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1. Introduction.

Problem:
H . Schrodinger operator with variable coefficients,
Hy = —%A . Free Schrodinger operator.

Q1l: W(t) = eitHoe=tH 5 3 Fourier integral operator (FIO)?
If so, we have a representation:

e tH — c—itHoyy () with W (t) an FIO.
(Not obvious even if H = Hg+ V(x)).

Q2: Wi = s-lim eHe7Ho j5 an FIO?

t— 100

Answer: Yes (under certain assumptions).



Model: The equation is
0
iaw(t,w) = Hy(t,z), tcR,zcR"

with ¢(0,z) = ¥g(x) € L2(R™). The Hamiltonian is

-5 Z —a k(fL’)— + V(z),

]k 1
where a;, V € COO(R”’; R), (ajr(z))jr > 0 (V).

Assumption (A):
0% (a (@) — 6;3)| < Calz) M1 100V ()| < Cofa)?H~ 1o

for any a € ZT} with some p > 1 (short range).



Classical flow: The classical hamiltonians are:

KO = > ap@tn p(.6) =k, + V().

j k=1

Hamilton vector fields on T*R"™ are
n ok & Ok O n[9p & Ip O
H’“:Zaa_aa]’ =2 3¢50 " oz,
=108 0z  O0x;0§; =108 0z O0x;0§;

and their Hamilton flows are denoted by exp(tH;) and exp(tHp). We
write:

(y(ta$7§)an(tax7€)) — exD(tHk)($7€>7 t € Ra (5876) S T*R"™.



Assumption B: For any (z,§) € T*R"™, & # 0, |y(t,x,§)| — oo as
t — +oo.

Classical scattering: Under Assumptions A and B,
z+ = lim (y(t,z) —tn(t,z,£)), &+ = lim n(t, z,§)
t—+oo t—+oo
exist. Moreover,

ly(t,x, &) — (24 +té£)| — 0 as t — +oo.
We write:

(24, &x) = wi(z,§) = 1im exp(—tHp,) o exp(tHy),
where pg = %|£|2. Note w4 is homogeneous in &:

w4 (x, ) = (z+(x,8), M+ (x,§)).

since k(x,£) is homogeneous in £ (scaling property).



Theorem 1: Suppose Assumptions A and B with © = 2. Then for
t € Ry,

W(t) = etHo—itH
are FIOs associated to w4+.
Application to the propagation of singularities: We note
e H — e—itHoyy (¢) and
WFEF(W (t)u) = wer(WF(u))
where WF(-) denotes the wave front set. This implies
WF (e "Hoy) = WF(W (—t)e™ ™ u) = we(WF (e ™ u))
and hence

WF (e ") = wt (WF (e "Hoy)).



Wave operators:

Assumption (C):

0% (ap(x) — 6j3)| < Calz) M1 190V ()| < Cofa)~H 1o

for any o € Z7 with some p > 1 (a;, @and V are both short range).

Theorem 2. Suppose Assumption B and C. Then

Wi = s-lim eitH~itHo

t—+o0

exist and are FIOs associated to wgl.
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2. Beals-type characterization of FIOs.
We first recall the definition of FIOs (following Hormander).

Definition: (Besov space: BJ(R™)) Let 0 € R. For u € 8/(R™),
u € Lloc(Rm), we set

o\ N V2
bilgge = ([, 13©Pde)  +sup( [ [eace) )

and define

B3®(R™) = {u c §/(R™) \ Jull g < oo}.



Definition: (Lagrangian submanifolds) A C T*R™\ 0 is called a
LLagrangian submanifold, if A\ is an m-dimensional C°°-submanifold in

R™ and is conic, i.e.,

(2, &) eN = (z,X6) e (A>0).
Moreover the pull-back of wg = dx A d§ to A vanishes, i.e., i*wg = 0.

Definition: (Lagrangian distribution) Let A C T*R™ \ 0 be a conic
Lagrangian submanifold, and let v € 8'(R™), ¢ € R. wu is called a
Lagrangian distribution of order o associated to A, or equivalently,
uw € I7°(R™,A), if for any p1,po,....px € St such that the principal
symbol of p; vanishes on A,

—o—m/4,
p1(z, Da)pa(@, D) - py (&, Da)u € By ™M (R™).

(S™ is the classical symbol class.)
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Remark: If u € I9(R™,A), then there4eX|st N < m, W(z,0) which is
homogeneous in @ and a(x,0) € Sg_’ng/ (Rm X RN) such that

u(x) = (27r)_m/4_N/2 /]RN eiw(mﬁ)a(wﬁ)dﬁ
where W(z,0) is related to A by

A= {(z,0:V(z,0)) € T*R™ \ gV (x,0) = 0}.
(Typically N =m/2, and hence a € S{ ,(R™).)

Definition: (Fourier integral operator) Let U : 8(R") — &' (R™) and
let u be its distribution kernel. Let S : T*R™ — T*R"™ be a canonical
transform which is homogeneous of order 1 in &. Let

NAs = {(y,z,n,—€) | (y,n) = S(x, &)} C T*R".
U is called a Fourier integral operators of order o € R associated to
S if u e I9(Ag,R2™).
11



Beals-type characterization: Let S : T*R" — T*R"™ be a homoge-
neous canonical diffeomorphism, and let Ag as above.

Suppose a &€ S% O(R”) IS supported in compact set in , and supported
away from {& - 0}. For such a, we set

Adg(a)U = (a0 S~ Y (x, Dy) U — Ua(z, Dz)
Theorem 3. Let S and Adg be as above. Let U € L(Lg,(R™), Lf, .(R™)).

loc
U is an FIO of order O associated to S if and only if for any ay,ao,...,ayN €

S1(R") satisfying the above condition,

Adg(a1)Adg(an) - - - Adg(an)U € L(LZ(R™), LE, (R™)).

Remark: If S = Id, then Adg(a)U = [a(x, Dgz), U] and the above result
is (a variation of) the Beals characterization of pseudodifferential

operators.
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T he following simple consequence of Theorem 3 is useful in applica-
tions.

Corollary 4. Let S and U as in Theorem 3. If U is invertible, and for
any a € ST(R") there is b € S ,(R™) such that

Ua(z, Dx)U L = (a0 S ™Y (z, Dz) + b(z, Dy),
then U is an FIO associated to S.

Remark: This result may be considered as a converse of the Egorov
theorem.
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3. Proof of Theorem 1.

Now we know that it is sufficient to show the Egorov theorem.

It was essentially done in [N1] in semiclassical setting.
We recall the result in the form we need here.

We use the notation: The Weyl quantization of a symbol a is
(@, De)i(a) = (2m) ™" [[ 0 Ca(BFY, )u(y)dyde
for ¢ € S(R™).
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We consider the evolution
O : .
o W (D9 = —ie™o(H — Ho)e "y
= —ie"o(H — Hy)e How (t)yp = —iL(H)W ().

We note e'fogW(z, Dy)e Ho = W(z — tD,, D;) and hence,
0

L(t)——— Z —(a (m—th;)— 'k)a——I-V(m—tDm).
7,k= 1 L

In particular, if we set

U(t,x,8) =

NG

(ajp(z —t§) — 6;5)8&k + V(z — t§),

1

N | —

.

J>
then L(t) —eW(t,z, D;) € OPSY o(R™).
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Note 4(t,xz,£) generates the evolution

w(t) = exp(—tHpy) o exp(tHyp).
For a € ST(R™), we set

At) = W)aV(x, D)W@) 1.
A(t) satisfies the Heisenberg equation

%A(t} — i[L(), A(D)],  A(0) = a(z, Dy).

Then it is natural to expect

A(t) ~ al(t,z,Dz), where ag(t,z, &) = (aow(t) 1) (x,&).
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In fact, we can construct an asymptotic solution:

@)

at,z,&) ~ > a;j(t,z,6), a;(t,-,") € 815 (R™)

j=0
solving transport equations along w(t), so that

%A(t} +i[L(t), A(t)] € OPS™°(R™),
where A(t) = aW(t, 2, D;) and A(0) = a"(z, D).

Hence A(t) — A(t) € OPS™°, and in particular

A®) — (aow(t) " HW(z, Dz) € OPSY o(R™).
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For =t > O, we have

w(t, z,€) —w(z, &) = O(J¢|17H)  as |¢] — oo
by scattering relations. This implies
aow(t)” 1—aow GSlo'u(Rn)

So far, we need only u > 1.
If u =2, then

A(t) — (aowi")(w,Dz) € OPSY o(R™)

and the condition of Corollary 4 follows from this with U = W (%),

S = w+ where £+t > 0.

18
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4. The case u <€ (1,2).

In the proof of Theorem 1, we used the assumption only at the last
step. So it is natural to expect:

Theorem 5. Suppose Assumption A with p € (1,2) and Assumption
B. Then W(t) is an FIO associated to w(t).

The problem is that w(t) is canonical, but is not homogeneous in &.
So usual definition of FIOs does not apply. However, w(t) is asymp-
totically homogeneous in the following sense: w4+ iS homogeneous in
¢ and

0207 (w(t, @, €) — w(z,€))] < Cople) 10!
for any o, 3 € Z", with some v =pu—1>0
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We can define asymptotically conic manifolds, and if S is asymptoti-
cally homogeneous in the above sense, then we can show

Ns = {(y,x,n,—€) | (y,n) = S(z,£)} € T*R"
IS an asymptotically conic Lagrangian manifold. We can define

e [ agrangian distribution associated to an asymptotically conic man-
ifold,

e Fourier integral operators associated to an asymptotically homo-
geneous canonical transform.

(We omit the precise definitions here. )

Theorem 5 makes sense using above definitions. [ ]
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5. Other Remarks.

1. Theorem 2 does not require u = 2 to show W4 are FIOs associated
to wil. This is because (at least formally) WX is associated to
wy = t_liiﬁoow(t), and it is already homogeneous in £.

Instead, we need precise time-dependence of estimates.

Also, we cannot use Corollary 4 directly because Wi is not invertible.

2. We believe the results can be extended to Schrodinger equations
with “long-range” perturbations. (cf. [N2])

3. We also believe the results can be extended to Schrodinger equa-
tions on “scattering manifolds”. (cf. [IN1])

21



