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Abstract. We lay down the foundations of the theory of Poisson vertex algebras aimed at its ap-
plications to integrability of Hamiltonian partial differential equations. Such an equation is called
integrable if it can be included in an infinite hierarchy of compatible Hamiltonian equations,
which admit an infinite sequence of linearly independent integrals of motion in involution. The
construction of a hierarchy and its integrals of motion is achieved by making use of the so called
Lenard scheme. We find simple conditions which guarantee that the scheme produces an infinite
sequence of closed 1-forms ω j, j ∈ Z+, of the variational complex Ω. If these forms are exact,
i.e., ω j are variational derivatives of some local functionals

∫
h j, then the latter are integrals of

motion in involution of the hierarchy formed by the corresponding Hamiltonian vector fields.
We show that the complex Ω is exact, provided that the algebra of functions � is “normal”; in
particular, for arbitrary � , any closed form in Ω becomes exact if we add to � a finite number
of antiderivatives. We demonstrate on the examples of the KdV, HD and CNW hierarchies how
the Lenard scheme works. We also discover a new integrable hierarchy, which we call the CNW
hierarchy of HD type. Developing the ideas of Dorfman, we extend the Lenard scheme to arbi-
trary Dirac structures, and demonstrate its applicability on the examples of the NLS, pKdV and
KN hierarchies.

Keywords and phrases: evolution equation, evolutionary vector field, local functional, integral
of motion, integrable hierarchy, normal algebra of differential functions, Lie conformal algebra,

A. BARAKAT

Department of Mathematics, MIT, 77 Massachusetts Avenue, Cambridge, MA 02139, USA
(e-mail: barakat@math.mit.edu)

A. DE SOLE

Dipartimento di Matematica, Università di Roma “La Sapienza” Città Universitaria, 00185 Roma,
Italy
(e-mail: desole@mat.uniroma1.it)

V.G. KAC

Department of Mathematics, MIT, 77 Massachusetts Avenue, Cambridge, MA 02139, USA
(e-mail: kac@math.mit.edu)



142 A. Barakat, A. De Sole and V.G. Kac

Poisson vertex algebra, compatible λ -brackets, Lenard scheme, Beltrami λ -bracket, variational
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