3(1 —v)).
Proposition 5.2. (1) F: L2(R, x (—1,1), sdsdv) = H(II x II) is a

unitary map up to a scalar multiplication, namely,

||f||%{2(nxn) = 27T2||(‘F_1f)(87U)H%?(R_,_X(fl,l),sdsdv) for f€ H(II x II).

(2) The operator P:=F 1o PolF takes the following form:
(5.3) P = (1—1%)0% - 200,

Proof. (1) For any F(z,y), one has || FF||fpm = 7)1 F 22w, «i, deay) =
202 F(3(1 = 0), $(1+0)) Pagm w11 sisin

(2) The Fourier transform ]: induces an 1somorphism between the two
Weyl algebras C[(y, o, 22 04 )36 ] and Clz,y, = (917’ o 91 by sending -2 36 0?27
(1, and (5 to v—1z, v/ —1y, %, and v/— 3y , respectively. In par-
ticular, the holomorphic differential operator P in (3.1) is transformed
into the operator P = (9, — 9,)*(xy) + (9, — 9,)(z — y).
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By the change of variables (z,y) = (5(1 — v), 5(1 +v)), one has

52 20
—y=— = —(1—-2? Op — 0y = ———.
T —y S0, Ty =+ (1 —v%), ; 50
Hence the differential operator P is transformed into P. O

Proof of (1) and (2) in Theorem 5.1. (1) By Proposition 5.2, the dif-
ferential operator P is equivalent via F to the Legendre differential
operator P which does not involve the variable s. Since P defines a
self-adjoint operator on L*(Ry x (—1,1),sdsdv), see Fact 7.1 (2) in
Appendix, so does P on H(II x II) via F.

(2) By (5.3), Pf = Af if and only if P(F1f) = A\(F'f). Hence F
induces an isomorphism L?(R,sds) ® CPy(v) = H(II x II), for ev-
ery ¢ € N, where P,(v) is the ¢-th Legendre polynomial. Therefore
the proof of the second statement is reduced to the classical theorem
that {P}sen forms an orthogonal basis in L2((—1,1), dv), see Fact 7.1

(1). O

To prove the third statement of Theorem 5.1, we apply the “gener-
ating operator” T to the diagram below:

O xM) >DHIIxI) & LA(Ry,sds)®L*(—1,1)
]_‘

(5.4) U U U
Sol(IT x ), D H(II x IT), < L*(R,,sds) ® CP,(v).
_F

We recall that the weighted Bergman space is defined by
H?(IT)y, := O(I) N L*(I1, y*2dady)

for A > 1. We also recall some basic properties of the Fourier—Laplace
transform of one variable (&) — (Frp)(2) = [5° ©(€)eV~d¢. By
the Plancherel formula, one has
[ Feste + VTP = 2n [ po)Pe e
R 0
Integrating the both-hand sides against the measure y*~2dy, one ob-
tains

(5.5) 1Frelliean, =270 = Dllelliam, -2
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Thus Fg gives a bijection from L*(R,,&2d€) onto H2(ID),, see [3,
Thm. XIII.1.1] for details.
We show the following:

b4

_ i
= Gerna
)

T7(h(2)Po(v) = co h(§) €1 1.

Then the following diagram commutes.

Proposition 5.3. Let ¢, :

~

H(II x 1), < L*R,,sds)® CP(v)
5 d 5
T ad

~

H?(I)g,0 @ Ct* & LRy, 67172dE) @ CtF
JFr®id
Proof. Take any h € L2(R,,sds). Since F(hP,) € H(II x II), by
Proposition 5.2 and its proof, one has
OT(F(hPy))(z,t) = t*RyF (hP))(z)
by Theorem 2.3 and Corollary 3.4. By the definition of F , one has

(hPé (€1, G2) = / / (s,v; (1, C2)sdsdv,

where G(s,v; (1, () = eV 13((1m0)0+(14+0)G)  The Legendre polynomi-
als Py(v) and the Rankin-Cohen bidifferential operators R,: O(C?) —
O(C) are related to each other via the function G as follows:

¢ A,
. = - J aA=iard
G(S,U,<17C2) Z( 1) <]) 8Cf_]a<g

=0
=(~1)2%¥ =" Py(v)

G(S7 v, <17 CQ)
C1=C2=2

for all £ € N. Here we have used the Rodrigues formula (7.1) for the
second equality.
By using the formula for the L2-norm P, (see Fact 7.1 (1)), one has

32
R.F(hP)(z : / / )2V =1 s dsdv
_(= 1)3
2 0+1

Hence Proposition 5.3 is proved. 0
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Proof of (3) in Theorem 5.1. In light of the isomorphism

F: ARy, sds) @ CPy(v) = H(TI x T0),,

we take h € L*(Ry,sds) and set f := F(hP,) € H(II x II),. By
Proposition 5.2, one has

47
(5.6) HfH%-I(HxH) = 27r2HhH%2(R+,sds)HP€H%2(—1,1) = %—_HHh“%Q(R+,st)‘

Applying (5.5) to ¢ = t*T*(hP,) with A\ = 2¢ + 2, one has from
Proposition 5.3 that
T s, =2 2O T (0P, 1
B 7(20)! Bl
_225(2€+ 1)2(£')2|| ||L2(R+,sd5)'
It follows from (5.2), (5.6) and (5.7) that

B (20— 1)

(5.7)

Hence the third statement of Theorem 5.1 is proved. U

6 REPRESENTATION THEORY AND THE GENERATING OPERATOR T’

If D is simply connected, then the group Aut(D) of biholomorphic
diffeomorphisms acts transitively on D. This section discusses different
perspectives of our generating operator T' from the viewpoint of the
automorphism group of the domain, in particular, from the (infinite-
dimensional) representation theory of real reductive groups. Lie theory
reveals structures of the generating operator T that are not otherwise
evident.

6.1. Normal derivatives and the generating operator 7'.

Let 7 be an irreducible representation of a group G, and G’ a subgroup.
The G-module 7 may be seen as a G’-module by restriction, for which
we write 7|¢. For an irreducible representation p of the subgroup G’,
a symmetry breaking operator (SBO for short) is an intertwining oper-
ator from 7| to p, whereas a holographic operator is an intertwining
operator from p to 7|g. Suppose that the representations 7w and p are
geometrically defined, e.g., they are realized in the spaces I'(X) and
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['(Y) of functions on a G-manifold X and its G’-submanifold Y, respec-
tively, or more generally, in the spaces of sections for some equivariant
vector bundles.

When the restriction 7|g is discretely decomposable [4], one may
expect that taking “normal derivatives” with respect to the submani-
fold Y — X would yield SBOs. However, this is not the case even for
the irreducible decomposition (fusion rule) of the tensor product of two
representations of SL(2,R). See [6, Thm. 5.3] for more general cases.
The underlying geometry for the fusion rule of the Hardy spaces H(II)
is given by a diagonal embedding of Y = Il into X :=Y x Y. Instead
of using X = II x II, we consider X := Uy as in Example 2.2. In this
case the “normal derivative” of ¢-th order with respect to ¥ — X is
given simply by

Ny := Rest;—g o(%)e.
A distinguishing feature of the generating operator 7T is that all the
normal derivatives N, give rise to symmetry breaking operators after
the transformation by 7', symbolically written in the following diagram
(see (6.2) for the notation 7 ):

T ~

O(X) — O(X)
SBO Y\, O v {-th normal derivative IV,
(2420, O(Y))

6.2. Modular forms and the generating operator 7'. The Rankin—
Cohen brackets were introduced in [2, 9] to construct holomorphic mod-
ular forms of higher weight from those of lower weight. This section
highlights the relationship of our generating operator 7" in (2.1) and
modular forms.

By Theorem 2.3, one has
(6.1) NyoT = Ry,

where R, are the Rankin-Cohen brackets (2.4). Then by a direct com-
putation [2] or by the F-method [6], one sees the following covariance

property:
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b

Proposition 6.1. For all ¢ € N, for any g = (a q
c

) € SL(2,R) and
for any f € O(I1 x II), one has

az+b
cz+d

Neo (Tf9)(z2) = (cz +d)**((Ng o T) f)( )

where f9(¢1, ) = (cCi +d)t(elo + d)_lf(ggllis, Zgig)

To clarify its representation-theoretic meaning, we write 7, (A € Z)
for a representation of SL(2,R) on O(II) given by

6.2)  m(g)h(z) = (cz+d)—kh(jjifl) for ¢! = (‘Z 2)

Then Proposition 6.1 tells us that

(6.3) (NeoT) o (mi(g) ®mi(g)) = marra(g) o (NeoT)

for any g € SL(2,R). Therefore, for a subgroup I', N o T'(f) is I'-
invariant whenever f is (I' x I')-invariant.

Suppose that I" is a congruence subgroup of SL(2,7Z). For any mod-
ular form h of level I' and weight 1, we set

1 h(¢1)h(¢2)
(27my/—1)2 j{;l ]{;2 (G1—2)(G—2) +t(G — ()

It follows from (6.1) that (N.H)(z) = (5)*|,_, H(z,t) = Re(h(¢1)h((2))(2)
is a modular form of level I" and weight 2¢ 4 2 for all ¢ € N.

H(z,t) = dC1dCo.

6.3. Unitary representation and the generating operator 7.
Viewed as a representation of the universal covering group SL(2,R),
the representation my is well-defined for all A\ € C. For A > 1, 7, leaves
the weighted Bergman space H2(I), = O(II) N L*(I1, y*2dxdy) in-
variant, and SL(2,R)™ acts as an irreducible unitary representation on
the Hilbert space H?(IT),. These unitary representations (my, H?(IT),)
are referred to as (relative) holomorphic discrete series representations
of SL(2,R)". In particular, the set of holomorphic discrete series rep-
resentations of the group PSL(2,R) = SL(2,R)/{£l} ~ Aut(Ill) is
given by {m\ : A =2,4,6,...}.
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If A = 1 then H?(IT), = {0}, however, the Hardy space H(II) is
an invariant subspace of (my, O(II)) with A = 1, and SL(2,R) acts on
H(IT) as an irreducible unitary representation, too.

With these notations, one may interpret Theorem 5.1 as a decom-
position of the completed tensor product of two copies of the unitary
representation (71, H(IT)) on the Hardy space into a multiplicity-free
discrete sum of irreducible unitary representations:

~ 2@
H(IT)®H(II) ~ Z H?(I1) 920 (Hilbert direct sum).
=0

The right-hand side may be thought of as a “model” of holomorphic
discrete series representations of PSL(2,R) in the sense that all such
representations occur exactly once.

6.4. Limit of the weighted Bergman spaces.

The Hardy norm || - ||gam) may be regarded as the residue of the analytic
continuation of the norm of the weighted Bergman space H?(II), which
is originally defined for real A > 1:

2 _1; 2
I By = = DI W,

Then the exact formula (5.1) in Theorem 5.1 may be thought of as the
limit of [7, Thm. 2.7] which dealt with the weighted Bergman spaces,
namely, our b, in Theorem 5.1 may be rediscovered by the following
limit procedure with the notation as in [7, (2.3) and (2.4)]:

1 lim lim e, X')re(X', )
(€7 i (X =1)(A = 1)
IR I T(N + OD(X +0) TN+ X420 1)
(N2 X (N 4+ N +20— DN + N+ - 1) 226270 (N)T(N)
B (20)! -
20+ D222+ T Ax(20+ D(20ON T

7 APPENDIX: THE LEGENDRE POLYNOMIALS

Suppose ¢ € N. The Legendre polynomial P,(v) is a polynomial

solution to the Legendre differential equation:
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((1— UQ)d—Q _op (e+1))f=0
dv? dv B
which is normalized by P(1) = 1. Then it satisfies the Rodrigues for-

mula

(7.1) Pi(v) = %Z <f) (v—1)" (v + 1Y

Fact 7.1 ([8, 10]). (1) The Legendre polynomials {Py(v)}een form an
orthogonal basis in the Hilbert space L*((—1,1),dv) with the following

norm:
2

depr.
20+1"
(2) The differential operator (1—v2)£—2v% is essentially self-adjoint

dv?

on the Hilbert space L*((—1,1),dv).

(Pe, Pr)r2-11) =

The Legendre polynomials Py(z) are particular cases of the Jacobi
polynomials P (z) with a = 8 = 0.
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