
INVARIANT SUBRINGS UNDER WILD P-CYCLIC
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1. �
�����

(R,m, k) ����� � G !#"�$&%('()�*�+�%-, G- .0/�1�2�3(4 R 2 5�6�
RG 798�: *�; G 2(<>=�! k 29?�=A@(BDC-EGF�3�)&+9H G 2�"�$I! tame @J *A+�KG)�,0LNMO@�39)D+�H wild @ J *�+OKNMP; §2.2 @9Q>RI*�SDMO�9, tame

3�"T$AUWVA�WX>YTZA@TH>*T![, wild 3W">$\U�XTY>Z\@>HT*]+9U^�I_[39)];G`
2>aGb wild 3["G$A2W.>/Gc � UWdAbG'9e^)Gfg_�)Ih^2I+�3ICP, G !WiAj9�]2k>l @�4m_On\o>@TpA+WqAr�s^tDu�FI'^`G3^vGw^aG;]%9v]%�, wild 3["G$]29.
/>c � `[LGx^yTz]3[{T?^=G|^�]2W|^}^~\@ J CP,]`G2[|T}^~]2W�^� 7[�]� 4
*>`\+�!9{^?G=]29|^}G~ �G� �Gh[�I3G!^*GS�M��[�I�[FI*�� cf. [AJ]�#;^`G2�>� @>U9, G !9i]j9�]2 k^l ��, wild 39"^$I2[.G/^c � �G�[4I*9�^�I2[�G�7 QGR]*G;(�^�G, (R,m, k) +>%W'�,��T1A! 2 �^�I2 Noether

�G�>�\���G� @�>�T�
k 79�^� hG2 7W8A: *>; �>�T� k U[?T= p 2[�G= � � @W, R �GU[<G=

n 29iAj9� G := 〈g〉 ! k �g� � �["G$g%9'9)A*I+^%�, RG ↪→ R 296G >¡ l 7
Z ⊂ SpecR +O¢&£ ;^u>_(�9, R U(�A�9¤�¥ RG-¦G���G3�w0'()I*A+-§G¨�4I*�;
Remark. (1) q ∈ SpecR !�6T ^¡ l Z �9©^4\*^`]+9U[, q 2[ª^«T� Iq :=

{σ ∈ G | σ ≡ 1 (mod q)} 6= {1} +[¬9®� [ZS], [SGA1] 7[¯ S[�#;
(2) ([Fog1]) R !��I�9¤�¥ RG- ¦>�I@ J *>`I+�+�,0°�6G¦>� ΩR/k !(�I�9¤

¥ R-¦T�]@ J *G`]+9UG¬�\@ J *G;(±AwG'[, R ! k �I29Y^cGz>²G³^=� 2]+9H^U9, R U9�]�9¤^¥ RG-¦T�]�G3^wG'�)\*>;
2. ´Tµ>�T1A�G�[4I*[�G�

2.1. depth ¶�·G¸>¹ . G 29"�$I! wild 3 k�l ,[ºG�G1�2��G��UGpA+(qIr�»&_
F�'�)I3()I;#L�FI@>h9, RG 2 depth �9�G)�'>UGvG3AC-sGtI!�¼Iq�@9)A'9,½�
2�¨T¾AU9¿^ÀGz]@ J *G;
Theorem 2.1 ([Fog2]). n U p @½BmC�E^F\*]+^%�, P ∈ Spec (R) 7 Z 2½d�>ÁTÂ>ÃIÄ[Å +�4I*^;G`^2I+[H9,^�I2[cI![¥DC�ÆG�];

depth (RG) ≤ dim(R/p) + 2

|A�W, Z = {m},^�Io]C RG ↪→ R !�dTÇ ÂTÃAÄWÅ @G2[ÈG6^ ^4I* kGl , RG

2 depth U 2 �T3>*T;
Proof. o�É Z = {m} 2 kGl �(ÊG4T; Y := Spec (RG), X ′ := Spec (R)\{m},
Y ′ := Spec (RG) \ {mG} +�¢D£#;^`G2]+WH�, Y ′ = X ′/G. `G`^@W, �T�AËTÌÍAÎTÏ�Ð 2[ÑGÒ^ÓGÔ^Õ 7 +9*^;
· · · → H1(Y,OY )→ H1(Y ′,OY ′)→ H2

mG(RG)→ H2(Y,OY )→ · · ·

Y U Ä^Ö^×GØ 3G2^@W, H1(Y,OY ) = H2(Y,OY ) = 0 ;�±\w>'W, H2
mG (RG) ∼=

H1(Y ′,OY ′). H1(Y ′,OY ′) 6= 0 7 ÊG4Ù;W§>¨\S]CÚ,���Û]3[Ü π : X ′ → Y ′ U
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.>6T A3G2^@9,�� � Ð Å .

Sheaves/X′ Γ
X′

−−−→ Ab

π∗

x









y
(−)G

Sheaves/Y ′ Γ
Y ′

−−−→ Ab

�A2������[cIS]CÚ,^�\2>SmMO3
	����� Å ÔTÕ 7 »A*T;
Ep,q

2 = Hp(G,Hq(X ′,OX′))⇒ Ep+q = Hp+q(Y ′,OY ′) ;
E1,0

2 = H1(G,R), E1 = H1(Y ′,OY ′) S\C , H1(G,R) 6= 0 7 Ê������>6\; G
U�i\j��I3^2G@[,
H1(G,R) = {x ∈ R | Tr (x) = 0}/Im (g − 1) (Tr := 1 + g + · · · + gn−1) ;

n U p @9B�C�E^FI*^2^@9, Tr (1) = 0 ;[´
�>, g U k �g� � �W"^$D%['9)]*G2
@�, Im (g − 1) ⊂ m ;GS^wG' 1 /∈ Im (g − 1) ;W�>�\SAC , H1(G,R) 6= 0 ;
���#´ µ�2 k0l 7 Ê04 ; §�¨ÙSÙC , (RG)P G ↪→ RP G U(d Ç Â0ÃÙÄ Å @02#È�6

 04Ù* ; ht P G ≤ 2 2 k0l U#, depth (RG)P G ≤ dim(RG)P G ≤ 2 ; ht P G ≥ 2 2k0l U(, Serre 2�{���«���¨���� S�C , depthRP G ≥ 2 ; Z = {m} 2 k0l 2 ��!
SÙCP, depth (RG)P G ≤ 2 ;Ú±^wW' , P G 2 º&u#�����Ù_-É , depth (RG)P G ≤ 2 ;
S>wT'�,

depthRG ≤ depth (RG)P G + dim(RG/PG) ≤ 2 + dim(R/P) ;

Example ([Be]). S := k[X1,X2,X3,X4](k U[?G= 2 2 � ), G U








1 1 0 0
0 1 1 0
0 0 1 1
0 0 0 1









@[¤^¥ u�F *[<^= 4 2½i\j½��+ 4]*\+ , SG U Cohen-Macaulay
� @ U^3W)

� Galois
Ã�"�Ø �-S�C , UFD @ U J *0;$# %�£(U [Fos] , [SGA2]� ;&%�'�, M :=

(X1,X2,X3,X4) , R := SM +�¢D£G+O, RG ↪→ R U (X1,X2,X3) @[6G G4A*
2>@W, depth (RG) ≤ 3 ;
2.2. (�)�* . `>2�+,
-,. Ø @TU�, R 7 Ò
/>Zm%�' 8]: *^;9�]oIC

R = k[[X1,X2, . . . ,Xn]]

+O4\*>;
g(X1) = a11X1 + · · ·+ a1nXn + h1(X1, . . . ,Xn),
g(X2) = a21X1 + · · ·+ a2nXn + h2(X1, . . . ,Xn),

...

g(Xn) = an1X1 + · · · + annXn + hn(X1, . . . ,Xn)

+O¢m£�;�0g%�,
aij ∈ k (i = 1, . . . , n j = 1, . . . , n) , hi ∈ (X1, . . . ,Xn)2 (i = 1, . . . , n) ;
g U k- �21^¬Wy]3^2G@[, ḡ := (aij) h R 2 k- �21T¬�y\�^3^*T; ḡ 7 g 29X

Y>5T6g+�324I; g = ḡ 2I+[H9, g 2W">$\U�XTYA@ J *\+OK M ;
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Lemma 2.2. n U p @WBgC�EGFA39)D+O4I*G;�`>2I+9H�,����G���G? 7�� C �: *T`A+9�^SGw^' G 2["G$ 7 X^YGZ^4I*^`I+[!G@^HG*^;

Proof. X̃i :=
1

n

∑

σ∈G

σ̄−1σ(Xi) (i = 1, . . . , n) +��G? 7	� C � : F��GS[)I;

`�F\��
D%['9, wild 39"^$IU[XGY^ZI@^HG*]+9U^�I_[39)];
Lemma 2.3. n U p @9BDC-E>FI*�+G%O, Z = {m} +-§>¨G4�*G;[`>2I+(H9,]r
2>SmMO�	�^? 7�� C � : 'Gh[, G 2["G$]U9X^YGZ]@GH^39)];
Proof. n ! p @(BDCOEGFI*>`I+9vA_�,0<�= p 2 G 2(1 σ !I+-FA*G; G 29"G$
!(X>YGZI@>H�aI+�4A*I+�, u�_9���G? 7�� C � : ' Jordan ?��GY��	>4I`I+
�>S\C , σ 2�"T$AUW�A2TSgM����
�A*W,

g(X1) = X1 ,
g(X2) = X2 + e1X1 ,

...

g(Xn) = Xn + en−1Xn−1 ;
0g%�, ei ∈ {0, 1} (i = 1, . . . , n− 1) ;T`^2I+[H9, R〈σ〉 ↪→ R U

(e1X1, . . . , en−1Xn−1)

@�6T g%9'[)I*^!9,]`9F]U9d^Ç Â^ÃIÄ[Å �^UG3]C�»]39)];GS^wG'����];

%�v\%O,�� 5^6Gz^XGY^Z��]U9V]�����I*^;
Proposition 2.4 ([Pe1]). p = n +�4]*G;^`T2A+WH[,����G���^? 7�� C � :
*>`\+��GS^wT'�, g 2["G$]U

g(Xi) = Xi + fi(X1, . . . ,Xn),
g(Xi+1) = Xi+1 + Xi ,

...

g(Xi+j) = Xi+j + Xi+j−1

2�YI2�� Î�� T2��I@	���I*G;W`T2A+9H9, ����� Î�� T2�ÇIHIuO� := j + 1 ≤ p
@[,�� �]!½¥^Æ 4\*^3 _2�½, fi = 0 +½3^*^; Z = {m} 3 _��½, j + 1 < p,
fi 6= 0 ;
Proof. X^YG5>6 7 Jordan ?��^YI�	>4I`I+��GS�wG'[, g U9�G�]29YA2�� Î��
>v\_�3G*]+G%['�![)I;

g(Xi) = Xi + hi(X1, . . . ,Xn),
g(Xi+1) = Xi+1 + Xi + hi+1(X1, . . . ,Xn),

...

g(Xi+j) = Xi+j + Xi+j−1 + hi+j(X1, . . . ,Xn) ;
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`>`T@�,
X̃i+j : = Xi+j ,

X̃i+j−1 : = (g − 1)Xi+j = Xi+j−1 + hi+j ,
...

X̃i : = (g − 1)jXi+j = Xi + hi+1 + · · · + (g − 1)j−1hi+j

+ �T? 7	� C � : ,
fi := (g − 1)X̃i = hi + · · · + (g − 1)jhi+j

+�¢ � �½, proposition 2���� 2���� 7 » * ; (ḡ − 1)p = ḡp − 1 = 0 S]C ,
j + 1 ≤ p h[±NMP;[LD%[' j + 1 = p 3A_���,

fi = (g − 1)X̃i = (g − 1)pXi+j = 0 ;

3. 2 �>1\�>�W4A*W�>�
§2.1 @ ¯ a^SmM��[, 3 �T1^�^�\@^U RG ! Cohen-Macaulay

� �T3^*^`\+
U
	\@ J *^;^oGa[?T= 0 2 k^l +��TR^,^|G}^~ �>� 2���\!
�\v^b]_�F]'W)
3�)\3]r�,^{^?G=]2Wº^�G1^�^=����\�[�^)I'^UTo��Go������]! � /�u�FA'W)
3()A; `�2>SDM�3�¾��G�>SGw�'(, 3 �>1G���I@>U RG 2�«��I�(�>)I'GU>pI+9q
r��\h�6Iv^wT'�)I3[)I;[±Iw^'9,^�G�]@GU R 29�^1IU 2 +�4]*G;
3.1. �������� . ?G=A! 2, 3 2 kGl U Artin, Peskin ! RG 2[�G� 7��I� %
'�)\*>;
Theorem 3.1 ([Ar1]). R = k[[U,V ]] +^%�, p = n = 2 +�4I*^; Z = {m} 3
_��W,

RG ∼= k[[x, y, z]]/(z2 + abz + a2y + b2x) ;
0g%�, a, b ∈ k[[x, y]] U
!G)]� Á +�4I*>;GoGa�"I�>`T2�YI2 � U9,>ÓI'[�I2GS
MO3W�>"G$]�GS^*9.^/Gc � +^%9'2%�#]@GH^*G;
Example. Theorem 3.1 2[cI� a = yi, b = x 7 ��$G4]*I+�,

(i = 1) z2 + xyz + y3 + x3 = 0 D4 y (cf. [Ar2])
(i = 2) z2 + xy2z + y5 + x3 = 0 E8 y (cf. [Ar2])
(i ≥ 3) �^¾G|^}G~]@GU^39) (cf. [L]) ;

Definition.
� �T�

(S,n, K) �½�]�½� H ! K � � � �½"^$�%½'W) *]+^% ,
ε : H → GLK(n/n2) 7 ? � z 3�%�& + 4 *T;^`^2 +½H h ∈ H ! pseudo-
reflection +9U[, rank (ε(h)− 1) = 1 +�¨�'^4I*^;
Theorem 3.2 ([Pe1]). R = k[[U,V ]] +G%�, p = n = 3 +�4I*^; g ! pseudo-
reflection @Gv[� Z = {m} 3I_2�9,

RG ∼= k[[x, y, z]]/(z3 + y2jz2 − y3j+1 − x2) (j > 0) ;
o>a("]�G`^2[Y\2 � U[,^ÓI'[�\2>SmM�3[�G"^$\�^SG*[.^/Tc � +^%['�%�#\@
H>*T;
Remark. Theorem 3.2 �W¢>)\'�,

(1) g ! pseudo-reflection @ J *Ù` + U½, � �Ù� � ? 7 � C � : ' ḡ =
(

1 1
0 1

)

+9@^HG*^`I+>+W¬� � cf. Proposition 2.4� .
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(2) (j = 1) z3 + y4z2 − y4 − x2 = 0 E6 y (cf. [Ar2])
(j > 1) �G¾^|G}^~I@^UG3[) (cf. [L]) ;

`>2TS�M��9?^= 0 2 kTl +WU[}]3\CP,^iIj��T|^}^~IU��TÉ�%[hW�^¾G|^}^~\�
U�3A_93()D%O,½��¾����G~��G3>* k�l h An y&+9U�}I3�*9|>}G~�! #>FI*�; �
2�+��-�. Ø @^U9,^)G� RG ![�G¾^|G}^~I�^3G*^v 8A: *>;
3.2. ¸�·���	 ������¶�
��� . `�`G@�U9,W��2 Boutot 2�¨G¾�29{>?�=���2��
� 7W8A: *^;
Theorem 3.3 ([Bo]). K 7 ?^= 0 2 � +^%�, S 7 K �^À��>zT�]�[¤G¥]3 �
+O4\*>;\u>_W�[�I�[� H ! K- � � � S �["G$�%['9)]*\+O4\*^;G`^2I+[H S
!��T¾>|G}^~I3]_��[, SH hW�>¾T|>}T~A�T3>*T;
�]29¨^¾IU Boutot 29¨^¾I2[´��]2���� 7��\: 'W)A*T;

Theorem 3.4 ([DK], [Pe2]). (R,m, k) U 2 �T1 2 Noether
� �^� �[� � +

%�, n = pν +�4\*^;]uT_[� Z = {m} @W, dimk RG/Im Tr = 1 + §^¨T4]*^;
`>2\+�H R ![�G¾^|G}^~I3]_��[, RG hW�>¾T|>}T~A�T3>*T;
Proof. SpecRG 2 |�}0~ �0��7 Y +�% , Y 2 Q(R) @�2({��0Z 7 X +-¢ £ ;O`
2�+(H Stein 6 � S�C ,#�I2��(c 7 �����(4�*�S&M-3����¾�Ü φ : X → SpecR
!
��>4I*^;

SpecR
φ

←−−− X




y





y

π

SpecRG ←−−− Y

`>2��^�G¾GÜ]�GS�w^' X �Th G !W">$m%O, Y = X/G +93>*T;�`^`G@�,G�I2
2 �A2T���\2�Õ 7�8\: *T;

G-Sheaves/X → Ab→ Ab F 7→ Γ(X,F) 7→ Γ(X,F)G ;
G-Sheaves/X → Sheaves/Y →Ab F 7→ πG

∗ F 7→ Γ(Y, πG
∗ F) ;

`>2 2 �A2WÕAS\C ,T�]2 2 �]2�	2�� � Å ÔGÕ 7 »]*G;
IEp,q

2 = Hp(G,Hq(X,OX))⇒ Hp+q ;
IIEp,q

2 = Hp(Y,Hq(G,OX ))⇒ Hp+q ;
0g% Y �\2�� Hq(G,OX) 7 , Y 2��9¡ l U � 
g%�,

Hq(G,OX)(U) = Hq(G,OX |π−1(U))

+-¨ '>4�*G; R U(�G¾�|�}G~�3>2�@(, H1(X,OX ) = O ; ± w0'(, Hp(G,R) =
IEp,0

2
∼= Hp ; `�F\SAC ,^�I2[ÒGÓ^Õ 7 »I*^;

0→ H1(Y,OY )→ H1(G,R)→ H0(Y,H1(G,OX))→ H2(Y,OY )→ · · ·

�]2���� S CÚ, H1(G,R) → H0(Y,H1(G,OX)) !�� Ü\@ J * ` + 7 Ê ���
!�)\;
Lemma 3.5 ([DK]). RG ↪→ R !�dTÇ ÂTÃAÄWÅ @G2[ÈG6^ D%['9)]*G3]_��[,

H1(G,R) ∼= H2(G,R) = RG/Im Tr ;

5



F 7 π : X → Y 296^ G¡ l +G%�, F 2 ÂGÃIÄ�Å � 7 I(F ) +�¢g£ ;�`^2I+9H�,
g : π∗OX → π∗OX +OÈ\3[4�+�, Im (g − 1) ⊂ I(F ) ; π U�� � Ð Å @^3[)\2
@�, F 6= 0 ;W±AwT'�, k * Im (g − 1) ;GS^w^'9,

k ↪→ Ker (Tr )/Im (g − 1) = H1(G,OX) ;
±AwT'�,

H1(G,R) ∼= k ↪→ H0(Y,H1(G,OX )) ;

3.3. ¸G·��������]¶�
���� . `T`>@TU�,T�A2 Serre 2W¨>¾\2���� 7W8A: *>;
Theorem 3.6 ([Se]). (S,K) 7 {�� � �^� + %�, � �^� K 2½?^= 7 p + ¢
£�; S �^UW<^= n 2[�]�W� H ! K- � � �["T$�%['W)]'[, n ! p @½BmC�E^F
3�)D+�4]*G;0`^2I+9H�, H ! pseudo-reflection @W¤>¥Du�FA'9)]*G3I_��9, SG

U�{��A;
Theorem 3.2 S]CÚ, n ! p @WBgC�E>FI3[)D+�)NM&��� 7�� 4g+����I! J *^;

LA`T@�,G�]2
	�%I�����4I*^;
Proposition 3.7 ([Av]). n ! p @9B C-E FÙ3#) 3Ù_ �#, g ! pseudo-reflection
@ J *>`I+^+�, {g(x)− x|x ∈ R}R ! R 2 ��� Â>Ã\Ä�Å @ J *>`\+�UT¬�\;
`9FAS�C ,0��2 Conjecture U Serre 29¨>¾�2 wild 39"G$A2 kGl �A2���ÛI3

���m+OK : *G;
Conjecture 3.8 (-). R U 2 �T1]2[{�� �^�^� +�4]* ; {g(x) − x|x ∈ R}R

! R 2���� Â^ÃIÄ[Å @^v9� g ! pseudo-reflection 3I_2�9, RG U9{��Iv��
Remark. (1) p = n = 2, 3 2I+[HGU[{D%�) (cf. [Pe1]) ;

(2) {g(x)−x|x ∈ R}R ! R 2��� Â�ÃAÄ9Å +-) M&����vA_�, RG U9��¾G|
}G~]@GU J *^;9�^�I�[LI2�� �^7 Q^RI*^;
X , Y 7 Theorem 3.4 2�� � +�¬��A�W¨�'T4A*T;

SpecR ←−−− X




y





y

π

SpecRG ←−−− Y

G U X �["G$�%�, Y = X/G +[3G*^;G`^2I+[H9,^�I2^SmMO3 OY -¦G�
29Ò^ÓGÕ]!9»�_�F]*G;

0→ OY → π∗OX → Im (g − 1)→ 0ËGÌ ÍIÎ^Ï9Ð 29Ñ^ÒGÓ^Õ 7 +9*]+�,
· · · → R = H0(X,OX )→ H0(Y, Im (g − 1))

→ H1(Y,OY )→ H1(X,OX )→ · · · .

R U({���3>2G@(, H1(X,OX ) = 0 ;�±�w0'(, g−1 : R→ H0(Y, Im (g−
1)) !9Ó�Ü 7 Ê�4Ù;(h�%(h(Ó�Ü�@G3 � F �(, H1(Y,OY ) 2�5�6�¦�� M 6=

0 !(��m%�'W,>�\2>SmMO3 RG-¦G�]29Ò^ÓGÕ]! J *G;
0→ {g(x)− x|x ∈ R}R→ H0(Y, Im (g − 1))→M → 0

H1(Y,OY ) U(Ñ&uP����3�2�@(, depth M = 0 ; H0(Y, Im (g−1)) U R 2
5�6G¦G��3>2G@(,����OFI!�39)�;�± w�'(, depthH0(Y, Im (g−1)) ≥ 1 ;
+ `���! {g(x)−x|x ∈ R}R U�����3 2�@(, depth {g(x)−x|x ∈ R}R =
2 ;T`�F\U�� �A;W±AwT'�, g − 1 : R→ H0(Y, Im (g − 1)) U[ÓGÜ];
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