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1 Introduction.

1.1 Problem:

We consider

H : Schrödinger operator with variable coefficients,

H0 = −1

2
△ : Free Schrödinger operator.

We are interested in the following problems:

Q1 : W (t) = eitH0e−itH is a Fourier integral operator (FIO)?

If so, we have a representation:

e−itH = e−itH0W (t) with W (t) an FIO.

(Not obvious even if H = H0 + V (x)).

Q2 : W± = s-lim
t→±∞

eitHe−itH0 is an FIO?

Answer: Yes (under certain assumptions).

*This note is an edited version of the slides used in the seminar talk given by Nakamura.
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1.2 Model:

The equation is

i
∂

∂t
ψ(t, x) = Hψ(t, x), t ∈ R, x ∈ Rn

with ψ(0, x) = ψ0(x) ∈ L2(Rn). The Hamiltonian is

H = −1

2

n∑
j,k=1

∂

∂xj

ajk(x)
∂

∂xk

+ V (x),

where ajk, V ∈ C∞(Rn; R), (ajk(x))j,k > 0 (∀x).

Assumption (A):

|∂α
x (ajk(x) − δjk)| ≤ Cα〈x〉−µ−|α|, |∂α

x V (x)| ≤ Cα〈x〉2−µ−|α|

for any α ∈ Zn
+ with some µ > 1 (short range).

1.3 Classical flow:

The classical hamiltonians are:

k(x, ξ) =
1

2

n∑
j,k=1

ajk(x)ξjξk, p(x, ξ) = k(x, ξ) + V (x).

Hamilton vector fields on T ∗Rn are

Hk =
n∑

j=1

[
∂k

∂ξj

∂

∂xj

− ∂k

∂xj

∂

∂ξj

]
, Hp =

n∑
j=1

[
∂p

∂ξj

∂

∂xj

− ∂p

∂xj

∂

∂ξj

]
and their Hamilton flows are denoted by exp(tHk) and exp(tHp). We write:

(y(t, x, ξ), η(t, x, ξ)) = exp(tHk)(x, ξ), t ∈ R, (x, ξ) ∈ T ∗Rn.

1.4 Nontrapping condition:

Our main geometrical assumption is the global nontrapping condition:

Assumption B: For any (x, ξ) ∈ T ∗Rn, ξ ̸= 0, |y(t, x, ξ)| → ∞ as t → ±∞.
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1.5 Classical scattering:

Under Assumptions A and B,

z± = lim
t→±∞

(y(t, x) − tη(t, x, ξ)), ξ± = lim
t→±∞

η(t, x, ξ)

exist. Moreover,

|y(t, x, ξ) − (z± + tξ±)| → 0 as t → ±∞.

We write:

(z±, ξ±) = w±(x, ξ) = lim
t→±∞

exp(−tHp0) ◦ exp(tHk),

where p0 = 1
2
|ξ|2. Note w± is homogeneous in ξ:

w±(x, λξ) = (z±(x, ξ), λξ±(x, ξ)).

since k(x, ξ) is homogeneous in ξ (scaling property).

1.6 Main result:

Theorem 1: Suppose Assumptions A and B with µ = 2. Then for t ∈ R±,

W (t) = eitH0e−itH

are FIOs associated to w±.

1.7 Application to the propagation of singularities:

We note

e−itH = e−itH0W (t)

and

WF(W (t)u) = w±(WF(u))

where WF(·) denotes the wave front set. This implies

WF(e−itH0u) = WF(W (−t)e−itHu) = w∓(WF(e−itHu))

and hence

WF(e−itHu) = w−1
∓ (WF(e−itH0u)).
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1.8 Wave operators:

In order to study wave operators, we need to assume stronger assumption on V :

Assumption (C):

|∂α
x (ajk(x) − δjk)| ≤ Cα〈x〉−µ−|α|, |∂α

x V (x)| ≤ Cα〈x〉−µ−|α|

for any α ∈ Zn
+ with some µ > 1 (ajk and V are both short range).

Theorem 2. Suppose Assumption B and C. Then

W± = s-lim
t→±∞

eitHe−itH0

exist and are FIOs associated to w−1
± .

2 Beals-type characterization of FIOs.

2.1 Standard definition of FIOs:

We first recall the definition of FIOs (following Hörmander).

Definition: (Besov space: Bσ,∞
2 (Rm)) Let σ ∈ R. For u ∈ S′(Rm), û ∈ L2

loc(Rm), we set

∥u∥Bσ,∞
2

=

(∫
|ξ|≤1

|û(ξ)|2dξ

)1/2

+ sup
j≥0

(∫
2j≤|ξ|≤2j+1

∣∣2σjû(ξ)
∣∣2dξ

)1/2

and define

Bσ,∞
2 (Rm) =

{
u ∈ S′(Rm)

∣∣ ∥u∥Bσ,∞
2

< ∞
}
.

Definition: (Lagrangian submanifolds) Λ ⊂ T ∗Rm\0 is called a Lagrangian submanifold,

if Λ is an m-dimensional C∞-submanifold in Rm, and is conic, i.e.,

(x, ξ) ∈ Λ ⇒ (x, λξ) ∈ Λ (λ > 0).

Moreover the pull-back of ω0 = dx ∧ dξ to Λ vanishes, i.e., i∗ω0 = 0.

Definition: (Lagrangian distribution) Let Λ ⊂ T ∗Rm \0 be a conic Lagrangian submani-

fold, and let u ∈ S′(Rm), σ ∈ R. u is called a Lagrangian distribution of order σ associated

to Λ, or equivalently, u ∈ Iσ(Rm, Λ), if for any p1, p2, . . . , pN ∈ S1 such that the principal

symbol of pj vanishes on Λ,

p1(x, Dx)p2(x,Dx) · · · pN(x,Dx)u ∈ B
−σ−m/4,∞
2,loc (Rm).
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(Sm is the classical symbol class.)

Remark: If u ∈ Iσ(Rm, Λ), then there exist N ≤ m, Ψ(x, θ) which is homogeneous in θ

and a(x, θ) ∈ S
σ+m/4−N/2
1,0 (Rm × RN) such that

u(x) = (2π)−m/4−N/2

∫
RN

eiΨ(x,θ)a(x, θ)dθ

where Ψ(x, θ) is related to Λ by

Λ =
{
(x, ∂xΨ(x, θ)) ∈ T ∗Rm

∣∣ ∂θΨ(x, θ) = 0
}
.

(Typically N = m/2, and hence a ∈ Sσ
1,0(Rm).)

Definition: (Fourier integral operator) Let U : S(Rn) → S′(Rn) and let u be its distri-

bution kernel. Let S : T ∗Rn → T ∗Rn be a canonical transform which is homogeneous of

order 1 in ξ. Let

ΛS = {(y, x, η,−ξ) | (y, η) = S(x, ξ)} ⊂ T ∗R2n.

U is called a Fourier integral operators of order σ ∈ R associated to S if u ∈ Iσ(ΛS, R2n).

2.2 Beals-type characterization:

Let S : T ∗Rn → T ∗Rn be a homogeneous canonical diffeomorphism, and let ΛS as

above. Suppose a ∈ S1
1,0(Rn) is supported in compact set in x, and supported away from

{ξ = 0}. For such a, we set

AdS(a)U = (a ◦ S−1)(x,Dx) U − Ua(x,Dx)

Theorem 3. Let S and AdS be as above. Let U ∈ L(L2
cpt(Rn), L2

loc(Rn)). U is an FIO of

order 0 associated to S if and only if for any a1, a2, . . . , aN ∈ S1(Rn) satisfying the above

condition,

AdS(a1)AdS(a2) · · ·AdS(aN)U ∈ L(L2
cpt(Rn), L2

loc(Rn)).

Remark: If S = Id, then AdS(a)U = [a(x,Dx), U ] and the above result is (a variation

of) the Beals characterization of pseudodifferential operators.

The following simple consequence of Theorem 3 is useful in applications.

Corollary 4. Let S and U as in Theorem 3. If U is invertible, and for any a ∈ S1(Rn)

there is b ∈ S0
1,0(Rn) such that

Ua(x,Dx)U
−1 = (a ◦ S−1)(x,Dx) + b(x,Dx),

then U is an FIO associated to S.

Remark: This result may be considered as a converse of the Egorov theorem.
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3 Proof of Theorem 1.

Now we know that it is sufficient to show the Egorov theorem. It was essentially done

in [N1] in semiclassical setting. We recall the result in the form we need here.

We use the notation: The Weyl quantization of a symbol a is

aW(x,Dx)ψ(x) = (2π)−n

∫∫
ei(x−y)·ξa(x+y

2
, ξ)ψ(y)dydξ

for ψ ∈ S(Rn).

We consider the evolution

∂

∂t
W (t)ψ = −ieitH0(H − H0)e

−itHψ

= −ieitH0(H − H0)e
−itH0W (t)ψ = −iL(t)W (t)ψ.

We note eitH0aW(x,Dx)e
−itH0 = aW(x − tDx, Dx) and hence,

L(t) = −1

2

n∑
j,k=1

∂

∂xj

(aW
jk(x − tDx) − δjk)

∂

∂xk

+ V (x − tDx).

In particular, if we set

ℓ(t, x, ξ) =
1

2

n∑
j,k=1

(ajk(x − tξ) − δjk)ξjξk + V (x − tξ),

then L(t) − ℓW(t, x,Dx) ∈ OPS0
1,0(Rn). Note ℓ(t, x, ξ) generates the evolution

w(t) = exp(−tHp0) ◦ exp(tHp).

For a ∈ S1(Rn), we set

A(t) = W (t)aW(x,Dx)W (t)−1.

A(t) satisfies the Heisenberg equation

∂

∂t
A(t) = −i[L(t), A(t)], A(0) = aW(x,Dx).

Then it is natural to expect

A(t) ∼ aW
0 (t, x,Dx),

where a0(t, x, ξ) = (a ◦ w(t)−1)(x, ξ). In fact, we can construct an asymptotic solution:

a(t, x, ξ) ∼
∞∑

j=0

aj(t, x, ξ), aj(t, ·, ·) ∈ S1−j
1,0 (Rn)
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solving transport equations along w(t), so that

∂

∂t
Ã(t) + i[L(t), Ã(t)] ∈ OPS−∞(Rn),

where Ã(t) = aW(t, x,Dx) and Ã(0) = aW(x,Dx). Hence A(t) − Ã(t) ∈ OPS−∞, and in

particular

A(t) − (a ◦ w(t)−1)W(x,Dx) ∈ OPS0
1,0(Rn).

For ±t > 0, we have

w(t, x, ξ) − w±(x, ξ) = O(|ξ|1−µ) as |ξ| → ∞

by scattering relations. This implies

a ◦ w(t)−1 − a ◦ w−1
± ∈ S2−µ

1,0 (Rn).

So far, we need only µ > 1. If µ = 2, then

A(t) − (a ◦ w−1
± )(x,Dx) ∈ OPS0

1,0(Rn)

and the condition of Corollary 4 follows from this with U = W (t), S = w± where ±t >

0.

4 The case µ ∈ (1, 2).

In the proof of Theorem 1, we used the assumption only at the last step. So it is natural

to expect:

Theorem 5. Suppose Assumption A with µ ∈ (1, 2) and Assumption B. Then W (t) is

an FIO associated to w(t).

The problem is that w(t) is canonical, but is not homogeneous in ξ. So usual definition

of FIOs does not apply. However, w(t) is asymptotically homogeneous in the following

sense: w± is homogeneous in ξ and

|∂α
x ∂β

ξ (w(t, x, ξ) − w±(x, ξ))| ≤ Cαβ〈ξ〉−ν−|β|

for any α, β ∈ Zn
+, with some ν = µ − 1 > 0

We can define asymptotically conic manifolds, and if S is asymptotically homogeneous

in the above sense, then we can show

ΛS = {(y, x, η,−ξ) | (y, η) = S(x, ξ)} ∈ T ∗R2n

is an asymptotically conic Lagrangian manifold. We can define
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• Lagrangian distribution associated to an asymptotically conic manifold;

• Fourier integral operators associated to an asymptotically homogeneous canonical

transform.

(We omit the precise definitions here. )

Theorem 5 makes sense using above definitions.

5 Other Remarks.

1. Theorem 2 does not require µ = 2 to show W± are FIOs associated to w−1
± . This

is because (at least formally) W ∗
± is associated to w± = lim

t→±∞
w(t), and it is already

homogeneous in ξ. Instead, we need precise time-dependence of estimates. Also, we

cannot use Corollary 4 directly because W± is not invertible.

2. We believe the results can be extended to Schrödinger equations with “long-range”

perturbations. (cf. [N2])

3. We also believe the results can be extended to Schrödinger equations on “scattering

manifolds”. (cf. [IN1])
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