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ABSTRACT

These notes include the following selected topics: Discussion of Radon’s
paper (1917); totally geodesic Radon transforms on the sphere and
associated analytic families of intertwining operators; Radon trans-
forms on Grassmann manifolds and matrix spaces; the generalized
Minkowski-Funk transform for non-central spherical sections, and small
divisors for spherical harmonic expansions; the Busemann-Petty prob-
lem on sections of convex bodies. Basic classical ideas and some recent
results are presented in a systematic form.
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1. INTRODUCTION

According I.M. Gelfand [Ge], one of the basic problems of integral
geometry can be stated as follows. Given a manifold X, let = be a
certain family of submanifolds of X. We write x € X, £ € =, and
consider the mapping

(L1) f(z) = (R)(E) = / I
3

that assigns to each sufficiently good function f on X a collection
of integrals of f over submanifolds ¢ € =. The problem is to study
mapping properties of (1.1) (range, kernel, norm estimates) and find
explicit inversion formulas in appropriate function spaces. It is assumed
that = itself is endowed with the structure of a manifold.

The mapping (1.1) is usually called the Radon transform of f.

Example 1.1. X = R"; = is the family of all hyperplanes in R™.
Example 1.2. X = S" is the unit sphere in R"Y; = is the family of
all (n — 1)-dimensional subspheres of S™ of radius 1.

Example 1.3. X = G, is the Grassmann manifold of k-dimensional
subspaces of R", 1 < k < n; = = Gy is the similar manifold with
K> k.

An idea to study manifolds of submanifolds goes back to the 19th
century (J. Pliicker, F. Klein, M.S. Lie).! The celebrated paper by J.
Radon [Rad| contains fundamental ideas related to operators (1.1) in
important special cases and paves the way to further developments.
In this paper one can also find information about the history of the
problem. Namely, the problem was suggested to Radon by Blaschke.
Reconstruction of functions on S? from their integrals over big circles
was studied by Minkowski [Min] (1904). In 1913 P. Funk [Ful], who was
a student of D. Hilbert, reproduced Minkowski’s solution and showed
that the problem reduces to Abel’s integral equation.

This manuscript was prepared for our lectures at the University of
Tokyo in Summer 2006. It represents an updated and extended version
of our previous text [Rul3].

We start by reviewing basic ideas of the original paper by J. Radon
[Rad], and then proceed to the Minkowski-Funk transform and its gen-
eralizations for lower-dimensional central sections and Grassmannians

Tie’s interest to the group theory was influenced by Klein, who was Pliicker’s
student.
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(Sections 2-5). All these transforms and analytic families of intertwin-
ing operators generated by them, are of primary importance in the in-
tegral geometry of star-shaped/convex bodies. In Section 6 we discuss
the old problem of P. Ungar (1954) about injectivity of non-central
modifications of the Minkowski-Funk transform. To the best of our
knowledge, this problem is still unsolved. It has a number of refor-
mulations and leads to the realm of number theory. We present some
partial results which give a flavor of how challenging the problem is.
Section 7 is devoted to the Busemann-Petty problem (1956) on sec-
tions of convex bodies. For the hyperplane sections, it was solved only
recently due to the efforts of a number of people. The lower dimen-
sional version of the Busemann-Petty problem when dimension of the
section is 2 and 3 is still mysterious. There is a remarkable interplay
between Radon transforms of different kinds behind this problem. We
present the solution to the original Busemann-Petty problem in a clear
and simple form, and connect it with known results from Section 3.
Section 8 concludes our notes and deals with Radon transforms on the
space of real rectangular matrices. Here we follow our recent works
[OR1], [OR2], inspired by pioneering results due to Petrov [Pel], [Pe2].

Acknowledgements. I am grateful to Professor Toshio Oshima for
the invitation to talk at the University of Tokyo and the hospitality
during my visit.

2. RADON’S PAPER

Radon begins his paper with the 2-dimensional case of lines in the
plane, and then proceeds to generalizations and other settings. We
start by reviewing basic ideas of Radon in the context of Example 1.1
for n dimensions.

Each hyperplane £ in R” is defined by

E={zeR":x-0=1t}, St teR,
and the Radon transform (1.1) can be represented as

21 (®/AEQ = [ fa)in) = [ f@)da-s- i

z-0=t

:t/ﬂw+uMUEUﬁK&ﬂ

Here §(+) is the usual delta function of one variable, 0+ is the (n — 1)-
dimensional subspace orthogonal to 0, dm(z) and du stand for the
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relevant induced Lebesque measures. For simplicity, we suppose that
f belongs to the Schwartz space §(R™). Clearly,

(2.2) (Rf)(0,t) = (Rf)(—0,—1) (the symmetry property).
The following statement follows immediately from (1.1).

Proposition 2.1. The operator (2.1) commutes with rigid motions of
R™. Namely, if T:x — ~vx+y, v € O(n), y € R", then

R: f(rz) — (Rf)(r€).

This is the basic property of Rf. It means that in order to solve the
equation Rf = ¢, it suffices to recover f only at one point, say z = 0,
and restrict the consideration to radial functions f(z) = fo(|z]).

Let us pass to details. If f(x) = fo(r), r = |x|, then by rotation (set
u = ypv, where vy € SO(n), ype, =0, e, =(0,...,0,1)), (2.1) yields

(Rf)(0,1) = / fo(lten +v])dv = o, / Fo(VE T 5B)s"2ds,
Rn—1 0

B no 271.(7171)/2
R (O]

This gives the following important statement.

Proposition 2.2. If f(z) = fo(|z|), then (Rf)(0,t) = @o(t), where
wo(t) is an even function defined by

(2.3) eolt) = aua [ folr) (2 = )9 2y
[¢]
The integral (2.3) is of Abel type. To be more precise, we introduce
Riemann-Liouville (or Weyl) fractional integrals of the form

(2.4) v(t) = (I%u)(t) = = /u(r)(r — 1) tdr, a > 0.

The inverse of (2.4) is called a fractional derivative. For sufficiently
good v(t), it can be written as

(2.5)  wu(t) = (D) = (—%) (I ) (), vmeN, m > a.

If &« € N one can set m = o and get D*v = (—i)mv; see [SKM] for

dt
more details.
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By changing variables, we write (2.3) as
po(VE) = xRV R0, >0,
so that
(2.6) folr) = =@ g (v0)) ().

This is the inversion formula for the Radon transform in the radial
case. If n is odd, then

(2.7) fo(r) = 7(1-n)/2 _ii (n=1)/2 ),
0 2r dr o

Now let us recover f(x) from (Rf)(0,t) = ¢(0,t) in the general case.
Fix z, and denote f,(y) = f(z +y). By (2.1),

(2.8) (Rf:)(0,t) = (0, t +x-0),
and therefore

(2.9) / (Rf:) 08, )iy = — / o(0,t + - 0)do.

SO(n) Sn—1

The right hand side of (2.9) is the mean value of ¢ over all hyperplanes
at distance |¢| from z. We denote

(2.10) (M;p)(x) =

/ o0t + 2 - 0)do.

Sn—1

On—1

Since R commutes with rotations, the left hand side of (2. 9) is the
Radon transform of the radial functlon fo(lyl) = J. S0(n fw ~yy)dry. The
latter can be written as the spherical mean

def

_0 /fm+r0d9—(/\/lf)( )
n—1 '
and Proposition 2.2 yields the following
Theorem 2.3. Fort € R,
(2.11) (MRf)(x) = 0p_9 /(/\/lrf)(x)(r2 — 12)(n=3)/ 20y

It

= w DRI f (V).

and therefore

(2.12) flx) = 702 im (D" V(M R f) ()] ().
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Now we introduce another important operator. Set ¢ = 0 in (2.10),
and denote

(2.13) (R'¢)(x) = ! / o0,z 0)dd, xeR",
On—1
Sn—1

where ¢(0,t) is a function on the manifold of all hyperplanes in R”. The
operator (2.13) is called the dual Radon transform (this motivates “*”
n (2.10)). It represents an integral of ¢ over the set of all hyperplanes
through x. From (2.11) we get

(R*Rf)(x) = 1n=2 / =2y / flz +r6)d

On—1

- /u—md — (H]))

or
(2.14) R'Rf = H.

For n = 3, Hf represents the well-known Newton potential. Discus-
sion of (2.14) can be found in Radon’s paper. It is worth noting that
the equality (2.14) was communicated to Radon by Blaschke who dis-
covered a striking connection of R and R* with the potential theory.

The integral H f is a member of the analytic family of Riesz poten-
tials

N 2072 (a/2)
2y ) / e e T ey

which were introduced in 1935 in the thesis of O. Frostman (M. Riesz’
student) and studied thoroughly by M. Riesz. Formally, I® = (—A)~%/2

where A is the Laplace operator. More information about Riesz po-
tentials can be found in [R1], [SKM]. In terms of (2.15), (2.14) reads

(2.16) R'Rf =c,I"'f, ¢, =202n)""".
Thus, operators R and R* can be inverted formally by
(2.17) R'=H 'R = (-A) V2R,

(R")™" = RH™" = ¢,"R(—A)"" V2,
These formulas were predicted in Radon’s paper. Rigorous justification
of (2.17) was given much later.
Fundamental ideas of Funk, Blaschke and Radon were extended to
more general settings in further developments.
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Resuming this section, we recall the basic tools implemented by

Radon:

1. Group of motions.
2. Mean value operators.
3. Riemann-Liouville fractional integrals and Riesz potentials.

One more important thing should be mentioned. I mean harmonic
analysis, which was not used by Radon but played a key role in Minkowski’s
treatment of the similar transform on the sphere.

Consider the Fourier transform

(2.18) fle) = [ raje<a.

Fix £ = 0p, 0 € S"1, p > 0, and integrate (2.18) first over the hyper-
plane x - 6 = t. We get

219 fop) = [evar [ fayim(a) = Fiy (B0

z-0=t

where F;_,, denotes the one-dimensional Fourier transform. By the
symmetry (2.2), (2.19) extends to all p € R.

The equality (2.19) is known as the Central Slice Theorem. It enables
us to invert the Radon transform using known inversion formulas for
the Fourier transform. Conversely, by using inversion formulas for the
Radon transform and the one-dimensional Fourier transform, one can
invert the Fourier transform in n dimensions. This observation plays
a crucial role in developing the Fourier analysis in numerous different
settings. For example, the inversion formula for the Fourier transform
on the real hyperbolic space results from those for the Mellin transform
and the horocycle transform [H2], [H4], [VK]. The latter is an analogue
of the euclidean Radon transform adapted to the hyperbolic space.

An excellent account of Radon’s contribution to integral geometry
is presented in [Gi2], [GGG2]. More information about Radon trans-
forms on the euclidean space and their k-plane generalizations can be
found in [GGG1], [GGG2|, [GGV], [H2], [H4], [H5], [Ke], [Na]. Inver-
sion formulas for these transforms in the framework of LP-spaces were
obtained in [Ru3]-[Rub], [Ru8], [Ru9], [Rul4].
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3. THE MINKOWSKI-FUNK TRANSFORM AND RELATED TOPICS

3.1. Historical notes. Let z € S C R"*! 21 be the central hyper-
plane orthogonal to . The Minkowski-Funk transform is defined by

(3.1) (Rf)(x) = / Jy)doy = / F(0)doy

Szl z-y=0

where d,y denotes the induced Lebesgue measure on the “great circle”
S™ N at. For n = 2, this transform was studied by Minkowski [Min]
(1904) and later by Funk Ful (1913). Using decomposition in Legendre
functions, Minkowski proved injectivity of R on the space of continuous
functions. It means that Rf = 0 implies f = 0 for f € Crpen(S?). Funk
reduced the equation Rf = ¢ to Abel’s integral equation by making
use of a suitable averaging operator.

Radon’s paper actually suggests the following two approaches to the
inversion problem:

(a) via averaging and fractional differentiation;

(b) via representation of R*R as a potential operator.

The idea of (a) amounts to Funk. The idea of (b) is due to Blaschke
who communicated it to Radon. Both methods were extended to all n
as follows:

(1959) S. Helgason (the method (b) for n odd).

(1963) V.I. Semyanistyi (the method (b) for all n > 2 by lifting to
the Fourier transform on R"™1).

(1990) S. Helgason (the method (a) for all n > 2).

(1998) B. Rubin (the method (b) for all n > 2 by using harmonic
analysis on S™).

The Minkowski-Funk transform (3.1) is also called the spherical Radon
transform and the Funk transform. Note that there exist “spherical
Radon transforms” of different kinds (see, e.g., [A], [Q]). Furthermore,
Funk was aware of Minkowski’s work (see [Rad], part C).

3.2. The hemispherical transform. In 1916 Funk [Fu2] considered
the following problem: How to reconstruct a star-shaped body from
its “half-volumes”? In polar coordinates the problem reduces to the
integral equation

32 EN@= [ fwd =), aes
z-y>0
with integration over the hemisphere {y € S™ : x -y > 0}. Funk solved

this equation for n = 2 and zonal f = f(yn+1) by reducing (3.2) to the
Abel integral equation. Campi [Ca] studied this equation for arbitrary
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f € L?(S?) using decomposition in spherical harmonics. The case of
all n > 2 and f € LP(S™) (instead of f one can take a finite Borel
measure on S™) was investigated by Rubin [Ru7].

As we shall see below, it is convenient to deal with the following
modification of F'f:

(33)  (Ff)() = / £()sign(z - y)dy = 2(F f)(x) — / £(y)dy
sn Sn

3.3. Connection with the euclidean Fourier transform. Oper-
ators (3.1) and (3.2) arising in geometry are particular cases of more
general operators which are well known in PDE and harmonic analysis.
For 0 < Rea < 1, let

B (AN = g [y, v

Sn

where the branch of (...)*~! is chosen so that

(35) (—Zm . y)o‘_l = |:L‘ . y|°‘_1[sin a;—I—ZSID (

A direct calculation yields

(3.6) z£ ﬁdg Cor n’n‘a 1<Aaf) (li) Ca,n — 217047T(n+1)/2.

For f € C*(S"), the definition (3.4) and the equality (3.6) can be
extended to all & € C by using analytic continuation. According to
(3.5), one can write

(3.7) ACf=Uf +V°f,
where

N I'((1—aw)/2 o

(3.8) (U f)(x)_%(rn/?T/Q/f Nz -y|*tdy, o #1,3,5,.

(

B9 (VN0 = g / F@le 31" sgn(a - )y,

a+£2,4,6,. ...
The operator U* (V*) annihilates odd (even) functions. Furthermore,
1-n)/2

2

7l

(3.10) lin%Uaf:ch, Vif=cEFf, c=
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Thus the Minkowski-Funk transform and the hemispherical transform
can be regarded as members of the analytic family {A*} (or {U®} and
{V“} respectively). Integrals U®f are the Fourier symbols of gener-
alized Riesz potentials [Sal]. The case o = 2 represents the cosine
transform

(3.11) (ef)(x) = / F@)le - yldy
Sn

playing an important role in convexity [Gal], [Sch2].

The formula (3.6) was known long ago (cf. [GS], [Es]). Connection
of U with the Fourier transform on R"*! was studied in detail by
Semyanistyi [Sel|, [Se2], who established a remarkable equality

(3.12) (Ut =yt

For a = 0, this gives an inversion formula for the Minkowski-Funk
transform, and the problem is how to represent the right hand side
of (3.12) explicitly (we shall return to this question later). Close re-

sults were obtained by Koldobsky [Kol], [Ko3]. His “Blaschke-Levy
representation” (or the p-cosine transform)

(3.13) f—= | fW)|z-ylPdy
/

(without a normalizing factor) mimics (3.8).

3.4. Fourier-Laplace multipliers and Sobolev spaces. All afore-
mentioned operators on S™ are spherical convolutions of the form

(3.14) (Af)(z) = / f(walz - y)dy.

Such operators can be investigated using the relevant harmonic analysis
on S™ (see, e.g., a survey paper [Sa2]). For operators (3.7)-(3.9) (which
include Minkowski-Funk, hemispherical, p-cosine and some other im-
portant transforms), this way is much less technical than lifting into
R™*L. Moreover, it enables us to obtain a series of deep results. We re-
call some known facts. Let {Y]x(x)} be an orthonormal basis of spher-
ical harmonics on S”™. Here j € Z, ={0,1,2,... }; k=1,2,...,d,(j)
where d,,(7) is the dimension of the subspace of spherical harmonics of
degree j. It is known ([Mii], p. 4) that

(n+75—2)!

dn(j) =(n+2j — 1)m
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If f =3 fixYir fir = Jgu f(2)Yr(x)dz (the Fourier-Laplace coeffi-
ik
cients of f), then

(3.15) Af = NifixYik
i,k

where \;’s are evaluated by the Funk-Hecke formula [Mi] as

(3.16) Nj = 0Op_1 /a(T)(l — )27 P (1) dr,

1

On_1 = |S"7Y = 272 /T (n/2), P;(7) being (the generalized) Legendre

polynomials. The sequence {\;} is called the Fourier-Laplace multiplier

of A, and we write A ~ {);}. The operator A is bounded on L?*(S™)

if and only if sup; |A;| < oo. If f € C®(S"), and A; = O(j™),m > 0,

then the series > \;f;rYjr(z) is absolutely and uniformly convergent
ik

and represents a C'*°-function [Ne].

Lemma 3.1. ([Rul], Lemma 32.1) Let X be any of the spaces C(S™),
LP(S™), 1 < p < 00, or M(S™) (the Banach space of finite Borel mea-
sures on S™). If the multiplier {\;} of the operator A satisfies
Nl
3.17) V=D 0L, e
]:

for some 6 > 0, 0+ N > n, then A (initially defined by (3.15) on
C*-functions) can be extended to a linear bounded operator on X.

We denote by &' = §(S™) the dual of C*(S™) (the space of dis-
tributions on S™). Given v € R and p € (1,00), the Sobolev space
L) = L}(S") is defined by

Ly={fe8: fO=3 G+ fYin €L flg = 15D
gk
According to (3.16), by using tables of integrals [PBM], one can
obtain the following multiplier representations:

o 1 o _PG/2+0-a0)/2)
(3.18) A%~ {ia;.}, i=vV-1, aj.= T2t (n T a)2)

o } o <_1)j/2aj,a if j is even,
(3.19)  U*~{und, = { a1 is v
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. B 0 if 7 is even,
(3.20) V" ~{vjal, Vja = { (=1)U=D2q;, if j is odd,

Since all multipliers have a power behavior for j — oo (up to oscil-
lation), the corresponding operators act from C*°(S"1) to C>(S"1).
From (3.18)-(3.20), one can also obtain exact information about action
of A%, U*, V in the scale L} of Sobolev spaces. The case p = 2 is
trivial. In the general case we have the following

Theorem 3.2. Let 1 <p<oo, a €C; a#1,3,5,...
(i) The operator U can be extended as a linear bounded operator,
acting from Lg into L provided

n—1 ‘1 1
2

(3.21) Rea>~vy—p03—

(i) If (3.21) fails, then there is an even function fo € LY so that
Usfo ¢ L.

Corollary 3.3. The following proper embeddings hold:

1) «a
(322) Lp,e'uen cU (Lze)ven) C Lg,evem
provided
(3.23)
—1 1 1 -1 1 1

ad¢{1,3,5...}U{-n,—n—2,—n—4,...}

We explain the basic idea of how these statements can be proven
(see [Ru6], [Ru7]). Let f = f*+f~, f*(x) = (f(2)+ f(~2))/2. Then
Usf = Usft = A%F*, ¥l < lifll5 The estimate A% fll; <
const||fHLg is equivalent to [|A' || s < const[|f|,, d = y—B~Rea+1.
This can be easily checked by using Strichartz’ multiplier theorem [Strl]
or Lemma 3.1. The operator A!f arises as a symbol of the Calderon-
Zygmund singular integral. The above estimate of A'f holds if and
only if (3.21) is satisfied [G1]-[G3], [Kr]. The counter-exapmle that
proves (ii) can be built using the argument from [Kr, Sec. 5].

Note that for p = 2, the gap in (3.22) disappears, and we get

-1
szecH—n—.

Ua(Lgven) = L,Qy,everv 9

The case of the Minkowski-Funk transform corresponds to a = 0. For
the cosine transform one should set a@ = 2. Similar statements hold for
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V*. Note also that from (3.19) the inversion formula (3.12) becomes
obvious, and in the Minkowski-Funk case we get
1-n)/2

2

Thus we need a “convenient” representation of the operator U'™".
This problem will be discussed in Section 4 in a more general set-up.

7l

(3.24) cU"Rf = f, c=

3.5. Restriction theorem. Let (Rg-f)(x) be the Minkowski-Funk
transform on S C R™"!, and let S*, 2 < k < n — 1, be the section
of S™ by the coordinate plane R**! = Re; + ... + Repy. What can
one say about the restriction of Rg» f onto S*? Suppose, for simplicity,
that f € C,,(S™). Then, for x € S*, (Renf)(z) € C,,(S%), and

therefore it is represented as (Rgk)(z) with some ¢ € €2, (S*) which

is unique. An interesting result belonging to Fallert, Goodey, and Weil

[FGW], gives an elegant explicit formula for ¢. A short derivation of
this formula is as follows.

Given u € S* we denote by S"*(u) the (n — k)-dimensional unit
sphere in the subspace (R¥™!)+ + Ru, and set

(325) )= / F@)le - ulldma(e),  ve S,
SnF(u)

where dm,(z) is the induced Lebesgue measure on S™*(u).

Theorem 3.4. If f € C=, (S"), and © € S*, then (Rguf)(x) =
(Rgrp)(x), @ being defined by (3.25).

Proof. Let x = ex 1. If v is a rotation in the 2-plane {ej.1,€e,41} so

that ye,11 = exq1, then (Rgn f)(ext1) = [gu1 f(y0)do. By passing to
bispherical coordinates

o = ncosf + ¢ sin 0, 0<6<m/2

ne St CRe;+...+Rep, €SP CRep1+...+Re,,
[VK, pp. 12, 22|, we have (Rgn f)(exs1) = [ A(n)dn,

w/2
(3.26) A(n) = / sin" "' 0 cos" 10 df / f(y(ncosh + ¢ sin0)dc.
0 Sn—k—1

Since yn = n and ¢ € (R = Repyo + ... + Re,qp the inner
integral in (3.26) reads

f(ncost + wsin 0)dw.

SnA(RA+H1)L
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Hence A(1) = [g.- K w)|w - n|*tdw, and the result follows by rota-
tion invariance. 0

Theorem 3.4 is of independent interest. It will also play an important
role in Section 8.

4. TOTALLY GEODESIC RADON TRANSFORMS ON THE SPHERE

4.1. Definition and basic properties. Mean value operators.
Let = be the set of k-dimensional totally geodesic submanifolds (k-
geodesics) € € S, 1 < k < n — 1. Each k-geodesic is a section of S™
by the relevant (k + 1)-dimensional plane in R"*! through the origin.
The case k = n—1 corresponds to “great circles”. The totally geodesic
Radon transform of a sufficiently good function f on S™ is defined by

(4.1) /f Ydm(z / Fx)dm(x ¢ €E,

where dm(z) denotes the induced Lebesgue measure on & and d(x, §) is
the geodesic distance between z and . For k =n — 1, (4.1) coincides
with the Minkowski-Funk transform.

To get a better feeling of how the distance d(z, &) can be measured,
we denote by {¢} the (k+ 1)-plane containing &, and by {£} the sub-
space orthogonal to {{}. If Prisy.2 denotes the orthogonal projecton
of x onto {£}+, and V(x,€) is the (k + 2)-dimensional volume of the
parallelepiped spanned by x and some orthonormal basis in {£}, then

(4.2) sin[d(x, )] = |Prygea| = V(x,§).
In particular, if € is a great circle orthogonal to y € S™, then sin[d(z, §)] =
|z - yl.

We introduce mean value operators which play a key role in the
following. Given f: 5" — C, ¢:=Z— C, and 0 € [0,7/2], let

(13) (Rof)(e / flaydm(a), (R = [ e(©dute)
d(z,&)= d(z,£)=0

where dm(z) and du(f) stand for the relevant normalized measures.
For § = 0 we have Ryf = allef, Rip = R*p, where Rf is the Radon
transform (4.1), o, = |S*|, and R* is called the dual geodesic Radon
transform.

In order to represent (4.3) in a rigorous analytic form we need some
notation. Let R = RM1 x R**  RF! — Re; + ... + Repyq,

R" % = Repyo+...+Reny1, e being coordinate unit vectors. In the
following o,, = |S"| = 27("*Y/2/T((n+1)/2), & = S* is the unit sphere
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in R*1 G = SO0(n+1); K=S50(n)and K’ = SO(k+1)xSO(n—k)
are the isotropy subgroups of e, .1 and &, respectively. The set = can be
identified with the Grassmann manifold G/K' of all (k+1)-dimensional
subspaces of R"". We define an invariant measure d¢ on = by setting

Jz0(©)dé = [, o(v&o)dy where [, dy = 1.
For 0 € [0,7/2], let gr+1.n+1(0) be the rotation in the plane (eg+1, €n41)

. . sinf  cosf
with the matrix Ccosf sinf |7 S° that 9 = grr1nr1(0)ent1 =
ex+1€080 + e,418in6 and d(xp, &) = 0. Given x € S", & € =, we

denote by r,, ¢ arbitrary rotations satisfying rye,i1 = x, r¢ép = &,

and set fe(x) = f(rex), pa(§) = p(r26).
In this notation operators (4.3) are defined by

(4.4) (Rof)(€) = / Fe(rgreims (B)ensr)dr,
(4.5) (Ryp)(x) = / o2 (Plgesime ()] €0)dp.

Using (4.4) and (4.5), one can prove the following

Lemma 4.1. [H5], [Rull]
(a) The following duality relation holds:

(4.6) / (Ro ) (€)(€)dE = Oi / £(2)(Ryp) ()
Sn

provided that the integral in either side is finite for f and ¢ replaced
by |f| and || respectively. In particular, for 6 =0,

wn / (RN©p(E)dE = / F(@) (R ) (x)dz.

(b) Operators Ry, R}, are bounded on LP, 1 < p < oco. Namely,
(4.8) 1Rofllpy < o Pl F 1l IR0l < 0/Plloll ),

where || - || and || - ||, are LP-norms on = and S™ respectively.

As in the previous section, the general picture becomes more clear
if we regard the Radon transforms R, R* as members of a suitable
analytic family of intertwining operators commuting with rotations. In
order to find these operators, we proceed as follows. Following Funk
and Radon, we first note that Radon transforms of zonal (or radial)
functions admit representation of the Abel type.
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Lemma 4.2. [Rull] Givenxz € S*, £ € =, and a measurable function
a(t) on (0,1), let

w=d(ent1, ),  a(r) = a(cosw) = a(Tni1),

0 =d(ent1,§), az(&) = a(sin6).

Then
) COso
Of— _
19) (Ra§) = oty [ (oo~ ) T att)ar
0
4.10 R* _ Ok—10n—k-1 202, a2\k/2—1 jn—k—1 d
(4.10) (Rrag)(z)= PR T (sin”w — t°) t a(t) dt.

0

4.2. Analytic families of intertwining operators. Lemma 4.2 shows
the way how to introduce analytic families of intertwining operators in-
cluding R and R*. Put a(t) = t*** " «a > 0, in (4.10), so that ay(&)
becomes

az(§) = (sin[d(ens1, €))7
A simple calculation yields

72 611 T(a/2)
o1 I'((k+a)/2)
and by duality (4.7) we obtain

/(Rf)(f) (sinfd(ens1,€)]) " dE = C/f(y) (1= yn) 2 dy,
gn

(R'aw)(x) = (1= a3t

n+1

Y

72 0y 01 T /2)
onon 1 D((k+a)/2)
Owing to SO(n + 1)-invariance, one can replace e, by z € S™ and

get
(4.11)

/(Rf)(i) (sin[d(z, §)])* 7" dg = c/f(y) (1— |z - y[2) @ =m/2 gy,

CcC =

For k = n — 1, the left hand side of (4.11) resembles operator U
from Section 3 (see (3.8)). The right hand side serves as a spherical
analog of the Riesz potential (2.15). After appropriate normalization
we arrive at the following intertwining operators:

(4.12) (Wﬁ@:%M®/@MWQW%TMM%

Sn
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(4.13) (7 *0)(x) = ui(a) / (sinld(z, £)])*H(€) d,

B M'(n—a—-k)/2)
k(@) = = P T ag2)
assuming Rea >0, a+k—n+#0,2,4,....
Looking at the right hand side of (4.11), we also set

@ @) = na / (1 |- y[2)@ 72 (y)dy
J

(4.14) = Cno / (sinfd(z, y)))* £ (4)dy,

Sn

I((n—a)/2)
na = ———~, Rea >0, — 0,2,4,....
e T i (a2) a-n#
These definitions can be extended to excluded values of a by in-
serting the relevant logarithmic factor [Rull]. One can show that for
continuous f and ¢,

(4.15) lir% Rf =c1Rf, liII(l) ]iz Yo =cR"p,
. 1 . O
T ok = 2mk/2g,

Thus analytic families {R*} and { R @} actually include the Radon
transform and its dual (in the case k = n — 1 both families coincide).
By taking into account (4.2), we have

(4.16) R k+lf — Ynk(n —k+1) /f(a:)V(w, §)dx.
Sn

This provokes us to call operators (4.12) and (4.13) the generalized
cosine transforms. The potential type operator (4.14) will be called
the generalized sine transform.

Note that the kernel of the potential Q has a point singularity x = v,

whereas the singularity of the kernel of R* and ]*% “ is spread over the
k-dimensional circle €. Note also that the Fourier-Laplace multiplier

of  has the form

MG +n—-a)/2)T((G +1)/2)

(4.17) T((j+a+1)/2)T(( +n)/2)

(~(/2)7" as j — o)
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(this can be checked using the Funk-Hecke formula (3.16) and [PBM,
2.21.2(3)]). For sufficiently good f, it follows that

(4.18) Qf=1limQf =f.

The equality (4.11), which played so far a purely heuristic role, im-
plies
o I'(n/2)

o T =)

More generally, the following statement holds.

Qa-i—k f

Theorem 4.3 (Rull). Let f € L'(S™), a > 0. Then
(4.19)

l @ . F((n_k>/2) * DO . « . O'nF<<TL—k?)/2)
MU=y PI=ATE =

In the case a« +k —n = 0,2,4,..., the last equality in (4.19) holds if
and only if all Fourier-Laplace coefficients of f up to order o +k —n
are zeros.

This theorem has many remarkable consequences. Below we list
some of them.

4.3. Inversion formulas for C*>°-functions. By (4.19),

(4.20) AR FRf=f

(at least formally); cf. (3.24).

Let A be the Beltrami-Laplace operator on S™. The Fourier-Laplace
multiplier of A is —j(j+n—1). Denote A, = [-A+ (n—a)(a—1)]/4.
By (4.17), for f € C*°(S™) we have

AQ%f = Q2 f, a—n#0,2...,

and therefore if a = 2m (# n,n + 2,...) is an even positive integer,
then Q“f can be inverted by a polynomial of A. Owing to (4.19), this
observation leads to the following

Theorem 4.4. Let p = Rf, feC2,.(S"), 1<k<n-—1,
(4.21) Po(A) = AgAy ... Ay,
(i) If n is odd, then

(4.22) F=APu(A) R™ %o Ym > k/2.
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(11) If n is even, then (4.22) is applicable only for k/2 <m <n/2—1,
and another inversion formula also holds:
(4.23)

2" 1

F= Pop) e €108 ] + — [ ptpte

The equality (4.19) enables us to obtain explicit inversion formulas
for the generalized cosine transform R®f (see [Rull] for details).

The formula (4.22) for m = k/2, k even, was obtained by Helgason
[H1], [H5]. Theorem 4.4 (for any 1 < k < n — 1) was proved in [Rull].
Inversion of operators R for k = n — 1 was studied in detail in [Ru2].

4.4. Inversion formulas for non-smooth functions. Suppose we
want to invert Rf for f € LP(S™) or f € C(S™). In view of (4.20), the

problem is how we can realize operator }*% ~k. Below we consider two
approaches to this problem.

4.4.1. Reduction to the Abel integral equation. This approach
was developed by Helgason [H2]. Given z € S™ and t € (—1,1), we
denote

1 —¢2 (1-n)/2
St s / fy)do(y).
On—-1 {yesS™: z-y=t}

The integral (4.24) represents the mean value of f on the planar section
of S™ by the hyperplane z -y = ¢, and do(y) stands for the induced
Lebesgue measure on this section. We introduce the Riemann-Liouville
fractional integrals [SKM]|

(4.24) (M f)(x) =

(4.25) (1§ / V(1) (t — 1) dr, t> 0.

Lemma 4.5. Let f € Leven(
defined by (4.3), (4.5). Then

S™) and R}, be the mean value operator

(4.26) (RyRf)(x) = 27/ (cos) ™ (I¥%4),) (cos®0),

Va(r) = 7M7) ().
By inverting the fractional integral in (4.26), we obtain the following

Theorem 4.6. ([H3] - [H5], [Rull]) Suppose that 5 > 0 is chosen so
that k/2+ 3 =m € N. Then

1 d

1) = o )™ [ (0 = P (B R

v=1
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If k 1is even, then
1 d \k/2; 61,9k
F@) = 5 | (53) 0 (Riosy RO @)
For f € LP(S™), 1 < p < oo, all derivatives in these formulas exist in

the a.e. sense and in the LP-norm. If f € C(S™) they are understood
in the usual sense for each x € S™.

v=1

There is another way to invert the fractional integral in (4.26). This
employs so-called Marchaud’s fractional derivatives [Rul], [SKM], and
enables us to replace derivatives in Theorem 4.6 by finite differences.
For k = 1, the inversion formula is especially simple.

Theorem 4.7. [Rul2| Let ¢ = Rf, f € LP(S"), 1 <p < oo. Then

w/2 w/2 w/2
Ry 1 R*o — Rpp L
(4.27)  f= 5 T o / WCOSQ do, = lli% :
0 0 €

where the limit is understood in the LP-norm and in the a.e. sense. If
feC(Sm), then hH(l] is uniform.
E—

4.4.2. Direct regularization with the aid of “wavelet trans-
forms”. The idea is as follows. We start with (4.13) and replace the
power function a®**=" where a = sin[d(z, £)], by the formula

B 1 T w(a/t) T ds

atk—m __ _

(4.28) a = caw/t”—a—kﬂdt’ Caw = /w<8)81+a+k—n'
) 0 0

The auxiliary function w is assumed to be sufficiently good. It will be
specified later. Let us replace (sin[d(z, £)])*t*~™ in (4.13) according to

(4.28) and change the order of integration. We get

[e.o]

129 (o) = 2400) [ V),

Cow tl—a

0

430) W) = g [e@u(EEa

If w decays sufficiently fast at infinity and

o0

(4.31) /Tj+"k1w(7')d7' =0 Vj=0,24,...,2[k/2],
0
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then (4.29) can be extended to o = —k, and we have [RR], [Rull]

(4.32) foﬂggggiﬁdtzlgéak.“>::cfuﬁ

where the limit is understood in the LP-norm and in the a.e. sense. If
f € C(S™), then lim is uniform. The constant ¢ = ¢(«, k, n,w) can be

E—

evaluated explicitly.
Owing to (4.31), we call (We)(z,t) a continuous wavelet transform

associated to the analytic family { ]*{ @}. Various applications of con-
tinuous wavelet transforms in fractional calculus and integral geometry
are discussed in [BR], [Rul], [Ru3], [Ru6], [Rulb] where one can find
further references.

5. RADON TRANSFORMS ON GRASSMANN MANIFOLDS

5.1. Setting of the problem. Let G, 1, G, »» be a pair of Grassmann
manifolds of linear k-dimensional and k’-dimensional subspaces of R"
respectively. Suppose that 1 < k < k' < n — 1. Each “point” n €
Gni (£ € Gux) is a non-oriented k-plane (k’-plane) in R™ passing
through the origin. According to Example 1.3, the Radon transform of
a sufficiently good function f(n) on G,k is defined by

5.1) ROE) = [ f@den. €€ G

ncé
d¢n being a suitable measure on the space of planes n in §. Our goal is
to find explicit inversion formulas for (5.1).

Let us discuss this problem. The first question is for what triples
k, k' n) the problem is meaningful. Clearly, one should assume

(
(

otherwise R has a non-trivial kernel). By taking into account that
dim G, = k(n — k), we conclude that (5.2) is equivalent to k+ k' <n
(for k < k). Thus the natural framework for the inversion problem is

(5.3) 1<k<k<n-1 k+k <n.

For k =1, f can be regarded as an even function on the unit sphere
Sl C R™, and (Rf)(€) represents the totally geodesic Radon trans-
form from Section 4. For k > 1, k' + k = n, some inversion formulas
were announced by Petrov [Pel] in 1967. His method employs mod-
ification of the plane waves decomposition. Unfortunately all proofs
in Petrov’s article are skipped, and his inversion formulas contain a
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divergent integral that should be understood somehow in a regularized
sense. Another approach, which is based on the use of differential forms
was suggested by Gel'fand, Graev and Sapiro [GGS] in 1970 (see also
[GGRY]). The third approach was developed by Grinberg [Gr|, Gonza-
lez [Go] and Kakehi [K]. It agrees with the idea of Blaschke-Radon (cf.
(2.17)) to apply a certain differential operator to the composition of
the Radon transform and its dual. This method relies on harmonic
analysis on Grassmannians. The second and the third approaches are
applicable only to k' — k even. Note also that all aforementioned meth-
ods deal only with C*°-functions and resulting inversion formulas are
rather complicated.

Below we show how the original Funk-Radon approach via Abel in-
tegrals can be adapted to (5.1). Following this way, one can obtain
explicit inversion formulas in all admissible dimensions (5.3) for func-
tions f, belonging to C(G, k) and LP(Gpx), 1 < p < oc.

5.2. Some preparations. Any treatment of functions on Grassman-
nians reduces inevitably to functions of matrix argument. We recall
some basic facts. Let 9, 1, n > k, be the space of real matrices having
n rows and k£ columns. We identify 9, , with the real Euclidean space
R™ so that for z = (;;) the volume element is dz =[], H§:1 dz; ;.
In the following x’ denotes the transpose of x. Let Sy be the space of
k x k real symmetric matrices r = (r;;), r;; = r;,. It can be identified
with the Euclidean space of k(k + 1)/2 dimensions with the volume el-
ement dr =[], ; dr; ;. In Sy we consider a convex cone Py, of positive
definite matrices r. For r € P, we write r > 0. Given r1 and 75 in Sy,
the inequality r; > ro means r; — ry > 0.

We denote by V,, ,,_i the Stiefel manifold of orthonormal k-frames in
R™. This can be identified with the set of matrices € 9, ; so that
'z = Ij, (the identity k x k matrix). For x € V,,,,_y, dx denotes a
measure on V,,,,_x which is O(n) left-invariant, O(k) right-invariant,
and normalized by

2k,ﬂ_nk/2

ok ZVOl(Vp ) = [ do=
o= vilthnea) = [ o= T

Vn,nfk
[Muir, p. 70|, [J, p. 57]. Here I'y(«) is the Siegel Gamma function
(5.9). If & =1 then V,,; is the unit sphere S"~!, and for n =k, V,,,, =
O(n) represents the orthogonal group in R™. Furthermore, V, ,,_x =

O(n)/O(n — k), and G, = Vinr/O(k). Each function on G, can
be regarded as an O(k) right-invariant function on V,, ,_.
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It is convenient to define the Radon transform (5.1) in a slightly
different form as follows:

6o RO = [ fe)dn(@), €€ G, K>k
3

It means that f(z) is integrated over all k-frames x in £ with respect to
the relevant normalized measure. If £ = 1 (the case of totally geodesic
transforms on S"7!), (5.4) can be inverted by Helgason’s formula (cf.
Theorem 4.6). Namely,

(5.5) f(z) :4(%)1“ / (MRS (@)t~ (02 —0?) % =9)/2 dv]

0

u=1

Here f is an even function on S*~ 1, ¢ = 2¥"1/(k' —2)low_y, op_y is
the area of the unit sphere S¥ !, and M is the mean value operator

(5.6)  (Mo)(x) = / (&) dm(e), we S,
{&: d(w,&nSn~1)=COS 1 (v)}

Our goal is to extend (5.5) to the higher rank case kK > 1. The
assumption of evenness of f is replaced by right invariance under the
group O(k), so that f becomes a function on the Grassmann manifold
Gnx. The domain of integration in (5.6) can be characterized as the
set of all £ € G,, 1 so that

z - Prez = length(z) x length(Prez) x v = v?

Prex being orthogonal projection of the unit vector « onto the plane &.
A natural generalization of (5.6) reads

(57) (M:SO) (iL‘) = / @(g)dm(é-)? VS Vn,nfka re Pka
{&: @'Preax=r}

where dm(&) denotes the relevant normalized measure.

5.3. Garding-Gindikin fractional integrals. The scalar averaging
parameter v in (5.6) is replaced in (5.7) by the matrix-valued parameter
r € Pr. According to this, the one-dimensional Riemann-Liouville
integral (4.25), arising in Helgason’s scheme and leading to (5.5), should
be replaced by its counterpart associated to the cone P,. To this end,
we employ the Garding-Gindikin fractional integral defined by

(5.8) (1ow)(r) = F;joz) / w(s) (det(r — 5))*ds,

0
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d=(k+1)/2, Rea >d—1, r € Pg.
The integration in (5.8) is performed over the “interval” (0,7) = {s :
s € Pr,r — s € P}, and I'y(a) is the Siegel Gamma function

(5.9)  Thla) = / IO det (1) *~0dr,  tr(r) = trace of r-
Pk

This integral converges absolutely for Rea > d — 1, and represents a
product of usual ['-functions:
kE—1

(5.10) Th(a) = 76DAP(Q) T (o — %) L Ta- "),

For k = 1, (5.8) coincides with (4.25). Integrals (5.8) were intro-
duced by L. Garding [Ga] in 1947, who was inspired by M. Riesz, C.
Siegel, and S. Bochner. Substantial generalizations of (5.8) are due to
S. Gindikin [Gil].

Fractional integrals (5.8) enjoy the semigroup property

(5.11) I1e10f=1¢""f,  felLi.(P), Rea, Ref>d—1.

loc
If f is compactly supported away from the boundary bd(Py) and in-
finitely smooth (we write f € C(Py)), then o — I f is an entire
function, and (5.11) extends to all o, 3 € C so that I f = f. Let
o B (1 ifi=j

For m € N and sufficiently good f,
(5.13) D"Itf =1, Rea>m+d—1
(see, e.g., [Ga]). If f € L. (Pr), « € C, m € N, then (5.13) is under-

loc
stood in the sense of distributions over the space C'2°(Py) of test func-
tions. Note that D™ is a hyperbolic differential operator, and (5.13)
leads to solution of the corresponding Cauchy problem with data on

bd(Py) [Ga).

5.4. Main results. In the previous sections the inversion procedure
for Radon transforms starts with radial (or zonal) functions. In the
higher-rank case the situation is the same, but the notion of zonality
should be specified.

Definition 5.1. Let I, denote the { x { identity matriz, and o, =

| € Ve be the coordinate (-frame (for € =1, oy is the north pole
¢

of S"71). A function f on V. is called (-zonal if it is left-invariant
under all orthogonal transformations g € O(n) preserving oy.
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Given a square matrix A, we denote |A| = det(A). If z is an orthog-
onal frame then {z} denotes a subspace spanned by x.

Theorem 5.2. Suppose that f € L' (V, i) is (-zonal and O(k) right-
mvariant, 1 <k <n—1.

(i) Let 1 < ¢ < min(k,n — k) (= rank G, ). Then for almost all
x € Vynk, one can write

f(z) = fols), s =oxt'op € Py

(note that x'oy = Priy o0 and s/? ~ cos({z}, {0}, i.e. s¥/2 serves as
an analog of cosine of the “angle” between {x} and {o,}).
Furthermore,

Fe n/2

5.15 du(s) = |s|E=0/2| [, — g|(n—k—t=1)/2
( "

(this formula is well known for k =40=1).
(ii) Let p(&) = (Rf)(E), £ € Gpw,1 <k <k <n—1. Suppose that

1 <¢<min(k,n—Fk) (=min(rank G, x, rank G, x')).

Then

(5.16) (Rf)(&) = Fo(S), S = o,Preay € Py (~ cos(&, {o4}))

where Fy is an Abel type integral of fy (in the Garding-Gindikin sense).
The function fo(s) can be recovered by the formula

Fe(’f/ 2)
Lo(k'/2)

a=(kK-Fk)/2, meN, m>(k-1)/2,

where D™ 1s understood in the sense of distributions.

(5.17)  fo(s) = [s| DD | S| DR R (S)](s),

Theorem 5.2 follows from the relevant Abel type representation of
the Radon transform of /-zonal functions in terms of Garding-Gindikin
fractional integrals [GR]. There exists an analog of Theorem 5.2 for the
dual Radon transform (R*g)(z) that averages ¢(&) over all & € G s
containing x € V,, ,,_x. Note also that the rank-one case, corresponding
to the geodesic transform on S™~!, contains in these theorems.

A higher-rank generalization of Helgason’s formula (5.5) is given by
the following
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Theorem 5.3. [GR] Let f € LP(V, k), 1 < p < oo (we identify
L>(V,, i) with the space C(V,, i) of continuous functions). Suppose
that f is O(k) right-invariant and p(§) = (Rf)(§), £ € G where

1<k<k <n-1, kE+E <n.
Then for any integer m > (k' —1)/2 and o = (K’ — k) /2,

Li(k/2) &) |1

5.18 = = Tim (D™ || 2 M

where M is the mean value operator (5.7), and differentiation is under-

stood in the sense of distributions. In particular, for k'—k = 2(, { € N,
Lu(k/2) ) o eca

5.19 = ——" lim (D My :

A few words about technical tools are in order. A key role in our
argument belongs to the following lemma on bi-Stiefel decomposition
which generalizes Lemma 3.7 from [Herz, p. 495] and extends the
notion of bi-spherical coordinates [VK, pp. 12, 22] to Stiefel manifolds.

Lemma 5.4. Let k and ¢ be arbitrary integers satisfying 1 < k < { <
n—1, k+{<n. Almost all x € V,, ,,_j, can be represented in the form

url/?
v 'U(Ik — 7")1/2 ) u € w’k’ v E Vn—f,/w r e Pk,
so that
I,

dv = [ d d ur'/? p

/ = x_/ V(T)/ ¢ / f v(ly —r)'? o
Vin—k 0 Vook Vit
() =2 Pl rlfdr, q=tE Tl 5o nT R

The proof of this statement, given in [GR], follows the same lines
as Lemma 3.7 from [Herz|. A simpler proof was suggested by Genkai
Zhang [Zh].

Open problem. Theorems 5.2 and 5.3 contain differentiation in
the sense of distributions. This is inevitable in the framework of the
method, by taking into account convergence conditions of Garding-
Gindikin fractional integrals. It would be interesting to derive point-
wise inversion formulas for these integrals and for the Radon transform
(5.1). For the rank-one case such formulas are well-known (cf. Theorem
4.7).
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6. THE GENERALIZED MINKOWSKI-FUNK TRANSFORM AND SMALL
DIVISORS

6.1. Setting of the problem. Let S™ be the unit sphere in R***, n >
1. For fixed 6 € (0,7/2), we consider the following integral operators
on S™ defined by

(6.1) Bof(z) = / f(w)dy,

{y: x-y>cos 6}

(6.2) Sof(x) = / F(y)do(y).
{y: z-y=cos 0}

In (6.1) f is integrated over the spherical cap (or the geodesic ball) of
radius 6 centered at € S™, and (6.2) represents an integral of f over
the corresponding spherical section. We call (6.1) and (6.2) the spheri-
cal cap transform and the spherical section transform, respectively. Our
interest to these operators is motivated by the following

Problem A. Let K be a star-shaped body in R**!, n > 1, centered
at the origin O, and let T'y,0 € (0,7/2), be a solid cone of revolution
with vertex O and a fixed vertex angle 26. Is it possible to recover the
shape of K if intersection volumes vol,, 11 (K N gl'y) are known for all
rotations g€ SO(n+1)?

The case § = /2 corresponds to the Funk problem for half-volumes
and the hemispherical transform (3.2).

Question: Are operators (6.1) and (6.2) injective on C'*°(S™) for
0=m/37

If you don’t like 7/3, you may take 7/4, /6, or any other 6
7/2. This innocent question still has no answer rather than in some
particular cases which will be indicated below.

In fact, the problem is much more general. It would be interesting to
study kernels (subspaces of zeros) and boundedness properties of these
operators (e.g., in Sobolev spaces). In most of the cases it is not clear
whether these kernels have finite or infinite dimension. Moreover, as
we shall see below, it can happened that the operator is injective and
bounded from one Sobolev space to another, but the inverse operator
is unbounded (this observation is due to R.S. Strichartz).

As in Theorem 3.2, one can characterize all pairs (L7, L)) of Sobolev
spaces so that operators (6.1), (6.2) are bounded from L) to L) [Rul0].
We restrict our consideration to L?- Sobolev spaces

HI(S™) = L(S™),  —oo < s < oo
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The following example illustrates main difficulties of the problem.

Example 6.1. Consider the operator Sy on the unit circle (the case
n=1). If f has the Fourier decomposition f(x) ~ > e“*f(j), then
J

Sof(x) = f(z+6)+ fle—0) ~ Y 9" f(j)cos(j6).

J

This operator is bounded from L? to L? for all 0. If /7 is a rational
number, then dimker8y = 00, and the inverse operator is bounded from
L? to L?, where L? is the quotient space L/ ker 8. If 0/ is irrational,
then ker8y = {0}, the operator is injective, but the inverse 8, is
unbounded from L* to L? because inf;|cos(j0)| = 0. One can take
a “smaller” space 'H®, s > 0, and ask, for which s the operator 89_1
is bounded from H*® to L*. From the small divisors theory (see, e.g.,
[Ar], [Yo]) it is known that the answer depends on how fast 0/m can
be approximated by rationals. In other words, the answer depends on
diophantine properties of 0/m. Thus a simple question from geometry
leads to deep problems in number theory.

This example shows how complicated the problem is in higher di-
mensions, where instead of usual Fourier series one deals with spher-
ical harmonic expansions. The theory of small divisors grew up from
celestial mechanics. It was developed in works by Poincaré, Arnold,
Moser, Herman, Yoccoz and others for the torus. To the best of my
knowledge, analogues theory for S™ has not been created so far, and
we encounter a series of challenging open problems.

The first breakthrough for the operator By on S? was made by P. Un-
gar [Un] in 1954. In his paper entitled “Freak theorem about functions
on a sphere”, he proved that the set of all 6 for which By is injective
and the set of all 6 for which By is non-injective are both dense in
(0,7/2). After Ungar, there was no essential progress in the problem,
rather than very important reformulation in terms of multipliers for
spherical harmonic expansions.

Now we switch to another problem, that came from PDE.

Problem B. Let A be the Beltrami-Laplace operator on S™. Given
a fixed number 6 € (0,7) and a function ¢ on S™, the problem is to
find a solution u = u(z,w), (z,w) € S™ x [0, 7], of the spherical wave
equation

2
(6.3) AU = Uy, + (n;l) u
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satisfying
(6.4) u(z,0) = p(x), u,(z,0)=0.

For # = 0 this is the usual Cauchy problem on S™ which was studied
by Lax and Phillips [LP]. We wonder, for which 6 and ¢ a solution
of the aforementioned “shifted problem” exists, is unique and stable
under small perturbation of # and . Furthermore, how many solu-
tions, and which solutions exactly, satisfy the homogeneous problem
corresponding to ¢ = 07

The problem can be regarded as a spherical modification of the cele-
brated Dirichlet problem for the vibrating string with fixed ends. The
latter was rejected by Hadamard as ill-posed and studied later by Fox
and Pucci [FP], Arnold [Ar] and others using tools of number theory.

It turns out that operators (6.1), (6.2), and the Problem B can be
studied simultaneously in the framework of the following analytic fam-
ily of “fractional integrals”

R v =l R (8

T-y>t

Cno = 207107 (o +n/2)/T(a), Rea >0, t=cosh e (—1,1).

For Rea < 0, M f is defined by analytic continuation. We call (6.5)
the generalized Minkowski-Funk transform by taking into account that
for n = 2 and t = 0, the special cases « = 0 and o = 1 were studied
by Minkowski and Funk. For o = 1 and o = 0, M f coincides with
operators (6.1) and (6.2) respectively. For a = (1 —n)/2, u(z,w) =
(ME. . f)(x), represents the Lax-Phillips solution to the Cauchy prob-
lem for the wave equation (6.3). For arbitrary «, it gives a solution to
the Cauchy problem to the more general Euler-Poisson-Darboux equa-
tion. The latter was studied by many authors on spaces of constant
curvature.

6.2. Reformulation of the problem in terms of the Fourier-
Laplace multipliers. The Fourier-Laplace multiplier m$(j) of M/
can be explicitly evaluated using by the Funk-Hecke formula (3.16).
We have

n) <, /1 — t2)1—a—n/2plan/2

©66) i) =T (a+3) (= s ()

where PH(t) (—1 <t < 1) is the associated Legendre function [Er].
The following statement is immediate from (6.6).
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Theorem 6.2. Let o and s be real numbers,
a#-—nj2—1, (€ Zy; p=a+(n—-1)/2.
Then
(i) m(j) =0(3") as j — oo, and therefore M is a linear bounded
operator from H* into H**P;

(i) M is injective on H* if and only if lejﬁjf;/;(t) £0Vj € Zy;

The exponent s + p in (i) is best possible. An analogue of (i) is
known in the more general scale Lg [Rul0]. The statement (ii) reduces
the injectivity problem to studying zeros of the associated Legendre
functions ]f:ﬁ:l%?(t) regarding as functions of j with fixed ¢. For
a = 0,1, this statement is due to Schneider [Schl] (see also [BZ]).

The criterion (ii) looks elegant. However, it does not resolve the
problem and represents only the first step. We still cannot retrieve from
(ii) any answer about injectivity for specific ¢ = cosf, say, § = 7/3, and
further investigation is needed.

Example 6.3. Let n =3, a = 1. One can show that
_ 3I'(j) cosf sin(j+1)0 — (j + 1)sinfcos(j + 1)0
6.7) my(j) = = 3
I'(j+3) sin® 0
Thus the operator By (see (6.1)) on S? is injective if and only if
(6.8) tan(j + 1)0 # (j + 1) tan6, for all integers j > 1.

The case 0 = w/4 can be treated manually, and we get the following
Proposition 6.4. The operator By, is injective on S®.

It is not clear, how to manage (6.8) in the general case, especially if
0/7 is irrational.

In the next two subsections we present some results from [Rul0]
which shed some light to the problem.

6.3. Some partial results. Let
0=pr,  Be(01); t=cos(dr), BAL/2,

H® = H°/ker M® if ker M? # {0}, and H®=H® otherwise.
One should discriminate between the two cases: [ rational (8 € Q),
and [ irrational (0 ¢ Q).

For simplicity, we restrict to the cases @ = 0 and a = 1 corresponding
to operators By and 8y, and suppose that n > 2 (other cases can be
found in [Rul0]). All theorems presented below are proven by making

use of explicit representation of the first two terms in the asymptotic
expansion of the multiplier m¢(j) as j — oo.
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Theorem 6.5. Let n > 2 and 0 be a rational multiple of w. If n #
3, then By and 8y have a finite-dimensional kernel. If n = 3, then
dimker 8y < 0o and dimker By = oc.

Dimensions of the kernels can be estimated from above. This enables
us to treat some special cases manually. For example, the following
statement holds.

Proposition 6.6. Operators By and Sy are injective on S* for § = 7/3
and 0 = /4.

Let us characterize the action of inverses of By and 8y in the scale
of quotient spaces H*, assuming that 6 is a rational multiple of 7. We
set 5 =0/m = a/b where a and b are relatively prime positive integers.
Denote

p=m+1)/2,  ¥u(0) =b(n—1)(1-206)/4
for the operator By, and
p=m—=1)/2,  ¢u(0) =bn—1)(1—-26)/4—b/2

for the operator 8y. For the sake of simplicity, in the following theorem
we write My instead of By and 8y.

Theorem 6.7. If 1,(0) ¢ Z, then (My)~" is bounded from H*™ to
H*, and therefore

My(H®) = HH.
If ¥, (0) € Z, then (My)~" is unbounded from H¥**** to H* for all
p € [0,1), but it is bounded from H*P+' to H®. In this case the
following proper embeddings hold:

ﬂs-&-p-ﬁ-l C Me(’}:{s) C 7:{5-&-,0.

Example 6.8. Let 0 = 7/3. In this case 1, (0) = (n — 1)/4 for By,
and V¥, (0) = (n — 7)/4 for Sg. Hence

By(H®) = HHHD/2 4f £ 1(mod4), ie. n#1,59,13,....
Otherwise H¥t("3)/2 € By(H*) € HH+D/2. Similarly,

So(H*) = H*(D/2 if n +#3(mod4), ie. n#3,7,11,15,....
Otherwise H*++1/2 < Sp(H?) C H+ =172,

In the irrational case we have the following general statement.

Theorem 6.9. If t = cosfm, p = a+ (n —1)/2, and (§ is irrational,
then M{ is bounded from H* into H**°, but (M)~ is unbounded from
HEPHE into H for any p € [0,1).



32 B. RUBIN

Proof. By (6.6),
PG+(+D/2=p) . 1
— @)
where ||a|| = %an la — k| is the distance from r to the nearest integer,
S
and r = (p — 1 — B(n — 1))/2. By the Tchebychef-Kronecker theorem

[HW, Theorem 440, p. 365], there exist infinitely many j’s satisfying
136 =7l < 3/. Hence inf j#**|mi(j)] = 0V € [0,1), and we are

done. ]

Remark 6.10. An analogue of this theorem for p > 1 represents an
open problem.

6.4. The cases o« = (1 —n)/2 and o = (3 —n)/2. In these cases
m¢(7) has an especially simple form:

mi ()l < ¢

sin(j + \)fr

(7 + A\)sin 7’
where A = (n — 1)/2. For irrational (3, the operator M2, t = cos(f),
acting from H® to H***, p = a+(n—1)/2, is injective, and the bounded-
ness of (M{)~! is determined by the following diophantine inequalities:

llgb+1/2| < cqg* ifa=(1-n)/2, nisodd;

(6.9) m,glfn)/Q(j) = cos(j + \)f, m§3f")/2(j) =

l(g—1/2)8+1/2|| <cg* ifa=(1-n)/2, niseven;
g8l < cqg™* if o = (3—n)/2, nisodd;

(g —1/2)8| < cqg* ifa=(3—-n)/2, niseven.

Theorem 6.11. For p € [0,1), (M®)™! is unbounded from H* P to
HE. If i > 1, then (M2)™! is bounded from HTPTH to H® if and only
iof there is a constant ¢ > 0 such that the corresponding diophantine
inequality has only finitely many solutions q¢ € N.

In the case “a = 0, n = 3”7, related to the spherical section transform
8¢ on S3, the corresponding diophantine inequality is the simplest, and
more information can be obtained. To this end, we recall some facts
from number theory.

An algebraic number of degree d is a number which satisfies an al-
gebraic equation agz? + a1z + ... + ag = 0 with integer coefficients,
and does not satisfy any similar equation of lower degree.

Roth’s theorem([Schm2], p. 116). If 3 is a real algebraic number
of degree d > 2, then for each u > 1, the inequality ||qB|| < 1/¢" has
only finitely many solutions q € N.
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A real number ( is called a Liouville number if it can be rapidly
approximated by rationals in the sense that for every m € N there
exist integers p and ¢ > 1 such that | — p/q| < ¢~™. The set L of
all Liouville numbers has Lebesgue measure zero. It includes all ratio-
nals and infinitely many (actually ¢) transcendentals, but no algebraic
irrationals [Schml], [PM].

The following theorem resumes our results for the spherical section
transform 8y on S? if 6 is an irrational multiple of 7 (the rational case
was considered in Theorem 6.7).

Theorem 6.12. Let 0 = gr, pelI\Q, I=(0,1).

(a) 8¢ : H* — HT is injective.

(b) (8¢)~* is unbounded from H¥ ™ to H* for all p € [0,1) and all
pel\Q.

(c) (8¢)~! is unbounded from H¥2 to H® for almost all B € I.

(d) If p > 1, then (85)~ "' is bounded from H**1*H to H® for almost
all 6 €I (by Roth s theorem this is true for all algebraic numbers of
degree > 2).

(e) If B is a Liouville number, then (89)~' is unbounded from H** to
H*2 for any pair of Sobolev spaces.

Open problem. It would be interesting to obtain similar results in
other dimensions, and also for the spherical cap transform By.

7. THE BUSEMANN-PETTY PROBLEM

The “classical” theory of Radon transforms focuses on such prob-
lems as injectivity, inversion, action in function spaces, characterization
of the range, and related problems of harmonic analysis. Interesting
problems of another kind arise if one applies these transforms (and
their fractional modifications) to characteristic functions of bounded
domains. Then geometric properties of domains come into play, and
the researcher finds himself in the realm of geometry with its specific
problems, methods, language, and the way of thinking. As an example,
we consider the following problem which was posed by Busemann and
Petty in 1956 [BP].

Let K and L be origin-symmetric convex bodies in R”, and u' the
central hyperplane orthogonal to the unit vector u. Suppose that

(7.1) vol, 1 (K Nut) <wol, 1(LNut) Yue S
Does it follow that
(7.2) vol,(K) <wol,(L) 7
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Many authors contributed to this problem; see, e.g., [BZh], [BFM],
(Gall- [Ga3], [GKS], [Ko4], [RZ], [Z2] and references therein.

Theorem 7.1. The Busemann-Petty problem has an affirmative an-
swer if and only if n < 4.

For n = 2 the answer is obvious. Different proofs of the “if” and
“only if” parts were suggested. By making use of results from Sections
2 and 3, these proofs can be essentially simplified as follows.

Each origin-symmetric star body K can be identified with its radial
function

pr(u) =sup{A\>0: \uec K, uec S" '} (€ Copen(S™1)),
so that vol, (K) =n~" [,y pl(u)du.
Definition 7.2. We denote by K the class of origin-symmetric con-

ver bodies K in R™ such that px € C*°(S™1) and the boundary of K
has a positive Gaussian curvature at each point.

Lemma 7.3. The Busemann-Petty problem has an affirmative answer
if (7.1) implies (7.2) for any K, L € K.

Proof. Let K" and L’ be origin-symmetric convex bodies so that (7.1)
holds, but (7.2) fails. There exist approximating bodies K, L € K°
satisfying K C K', L' C L, and vol,(K) > vol,(L) (see, e.g., [Gal],
p. 438, and [H6], Lemma 2.3.2). This contradicts to the assumption of
the lemma. O

Owing to Lemma 7.3, it suffices to prove Theorem 7.1 for K, L € K.
Let us consider the hyperplane Radon transform

(Pf)(u,t):/f(x)é(t—x-u)dx, teR, wesS™ 1

and its fractional analog [Ru3 , [Sel]

(7.3) (P*f)(u /f V[t — 2 - ulda,

/2297 (o /2
%wz——iﬁ,
M= a)/2)
This is the Riesz potential of (Pf)(u,t) in the t-variable (cf. (2.15)).

Suppose that f(x) = xx(z) is the characteristic function of a body
K € K, and denote

Fi(u) = (Pxx) (1, 0), mw:/wwwm

Sn—1

Rea >0, a#1,3,5,....
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By passing to polar coordinates, we have

14) Ft) = — [l al e = (U7 ),

where ¢, = 2'7*7"27Y(n + a — 1)7!, and U® is the operator (3.8)
corresponding to the Fourier-Laplace multiplier (3.19). Since pyx €
C2 (S"1), and pxg > 0, then (U*p* 1) (u) extends by analyticity
(as the Fourier-Laplace series) to all complex o # 1,3,5, ..., and this
extension belongs to C2°, (S™1). Owing to (7.4), the same holds for

Fg(u) if we exclude a = 1 — n.

The function F(u) and the operator U* play a key role in the
sequel. We recall (see (3.10), (3.19)) that U° = 27'7(="/2R R being
the Minkowski-Funk transform, and the Fourier-Laplace multiplier of
U obeys
(7.5)  UjaUjopn-o=1, j even, (i.e. (UL =Uy?T"n),
provided
(7.6) a#1,3,5,..., a#l—n-n—1,-n-—3,....

By the Parseval equality, (7.5) implies the following

Lemma 7.4. If K, L € K, then for o € C satisfying (7.6),

(R Fpm ) = ) > (o iwlor )i = clog™® " o),

jeven k
2717.‘.11—2
(n+a-L{I-a)

C="CalC2n—a =
In particular, for a =0,
2nﬂ_n72

n—1"

(7.7) (Fg. FL ") = calpi spL), e =

Lemma 7.5. For K, L € K, the following statements are equivalent:
(i) FF">0.
(ii)  (7.1) implies (7.2).

(iii) px = Rg, where g € C,,.(S™ 1), g > 0.

Proof. By (7.4), F2=™ = ¢3_,U*"pg. Owing to (7.5), it follows that
U'FE™ = cy_npr or p = Rg, g = 27732 "F2" The latter implies
equivalence of (i) and (iii).

Now we prove equivalence of (i) and (ii). Given a hyperplane H =
{z:z -u=t}, let

(7.8) Ak (u,t) = (Pxg)(u, t) = vol, 1 (K N H)
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be a parallel section function of K in the direction uw. For each wu,
the function ¢ — Ag(u,t) is even and infinitely differentiable in a
sufficiently small interval (—¢,¢). Since

2

(7.9) FR(u) = @ /ta_lAK(u,t)dt, Rea>0, a#1,3,5,...,
0

94!

then F(u) = Ag(u,0). Suppose that F=™ > 0 and (7.1) holds. Then
FY(u) < F?(u), and (7.7) yields

/ g = (P pr) = M FL FE) < e (FO, R

= (0 " pK) < (/p’i)l_l/n(/p’%)l/n,

J = [gu-r - Thus (i) implies (ii).

To prove the converse, we follow some ideas of Lutwak [Lu] and
Gardner [Gal]. Suppose that Fr "(u) is negative for some u, and
introduce a C2°, -function F(u) which is non-negative if Fr " < 0 and
0 otherw1se Let h = U*>™F (€ C%,), and define a star body L by

even

Pt = pt —eh, e > 0. If ¢ is sufficiently small, then L € I (see
(Gal], p. 439). Furthermore, by (7.4) and (7.5),
(7.10) Fp = coU%p% Y = U [ph ! + eh] = F} + ecoF.

On the one hand, we have U%p}~ L= U% 3 ' — ¢F, and therefore,
vol, (L Nut) <wol, (K Nu ) On the other hand, by (7.10),

(i) = e (Fie FT) = o (FL, Fi™) + ecoe, (F FR)
< o (FLFg ") = (r " px).
This implies vol,,(K) < vol, (L), that contradicts (ii). O

Let us investigate for which n the inequality Fir ™(u) > 0 does hold.
By taking into account that F "(u) is the analytic continuation (a.c.)
of the integral (7.9), we have the following

Lemma 7.6. Let K € K. If n is odd then
S (n—3)/2 12 .y
(7.11)  FX(u) = A, / ghon [AK(u,t) -y (2j),A§g>(u, 0)|dt,
0 J=0 '
A = 2" 10720 ((n — 1)/2)/T(1 — n/2).
If n is even then

(7.12) F2 ™M) = (—=1)2 4072 (u, 0).
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Proof. A similar statement can be found in [GKS], [BFM], [Ko4]. A
simple proof is as follows. By the well-known formula from [GS, Chap-
ter 1, Sec. 3], for ¢ < Rea < —¢+1, (€ N, we have

o0 o0

(\

lt]

(7.13) a.c. / 19 Ay (u, £)dt = / e Ak t) = - S AR O)]d

0 0 J

I
o

Since all derivatives of Ak (u,t) of odd order are zero at ¢t = 0, then for
¢ odd, the sum Z _, can be replaced by Zﬁ:m and (7.13) holds for
—(—1< Rea < E—i— 1. It follows that for n odd one can set £ = n in
(7.13) and obtain (7.11) with
i 2o D-)/2) D1
a—2-ny ()  a—=2-n 20717120 (/2)  21-npl/20(1 — n/2)
On the other hand, the duplication formula for I'-functions yields

1 o0
Fe(u) = 1A t)dt
() cos(om/2)1“(a)/ sc(u, ),
0
and for n even we have
F}Z{—n(u) _ (_1>1+n/2 (a / o 1AK U t dt}azz_n
0
(=12 A5 (w,0).

Corollary 7.7. If K € K then

1) =4 T

— Al (u,0) if n =4.

Now we can complete the proof of the positive part of Theorem 7.1.
Since K € K% is convex, then by (7.14), Fr "(u) > 0 for n = 3,4. It
remains to apply Lemmas 7.5 and 7.3.

The negative result for n > 5 can be obtained by making use of the
idea belonging to Fallert, Goodey, and Weil [FGW]. The argument is
as follows. For n = 5, a nice counter-example was given in [GKS] (see
also [BZh], [Gal], [Ko4], [Pa]). For n > 5, suppose the contrary, that
the problem has an affirmative answer. Let K € K° be a convex body
in R5. Then px = Rg1p (see notation in Sec. 3.5), where, by Lemma
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7.5 and due to the negative result for n = 5, ¢ is non-positive. Let
Ky € K be a convex body in R", n > 5, so that the restriction of pg,
onto S* coincides with pg. According to our assumption and Lemma
7.5, pr, = Rgn-1f for some non-negative f € C (S™!). Then, by
Theorem 3.4, ¢ is positive, and we arrive at contradiction.

7.1. The lower-dimensional Busemann-Petty problem. It is nat-
ural to generalize the Busemann-Petty problem (7.1)-(7.2) to sections
of dimension less than n — 1. Let G,,;, 1 < i < n — 1, be the Grass-
mann manifold of i-dimensional subspaces of R” and let K and L be
origin-symmetric convex bodies in R". Suppose that

(7.15) vol;(KN¢) <wol,(LNE) VE € Gy
Does it follow that
(7.16) vol, (K) <wol,(L) 7

This problem was posed in [Z1], [BZh]|. For i = n — 1, this is the
usual Busemann-Petty problem. If i = 2 and n = 4, an affirmative
answer follows from that in the case : = n — 1. Bourgain and Zhang
[BZh| proved that for ¢ > 3 the answer is negative. This proof was
corrected in [RZ]. Another proof was given in [Ko2]. For i = 2, or 3,
the answer is generally unknown. However, in the special case, when
K is a body of revolution, the answer for ¢ = 2 and 3 is affirmative
(GrZ], [RZ], [Z1].

In the last decade, a series of attempts were made to attack the cases
i =2 and i = 3; see [Mi], [Rul7], [Rul8|, [RZ], [Y] for recent results in
this direction and some generalizations.

8. RADON TRANSFORMS ON MATRIX SPACES

The present section deals with Radon transforms of functions of ma-
trix argument. These transforms were introduced by Petrov [Pel] in
1967. After first publications on this subject [Pel, Pe2, Shl, Sh2], it
became clear that these transforms have a number of striking distinc-
tive features which do not happen in the classical theory of similar
transforms over planes in R™. Some of these features are still mysteri-
ous, therefore the interest to Radon transforms on matrix spaces was
renewed in recent years; see [GK, Gra, OR1, OR2, Rul6].

Let us describe the essence of the matter. Let M,, ,,, n > m, be the
space of n x m real matrices z = (x;;), We fix an integer k, 1 < k < n,
and let Vi, = {€ € M, : £€ = 1,1} be the Stiefel manifold of
orthonormal (n — k)-frames in R™. Here ¢’ denotes the transpose of &,
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and [,,_j is the identity matrix. Let T be the manifold of matrix planes
T in M, ,, defined by

(81) T=7(&t)={x € Mpm: =1}, E€EVun—rk, tEMy_fm.

The Radon transform associated to planes (8.1) and the relevant dual
transform are defined by

(8.2 for= [ @, el = / (),

the integration being performed against the corresponding canonical
measures. We call (8.2) the rank-one Radon transforms if m = 1, and
the higher-rank Radon transforms if m > 1.

To avoid possible confusion, we note that notation f for the Radon
transform in this section differs from Rf in the previous sections. We
denote by 8(M,, ) the Schwartz space of infinitely differentiable rapidly
decreasing functions on M, ,,, ~ R™. The Fourier transform of a
function f € LY(M,,,) is defined by

83 FH) = [ eplulyo)f @ ye M.

Mn,m

8.1. The k-plane transform in R". The case m = 1 is well-investigated;
see [GGG2, H5, Rul4] and references therein. In this case, T = G,

is the manifold of non-oriented k-planes in R™, and integrals in (8.2)
represent the usual k-plane transform and its dual. Specifically, if
r€RY E€V,y, te R and 7 =7(£,t) € G, then

fo= [ fwreds s = [ com+on,
{yeR™: {'y=0} S0(n)
where 7y is an arbitrary fixed k-plane through the origin and d¢y stands
for the Lebesgue measure on the plane {y € R": {'y = 0}.
We equip G, with the measure dr = d{dt. The dual k-plane trans-
form @(x) is well defined for any locally integrable function . Exis-

tence of the k-plane transform is characterized by the following theo-
rem.

Theorem 8.1. [So]

(i) Let f be a continuous function on R", satisfying f(z) = O(|z|~%).
If a > k, then the k-plane transform f(7) is finite for all T € G-

(ii) If f € LP, 1 < p < n/k, then f(7) is finite for almost all T € Gk

Conditions for @ and p in (i) and (ii) are sharp.
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Inversion problem for the k-plane transform is overdetermined if k <
n — 1, because in this case, the dimension (n — k)(k + 1) of the target
space is greater than the dimension n of the source space. Regarding
characterization of the range of the map f — f on the Schwartz space
of rapidly decreasing functions, see [Gonzl|, [Gonzl], [Pe3], [Ri].

The basic inversion methods for the k-plane transform are the fol-
lowing [GGG1], [H5], [Ke], [Rul4]:

1. The Fourier transform method (F. John, .M. Gelfand, S. Helga-
son).

2. The method of mean value operators (J. Radon, S. Helgason).

3. The method of Riesz potentials (J. Radon, B. Fuglede, S. Helga-
son).

4. Decomposition in plane waves (I.M. Gelfand)

In these notes, we focus on the second method. As in Section 2,
we average ¢ = f over all k-planes at fixed distance r > 0 from z by
setting

(8.4) 5o(z) = / o(ym + 1) dn.
SO(n)

Here 7, is an arbitrary fixed k-plane with the property dist(7,.,0) = r.
The map ¢ — ¢, is also known as theshifted dual k-plane transform.

Theorem 8.2. Let fe P, 1<p<n/k. If
1
/ f(x++/r0)do
Sn—1

9x(r) = oot

1s the spherical mean of f, then
(f)rla) = 721 g,)(r),
where I*? is the Riemann-Liouville fractional integration operator (2.4).

This theorem implies the following inversion formulas for the k-plane
transform ¢ = f:

For k even:
1 d\*k/2

. .
69 s (-4 s
(a local formula);
For k odd:

dN\N™, o
_ —k/2( @ m—k/2

(86)  flz)=n ( ds) A" Py)m)| o vm> k)2

(a non-local formula).
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8.2. The higher-rank Radon transform on matrix spaces. Ex-
istence and injectivity. Let us consider the general case of Radon
transforms over matrix planes (8.1) in the space M, ,, of real rectan-
gular matrices. For details and additional information, the reader is
addressed to [OR1, OR2]. Precise meaning of integrals (8.2) is the
following:

(8.7)

A

fe.t) = / Fly+et) dey, pla) = — /go@,s'x)dg,

n,n—k
{yEMp,m: &'y=0} Van—k

where £ € Vi, gy t € My Onn—ir = vOl(V, ;) is defined in Section
5.2, and dgy stands for the Lebesgue measure on the plane {y € M, , :
'y =0}

Remark 8.3. Each 7 € T is an ordinary km-dimensional plane in R™™,
but the set ¥ has measure zero in the manifold ¥’ of all km-dimensional
planes in R™™. Specifically, by taking into account that dimV,,,, =
m(2n —m — 1)/2 [Muir, p. 67|, we have

dim® = dim(Von—k X My_pm)/O(n — k)
= (n—k)n+k—-1)/24mn—k)—(n—Fk)(n—k—1)/2
(n—k)(k+m).
Hence
dim% —dim¥ = (nm—km)(km+1)— (n—k)(k+m)
= kn—k)(m*-1)>0 if m>1.

As in the previous section, the first question is for which functions
f on M, ,, the Radon transform f does exist.

Theorem 8.4. (i) Let f be a continuous function on M, ., satisfying
f(z) = O(det(I,, + 2’z)~%?). If a > k +m — 1, then the Radon
transform f(T) is finite for all T € %.

(ii) If f € L?(My,m), and po = (n+m —1)/(k+m — 1), then f(7) is
finite for almost all 7 € T provided 1 < p < pg.

Conditions for a and p in this theorem cannot be improved.

Our main focus is inversion formulas for the Radon transform f .
First we have to figure out what triples (n,m, k) are admissible for
this purpose. It is natural to conjecture that dimension of the target
space ¥ must be greater than or equal to the dimension of the source
space M, ,,. This is equivalent to 1 < k <mn —m. The validity of this
conjecture can be derived from the following theorem.
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Projection-slice theorem. Let f € S(M,n), 1 < k < n—m. If
§€ Vanr and b € M,_ , then

A~

(8.8) (F1)Eb) = FIF(E,)I(b).

Theorem 8.5. (i) If1 < k < n—m, then the Radon transform f — f
is ingective on 8(Mym).
(ii) For k > n—m, the Radon transform is non-injective on 8(M, ).

Formula (8.8) can also be used for inversion of the Radon transform
on 8(M, ) in terms of the Fourier transform.

8.3. The Garding-Gindikin fractional integrals and the method
of mean value operators. In this subsection we demonstrate how the
method of mean value operators and the relevant fractional-calculus
technique (cf. Section 2, 4.4, 8.1) can be generalized to functions of
matrix argument.

Let P,, be the cone of positive definite symmetric m x m real ma-
trices,

L) = [ det(r)*= D2 oxp(—tr(r))dr
/

the generalized gamma function associated to Pp,; cf. (5.9). The
Garding-Gindikin fractional integrals of a function f on P,, are de-
fined by

N6 = i F0rydet(s — )/,
PmN(s—Pm)
(I12)(s) = le(a) / Fr)det(r — )20 2gr e P,
5+Pm

[Ga, Gil]. If f is good enough (e.g., infinitely differentiable and com-
pactly supported away from the boundary of P,,, then both integrals
are absolutely convergent if and only if Rea > (m — 1)/2 and extend
analytically to all & € C as entire functions. Explicit representations
of these analytic continuations for the values oo = 0, %, 1, %, cee mT’l are
of particular importance.

Theorem 8.6. (i) The integrals I$f are convolutions with positive
measures if and only if « is real and belongs to the “Wallach set”

1 3 m—1 m — 1
W = -1, =-... — : .
{072,,2, — }U{oz o > 5 }
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(ii) For all k € N,

(1) (s) = hmr? / £(5 — w'o)d,

{weMy m: w'w<s}

@20 = 7 [ s v

Mk,m

Moreover,
(I2f)(s) = f(s)-

The Garding-Gindikin fractional integrals were originally introduced
in [Ga, Gil] for the purposes which lie far away from the scope of
our consideration. It was striking that they also arise in the theory
of Radon transforms if we consider these transforms on the so-called
radial functions.

Definition 8.7. A function f on M, ,, is said to be radial if f(yx) =
f(x), Yy € O(n). Similarly, a function p(T7) = @(&,t) on T is radial if
p(18,1) = (&), Yy € O(n).

One can show that each radial function f on M, ,, has the form
f(z) = fo(2’xz) and each radial function ¢ on ¥ can be written as

p(&:1) = po(t't).
Theorem 8.8. If f(z) = fo(2'x) and p(&,t) = po(t't), then

~

flet)y = a2 (I f) (),
ka/Q

olx) = cdet(x'x)(mH_")/Q(Ii/Q(I)O)(x’x), c:ﬂ,

On,m
Do (s) = det(s)Fm=D/2p(s).

If m = 1, these expressions coincide with the similar ones for the
k-plane transforms in R" [Rul4].

Theorem 8.8 paves the way to the general (not necessarily radial)
case, when the inversion method of mean value operators can be ap-
plied. To implement this method, we need in M,, ,, a certain equivalent
of the Euclidean distance.

Definition 8.9. A matriz-valued distance between points x and y in
M, 15 a positive definite matriz defined by

(8.9) d(z,y) = [(z —y)'(x —y)]"/*.
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A matriz-valued distance between x € M, ,, and T = T({,1) € T is
defined accordingly as

(8.10) d(z, ) = [(z —t)/ (€' — )"

For m = 1, both notions coincide with their prototypes in R”.

We also introduce the shifted dual Radon transform of a function
o(T) = ¢(&,t) on T. Given a point 2 € M,, ., at matrix distance s'/2
from the origin (i.e. 2’z = ), we define

(8.11) b= —— [ wlegar e
M= Vi

This is a mean value operator that can be formally written as

5u(2) = / o(7)
d(z,m)=51/2

and coincides with the usual dual Radon transform (cf. (8.7)) if s = 0.

Theorem 8.10. Let

fe L’ (M), 1<p< ;:Tm_i
Then
(8.12) ()Y (@) =722 F, ) (s)
where
Fu(r) = ojm / f(x 4 vrt?)dv
Vi,m

1s the mean value of f at x.

Owing to Theorem 8.10, in order to reconstruct f from f , it suffices
to invert fractional integral on the right-hand side of (8.12) and then
pass to the limit as » — 0. To accomplish this procedure, we introduce
the differential operator

. ) 1 ifi=
acting in the r-variable, r = (r;;) € P,,. Let D(P,,) be the space of

C® functions which are compactly supported away from the boundary
of Pp. If f € D(P,,), then DIT*f = I?"“f for all a € C.
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Theorem 8.11. Let f € LP(M,, ),

n+m-—1

1<k<n-—m, 1<p< —o- .
=E=nom =P rmoa

If o(1) = f(7) and ®,(s) = (), then

(LP)
f(z) = g km/2 lim(Dk/2<I>m) (r),

r—0

where D*/? s understood in the sense of D'(Py,)-distributions.

The reader is referred to [OOR, OR2] for details and alternative
inversion methods, based on implementation of Riesz potentials and
wavelet transforms.
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