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ABSTRACT. The analysis of branching problems for restriction of representations
brings the concept of symmetry breaking transform and holographic transform.
Symmetry breaking operators decrease the number of variables in geometric mod-
els, whereas holographic operators increase it. Various expansions in classical anal-
ysis can be interpreted as particular occurrences of these transforms. From this
perspective we investigate two remarkable families of differential operators: the
Rankin—Cohen operators and the holomorphic Juhl conformally covariant opera-
tors. Then we establish for the corresponding symmetry breaking transforms the
Parseval-Plancherel type theorems and find explicit inversion formuleae with integral
expression of holographic operators.

The proof uses the F-method which provides a duality between symmetry break-
ing operators in the holomorphic model and holographic operators in the L2-model,
leading us to deep links between special orthogonal polynomials and branching laws
for infinite-dimensional representations of real reductive Lie groups.
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1. INTRODUCTION

Let 7 be an irreducible representation of a group G on a vector space V', and G’
a subgroup. The G-module (7,V) may be seen as a G’-module by restriction, for
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which we write 7|¢. For an irreducible representation (p, W) of the subgroup G’, a
symmetry breaking operator is a (continuous) linear map V' — W which intertwines
7| and p. In recent years individual symmetry breaking operators have been studied
intensively in different settings ranging from automorphic form theory to conformal
geometry, see |2l 3, 6, 9], 16, 19, 20, 25] and references therein.

In this article, we investigate a collection of symmetry breaking operators,

Ry: V— W, €A,

referred to as a symmetry breaking transform, for a family of irreducible representa-
tions p, of the subgroup G’ on vector spaces W, with parameter ¢ € A.
Various expansions in classical analysis can be interpreted through this paradigm:

Example 1.1 (GL, | GL,_1). Arranging homogeneous polynomials of v = (x1,- -+ , x,)
in descending order with respect to the power of x, is an example of symmetry break-
ing transform for (G,G") = (GL,,GL,_1). In fact, taking the (-th component in the
eTPansion

k
f(z) = Z fo(xat =t for o' = (w1, - ,201)
=0

defines a G'-homomorphism from V = Pol*[x] to W, := Pol‘[2] on which G and G,
respectively, act irreducibly.

Traditional representation-theoretic viewpoint tells that the Fourier series expan-
sion or Fourier transform is the irreducible decomposition of the regular representa-
tion of the abelian group G’ = S* or R, whereas we make use of a hidden symmetry
of the noncommutative group G = SL(2,R) in the sense that G contains G’ as a
subgroup and that G acts on the space of functions on S! or R. The latter viewpoint
brings us a new interpretation of the (classical) Fourier series or Fourier transform
in the framework of “symmetry breaking” as follows.

Example 1.2. A spherical principal series representation wy of G = SL(2,R) is
realized on the vector space of homogeneous functions

Vii={f € C®R*\ {(0,0)}) : flax,ay) = |a|*f(z) for alla € R*}.

This representation is irreducible for all A € C\ Z.

e (Fourier series) The representation my of SL(2,R) can be realized in C*°(S') via
the identification Vy = C=(S'), f(z,y) — h(0) := f(cosf,sinb), because any ho-
mogeneous function is determined by its restriction to the unit circle S*. Since S* is
preserved by the subgroup G' := SO(2), the collection of the Fourier coefficients

27
Vi — C*°(S') — Map(Z, C), frh h(l) = i/ h(0)e do, (e Z
0

27
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gives a symmetry breaking transform from the infinite-dimensional representation
(mx, VA) of G = SL(2,R) to the collection of one-dimensional representations x, of
the abelian subgroup G' = SO(2) ~ S' indezed by ¢ € Z.

e (Fourier transform) Similarly, any function f(x,y) € V) is determined by its

restriction to the real line y = 1, which is preserved by the unipotent subgroup
G" = {((1) ﬁ) €€ ]R} (~R). Thus the Fourier transform

[MR) — C(R), F s (FF)(E) = /R F(z)e"dz,

induces another symmetry breaking transform for the pair (G,G") = (SL(2,R),R).

Example 1.3 (spherical harmonics). Ezpansion of functions on S™ by eigenfunctions
of the Laplacian Agn corresponds to a symmetry breaking transform from a spherical
principal series representation m of G = SO(n 4 1,1) to a collection of irreducible
finite-dimensional representations of the compact subgroup G' = O(n + 1).

Reversing the arrows in the definition of a symmetry breaking operator R,: V —
Wy, we consider a G’-homomorphism W,: W, — V| going from smaller to larger
representation space, and thus referred to as a holographic operator. As in the case
of symmetry breaking, the collection of holographic operators {¥,} is said to be a
holographic transform.

Ry
G V—W, ~nG.
9
To illustrate a holographic transform by an example with both V' and W, being
infinite-dimensional, we recall that the classical Poisson integral (see e.g. [10, Sec.

0)

P,: Co(R) — C(IT), h(t) — (P,h)(x,y) —/_Oo ((a:_f;:ﬂg)y

h(t)dt

constructs eigenfunctions of the Laplace-Beltrami operator A = 1/ <aa_;2 + 59—;2) for

the eigenvalue v(v—2) on the upper-half plane IT endowed with Poincaré metric. The
group SL(2,R) acts isometrically on IT and conformally on its boundary. Tradition-
ally, the Poisson integral was treated in the context of representations of SL(2,R),
however, we highlight the fact that the totality of functions on II admits a larger sym-
metry because the group SL(2, C) acts on the conformal compactification of I1. Thus
the Poisson integral can be interpreted as a particular occurrence of a holographic

operator for the pair (G,G") = (SL(2,C), SL(2,R)) as below.
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Example 1.4 (Poisson integral). A generic symmetry breaking operator Ay, from
the spherical principal series representation wy of G = SL(2,C) on C°°(S?) to the
one @, of the subgroup G' = SL(2,R) on C*°(S) takes the following form (see [20),
(7.2)]):

A 1 CF(R?) — C=(R),  f(a,y) = (A f)(z) = sz(ty)KA,u(ﬂf—tay)dtdy

in the flat coordinates where Ky, is a distributional kernel given by
(1.1) Ep(w,y) = (2 +y*) |y
Then the dual map of Ay, yields a holographic operator Wy, with the formula

o) = (Unng) (2,y) == / () K (@ — 1, y)dt.

R

Thus the (classical) Poisson integral P, can be viewed as the restriction of the holo-
graphic operator W, with X = 2, namely, P, = Restyo ¥y ,.

With these interpretations of classical examples in mind, we raise the following
two general problems for a symmetry breaking transform R = {R;(v)}scp, where
Ry: V. — W, (¢ € A), are symmetry breaking operators:

Problem A. Can we recover an element v of V' from its symmetry breaking trans-
form R(v) = {R¢(v)}eer?

Problem A includes the following subproblems:

A.0. Tell a priori if A is sufficiently large for R to be injective.

A.1. Construct a “holographic transform”.
A.2. Find an explicit inversion of the symmetry breaking transform R.

When V is a Hilbert space on which G acts unitarily, we also ask for a Parseval—
Plancherel type theorem for the symmetry breaking transform:

Problem B. Find a closed formula for the norm of an element v in V' in terms of
its symmetry breaking transform {Ry(v)}een.

In this article, we investigate Problems A and B in the following two cases:

e Rankin-Cohen transform (Section [2));
e Holomorphic Juhl transform (Section [3)).

In both cases, the transform is a collection of holomorphic differential operators
between complex manifolds: the first case is associated with the family of the Rankin—
Cohen operators that appeared in the theory of holomorphic modular forms [3],
whereas the second case originated from Juhl’s conformally covariant operators [9].

These transforms can be analyzed in the framework of infinite-dimensional rep-
resentations of Lie groups, namely, the decomposition of the tensor product of two
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holomorphic discrete series representations of SL(2,R) in the first case, and the
branching laws of holomorphic discrete series representations of the conformal Lie
group G = SO,(2,n) when restricted to a subgroup G' = SO,(2,n—1), in the second
case.

The main goal here is to give a solution to Problems A and [B] for the above two
transforms. We provide two types of integral expressions as a solution to Problem
A1, see Theorems [2.2] and [3.10, The main results are summarized as below.

Problem Al Problem A2 Problem B
GD>G construction of inversion of symmetry L?-theory for
holographic transform | breaking transform | symmetry breaking

SLy x SLy D SLo Theorem Theorem Theorems
SO(2,n) D SO(2,n—1) Theorem Theorem [3.2 Theorem [3.2

The key idea of our approach is to introduce “special orthogonal polynomials”
{P,} associated to symmetry breaking operators. This can be done via the F-
method, which we developed in [18, 19], that analyzes the representations through
the Fourier transform of their geometric realizations. In this article, we show for the
Rankin—Cohen bidifferential operators { Ry} that the polynomials { P;} are the Jacobi
polynomials and that the holographic operators are given by the Jacobi transforms
along the transversal direction to a codimension-one foliation of the symmetric cone
(Section [2); for the holomorphic Juhl operators {R,}, the holographic operators are
associated to the Gegenbauer polynomials { P} (Section[3). Thus Problems A and
for symmetry breaking transforms can be studied as questions on special orthogonal
polynomials via the F-method.

The table below shows some new links which the F-method provides between
representations and special functions in this setting.

Analogously to the classical Poisson transform (Example , the holographic
transform provides an integral expression of eigenfunctions of certain holomorphic
differential operator. We illustrate this idea with the example of the Rankin—Cohen
operators, see Theorem [2.30| which is proved as a byproduct of the main results.

In Section [4] we discuss the background of Problems A and [B| from a viewpoint of
the representation theory of real reductive Lie groups.
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Symmetry breaking operators { Ry} | Special orthogonal polynomials {P,}

G'-intertwining property hypergeometric differential equations
operator norm of R, L?norm of P,
branching law 7|/ L2-completeness of { P}

holographic transform (L?-model) | integral transform associated to { P}

Notation: N = {0,1,2,---}, i = +/—1 (imaginary unit), (), = z(z + 1)(x +
2)---(z+k—1) for k € N (Pochhammer symbol), and [z] is the largest integer that
does not exceed x € R.
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the Grant-in-Aid for Scientific Research (A) (JP18H03669). Both authors were par-
tially supported by the CNRS grant PICS-7270 and they are grateful to Institut
des Hautes Etudes Scientifiques (Bures-sur-Yvette, France), Institut Henri Poincaré
(Paris, France) and Centre International de Rencontres Mathématiques (Luminy,
France) where an important part of this work was done.

2. RANKIN-COHEN TRANSFORM AND ITS HOLOGRAPHIC TRANSFORM

The Rankin—Cohen bidifferential operators map functions of two variables to those
of one variable, respecting twisted actions of SL(2,R). In this section, we solve
Problems A and B stated in Section |l| for the Rankin—Cohen transform (Definition
, a collection of such operators.

2.1. Rankin—Cohen bidifferential operators.
We begin with a quick review of the Rankin—Cohen bidifferential operators.

2.1.1. Holomorphic discrete series representations of SL(2,R)™.
Let MT={z=2+iye€C: xR, y >0} be the upper half-plane, and O(II)
the space of holomorphic functions on II. For A € Z we define a representation 7, of
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SL(2,R) on O(II) by

) = e+ (S) o= (00,

cz+d

Viewed as a representation of the universal covering group SL(2,R)7 the represen-
tation m, is well-defined for all A € C. There is a canonical perfect pairing between
(mx, O(I1)) and the Verma module

M_y = U(gc) ®up) C-»,

where U(gc) denotes the universal enveloping algebra of gc = s[(2,C) and b is a
Borel subalgebra containing ¢c = so0(2,C). Therefore, (my, O(II)) is irreducible if
and only if A € C\ (—N) because the g-module M, is reducible if and only if v € N.

Let p: SL(2,R)”— SL(2,R) be the covering homomorphism, and set SO(2)” =
p~1(SO(2)). For every A € C, we can form a homogeneous holomorphic line bundle
Ly over I ~ SL(2,R)7/SO(2) associated to a character C, of SO(2)7] and the
multiplier representation (my, O(II)) is equivalent to the natural action of SL(2,R)™
on the space O(II, L)) of holomorphic sections of L.

2.1.2. Holomorphic model H?(IT)y.
For A > 1 the weighted Bergman space H2(Il), := (O N L?)(IL,y*2dzdy) is
nonzero, and the Hilbert space H?*(IT)y admits a reproducing kernel K)(z,w) =

S (Zgz.“_})f)‘, see [0, Prop. XIII.1.2]. The representation (my, O(II)) yields an irre-
ducible unitary representation of SL(2,R)™ on H?*(IT),, which descends to SL(2,R)
when A\ € Z. The set of equivalence classes of irreducible unitary representations
(unitary dual) of SL(2,R) contains a family of those with continuous parameter (e.g.
principal series representations, complementary series representations), whereas
(A = 2,3,--) form a countable family of irreducible unitary representations re-
alized in the kernel of the Cauchy-Riemann operator. Thus 7, (A = 2,3,--) is
referred to as a holomorphic discrete series representations of SL(2,R), and )
(A > 1) as a relative holomorphic discrete series representation of the covering
group SL(2,R)~ We call the realization on H?(II), holomorphic model of the rep-
resentation 7. Similarly, the direct product group SL(2,R)"x SL(2,R)™ acts on
HA(I x M)vary =~ HA()w@H2(M),r as an irreducible unitary representation if
N, X' > 1, where & stands for the completion of the algebraic tensor product.

We shall deal with another realization (L?*-model) of the same representation my
in Section 2.6.2]
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2.1.3. Rankin—Cohen bidifferential operators.
Consider N, )", A" € C such that £ := (X" —X —\") € N and define a differential

operator R,y : O(I1 x IT) — O(II x II) by
4 . .
" <)\/+€_.]><)\”+J)E— 8€f
21 RA/ 12 ; = _1 J " J N J T n
1) R, G) = Y SR

=0

(C1,¢2)-

The Rankin—Cohen bidifferential operator is a linear map
RCY v+ O(IT x IT) — O(T0),

defined by RCiiil)\,, = Rest o Rﬁ:/’//\,,, where Rest stands for the restriction map
(¢, G2) = f(C, Q) to the diagonal.

The Rankin—Cohen bidifferential operator RCj\\::l/\,, is a symmetry breaking operator
from the tensor product representation my&mys to my» with respect to the diago-
nal embedding SL(2,R)”— SL(2,R)"x SL(2,R)7 and such a symmetry breaking
operator is unique up to scalar multiplication for generic parameters (see [19, Cor.
9.3] for the precise condition). Moreover, RCi;il/\,, induces a continuous map from the
weighted Bergman space H?(II x II) v yv) to H*(ID)» if X', A" > 1 ([I8, Thm. 5.13],
see also Proposition below for an explicit formula of its operator norm).

2.2. Notations and two constants ¢,(\', \”) and ry (N, \").
The parameter set in Section [2] is (N, N, ") € C3* with \ — X — X" € 2N.
Throughout this section, we use the following notation:

(2.2) a=N—-1, =X —-1, 20=N"-XN =)\
The main results involve the following two constants
1 Lo
c=c(N,\') = ot AT /1 1P (0)[2(1 — 0)*(1 +v)°dv
(2.3) B TN+ 0T\ +0)
' NV ENF2 DDV EN L 1)
b()\//l)

r=ry(N, ) b(N)b(X")

PN+ N +20-1)
2227 (N — )TN — 1)’
where P’ (v) is the Jacobi polynomial (see (5.4) in Appendix), and b(\) = 22 7T (A—
1) is a Plancherel density (see Fact below). We note that ¢, (N, \") # 0 if
ReXN,Re)\’ > 0 and ¢ € N.

(2.4) -
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2.3. Integral formula for holographic operators.
In this section, we introduce integral transforms \I/%"'X/ (holographic operator) that

realize irreducible summands in the tensor product representations my®m .

2.3.1. Construction of holographic operators for the tensor product.

Definition 2.1 (holographic operators). For X', A", X" € C we set £ := $(\" — X' —
A"). Assume that

(2.5) Re(N'+/¢) >0, Re(\N"+/¢)>0, and (€N

For a holomorphic function g on the upper half plane II, we define a holomorphic
function on II x II by the line integral:
(2.6)
¢ 1
m — — —|— —|— ’ "
<\I/j\\,7)\ug> (C1,¢) == —(Cl G) / g <(<2 v+ (G CQ)) (1—0)" 1 (140)M .

- ON N +20—1 g} . 2

We note that the set {w —1<v < 1} is the line segment connecting
the two points (; and (5 in II.

2.3.2. Basic properties of \Ilﬁi:'/\,,.

The integral transform \Ilﬁﬁl”x, in (2.6) provides a holographic operator in the fol-
lowing sense:

Theorem 2.2 (holographic operator in the upper half plane). Suppose X', X", X" € C
satisfy ([2.5)).
(1) The map \I/j\\;")\,, : O(II) — O(I1 x 1) intertwines the action of SL(2,R)™
from mm to the tensor product representation 7T,\/®7T,\u.
(2) Moreover, if both X' and X' are real and greater than 1, then the linear

map \I/%"X/ induces an isometric embedding (up to rescaling) of the weighted
Bergman space:

HQ(H)/\/// — HQ(H X H)(X,)\”)'

The image of the holographic operator \Ifﬁi/:\,, is characterized by a differential
equation of second order on II x IT associated to the Casimir element under the diag-
onal action, see Theorem 2.30l For X', X" > 1, the operator \Ifg\;/’:\,/ is a scalar multiple

of the adjoint RCj\\i://\,,) of the Rankin—Cohen bidifferential operator RCj\\:i/X, (see
é

Proposition [2.22)), and its operator norm is given in Theorem (2).
Theorem [2.2| will be proved in Section [2.7.6]
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Remark 2.3. In Section 3 we introduce relative reproducing kernels to construct irre-
ducible summands in the holomorphic model. The integral formula given there (see
Theorem |3.10)) is different from the one introduced in Definition . The advantage
of the definition is that the holographic operator \Ifﬁiu/\,, is defined also for the
nonunitary case, see Theorem (1).

2.4. The Rankin—Cohen transform and its inversion.
In this section we introduce the Rankin—Cohen transform RCy »» as the collection

of individual operators ’R,Cj\\::;\,, for fixed A" and A”. Its inversion formula is proved in
Theorem by using the holographic operators, giving a solution to Problem A in
Section 1.

Definition 2.4 (Rankin—Cohen transform). For X', \” € C, the Rankin—Cohen trans-
form RCy »» is a linear map

(27) RC)\/’X/Z O(H X H) — Map(N, O(H)), f— (ﬁ = RC)\/’)\//(f)é)
defined by (RCy+(f)), == RCY AN T2 f  for L€ N.

The Rankin-Cohen transform RCy y intertwines (my®@my, O(IT x 1)) with the

formal direct sum @, (mx4r1420, O(I1)), and can be inverted by using the integral
operators \I@;//A,, as follows.

Theorem 2.5 (inversion of the Rankin-Cohen transform). Suppose X', X" > 1. Then
for any f € H2(I1)y @H?(I)» one has

o0

1 RN
F= 3 o T RO (1),
—0 74 )

Theorem [2.5 will be proved in Section [2.8.6]

2.5. Parseval-Plancherel type theorem for the Rankin—Cohen transform
and its holographic transform.

In this section we develop an L*-theory for the Rankin—Cohen transform (Defi-
nition [2.4)) and for the holographic transform (Theorem (2)), thus providing an
answer to Problem B for these two transforms.

2.5.1. Weuwghted Hilbert sums.
In order to formulate the Parseval-Plancherel type theorem, we fix some notations
for the Hilbert direct sum.
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Definition 2.6 (weighted Hilbert sum). Let{V,}sn be a family of Hilbert spaces

®
and {as}ren a sequence of positive numbers. The Hilbert sum Z V, associated

teN
to the weights {as}en is the Hilbert completion of the algebraic direct sum @ Vi
teN
equipped with the pre-Hilbert structure given by
(v,0") ==Y (v, v))y, for v = (vy)een and v = (v})pen.
=0

2.5.2. Parseval-Plancherel type theorem.

For X', \” > 1 the bidifferential operators RC;\;:IX, extend to a continuous map
between Hilbert spaces. Now, we formulate a Parseval-Plancherel type theorem for
the Rankin—Cohen transform as well as the “holographic transform”, hence answer
Problem B for these transforms.

Theorem 2.7 (Parseval-Plancherel theorem). Suppose N', \” > 1.

(1) The Rankin—Cohen transform RCy x» (Definition[2.4) induces an SL(2,R)™
equivariant unitary operator

~ ~ D
H () @H (M)ar = Y HA(M)wiarpar

LeN
to the Hilbert sum associated to weights {W}ZEN' Thus, for every
f c HZ(H))\/(X)HQ(H))\//;
- 1
2 _ 2
1 e ram, = 2 re(N, Neo (N, A7) HRCx v () ey o
520 Y Y
(2) Collecting the holographic operators \I”A\;:/X/, we define the holographic trans-
form
\IJXQ\” : @ HQ(H)A/+)\//+2€—>H2(H))\/ @HQ(H)X/
leN
by
\IJ)\,)\,, = @ \Ilﬁi—";\?)//+2£-
=0

Then Wy v induces an SL(2,R)-equivariant unitary operator

S OHA (M) yarrae — HAI) EH(I) v
{=0
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from the Hilbert sum associated to the weights {Cé()‘:)‘:)} . Thus,
reNA") J gen

. ) e g )\/ X/)
|| )\/7>\/,g||’]-[2( )\/®H2 /\// Z K )\/ )\// ||g€||7-[2 A’+A”+2€
£=0

for g = (ge)een.

Theorem [2.7 will be proved in Section [2.8.5] It gives quantitative information on
the classical branching law (fusion rule) of the tensor product of two holomorphic
discrete series representations my and my» that decomposes into a multiplicity-free
direct Hilbert sum of irreducible unitary representations when X', X" > 1 [22], 23]:

~ @D
(28) 7T)\/®7T)\// ~ E 7T>\/+)\//+2£,
leN

The projection to each irreducible summand in the decomposition ([2.8)) is given as
the composition of the corresponding Rankin-Cohen operator and the holographic
operator in the holomorphic model. Thus Theorem [2.5| (and Proposition below)

shows the following corollary.

Corollary 2.8 (projection operator). Suppose N, N N > 1 and { := %(X” -\ -
\'") € N. Then

)\/// 1 )\ll/

1 N " NG
Te()\,7 )\”)c€<)\/7 )\”> (RCA/)\”) O RC)\/’)\//

W\P)\/’)\” o) RC}\/,)\// -

is the projection operator of the Hilbert space H2(I1)y @H>(II)x» onto the irreducible
summand which is isomorphic to H2(I1)m, see (2.8)).

2.6. Holographic transform in the L?-model.

By the Fourier-Laplace transform, the weighted Bergman space H?(IT), realized
in the space of holomorphic functions on the upper half plane II is mapped into the
space of functions supported on the positive axis R, more precisely, onto the Hilbert
space L2(R,,z' *dx), giving thus rise to an L?-model of the same representation
of SL(2,R)™ (Fact 2.9). We shall find closed formulee for the symmetry breaking
transform and the holographic transform also in this model and give an answer to
Problems A and B, see Theorems [2.11], [2.14] and [2.16 The results in the L?-model
give a new interpretation of the classical theory of the Jacobi transform, and also
play a key role in proving the theorems for the holomorphic model, see Section [2.7]
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2.6.1. L?-model of holomorphic discrete series.
For A > 1 we consider the Hilbert space L*(R )y := L3(R,, x'"*dx).

Fact 2.9. Suppose A\ > 1. The Fourier—Laplace transform
F:F— FF(() = / F(2)e"*dz,
0

is an isometry from L*(Ry )\ onto the weighted Bergman space H2(I1)x up to scalar
multiplication. To be precise, we have (see e.g. [5, Thm. XIII.1.1.])

IFE N5, = bVIFl72e,),
for all F € L*(Ry)y, where
b(\) := 22D (N — 1).

For A > 1, via the unitary (up to scaling) map F: L*(R, )y — H2(II),, we define
an irreducible unitary representation of SL(2,R) on L*(R,),, which is referred to
as the L%-model of the holomorphic discrete series representation my.

We shall write

Fi=F and F=FQF

in order to distinguish the framework of functions of one or two variables, respectively,
and we write, by abuse of notations,

(2.9) LA(RY )y = LRy x Ry, 2Ny ™Y da dy) ~ LP(R)v®L*(Ry )y

2.6.2. Construction of discrete summands in the L*-model.
Via the Fourier-Laplace transform, we can define the counterpart for the L?-model
of the Rankin—Cohen bidifferential operator RCQ,\” and the holographic integral

operator \Ilg\\::'/\,, (2.6) by
—~ 2\ "
(210) RC}\/V)\N = .Fl_l o RC§/7)\II 9} FQ.

"

(211) (I\Jﬁi:l)\// = .F2_1 e} \Ilin\// o «Fl.

We know from [I8] that RCi:il)\u is continuous between the weighted Bergman spaces,

"

=\ SV . .
and so is RC, ». In turn, \IJ’A\,7 \ 1s continuous between the Hilbert spaces by (2.12)
below, hence so is \Ilﬁjlj)\/,. Alternatively, the continuity of \Ilﬁfljx, is also given by that
of another holographic operator Q)f\‘f:’/\,, introduced in Definition (Proposition
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2.25)). The following commutative diagrams summarize these definitions:

— )\///

RCA/7)\//

//\

LA(Ry, 2tV dz)®L2(Ry, y N dy) — L*(Ry, 2V do) LA (R, y' N dy) —— LA(Ry, 217" dz)

L]:g O L]'—Q O .7'—1l/
RAH/

H2,(I)QH2,, (11) H2,,(I1)

)\///
Rc)\/ A

Diagram 2.1. Symmetry breaking operators my®mys —» my» for holomorphic and L2-models.

SN 1
N =(c ‘I’)\/ )\//)

LRy, "N do) QLA (R, y' " dy) L*(Ry, 2" dz)

N : B

H2, (I SH2, (1) H3n (IT)

A/” >\III

‘IIA/ A”( ”(RCAI >\II) )
Diagram 2.2. Holographic operators my» < my &y for holomorphic and L?-models.

We shall give an explicit integral formula of the symmetry breaking operator

"

—~ )\

RC, v in the L?-model in Proposition [2.13] On the other hand, we observe the
holographic operator in the L?-model has the following three important characteris-
tics:

(1) the Fourier transform \Tlﬁi”,\,, of the holographic operator \I/f\‘j:l)\,,, see ([2.11));

"

(2) the adjoint of RCX BV (Proposmon 2.19);
(3) the multiplication operator ®3 /\, ,\/,, see 12 13)) below for definition.

These three approaches may be summarized as the following identities:

*
~ —~ \" i "
(212) \Ilil,)\// = (RC}\/})\// = Ze®§/’A//,

see Propositions [2.19] and .20l The third characteristic is remarkable as it does
not involve any integration or differentiation. For this reason, we adopt it as our
definition of holographic transform in the L?-model, see Definition below.

For a, 5 € Cand ¢ € N, let Pf’ﬁ(m) be the Jacobi polynomial of degree ¢, see
in Appendix.
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Definition 2.10. Retain the setting that A', \”, \"" € C with ¢ := %(X”—X—X’) e N.
For a function h(z) of one variable z (z > 0), we define a function of two variables

z,y (z,y > 0) by

/// NN veiwv—1 [y —x
2.13 (@A, h) ) = J______pyv (YT .
( ) A (LL‘ y) (I—i—y))‘—")‘ +0—1" 4 fL‘—f-y (ZL‘—l—y)

Theorem 2.11 (holographic operator in the L?-model). Suppose N, N N" > 1
such that ¢ := %()\”’ — XN —=X") € N. Then, @ﬁ;://\,, induces an SL(2,R)-equivariant
continuous homomorphism between the Hilbert spaces:

@i:/’/}\//: LPRy, 27Mdz) — LRy, o™ Vdo)RL* Ry, v dy).
Theorem [2.11| will be proved in Section [2.7.5]

Remark 2.12. Using the notation (2.18)) below, we may also write:
N—1, M'—1
x

"

(@ arh)(2,y) = (~1)°

SN -1\ —1

rg il (,y) - h(z +y).

2.6.3. Symmetry breaking transform in the L?-model and its inversion.
In this subsection, we give an inversion formula of the symmetry breaking oper-
o~ )\///

ator RC,, v in the L?-model by using the holographic operators (IJ;\ZI/\,, (Definition

"

~ )\

2.10). The symmetry breaking operator RC,, ,» was defined originally as the Fourier
transform of the Rankin-Cohen bidifferential operator RCj\\::l/\,, (see (2.10))) but we

give a simpler expression as an integral operator (Jacobi transform).

Proposition 2.13. Suppose X', X" > 1 and £ € N. Then for any F' € C.(Ry x Ry),
the following identity holds:

~ N2 £+l 1 ’ "
(chj,, ! F) (2) = 227 1p; XLy (g(l—v),g(l—l—v)) dv.

See Section for a proof.
o~ )\/N
Collecting the operators RC), y», we define a symmetry breaking transform

(214) RC}\’,)\” : L2(R+))\/®L2(R+))\// — Z @L2(R+))\/+/\//+2£
LeN
—~ N4\'42¢

by (7/€\C,\/A//(F)) :=RCy v (F) for ¢ € N. Then it can be inverted by using
e 9
the holographic operators q)ﬁi/’l/\,, (Definition } as follows.
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Theorem 2.14. Suppose N, X' > 0. Then for any F € L*(Ry)y@L*(Ry )y, one
has

> 7;6 / 12 !
F= — AN (RC 1 (F )
;MMA/,) N /\,)\( ) 0’
and
F? =) L (mewn ) |
|| ||L2(R+))\/®L2(R+)>\” o —0 C€(>\I7 )\,/) ’( )\/’A”< )>Z‘ L2(R+)>\/+)\//+24 ’

Theorem [2.14] will be proved in Section [2.8.7 It gives an answer to Problem A.2
and Problem B in the L%model.

Remark 2.15. The Jacobi transform (see e.g. [4, Chap. 15]) defined by
H(v) = (J¥(H)), = /11 H(v) P (0)(1 —v)*(1 + v)°dv
is inverted by the following formula: _
(2.15) H(v) =) dila.B) (J*°(H)), P (v),
=0

where we set

i 5)__E!(&+ﬁ+2€+1)1“(0¢+5+€+1) (_ 1 )
AP e B N (a4 L+ DT(B+0+1) \ 208t (a+1,8+1))°

By a change of variables, we can see that Theorem is equivalent to ([2.15)) applied

to
Hw) = (1 —0v)" (1 +v)PF (2(1 — ), g

witha=XN —1land 8=\ —1.

(1 —I—v)>

2.6.4. Parseval-Plancherel type theorem for the holographic transform in the L*-
model.
Collecting the holographic operators CD?;:/)\,,, we define the holographic transform

(2.16) Oy P LRy xviarsze — LR vBLA(Ry )y
£eN

by

o0

/ "
2
q))\/’xl = @q)i/:;f\/ + g'
=0
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This transform is the counterpart in the L?-model of the holographic transform
Uy (see Theorem (2)) defined in the holomorphic model.

Theorem 2.16. Suppose X', X" > 0 and ¢ € N. Then, the holographic transform
Oy v induces an SL(2,R)-equivariant unitary operator

> CLAR ) warsar — LR vBLA (R )y
=0

subject to the following Parseval-Plancherel type formula:

oo
[y xrblZeme ), o = D N XhelZogzy) 00
=0

f07“ h = (hg)geN with h, € L2(R+))\/+)\N+gg.

Theorem will be proved in Section [2.8.2]

2.6.5. Representation theoretic interpretation of the Plancherel density.

The weights ¢,(A\'; \”) in the Plancherel formula (Theorem are obviously
positive when A, \” > 1. We discuss the zeros of the meromorphic continuation of
ce(N, N") when we allow X' and A" to wander outside the region X', \” > 1, so that
my and mys may not be (relative) holomorphic discrete series representations.

Assume furthermore that X', A", A" € Z such that ¢ := (A" — X' — X”) € N. Then
the following four conditions on (X, \”, \"") are equivalent (see [19, Thm. 9.1}):

(i) ce(N,N") =0;

(i) 2> XN+ XN+ XN"and X" > [N = N'| + 2;

(iii) the Rankin-Cohen bilinear operator RCY, /\, \» vanishes;
(IV) dlmHOmSL(Q’R) (O(H X H,E)\/ X ,C)\//), O(H ﬁ)\///)) = 2.

2.7. Proof of Theorems [2.2] and [2.17]

In this section, we derive from the Rankin—-Cohen bidifferential operators RC A:N)\,,
the integral intertwining operators that embed irreducible representations of SL(2, ]R)
into the tensor product representations, and give a proof of Theorems 2.2 and 2.11]

The key idea is to use symmetry breaking operators RC v in the L? model, which
fits well into the F-method connecting the Rankin—Cohen operators with the Jacobi
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polynomials. The scheme of the proof is summarized in the following diagram:

n1 Proposition[2:22] )
(2.17) RC §,7 A\ Y (Theorem|2.2)
Proposition@é/ Proposition[2.20]
RC), o) TheoremZ.11
e~ eorem/2.
Al’)‘NPropositionm AN (

2.7.1. Jacobi polynomials and Rankin—Cohen bidifferential operators.
We retain the notation and assumption that £ := (A" — X' — X”) € N.

The nature of the bidifferential symmetry breaking operator RCj\\;:/X, is explained
in [I9, Thm. 8.1] by the F-method, which we recall now. We inflate the Jacobi
polynomial PZO‘”B (t) (see (5.3)) into a homogeneous polynomial of degree ¢ by

o) = (0 ()
1 . '
= (1) (a+B8+0+1)j(a+j+1)0, (=5
o R =0 (¢ — )5 (z+y) 7.

Then we have the following

Proposition 2.17. Suppose { := (N — X — X') € N. Then the Rankin—Cohen
bidifferential operator RC%:/,\/, (see (2.1)) is given by RC%/’/,\,, = Rest o Rﬁ:",\u with

" =\ " a a
2.19 R)\/ " = P)\ —laT- <_’ _> .
( ) A J4 aCI 8C2
Remark 2.18. In [19] (9.9)], we gave a similar formula

" ’ " a a
2.20 RA/ "= P/\ —hi=A (_7 _)
( ) PUPY ¢ aCl aCZ

by using another two-variable function P;‘”B (z,y) =y Pf’ﬁ <1 + %“’”) . Our expression

(2.19) is symmetric with respect to the first and second variables.

Proof of Proposition [2.17. According to the first Kummer’s relation for the hyper-
geometric function we get (see for instance [7, 8.962|):

o 1+ ‘ o,—a—pB—-20—1 3—x
P = (F0) memee ().

! " I " 1
Pé)\ —1,1-A (1—25) = (1— S)ZPZ‘ —1A 1 ( + 5> '

and therefore

1—s
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Hence the right-hand sides of (2.19) and (2.20)) are equal to each other. O

2.7.2. Coordinate change in the L?*-model.
For the study of symmetry breaking in the L?-model, we introduce the following
coordinates:
z z

(221) Ry x (=1,1) 5 R, (2,0) = (2,1) = (2(1 — ), 2(1+v)).

Then, ¢ is a diffeomorphism with dzdy = $dzdv. With the convention (2.2) in
Section 2.2} we set

(2.22) M (2,0) = My ymam(z,0) = 29TB 25511 — ) 7(1 4 v) 7.

If (z,y) = (2, v), then we have

Zl_)\/// -
(2.23) WM(Z’U> =z
(2.24) e Ny N dady = M(2,0)?27 P (1 = 0)*(1 + v)Pdzdo,

whereas the holographic operator ‘I)ﬁjl,/,\// (see (2.13])) takes the form

(2.25) (q>§ij;,,h) o 1(z,v) = M(z,0) ' P&P (0)h(2).

2.7.3. Fourier transform of the Rankin—Cohen bidifferential operators.
We are ready to prove Proposition for an integral expression of the symmetry

)
breaking operator RC), y» (see (2.10)).
Proof of Proposition[2.13 For a function F € L*(R2 )y v we set
Glx,y) = B 2,y F(a,y).

By Proposition the F-method shows that the Rankin—Cohen bidifferential oper-

ator is induced from the multiplication by the polynomial Ex_l’xl_l(:v, y), namely,

(2.26) (RCY i F2F)(C) = i (Rest o FoG)(Q).

/\)\”,
The left-hand side of (2.26) equals ( FyRCy/ v I ) (¢) by the definition (2.10). We
compute the right-hand side of (2.26). Via the diffeomorphism (2.21)), we have
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ﬁza,ﬁ o 1(z,v) = (1) 2! P" (v). Thus we get

(Rest o F2) G(¢) = /OO /00 G(x,y)e' TV dxdy

= / / Gou(z,v) ZZczdzdv

= —]:1 JF)(C),
where
1
jF(z) = z/ Go L(z,v)dv
-1
1
- (—1)%“’1/ Pg’\/_l’xl_l(v)F ou(z,v)dv.
~1
Hence Proposition [2.13|is proved. 0]

2.7.4. Three characteristics of holographic operators in the L?-model.

In Section we discussed the three characteristics (1), (2), and (3) of holo-
graphic operators in the L?-model. These three characteristics play a key role in the
proof of main theorems. In this subsection we explicate the relationship between

(2) and (3) in Proposition [2.19 and
(1) and (3) in Proposition [2.20}

and prove the formula (2.12)).

Proposition 2.19. The adjoint of the holographic operator CI)%/:/\,/ (Definition

1s proportional to the Fourier transform of the Rankin—Cohen operator RC?;M\/, :

N "
<(I)/\/’)\//> =1 RC}\/ N

N

Proof. We have already seen in Section [2.6.2| that RC), ,» is a continuous map

between the Hilbert spaces. Hence we shall work with dense subspaces C.(R)
and C.(R2) in L?*(Ry)y» and L*(R2)y \, respectively. Take h € C.(R;) and

N\

F € C.(R%). By the integral expression of RC w.a given in Proposition 2.13} we
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have

4

e~ )\/N Z

(h, RC}‘I7A”F)LQ(R+7217)‘”/dZ) = —/ h( )Zf+1/ P)\/ 1,M— 1( )F o L(Z,”{))d’l}zl_)‘mdz

= / / j\\;ﬂ)\u ) F(z, )™yt = dady

///

= @)\/ )\//h F)LQ(R2 1= yl— A”d;vdy)

Here, in the second equality we have used ( and (| . Thus Proposition m
is proved. 0]

Proposition 2.20. With the notation , we have
WY = i)
Before giving a proof of Proposition [2.20] we need the following.
Lemma 2.21. For any g € H*(II),, we have

<%) [ e =

Proof. The statement follows from the (classical) Fourier inversion formula and the
Paley—Wiener theorem for g. O

Proof of Proposition[2.20. Tt suffices to show

///

..FQ O @)\/ )\// 9 .7:1 — (_l)eqjiil’l)\u
We set {
t(v) == 3 (G —Cv+ (G +¢))-
By the definitions ([2.22)) and (2.25)) of M and @;\;i:\,,, we have,
<f2 0 ®3 i h) (G Go)

- 2a+/3+1 / / (1= 0)*(1+0) P (0)h(2)e* ) dvdz

d
_ —L 1zt o a-+/f B+L
- 2a+6+£+1g|/ / h(z (dv) ((1 0)* (1 +v) )dvdz
dv,

1 dt@)\ (AN [
_ 1— a+l 1 B+ el / Eh zztd
Qa+B+0+1 ) /_1< ) ( + ) dv dt 0 N (z)e : t=t(v)

where the second equality follows from the Rodrigues formula ([5.2]) for the Jacobi
polynomials.
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Applying Lemma we obtain

o (G =) (=) [ «
Fro @ o Fa6n @) = St [ alt@)1— o1+ 0 e
= (=)' (W¥9) (G G).
Hence Proposition [2.20] is proved. U

2.7.5. Proof of Theorem |2.11,.
In this subsection we give a proof of Theorem [2.11]

Proof of Theorem[2.11. As the Rankin-Cohen bidifferential operator RC}/ . inter-

o~ )\///
twines the tensor product my®mys and mym, so does its Fourier transform RC), W

*
N

(see (2.10)), and in turn its adjoint operator ( RCy y» | because my, myr, and mym
are unitary representations. Hence Theorem [2.17] follows from Proposition 2.19} O

2.7.6. Proof of Theorem[2.3
Theorem together with an argument of holomorphic continuation on param-
eters completes the proof of Theorem [2.2] as follows.

Proof of Theorem [2.9. The second assertion follows from Proposition [2.20] because
<I>§,7 y 1s an intertwining operator as it was shown in Theorem [2.11}

Let £ € Nand \" = N + X' +20. If (N, \") € C? satisfies (2.5) then the integral
converges for all g € O(II), and W3, is continuous viewed as a map from the
Montel space O(II) to the one O(II x II).

On the other hand, if furthermore X, \” are real and X, \” > 1, then llfﬁﬁ”/\,, is
a G-homomorphism on H?(IT)y» by the first statement. Since HZ(IT)y» is dense
in the Montel space O(II) as its subspace of K-finite functions is already dense in

///

O(II), the continuous map W3, s O(I) — O(II x II) intertwines my» and the
tensor product representation my®mys if N, N > 1. Since \Il%://\/,g € O(II x II)
depends holomorphically on (X, \”) € C? subject to and since the actions
7o, T and T aryop of SL(2,R)also depend holomorphically on (X, ") € C?, the
first statement is shown. 0
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2.7.7. Adjoint of the Rankin—Cohen operator.
As the last part of the diagram , we show that \I/AZI/\/, is the adjoint of the

Rankin-Cohen operator RCiil’l)\u up to scalar multiplication.
Suppose X, N A" > 1 and X — X — X’ € 2N. We regard the Rankin—Cohen
operator RCi,, yv as a continuous map between Hilbert spaces

RCY s HAID) W @H?(ID) o — H2(IT) .
By (2.12) and Lemma below, we obtain
Proposition 2.22. Let ( := (N =X = \’) € N. The adjoint of RC%:I/\,, is given by

(REX) = e N0,
2.8. Proof of the Parseval-Plancherel type theorem for the symmetry
breaking transform and the holographic transform.

In this section we complete the proof of Theorems and in the holomorphic
model and Theorems and in the L2-model for the Parseval-Plancherel type
results for the symmetry breaking and holographic transforms. Our strategy consists
in applying the F-method, and then in reducing the proof of these theorems to the

fact that the Jacobi polynomials {PKO"’B }e form an orthogonal basis of the Hilbert
eN

space L2([—1,1], (1 — v)*(1 + v)?dv), see (5.4]) in Appendix.

2.8.1. Some properties of operators on Hilbert spaces.

We review a general fact on operators on Hilbert spaces. Suppose a Hilbert space
V' is decomposed into a Hilbert direct sum of closed subspaces {V;}sen, that is, V' ~
Z?eN Vi, where the inner product on V; is induced from that of V. Let pry,_,y,: V —
Vi be the projection operator. Let {W;}sen be another family of Hilbert spaces.
Suppose that we are given a continuous map R,: V — W, such that the restriction
Rylv, : Vi — W, is a unitary operator up to scalar multiplication and Rg’vel = 0 for
every ¢ € N. Then the adjoint operator R;: W, — V is an isometry (up to scalar)
onto Vy. We write ||R¢||op for the operator norm of R, and set

. 2
Cg T ||RfHop'

The following two lemmas are elementary.

Lemma 2.23. (1) The linear map R := @ Ry;:V — @ W, satisfies

leN leN
2.28 F|? = ! R/,F|?2, forall FeV.
(2.28) IF[y = Z@” Flyy, fora evV.

leN
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In particular, we have the following inversion formula and the unitarity of

the map R:
(inversion) F=3n CLZRZ(RZF),

~ @

(unitarity) R extends to a unitary operator V.—s Z W, where deNEBWg is
teN

the Hilbert sum associated to the weights {C; '}sen (see Definition .
(2) The linear map R* := @ R;: @ W, — V satisfies

LeN LeN
(2.29) RyR; = Cyidy,,
|Riwelly = Collwellfy, forall w, € Wy

. . ® o
In particular R* extends to a unitary opemtorz Wy — V, where) oy Wi
¢eN
is the Hilbert sum associated to the weights {Cy}en.

Lemma 2.24. Suppose that H; and L; (j = 1,2) are Hilbert spaces and that
Fj: Ly — Hj are unitary operators up to scalar multiple. Let b; be positive numbers
such that

|F(F)I%, =blIFI,  forall Fe L,

Qet v: H — HQAand D: Hy, — H;y be continuous linear maps, and we define
VU: Ly —> Ly and D: Ly — Ly by

@::}'2_10\110}"1, lA)::}"floDo}'g.

We set r .= Z—; Then,

(1) the operator norms of these operators satisfy

~ 1 ~
IDII3, = ;I!Dllipv 1|2, = 71®|3,;

op’
(2) the adjoint operators of D and D are related as
- (5)

2.8.2. Parseval-Plancherel type theorem for @3\:2//\,,.
In this subsection, we prove Theorem [2.16] By the (abstract) branching law (2.8),
Theorem is deduced from the following proposition.

Proposition 2.25. Suppose N, N, X" > 1 satisfy { := (X" — X — X") € N. Then,
||q)§\\’,)\”h||iz(R3_)>\/’>\// = cﬁ(A,’ )\”)HhH%Q(R_;,_)/\///’

for all h € L*(R,)ym. Here we recall for the definition of cg(N', \").
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We reduce Proposition to the fact that the Jacobi polynomials are orthogonal
polynomials, see (5.4) in Appendix.

Proof of Proposition[2.25. Via the diffeomorphism (2.21]), we get from the formulee
(2.24)) for the measure and ([2.25)) for the holographic operator @j\\le/\”:

1
Hq)i/ )\”hHL2 (R2 ))\/ A

R 1/ /'h

By the L2-norm (5.4) of the Jacobi polynomials, we conclude the proposition. [l

’ 7 2 " / "
) 4 o

2.8.3. Operator norm of the holographic operator \I/j\\;///\,, in the holomorphic model.

Proposition 2.26. Suppose N, \", X" > 1 and £ := J(\" — X — X') € N. Then
" Cg()\/ )\”> ~
193 5 W3z, ey = W” 9l for all g € H*(IN)y@H*(IT).
Proof of Proposition [2.26. By Proposition [2.20] and Fact 2.9 we have
“\Ilﬁ’,)\”g||§-L2(H),\/®H2(H)>\// - b()\,)b(/\”>HQ)il)‘”fl_lgH%Z(Rﬁ—))\’,)\”.

By Proposition and Fact again, the right-hand side of the above equality
amounts to

b(A)b(A")

b(/\/”) C€<)‘/7 )‘//)HgHg-LZ(H))\///‘
Now the proposition follows from the definition (2.4)) of r,(\, ). O

2.8.4. Norm of the Rankin—Cohen bidifferential operators.
We find the operator norm of RCﬁ:/’;\// as below.

Proposition 2.27. Suppose that N, X" > 1 and N = N + X' +2((¢ € N). Then

the operator norm of the Rankin—Cohen bidifferential operator RC%/’I/\,, seen as a map

from the weighted Bergman space H*(IT)y@H2(I)yr to H2(T)xm is given by
IRCA o llap = (N X )ee( N, A7),

Proof. By Lemma (1), we have

P
||RC§\\;/7/)\// ||gp = r[(A,, A//)HRC)\/’)\H 2

||op’

which equals r(N, A")c, (N, \") by Propositions and [2.25] O
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2.8.5. Proof of Theorem[2.7].
Let us complete the proof of the Parseval-Plancherel type theorem for the Rankin—
Cohen transform RCy »» and the holographic transform Wy y».

Proof of Theorem [2.7. (1) We apply Lemma [2.23| with R, = RCi:tj\/“Jr%. By Propo-
sition . we have

1ReIZ, = re(N, /\")CE(X ),
hence the first statement follows from Lemma [2.23] (1).

(2) We apply Lemma [2.23| with R, = WRC%J:\,A,HHIZ By Proposition [2.27], we
have
C[(A/, A//)
IRZ = s
TZ()\ ) A )
Since \I/ijf\f)””f R} (see Proposition [2.22)), we get the second statement by Lemma
2.23| (2). OJ

2.8.6. Proof of Theorem[2.5.
We are ready to complete the proof of Theorem

Proof of Theorem[2.5. By Lemma [2.23| (1) applied to R, = RCi;jﬁ)ﬁHZ, the above
proof of Theorem (1) implies

- 1
f Z TZ >\/ /\//) ()\/ )\//) RfRef
(=0

for any f € H*(I1)y®H?(I)y». Now Theorem follows from the equation R} =
re(N, X’)\I/i:j\?\/“”e (see Proposition [2.22)). O

2.8.7. Proof of Theorem |2.1/).
Finally, we show Theorem [2.14]

NN 426
Proof of Theorem [2.14, We apply Lemma|2.23/(1) with R, = RC v - ByLemma

and Proposition we obtain

HREng W ‘RC?,‘&?) +2¢ N Cé()\l,)\//).
Hence Theorem [2.14| follows from Lemma [2.23| (1) because R; = @i,f\?\/ 26 as was

shown in Proposition [2.19 U
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2.9. Some applications of symmetry breaking and holographic transforms.

We point out two applications of the symmetry breaking and holographic trans-
forms introduced in the previous section. First, we provide explicit description of
the minimal K-types of the SL(2,R)~module (7r>\, O(1I1)) in both holomorphic model
Ty @my and L2 -model LQ(R ) (see Proposmons and - Second, we find
in Theorem [2.30| an integral expression of any eigenfunction for a specific second-
order holomorphic partial differential operator arising from the diagonal action of
the Casimir in the enveloping algebra.

2.9.1. Minimal K -types.

The minimal K-type of the SL(2,R)~module (my, O(II)) is given by C(¢ + i)™,
see for the whole set of K-types. As an application of the integral formula
(2.6) we find an explicit expression for the minimal K-types of submodules in the
tensor product 7y &7y as follows.

Proposition 2.28. Suppose Re X', Re \" > 0 and \" = XN + X'+ 20 (¢ € N). Then
the holomorphic function

(G1:Go) = (G = Q)G+ )7 G+ )
is a minimal K-type in the submodule W)/, (O(IL)) in T B,

Proof. We set g(¢) := (¢ +i)~"". By the change of variables t = (1 + v), the
definition ({2.6]) shows

A _ l . =\ ! a—1/1 _ p\e—a—1l/7 —b
(\IWAHQ) (C1,C2) g!(<1 G) (G +1)” Ot (1—1) (1 —tz)"dt,

where a = N +0,b=c=)N", and z = % Shut}
1+1

By the Euler integral representation of the hypergeometric function 5Fj, and by
the fact that o Fy(a, b;b;2) = (1 — 2)~%, we obtain

(230) () (¢, G) = —B(/\’ FON 4 0(G = )G+ i) NG+ i),
where B(-,-) stands for the Euler beta function. 0

Proposition 2.29. Suppose X', X" > 1 and ¢ € N. Then the function

N=1 =y N'=1,~y NelXN—1 (Y — T
, — —+ P g
(x,y) = (@7 e ) (y )(z+y) (xﬂ)

belongs to L*(R%)x v, and gives a minimal K -type in the image of the holographic

! 1
operator (Pf\f;j\, 2t
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Proof. Since 22" ~'e=* belongs to the minimal K -type in the irreducible representation

L?(R, )am, so does @ﬁf:’,\,, (22" ~1e~#) in the irreducible representation @ﬁ;/’:\,, (L*(RZ) v 27)-
Then the formula (2.13)) of the holographic operator @ﬁ;/’:\,, with A = XN + X' 4 2¢
shows Proposition [2.29] 0

2.9.2. An application of the integral formula.
Fix M, \ € C and consider eigenfunctions of the following holomorphic differential
operator on II x II:

82

o 9
96196

1 ! 1/ a ! ! 1!
+ NG+ N =N+ (NG — A +)\)C28C’
2

(231) P)\’,)\” = (Cl — C2)2 aCl
and define for p € C
SOE(H X H,MA/’)\N’“) = {f € O(H X H) P)\/’)\uf = ,uf} .
The integral transform (2.6]) constructs all eigenfunctions of Py y» as follows.
Theorem 2.30. Suppose X', \" € C. Then,
(1) Sol(IT1 x II, My »n. ) # {0} if and only if p is of the form
p=—lN+XN+¢—-1) for some ¢ € N.
(2) For any N, \" € C and ¢ € N,
(Cl - CQ)E(gl + Z')_X_K(CQ + Z.)_X,_K S SOE(H X H, M)\’,)\”,ff()\/Jr)\”Jréfl))'
(3) If Re N',Re A > 0 and ¢ € N, then the integral transform (2.6 gives a
bijection
\Iji\\::t\?)”—iag: O(H) ;> SOE(H X H, MA/’)\/“fg()\/Jr)\/ur@fl)).

The inverse map is proportional to the Rankin—Cohen bidifferential operator,
namely,

N N"4-2¢ NN 20 .
Rc/\/;\// * O \Ij)\/’t\// T2 — C[()\,, )\H>1d on O(H),

where co(N, N') is defined as in (2.3)).
2.9.3. Quick review of representations of the universal covering group SL(2,R)™
In order to prove Theorem [2.30] we recall some properties of representations of
SL(2,R)~ The universal covering group SO(2)” of the maximal compact subgroup
K = S0O(2) is isomorphic to R. We parametrize its characters y, by A € C as an
extension of the following group homomorphisms originally defined for \ € Z:

R~ SO(2)"— SO(2) — C*, 0+ cosf —sin0) v
sinf cos®
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The representation 7, on O(II) given in Section is a highest weight module
with highest weight —\ because it has the following K-types:

(2.32) — A =A=2, =X =4,
Choose the standard basis of the Lie algebra s[(2,R):

w30 (0 ()

Then the Casimir element C' is expressed as C' = §(H? + 2XY + 2V X).
The infinitesimal action dry is given by holomorphic differential operators:

d d d?

2. H)=-\—2z— X)) = —— Y) = 2 %

( 33) d?T)\( ) A Zdz, dﬂ')\( ) 2 d7T)\( ) Az + 2 2
and the Casimir element C acts on (dmy, O(I)) as dmy(C) = $A\(A—2)id. In general,
if 7 is a highest weight module of SL(2,R)™ with highest weight v (v € C), then the

Casimir element is given via dm as the scalar multiplication %I/(I/ + 2)id.

2.9.4. Proof of Theorem[2.30.

Lemma 2.31. The Casimir element C of sl{(2,R) acts on O(I1 x I1) via dmy & dmyn
by
1 1
(d’]T)\/ & d7T)\//) (dlag(C)) = —5 BV + g()\’ + >\”)(>\/ + )\// . 2)7

where the holomorphic differential operator Py \» is defined in (2.31)).
Proof. By ([2.33]) and the Leibniz rule, we have

0 0

dmy @ dmy) (diag(H)) = =N =N —=2( (= —

(dms © dr) (diag(H) (6 +Gar ).

(dry ® dm) (ding(X)) = —0 — 2

7T)\/ 7T)\// g - 8C1 a<2 )

0? 0?

(dmy @ dmy) (diag(Y)) = NG+ NG+ (Gams +Gas -
76, 9

Now the lemma follows by a direct computation. 0

The tensor product representation my &y does not always split into a direct sum
of irreducible representations in the nonunitary case when X, X" € C, see [19] for
instance. We determine the set of possible infinitesimal characters of subrepresenta-
tions of the tensor product Ty @y in this case.
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Lemma 2.32. Let X', X' € C. Suppose 7 is a subrepresentation of my@mys such that
the Casimir element C' acts as scalar multiplication via dm. Then this scalar must

be of the form
1
8
Proof. We use the general theory of discretely decomposable restrictions of (nonuni-
tary) representations [L1]. First we observe from that the K-types of the
tensor product representation ) ®my» are of the form

XN =N =20 +¢") for some ¢, ¢" € N.

Thus the tensor product representation my®my on O(II x II) contains the direct
sum of K-isotypic spaces

(234) @(£ + 1))(,,\/,)\//,25

LeN

N4+ XN +200(N+ X" +2¢—2) forsome ¢ € N.

as a dense subset, where (¢ + 1) stands for the multiplicity.

In particular, each K-type occurs in 7y ®mys with at most finite multiplicities.
Hence, any subrepresentation 7 is admissible, and of highest weight —\ — A\’ — 2/
for some ¢ € N. Therefore, if the Casimir element acts as a scalar via dm, then this
scalar must coincide with (X + X' 4 20)(N + N + 20 — 2). O

Proof of Theorem [2.30, (1) By Lemma [2.31] Sof(II x II, My \»,,) is characterized as
the eigenspace of the Casimir operator C' as follows:
(2.35)
SOf(H X H, MA’,)\”,,u) = {f € O(H X H): (dﬂ')\/ ® d7T)\//) (dlag(C)) = 6()\/, )\H, u)f},

where we set e(X, X, ) = —sp+ (N + X)X + X —2).

On the other hand, Lemma tells that e(X, N, 1) = §(N + X"+ 20)(X + N +
2¢ — 2) for some ¢ € N. This gives the desired formula for u, showing the “if” part
of the first statement. The “only if” part follows from the second statement.

(2) By the assumption ReX,Re)\” > 0, the integral converges for any
¢ € N. Since the Casimir element C' acts on O(II) as the scalar g\ (\"” — 2) via
dmym, and since \II’A\;/’:\,/ is an intertwining operator, the Casimir element C acts on
the image of \Ilﬁjzl/\,, by the same scalar. Therefore W}, 5) F2(O(I1)) C Sol(TI x
II, M)\/’,\//7_g(>\/+)\//+g_1)> by . In turn, Proposition and Lemma imply
that

(P + 6N + X+ £=1)) (G = Q) (G +) ¥ (G +i) ™) =0

as far as Re N, Re \” > 0. By the analytic continuation, the equation holds for all
N, N e C.
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(3) We begin with the case where X and A" are real and X', \” > 1. Then it follows

from Proposition [2.27, Lemma (2) and Proposition that

)\/N "

RC)\/7/\// o @§/7)\// = C@()\/, )\”)ld on HZ(H))\///.

Since H?(IT)yw is dense in O(II), the equality holds on the whole O(IT) by continuity.
Moreover, since the operators RCS\\::,,\,, and \Ifﬁﬁil)\,, depend holomorphically on (X, \") €
C? satisfying (2.5)), we conclude that

(2.36) RCY \v 0 WYy = co(N, X")id  on O(IT)
for any (X, N, \"") subject to by analytic continuation. In particular, \I@\:/:\,, is
injective and RC%/’/X/ is surjective because c(N', \”) # 0 in this case.

Let us prove that \Ifj\\;i//\,,: O(IT) — Sol(I1 x II, My v _gv+ar4e—1y) s surjective.
Since the map N — C, £ — —{(N + X" 4 £ — 1) is injective if Re X', Re \” > 0, we
have the following inclusion of SL(2,R)=modules:

EB \I,ijﬁ“m (o)) C @SOK(H X I, Mo yr —gvgare—1y) € O(TT x I0).
LeN LeN
Here SL(2,R) acts on O(II x II) via my®mys. We observe that K-multiplicities
coincide by because the holographic operator \Ifiit\i\,w’% is injective for any
¢ € N. Therefore, ‘I’i;j\b/uﬂzi O(H) — SOE(H x 11, M,\/y)\ﬂy_g()\/+>\//+g_1)) is surjective
on the level of (g, K)-modules.
Since ¢,(N, ") # 0, the map RC;\:://\,, is injective on \Ifiit\i\,”“[ (O1)) by (2.36)),

hence the underlying (g, K )-module of Ker (’R(,’j\\i”,\,,) NSOL(IIXIT, My yr _g(nv4am+0-1))

must be zero for any A = X + N\’ +2¢ (¢ € N). Hence RC?:I’IX, is injective when
restricted to Sol(IT x II, My xv _gv4arse-1)). Now we conclude that \I’%/:\,, is sur-
jective. Thus the theorem is proved. 0

3. HOLOMORPHIC JUHL TRANSFORM AND ITS HOLOGRAPHIC TRANSFORM

Another remarkable family of differential operators is provided by conformally
covariant differential operators for the pair S™ O S" ! of Riemannian manifolds,
introduced by Juhl [9]. These operators are symmetry breaking operators from
spherical principal series representations of the Lorentz group O(1,n + 1) to those
of the subgroup O(1,n). This setting is intimately related to the holographic or
AdS/CFT correspondence in string theory (see e.g. [21) 24]).

The holomorphic Juhl operators are the holomorphic continuation of Juhl’s opera-
tors, which map holomorphic functions on the n-dimensional Lie ball to those on the
(n — 1)-dimensional Lie ball, intertwining (relative) discrete series representations of
G = S0,(2,n) with those of the subgroup G' = SO,(2,n — 1), see [19)].
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In this section we solve Problems A and [B] stated in Section [I] for the symme-
try breaking transform associated with the holomorphic Juhl operators. We assume
n > 3 throughout this section. The case n = 2 can be recovered from the previous
section with an appropriate change of parameters.

3.1. Holomorphic Juhl operators.
3.1.1. Holomorphic discrete series of SO,(2,n).

Let @, be the standard quadratic form of signature (p, ¢) on RPT7. The indefinite
orthogonal group

O(p,q) == {9 € GL(p+ ¢, R) : Q,4(gx) = Qp4(z) forallz € R}

has four connected components when p,q > 0. Let G = SO,(2,n) be the identity
component of O(2,n) and K a maximal compact subgroup of G. We write c(¢) for
the first factor of the Lie algebra ¢ ~ R @ so(n), and fix a characteristic element
Hy € ¢(®) such that ad(Hy) gives the eigenspace decomposition of gc = Lie(G) ®g C
as

(3.1) gc=tc+ng+n_

for eigenvalues 0, —¢ and 4, respectively. The complex structure of the homogeneous
space G/K is given by the G-translation of exp (ad (3Hy)) € GLr(T,(G/K)), or
equivalently, induced from the Borel embedding G/K C G¢/Kcexpny.

Let G be the universal covering of G = SO,(2,n), p : G — G the covering
homomorphism, and set K := p~*(K). For A € C, we define a character of ¢(¢) by
tHy — \t, which lifts to a character C, of K.

Then one can define a é—equivariant holomorphic line bundle £, = G x 7 Cy over
X =G / K~G /K for all A € C, and obtain representations WE\”) of G on the space
O(X, L)) of holomorphic sections. The representation WE\") descends to G if \ € Z.

If A € R, then the line bundle £, — X carries a G-invariant Hermitian metric,

and therefore we can define a Hilbert space (O N L?) (X, £,). This Hilbert space is
nonzero if and only if A > n — 1, and the resulting unitary representation of GG, to be
denoted by the same symbol WE\"), is called a (relative) holomorphic discrete series

representation of G. For actual computations we use its realization in the weighted
Bergman space as below.
We define the tube domain

by taking 2(n) to be the time-like cone in the Minkowski space RY"~! namely,
Q(n) = {7’] e R" . Q17n_1(7’]) > 0, m > O} .
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Then the tube domain Tg, is biholomorphic to the bounded symmetric domain of
type IV,,, sometimes referred to as the Lie ball. From a group-theoretic viewpoint,
Tq is isomorphic to the Hermitian symmetric space X = G/K, which is realized as
an open subset of n_(~ C") via the following maps

(3.2) n_ — Gc/KCeXp(ﬂJr) D G/K
open open

The homogeneous holomorphic line bundle £, — X is trivialized via the Bruhat
decomposition, and the Hilbert space (O N L?)(X, L)) is then identified with the
weighted Bergman space

H (Tom)x = O(Taw) N L*(Taw), Qua-1(n)*"dédn),

on which G acts as a multiplier representation by

F(©) = balg. Q) f(g7"0)
for g € G and f(¢) € O(Tq). Here the multiplier
by : G x Tg(n) — C*

is a l-cocycle defined by by(g,() = x-x(k(g,()), where x\: K¢ — C* is the
holomorphic extension of the character C, of K and k(g,() is an element of K¢
determined by

g exp(¢) € exp(g~".Q)k(g, ) exp(ny),

see (13.2]).
For A > n — 1 this Hilbert space admits a reproducing kernel K, ((,7) given by:
(3.3) K\(G7) = kanQua1 (¢ =7) 7,

where ()1 ,-1(¢) stands for the holomorphic extension of @ ,_1, and we set

(20 (A= 5) TN
Am)"T(A—n+1)’
see [5, Prop. XIII.1.2]. We note that ky,, # 0 if A >n — 1.

We realize O(2,n — 1) as the subgroup of O(2,n) which fixes the (n + 2)-th coor-
dinate, and set G' = SO,(2,n — 1) as its identity component. By abuse of notation,

we write G’ for the connected subgroup of G = SO,(2,n)” corresponding to G' C G.

The subgroup G s simply connected if n # 4. Similarly, a (relative) holomorphic
(n—1

kan =

discrete series representation 7, ) of G" is defined for v > n — 2, as an irreducible
unitary representation on the weighted Bergman space H?(T 0(n-1))v- By abuse of no-
(n—1

tation, the same symbol 7, ) will be used to denote a (nonunitary) representation
on O(Tom-1y, Ly) for v € C.



34 TOSHIYUKI KOBAYASHI, MICHAEL PEVZNER

3.1.2. Holomorphic Juhl opemtors
Let Acin-2 = % — 8—42 — = BCQ be the holomorphic Laplacian on C*~!
1 2
associated to the complexified quadratic form Q1n—2. For a € C and ¢,k € N with

¢ > 2k, we define a polynomial of « of degree ¢ — k by

(1226 . T (a+ £ — k)
T () k(€ — 2k)!

(3.4) arp(l, o) ==

The coefficients ay (¢, &) appear in the definition (5.5)) of the Gegenbauer polynomials
C§(x), see Appendix. We define a holomorphic differential operator Dy on C" by

H

5 \ 2%
(3.5) Dy = Zak (¢, ) (—) Ak
prd ICn

For A\, v € C with ¢ := v—X € N, the holomorphic Juhl operator Dy_,,: O(Tom)) —
O(To(m-1)) is defined as the composition

n—1

(3.6) Dy i= Reste,_go D, * .

The operator D,_,, may be viewed as the holomorphic extension of the original
Juhl operator [9], which is a conformally covariant differential operator C*(S™) —
C>(S"71). In our setting, the hyperbolic space H" is realized as a totally real
submanifold of the tube domain Tg,), and likewise, H "=l is that of Taom-1)- The
restriction of the holomorphic Juhl operator to these real manifolds also yields a
conformally covariant operator C*°(H™) — C*°(H" '), see [16, Thm. E.

The holomorphic Juhl operator D)_,, gives yet another symmetry breaking oper-
ator, intertwining the (relative) hoiomorphic discrete series representation ﬂg\n) of G

and the one 74" of the subgroup G [19, Thm. 6.3]. Moreover, the differential op-
erator D)_,, induces a continuous map between the Bergman spaces by the general
theory [I8, Thm. 5.13]. Its adjoint is denoted by D3_,,. We determine the operator
norm of D,_,, in Proposition |3.6]

3.2. Two constants c¢,(\) and 74()\).
Throughout Section [3| the parameter set is (A, v) € C? with v — X\ € N and n > 3.
We use the following notation:

n—1
2 b

(3.7) a= l=v— A\
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As in Section devoted to the tensor product case, the main results in this
section involve the following two constants:
1

c=aly) = [ IC@)F -0t
(3.8) - 2" AT 2 N+ 0 —n+1) 3
A=) (- )
_ bua(v)
NG
(3.9) _ T+ =) T A+ l—n+2)

2m)222 0 (A=) T(A—n+1)
where b, () is a Plancherel density (see (3.13) below).

3.3. Holomorphic Juhl transforms.

Definition 3.1 (holomorphic Juhl transform). For A € C, the holomorphic Juhl
transform D), is a collection of the holomorphic Juhl operators

Dy: O(Taw) — Map(N, O(Top-)), [ = {(Daf)eteen,
where (D)\f)g = D)\_M_,_gf.

The holomorphic Juhl transform D) intertwines (Wf\n), O(Ta@m)) with the formal

direct sum @EEN(”E\ZD’ O(To(m-1))); its inversion formula and the corresponding

Parseval-Plancherel type theorems are given as follows.

Theorem 3.2. Suppose A >n — 1.
(1) (inversion formula). Any f € H*(Towm))x is recovered from Dyf by

o0 1 §
f= ; Ve e (Drf), -

(2) (Parseval-Plancherel type theorem). For every f € H*(Tawm))r, we have

o0

1
2 2
(3.10) Hf”Hi(TQ(n)) - ;0: T’—g(/\)Cg(/\) | (Daf)e ||H§+£(Tg<n,1))'

Theorem (3.2]is proved in Section It gives an answer to Problems A.2 and B
raised in Section 1 for the holomorphic Juhl transform D,. An answer to Problem
A.1 (explicit integral formula for holographic transform) will be given in Theorem

.10
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From a representation-theoretic viewpoint, Theorem [3.2] gives quantitative infor-
mation on the corresponding branching law for the restriction of the (relative) holo-
morphic discrete series representation 7T§\n) of G to the subgroup G’, which decom-

poses the restriction Wf\n) into a multiplicity-free direct Hilbert sum of irreducible

&

representations of the subgroup G , see [13, Thm. 8.3]:
n ® (n-1
(3.11) TVlg =Y A
¢eN

Corollary 3.3 (projection operator). Suppose A >n—1 and { := v — X € N. Then
1
re(A)ce(A)

15 the projection operator from the Hilbert space Hz(Tg(n)),\ onto the summand which
is isomorphic to the irreducible representation (7'('1(/”71),%2<Tg(n_1))y>, see (3.11)).

*
DA—)VDA—>V

3.4. Key operators in the proof of Theorem [3.2]
Analogously to the case of the tensor product representations (Section , we
introduce the following continuous operators for the proof of Theorem [3.2}

D;_Wi 'H2(Tg(n_1))y —>H2<TQ(H)))\ adjoint of l),\_n,7
Dy L2(2n)), —L*(Q(n — 1)), Fourier transform of D, _,,, see (3.23)),
5 L*(Qn — 1)), —L*(Q(n))x holographic operator, see (3.17)).

The link between these operators may be summarized in the following diagram:

(3.12) Dy, theorenBID py-

A—v

Propositionlz]é ? Proposition[3.§]
Do ey A
Among them, the holographic operator ®% in the L2-model will play a crucial role

in the proof of Theorem (3.2

3.5. Holographic transform in the L?-model on the time-like cone Q(n).
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3.5.1. L?-model of holomorphic discrete series.

For A > n— 1, we denote by L*(Q)x = L?(2, mx(y)dy) the Hilbert space of square
integrable functions on the time-like cone Q = Q(n) with respect to the measure
m(y)dy, where m, is a positive-valued function on €2 given by

5

ma(y) == Q1n-1(y)

Let (y,() = > 7_,¥;¢;- Since the cone Q is self-dual in R", the Fourier-Laplace
transform

FF)(©= [ Ply)e@9dy
Q
is a holomorphic function of { € T if F' € C.(Q).
Fact 3.4 (Faraut-Koranyi [5, Thm. XIII.1.1]). For A > n — 1, we set

(3.13) bu(N) i= (2m) 3 "1 g~ ()\ . g) T(A—n+1).
Then the Fourier—Laplace transform F,: C.(Q) — O(Tq) extends to a linear bijec-

tion:
(3.14) Fu: QWS HS (Towm))-
with
‘|an|’§{§(Tg(n>) = bn()‘>HFH%Q(Q(n)h Jor all F € LQ(Q)/\‘

Via the isomorphism (3.14)), an irreducible unitary representation of G is defined on

L3(Q2), for A > n—1, to which we refer as the L?*-model of the (relative) holomorphic

discrete series representation 7T§\ ).

n—1

Similarly, we define a positive-valued function m,,(y') := Q1,—2(y') 2 on the

time-like cone ' = Q(n — 1) in RY72 and we set L*(Q), := L*(Y,m(y')dy’) on
1)

2

which the L?-model of the (relative) holomorphic discrete series representation i
of G’ is defined via the unitary map

Foo1: (), SHETom-1))  for v>n-—2
up to rescaling b,_1(r) 2.

3.5.2. Gegenbauer polynomial and Juhl’s conformally covariant operator.
Let ax(¢, ) be as in (3.4). We define a polynomial of two variables by

5]
(3.15) (1,Cy) (u,v) = Zak(ﬁ, o)uFvt =2k,

k=0
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For instance, we have (IoC§)(u,v) = 1, (IL,CY)(u,v) = 2av, and ([,CF)(u,v) =
a(2(a + 1)v* — u). By definition, (IgCg )(w? v) is a homogeneous polynomial of
degree ¢, and (1,C§")(1,v) coincides with the Gegenbauer polynomial C§*(v), see
in Appendix. (This is the reason why we adopted the notation I,C¢'.) The F-method
[19, Thm. 6.3] shows that the differential operator Dy (see (3.5])) is expressed as

el -— o a

3.5.3. Construction of discrete summands in the L2 model.

Following the idea of the F-method [15], we introduce the holographic operator ®X
as a multiplication operator like in the tensor product case (cf. Definition . By
the simplicity of its formula, the holographic operator ®% in the L*-model plays a
crucial role in the proof of Theorem

Retain the basic setting (3.7)) where f = v— X € N and a = A—25=. For a function
h(y') on Q(n — 1), we define ( h) (y) on Q(n) by

1
2

(317)  (B5h) (1) = Quaa(y) " (H (1 = 425 (LCP) (Quasly), —ya) ().

Then ® gives rise to a holographic operator in the L*model in the following
sense:
Proposition 3.5. Suppose that A >n —1 and v = X+ £ for some £ € N.
(1) The linear map ®%: L*(Q(n—1)), — L*(Q(n)), is an isometry up to scalar:

1PX (D) |72 0my), = ceMIBIT2(0(n 1y, for all b e L*(Q(n — 1)),

where we recall that the constant cy(\) is given in (3.8)).
(2) (IDK intertwines the ir’reducible unitary representation rinh of the subgroup
G’ with the restriction 75\ !G,

We also discuss some further basic properties of the holographic operators @ in
Proposition [3.8]

3.5.4. Proof of Theorem[3.3
Postponing the proof of Proposition until Section [3.5.7] and Proposition
until Section [3.5.8 we complete the proof of Theorem [3.2]

Proposition 3.6. Suppose A > n—1 and v = XA+ £ with { € N. Then the dif-
ferential operator Dy_,, extends to a continuous linear map Dy, : H*(Tom))r —
H*(Ton-1))v with the following operator norm:

IDxoullZ, = re(A)ee(N).
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Proof. 1t follows from Lemma (1) and Propositions [3.5] and [3.8] that

IDr -3 = reIDacw I3 = reIBKIE, = re(Vee(N).
O

Proof of Theorem . By Lemma and by the (abstract) branching law ((3.11)

for the restriction G | G’, the theorem follows from the expression of the operator
norm of the differential operator D, _,, given in Proposition [3.6] 0

The rest of this section is devoted to the proof of Proposition |3.5|
3.5.5. Coordinate change in the L*-model.

As in Section for the tensor product case, we introduce the following coordi-
nates of the time-like cone Q(n) in R'"~1:

(3.18) v Qn = 1) x (=1,1) = Qn),  (,v) = (¥, =/ Quaa(y)),

which is a bijection because (y',y,) € Q(n) if and only if ¥/ € Q(n — 1) and 32 <

Ql,n—Q(yl)‘
We define a function on Q(n — 1) x (—1,1) by

(3.19) My, ) = Mo (4, 0) = Quaa(y) F (1 — 023N,

Via the isomorphism ¢, the ratio of the densities my(y) and m,(y’), and the holo-
graphic operator ®5 are expressed as follows:

(3.20) % = M(y,v)™* le—?(y/)_gv
(3.21) ma(y)dy = My, v)* mi,(y)dy (1 —v*)* 2 dv,
(3.22) (PXh) o ey, v) = My ’U)fl Cy(v)h(y).

3.5.6. Fourier transform of the holomorphic Juhl operators.

For A\ >n—1and v = A+ ¢ (¢ € N), the holomorphic Juhl operator D,_,, gives
rise to a continuous operator H*(Towm))y —> H*(Tom-1))» between the weighted
Bergman spaces [I8, Thm. 5.13].

We define a linear map Dy_,, : L2(Q), — L2(€), by
(3.23) ﬁ,\_w = f;_ll oDy, 0oF,.

Then the idea of the F-method [I8] implies that the “Fourier transform” Dy,
of the holomorphic Juhl operator D, _,, is given by a Gegenbauer transform (cf. [4,
Chap. 15]) along the trajectory in (3.18]) where the parameter v moves:
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Proposition 3.7. The operator EA_W is given by the following integral transform:

£+1

1
<D,\_WF> (y) = i_éQ17n_2(y’)2/ Fouy ,v)Civ)dv for oy €,
1

where we set o« = A — "T’l

Proof. Let o = A — 251, Then it follows from (3.5)) and (3.1€]) that

(i*Dasy 0 F) F = Reste,—o 0 (I,CY) (—A@,H, i%) FuF
(3.24) = Reste,=0 0 Fn (LCF(Qun—2(y'), —yn) F)

for F € L*(Q(n))x. Since (I,C¢)(u?, w) = u‘Cy* (¥), the right-hand side amounts to

1
/ / Fo L(y',v)QLn_Q(y')HTlCg‘(v)ei<y,’</>dy’dv
Q(n—1) J-1

041 1
_ F (Ql,n_my'w / Foa(y',mcz(v)dv)

1

via the diffeomorphism (3.18). Since the left-hand side of (3.24) is equal to i*F,_; o
D,_,, F by the definition (3.23|) of D,_,,, we proved Proposition . O

3.5.7. Proof of Proposition [3.5.
Proof of Proposition[3.3 Let a = A — 25 as before. By (3.21) and (3.22)) we have

1
v 2 _1
10%h 12 s = 12 s / C2 ()2 (1 — v?)* dd.
-1

Thus the first assertion holds by the definition (3.8]) of cy(\).
The second assertion follows readily from Proposition [3.8] (1) below. O

3.5.8. Holographic operators and the adjoint of symmetry breaking operators.

We have constructed holographic operators ®§ in the L?-model and ®% in the
holomorphic model using the F-method. On the other hand, the adjoint of symmetry
breaking operators between unitary representations yield holographic operators in
general (¢f. Theorem (1) below). In our setting, these operators are proportional
to each other because the branching law (3.11)) is multiplicity free. We determine
the proportionality constants:

Proposition 3.8. Suppose A >n —1 and { =v — X\ € N. Then we have
(ij)\—W) = Z.K(I)Ka
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Proof. Take any h € L*(Q(n — 1)), and F € L*(Q(n)), with v — X = £ € N. Since
1

= A — 5= is real, C*(v) is real-valued for —1 < v < 1, hence we have from

o
Proposition

(h’ DA_WF)LQ(Q(n D)y
- /) (/ Quocals) T Tl 01C (o ) i 4
= / BV F L) Quna(y), ) () dy
Q

— / VE@ma)dy
= ¢ (cb;h, F) 2@y, -

Here we have used ((3.20) and (3.22)) in the third identity. Hence the first equality is
shown. By Lemma [2.24] the second equality follows from the first one. ([l

3.6. Explicit integral formula for the holographic operator.
In this section, we give an integral formula for the holographic operator DY,
in the holomorphic model, giving thus an answer to Problem A.1 in Section 1, see

Theorem [3.10] below.

3.6.1. Construction of discrete summands in the holomorphic model.

In contrast to the holographic operators \Ij:\\;/,l)\” (Definition in the tensor prod-
uct case in Section [2| we do not have a simple integral expression for a holographic
operator like in the present setting. Instead, we adopt an alternative ap-
proach to construct a holographic operator by introducing a relative reproducing
kernel K, (¢, 7") as below.

For \,v € C with £ :=v — X € N, we set

(325) Kn,(¢,7) =M (G —T1) = (G —T2) = = (o1 —Tn1) — C)
where ¢ = (G, -+, ) € Tam) and 7' = (71, , Tn1) € Tom-1)-

Remark 3.9. K, (¢, ') may be viewed as the holomorphic counterpart of the distri-
bution kernel of a conformally covariant integral symmetry breaking operator for the
pair of Riemannian manifolds (5™, S"7!), see [20]. See also ([1.1]) for the case n = 2.

Let dyi, be a measure on To,—1) given by dp, (77) = (%)nfl Q1n—2(Im 7/) " dr'd7 .
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Theorem 3.10 (holographic operator). Let n > 3. Suppose A >n—1 andv = A+/
with ¢ € N. Then the integral

/ KA,I/(C? T/)g(T/)d:U/V(T/)
To(n-1)

converges for all g € H*(Tom-1)), and ¢ € Towy. Moreover, it gives the adjoint

*

operator D3_,, up to scalar multiplication:

(D}09) () = C / Ko (6 7)a(r)dun (7,

TQ(nfl)
where the constant C' is given by

22271 (N 4 1)1 (20 — 1) sy

(3.26) C= 232l n )|

In particular, it yields an injective continuous G -intertwining operator between weighted
Bergman spaces, H2(Tg(n,1))y — HQ(TQ(n)))\.

We first show that Theorem [3.10]is derived from the following Bernstein—Sato type
identity for the holomorphic Juhl operator.

Theorem 3.11. Let Dy be the differential operator as in (3.16). We set

(3.27) q(n,l; ) == %f X —=n+1)e(N)e.

Then,

DY Quaa (O = (6 X) Quar (O

Remark 3.12. Theorem [3.11] shows that the complex power of the quadratic form
Q1,1 satisfies the Bernstein-Sato type identity not only for the power of the Lapla-
cian (see below) but also for another operator closely related to the holomor-
phic Juhl operator.

Postponing the proof of Theorem [3.11] we complete the proof of Theorem [3.10}
For this, we also use the following lemma.

Lemma 3.13. Let D; (j = 1,2) be complex manifolds, and H; Hilbert spaces con-
tained in O(D;) with reproducing kernels KY(-,-). Suppose that R: Hi — Hs is a
continuous linear map, and R*: Ho — Hy 15 its adjoint operator. Then,

(1) RED(-,O)(7) = (R*KP(-,7)) () for ( € D1,7’ € Ds;

(2) (R*g) (¢) = (9, REW(+,)),, for g € Hz and ¢ € D;.
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Proof. (1) The first assertion results from the reproducing property of KU)(-,-) ap-
plied to the following identity:

(RED (), KV(-,0)),, = (KD 7). REV(,0),, -
(2) Immediate from (R*g) (¢) = (R"g, KV (+,0)),,, = (9 REW(+,())ns. O
Proof of Theorem[3.10. Applying Lemma to the triple
(R, H1,Ha) = (D, H (Togm)a, H (Togn-1))0);

we obtain the following integral expression of the adjoint operator D3 _,

(3.28) (D5 9) () = / 9 () Dron B O () (7).
To(n-1)

Here we have viewed the reproducing kernel K (7, () = kx Q1 n—1(7 —() defined in
as a function of 7 € T,y with parameter ¢ € Tq(,) and applied the holomorphic
Juhl operator Dy_,,. Writing 7 as 7 = (7', 7,,), we get from Theorem m

D)\az/K)\ (T, C) = k)\,n Q<n, Z; >\) ReStTnZO © (Tn - Zn)teanfl(T - Z)i)\ie
= (~1)'hy nqm ENELCT)

for 7' € To(n-1), by the definition (3.25)) of the relative reproducing kernel K, (¢, 7').
Since q(n, ¢; )\) € R when A € R, the integral formula of Theorem is shown

with the constant C' = (—1)qu(n, ¢; \). A short computation shows the formula
(3.26). N

The rest of this section is devoted to the proof of Theorem (3.11]
3.6.2. Proof of Theorem |3.11].

Lemma 3.14. Suppose ¢ € N. Then there exist ¢; = q;(n,{; ) (0 < 25 < {) such
that

[2]
D?Ql,n—l(()f)‘ = Z qjCTl;inQl,n—l(C)*)ﬁ”j.
j=0

¢
Proof. 1t is easy to see that an analogous statement holds for (%) instead of Dy,
namely, there exist ¢} = ¢}(n,; A) (0 < 2j < /) such that

£ 2
(3.29) (acz ) Qua-1(Q) =D @ P Quama (O,
n =0
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We rewrite Dj as a polynomial of Agin-1 = ;—; — 83—;% ————— % and % by
substituting Acin—2 = Acin-1 + % into ((3.5)):
(5] 5\ .
(3.30) Dy = pi(n,t;a) <¥> (Agrn)F
k=0 "
where the first coefficient is given by
2 vy _ (20
(331) pO(nva Oé) = ak(& Oé) = CZ (1) = T
k=0 ’
An iterated use of the formula
A(Cl!"lel,n—l(C)_)\ = 2)‘(2>\ —n+ 2)@17n—1(§)_>\_17
leads us to
(332) (A(Clv”_l)k Ql,n71<<.)7/\ = Sk(”a A)Ql,n71<<.)7/\7k7
for some polynomials si(n, A) of A of degree 2k. We note that so(n, A) = 1. Now the
lemma follows from (3.29)). O

Clearly the coefficients ¢; = g;(n,¢; \) in Lemma are unique. The proof of
Theorem is reduced to the following proposition on these coefficients g;(n, ¢; \).

Proposition 3.15.
(1) (the first term). Recall that q(n,¢; N) is defined in (3.27)). Then,
qo (n, 0; N) = q(n, 6; \).
(2) (vanishing of higher terms).
gj (n,6;\) =0 forall j > 1.
Proof of Proposition (1). In the expression
<a—€n) (Agra)® Q1.n-1(Q) ™ = sp(n, \) (a_Cn> Q1n1(¢)7F,
the term ¢ Q1,-1(¢)™** occurs only when k = 0, and its coefficient is given by
SO(nv )‘)26()‘)5 = 28()‘)5 By ‘ , we get
qo(n, £; \) = po(n, £; ) - 24(\),.
Now the first assertion of Proposition follows from (3.31)). O

In order to prove the second assertion of Proposition [3.15] we discuss the kernel
of the holomorphic Juhl operator D)_,,: O(Towm)) — O(Tom-1))-
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Proposition 3.16. Suppose A — ”T’l ¢ {0,—1,-2,---}. Then for any N € N we

have
N 9 \7
m Ker (Dy_4j) = {f € O(Tom)): Reste,—o 0 (%) f=0forall0 <j < N} )
j=0 "

Proof. By the definition (3.6)) of D)_,,, the right-hand side is clearly contained in the
left-hand side. To see the opposite inclusion, we recall from the definition (3.6]) that
the symmetry breaking operator Dy_,4; is of the form

o 1a] 2k

2\’ 2\’

D)\_»\_;,_j = Restcn:() o | ao (—) + Qg (—) Agl,n—Z s
0G.) ="\,

where the first coefficient ay = a (j, @) is given by

27 -1
= —(a)y with a=\—~_~.
7! 2

We now prove the proposition by induction on N. The statement is clear for N = 0

and 1 because Dy_,y = Rest¢,—o and Dy y11 = Rest¢,— 0 %.

Suppose that f € O(Tqnm)) satisfies Dyapjf = 0for 0 < j < N +1. By
J
the inductive assumption, we get Rest¢,—o o (%) f=0(0 < j < N). Since

ap = ao(j, @) is nonzero for any j by the assumption on A, Dy_y;ny4+1f = 0 implies

LS

ap (j7a)

N+1
Rest¢,—o 0 (%) f = 0. Thus the proposition is proved by induction. 0

Proof of Proposition (2). Let v = A+ (. By (3.28) and Lemma (3.14] we obtain

A
B33) (Dia0) (€)= (DT X0 [ sl =7 (),

(n—1)

/

where we write 7 = (7/,0) = (7, -+ ,7_1,0) by abuse of notations.

On the other hand, the composition map
Dx-sxti © Dicnser H(Tom-n)ave — H*(Tag-1)a+s

is a G’-intertwining operator for any j. Since the G'-modules H*(To(n—1))r+; (j € N)
are irreducible and mutually inequivalent if A > n — 1, such an intertwining operator
must be zero unless j = £. Therefore
-1
Image (Dj_,5.¢) C ﬂ Ker (Dyatj) -

J=0
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We now prove that ¢; = ¢;(n,¢; \) vanishes for all 1 < j < [g] by downward
induction on j. For simplicity, we treat the case where ¢ is even, say ¢ = 2m. The
case where ¢ is odd can be dealt with similarly.

By Proposition [3.16} we have
Reste,—o0 D, =0 forall g€ H*(Tom-1))w-
Then it follows from (3.33)) that

(—1)" k,\,an/T (T Q1 —2(¢" —7) " dp, (') = 0.
Qn—1)

Thus we conclude that ¢, = 0 because kj,, # 0.

Suppose that we have shown ¢; = 0 for j = m,m —1,--- ,m 4+ 1 — s for some
s>1. If s <m—1, then 2s < ¢ — 1(= 2m — 1) and we can proceed by applying
Proposition [3.16| with N = ¢ — 1, hence

8 2s
Rest¢,—o © (%) oDy_,,9=0.

By the inductive assumption, we obtain

(—1) Frntins / 9(T)QunalC — 7)™y, (') = 0

Ton-1)

for all g € H*(To(n-1))». Thus we conclude that g, = 0 as far as s < m — 1. Hence
we have shown ¢; = 0 for all j > 1. OJ

Thus the proof of Theorem (hence, also the one of Theorem [3.10)) is completed.

4. PERSPECTIVES OF SYMMETRY BREAKING AND HOLOGRAPHIC TRANSFORMS

We end this article with discussion on a representation-theoretic background of
Problems A and B in a broader framework.
In Section 4.1}, we consider these problems from the viewpoint of the branching laws

of unitary representations of locally compact groups. In Section 4.2 we investigate
Problems A and B for triples (G, G’, 7) such that

e (G,G’) is a reductive symmetric pair of holomorphic type;
e 7 is a unitary highest weight module of G of scalar type,

generalizing the settings for the main results in Sections [2] and [3] The role of special
orthogonal polynomials in these cases is clarified in Section [4.3]
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4.1. Branching laws, symmetry breaking transform and holographic trans-
form.

Let G D G’ be a pair of groups, 7 an irreducible G-module, and p an irreducible
G’-module. We recall from Section |1 that an element in Home (7|gr, p) (resp. in
Homg (p, m|¢er)) is said to be a symmetry breaking operator (resp. a holographic
operator). We also recall that a symmetry breaking transform (resp. a holographic
transform) is a collection of symmetry breaking operators (resp. holographic oper-
ators) where (p, W) runs over a certain set A of irreducible representations of the
subgroup G'.

If 7 is a unitary representation of a locally compact group G on a Hilbert space V',
then Mautner’s theorem guarantees that the restriction (7|g/, V') is unitarily equiv-
alent to the direct integral of irreducible unitary representations of the subgroup
G"

®

(4.1) Tl =~ - mx(p)pdu(p),

where G’ is the set of equivalence classes o/f\ irreducible unitary representations of
G’ (unitary dual), p is a Borel measure on G’ endowed with the Fell topology, and
My G' — NU {o0} is a measurable function (multiplicity). The irreducible decom-
position is called branching law of the restriction 7|/, which is unique up to
isomorphism if G’ is a type I group, in particular, if G’ is a real reductive group by
a theorem of Harish-Chandra [§].

The (abstract) branching law (4.1) would be enriched through Problems A and
[B] by geometric realizations of irreducible representations and explicit intertwining
operators:

from (LHS) to (RHS) symmetry breaking transform;
from (RHS) to (LHS) holographic transform.

In the unitary case, it is natural to take A to be the support of the measure p in
. If A is a countable set, then the branching law (4.1|) is discretely decompos-
able without continuous spectrum. A criterion for the triple (G,G’, 1) to admit a
discretely decomposable restriction 7|¢ was studied in [I1], 12] when G D G’ are a
pair of real reductive groups.

On the other hand, the multiplicity m,(p) in (4.1]) is not always finite when 7 and
p are infinite-dimensional. A geometric criterion for the pair (G,G’) to assure that
Home/ (7%°|¢r, p™°) is finite-dimensional for all smooth irreducible G-modules 7*° and
G’-modules p™ was established in [17].

If the branching law (4.1)) is discretely decomposable and multiplicity free, then
we could expect a simple and detailed study of symmetry breaking transform and
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holographic transform. In this case, since the vector space Homeg (7|gr, p) is one-
dimensional, symmetry breaking operator is unique up to scaling for every p, and
the symmetry breaking transform is defined as the collection of countably many such
operators.

4.2. Symmetric pairs of holomorphic type.

In this section, we provide a geometric condition (see Setting below) that
assures the branching law 7|g to be discretely decomposable and multiplicity free.
In this case, we see that every symmetry breaking operator is a differential operator
(e.g. the Rankin—Cohen transforms studied in Section [2| and the holomorphic Juhl
transforms in Section , and that our symmetry breaking transform D is injective,
hence giving an affirmative answer to Problem A.0 in Section [I] The main results in
Sections [2] and [3| are built on special cases of this general setting.

Let us fix some notations. Let GG be a connected reductive Lie group, # a Cartan
involution, K = {g € G : g = g}, g = £+p the corresponding Cartan decomposition,
and gc = €c + pc its complexification. Assume that there exists a central element Z
of €¢ such that

gc=%fc+n, +n_

is the eigenspace decomposition of ad(Z) with eigenvalues 0, 1, and —1, respectively.
This assumption is satisfied if and only if G is locally isomorphic to a direct product
of compact Lie groups (with Z = 0) and noncompact Lie groups of Hermitian type.
Then the associated Riemannian symmetric space X = G/K becomes a Hermitian
symmetric space with complex structure induced from the Borel embedding G/K C
Ge/Kcexp(ny). Take a Cartan subalgebra t of ¢, and write p(n;) for half the sum
of roots in A(ny, t¢).

Setting 4.1. Let (G, G') be a reductive symmetric pair of holomorphic type, that is,
X =G/K and Y = G'/K' are both Hermitian symmetric spaces and the natural
embedding 1Y — X s holomorphic. Let L = G xi Cy be a G-equivariant holo-
morphic line bundle over X associated to a unitary character Cy of K, and we set
HA(X, L) :=(ONL*) (X, L). Assume X\ satisfies the following condition:

(4.2)  (Na)=0 VaeA(te,tc), and (A—pny),a) >0 Vae Alng,te).

The Hilbert space H?(X, £) is naturally identified with a weighted Bergman space,
which is nonzero if X satisfies the condition . We denote by 7 the representation
of G on the Hilbert space H?(X, L), which is irreducible and unitary, and is called
a holomorphic discrete series representation of GG. The list of irreducible symmetric
pairs (G, G") of holomorphic type may be found in [I3 Table 3.4.1].

Fact 4.2 (see [13, Thm. B)). In Setting[4.1], the restriction 7| is discretely decom-
posable and multiplicity free.



INVERSION OF RANKIN-COHEN OPERATORS VIA HOLOGRAPHIC TRANSFORM 49

Any irreducible G’-module that occurs in the branching law for the uni-
tary representation (m, H?(X, L)) is of the form H?(Y, W) for some G’-equivariant
holomorphic vector bundle W over Y associated to an irreducible finite-dimensional
unitary representation W of K ', and such bundles W are classified. Thus A is
parametrized by a subset of K’, or by a subset of dominant integral weights which
can be described in terms of the root data (see [13, Thm. 8.3]). We write p; for the
irreducible/\unitary representation of G’ corresponding to £ € A, and identify A as a
subset of G’ by £ — py.

Here is a summary on general results about symmetry breaking operators in this
setting:

Fact 4.3. In Setting let W be the G'-equivariant holomorphic vector bundle
corresponding to £ € A.

(1) Any continuous G'-homomorphism O(X, L) — O(Y, W) is given as a holo-
morphic differential operator, and induces a continuous G'-homomorphism
between the Hilbert spaces H*(X, L) — HA(Y, W).

(2) Any continuous G'-homomorphism H*(X, L) — H*(Y, W) extends to a con-
tinuous G'-homomorphism O(X, L) — O(Y,W).

Proof. (1) The first statement is proved in [I8, Thm. 5.3] (localness theorem), and
the second one is in [I8, Thm. 5.13].
(2) By (1) there is a natural injective map

(4.3) Home (O(X, £)| .., O(Y,W)) = Home (H*(X, L)| ... H* (Y, W)).

To prove that is surjective, we observe that the left-hand side of is under-
stood by the branching law for the generalized Verma module [14], Thm. 5.2] via the
duality theorem [I8, Thm. A|, whereas the right-hand side of is given by the
branching law of the unitary representation H*(X, £)|¢ ([L3, Thm. 8.3]), and that
they coincide under the condition (4.2). Hence (4.3)) is bijective. U

In order to clarify the dependence of the parameter ¢, we write W, for the G'-
equivariant vector bundle corresponding to ¢ € A from now. Then Fact [4.3]tells that
the one-dimensional vector space

Home (O(X, £)] . O(Y,W,)) ~ Homer (H*(X, L)|,,, H2 (Y, W)
is spanned by a differential symmetry breaking operator. We fix such a generator
D, for every ¢ € A.
Since Dy: H*(X, L) — H*(Y,W,) is a continuous operator between the Hilbert

spaces, its operator norm | Dyl|,, is finite and its adjoint D} is a continuous linear
operator. Set

1
L 2 o *
Coi= Dellsy, Vo= 5D
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Let D = (Dy)sen be the symmetry breaking transform. Then we have the following:

Theorem 4.4. Suppose we are in Setting [4.1]
(1) Wy HAY,W,) — H*(X, L) is a holographic operator. Moreover, it is an
1sometry up to renormalization.
(2) The symmetry breaking transform D is injective on H*(X, L).
(3) Any f € H*(X, L) is recovered from its symmetry breaking transform Df by

=Y %, (Df),.
Le
(4) The norm || flls2(x,c) is recovered from the sequence of norms || (Df), |lu2vwy)
by

1
1Bz x,c) = Z a” (D) vy
teA

Proof. The unitary representation of G on the Hilbert space H?(X, £) is decomposed
discretely and multiplicity free into the Hilbert direct sum:

(4.4) WX, L)|er = Y FHA(Y, V)

e
as unitary representations of the subgroup G’ by Fact [4.3]
(1) The adjoint operator D} is a G’-homomorphism because both H?*(X, L) and
H2(Y,W,) are unitary representations. The second assertion follows from Schur’s
lemma because Homer (H*(Y, Wy), H*(X, £)|,,,) is one-dimensional.
(2) Expand f € H*(X,L) as f = Y_,c5 fe according to the decomposition (4.4)).
Then (Df), is a nonzero multiple of f; by Schur’s lemma since the decomposition
(4.4) is multiplicity free. Hence, if Df = 0, then f, = 0 for all £ € A, and therefore
f=0.
Statements (3) and (4) are direct consequences of Lemma O

4.3. Role of orthogonal polynomials.

In this section we investigate Problems A and B in Setting[4.1] and clarify the role
of the F-method and special orthogonal polynomials for the L2-theory of symmetry
breaking transforms consisting of holomorphic differential operators.

Suppose we are in Setting [£.1] As we have seen in Section [£.2 Theorem [4.4]
(2) solves Problem A.0, whereas Theorem (1), (3), and (4) give a framework
for Problems A.1, A.2, and B, respectively, for the symmetry breaking transform
D = (Dy)sen. Thus the solution to Problems A and B is reduced to the following
four questions of finding explicit description and closed formulae of

e the support of A;
e holomorphic differential operators Dy;
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e the operator norm || Dy||op;
e the adjoint operator Dj.

Let us summarize briefly what was known, what has been proved in this article,
and what looks promising.

As we mentioned in Section [£.2] the explicit description of A, equivalently, the
branching law for the restriction 7|g in Section was proved in [I3, Thm.
8.3], which gives a generalization of the Hua—Kostant—Schmid formula in the case
when G’ = K. Denote by rankgG/G’ the split rank of the reductive symmetric space
G/G'. Then it turns out that A is a free abelian semigroup generated by rankgG /G’
elements, see [13].

It is more involved to construct symmetry breaking operators D, explicitly than
determining A, namely, the branching law of the restriction m|g. As of now, an
explicit construction of D, for all £ € A with exhaustion theorem is known when
rankg G/G’" = 1, see [19]. There are six families of such symmetric pairs (G, G’), and
the resulting symmetry breaking operators include the Rankin-Cohen operators and
the holomorphic Juhl operators.

In order to obtain the operator norm ||Dyl|o, of such holomorphic differential op-
erators Dy, we have developed the idea of the F-method to connect ||Dyl|o, with the
L?-norm of special polynomials P, in the following two cases in this article.

D, Py
Rankin—Cohen operators Jacobi polynomials
Juhl operators Gegenbauer polynomials

The relationship between D, and P, follows from the fact that the G’-equivariance
condition on the operator Dy is transformed into a certain differential equation (e.g.
Jacobi differential equation ({5.1])) for the polynomial P,. It is plausible that this idea
would work in the full generality of Setting [4.1].

Concerning the adjoint operator Dy, this article has provided two kinds of integral
formulee, that is, by the line integral (Definition , see Proposition , and by
the integral over the tube domain (Theorem . The former has an advantage that
the formula is simple and does not require the unitarity of representations, whilst the
latter uses a natural idea of the “relative reproducing kernel” K, , (¢, 7'), see .

5. APPENDIX: JACOBI POLYNOMIALS AND GEGENBAUER POLYNOMIALS

5.1. The Jacobi polynomials.
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Suppose a, 3 € C and ¢ € N. The Jacobi polynomial Pf’ﬁ(t) is a polynomial
solution to the Jacobi differential equation

(5.1) (u—ﬁﬂﬁ+wﬁ—a—m+ﬁ+2mgﬁww+a+ﬂ+n)yza

dt? dt
which is normalized by P2’(1) = FF((O; ff);!) = (O‘H)‘ Then it satisfies the Rodrigues
formula
(-1 (d\
(5.2) (1—1t)*(1+1)°PMP(t) = 5271 &ﬁ)(a—w”%1+w“®.

The Jacobi polynomial Pea’ﬂ (t) is nonzero and is a polynomial of degree ¢ for
generic parameters (see [19, Thm. 11.2] for the precise condition). Explicitly, one
has

1) 1—-t
POty = —(a—;—! )2 (€&+ﬁ+€+1 a+1—2 )

‘ a+5+£+n(a+ F 1) (t—1Y
(5:3) R T ( 2 ) '

The first Jacobi polynomials are
o PMP(t) =1,
o PPty =La—B+(2+a+h)).

For real «, § with «, 8 > —1, the Jacobi polynomials {Pea’ﬁ } form an orthogonal
teN

basis in the Hilbert space L* ((—1,1), (1 — 2)*(1 4+ z)’dz) with the following norm
(see [II, page 301] for example):

2070+ o+ 1)I(€ + B+ 1)
20+a+ B8+l +a+B+1)0"

When a = [ these polynomials yield Gegenbauer polynomials (see (5.6) below),
and they further reduce to Legendre polynomials in the case when ao = 8 = 0.

(5.4) /11 ‘Pf’ﬂ(x)‘z (1—2)°(1 + 2)Pdz =

5.2. The Gegenbauer polynomials.

For a € C and ¢ € N, the Gegenbauer polynomial (or ultraspherical polynomial)
C§(t) is defined by

[5]
(5.5) Cot) =Y ap(l a)t" =,

k=0



INVERSION OF RANKIN-COHEN OPERATORS VIA HOLOGRAPHIC TRANSFORM 53

where ag (¢, ) is given in (3.4]). The Gegenbauer polynomials are special cases of the
Jacobi polynomials by

P e = ),

and have the generating function:

(1—2tr+1*)"= Z o (tyrt.

eN

We note that C(1) = (2;)4 If o > —1, then the Gegenbauer polynomials {C(v)} o

form an orthonormal basis in the Hilbert space L? ((—1, 1),(1 - UQ)Q_%dU) with the
following L?-norm (see [7, 7.313]):

[ e 0 - vtpta = 2T
1 00+ )l («)

(5.6)

(5.7)
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