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0. Purpose of the talk:

2 key lemmas for the Anderson localization at the bottom of the
spectrum:

1. Lifshitz tail
2. Wegner estimate

+ Multiscale analysis (Frolich-Spencer, von Drefus-Klein, Germinet-
Klein, or textbooks by Stollmann, Kirsch), we have the localization.

We discuss the idea of proof of these estimates for the RDM (random
displacement model).



1. Technical differences from the ‘“standard’” Anderson model

(1) Non monotonous: The perturbation is not monotone with re-
spect to parameters.

(2) Non multiplicative: The perturbation is not linear in parameters.

(3) Multiple minima: The parameters on which the local operator
take minimal ground state energy are not unique.

— We first discuss how to address the points (1) and (2) using a
simpler one-parameter random operator model.

— Then we discuss how to address the point (3) using a recent result
by Klopp-N.
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2. A simple one-parameter random model:

Let I = [0, 1], and suppose
V>\ A€l — V>\ - Co(/\l(O))
is a C2-class function, where

Let {w;|i € Z%} be i.i.d.’s with values in I, and we consider

HY = -A4V¥ VY= > V,.( —1).

ieZd
Neumann decoupling: Let A be a cube, and we set
HYN = —A 4+ V¥ on L2(A)

with Neumann boundary conditions, i.e., Q(HX’N) = H1(N).



We also set , for i € Z4,

Hpy () = —A + Vil =) on LE(A1(3)).

It is well-known:

HY > P H/]\Vl(z)(wz) on L2(RY) 2 @@ L?(A1(4)).
icZd ieZd

For L >> 0 we write A, = Apr41(0).
We consider HX}JN on L2(A;), and we also have

N ~ .
HAN > @ H (@) on L2(Ap) 2 @ LP(A(3)
ieN, ieN,

where /\/L = /\QL—I-l(O) Vi3



We set

Assumption (S1):
Eg =¢(0) = TI? e(N), e(A) > Egfor A>0,
C
and €/(0) > 0.

Remark: (S1) implies H¥ > Eg, but not necessarily info(HY) = Ej.
If we assume V(0) is symmetric with respect to reflections, then it
holds.

Assumption (S2): The distribution of w(0) has a density g(A) which
is absolutely continuous on (0,1). Moreover, 0 € supp g.



Theorem S1:(Lifshitz tail) Let N(F) be the IDS (integrated density
of states) for H¥, then

log |log N(FE)| < - d

lim sup < .
E—FEy+0 |Og(E - EO) 2

Theorem S2:(Wegner estimate) Let o € (0,1). There exist § > 0O
and Cy > 0 such that

P(o(HZN) N #0) < CalJ|%|AL]

for any interval J C [Eg, Eg+6]. Moreover, N(FE) is Holder continuous
of order «.

Theorem S3:(Anderson localization) There is § > 0 such that HY
has pure point spectrum in [Eg, Eg + 6] almost surely, and the eigen-
functions decay exponentially.



3. Lifshitz tail for the simple model:
(cf. Klopp-N: Commun. Math. Phys. 2009)

Let h()\) = H/]&(O)(A). We note
h()\) = h(0) + AR (0) + O(X\?) (in operator norm)

for small A. We don't know if A/(0) > 0, but we can show:

Lemma S1:
1
h(\) — Eg > E(h(O) —FEog+ ), Xel

with some C' > 0 in the operator sense.



Proof: Since

h(X) > info(h(N)) = e(0) + Ae'(0) + O(X?) > Eg + co)
for small A\, we have

R(0) + AR/ (0) = h(X\) + O(N*) > Eg + c1X
for X\ € [0, \g] with some \g,c; > 0. Then we have

h(0) + AW/(0) ~ o = - (h(0) ~ Fo) + , (h(0) ~ o + 2)\K/(0))

>~ (h(0) ~ Fo) + 1)

= %(h(O) — Ep + 2c1A)

provided 2\ € [0, \g]. For A > X\g/2, it is easy to show the estimate
because h(A\) > e > 0 and h(0) — h(X) is uniformly bounded. L]
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Proof of Theorem S1: Lemma S1 implies

1
H? = Bo > D (Hp, (i) — Fo) = = @ (HA,(5(0) + w; — Eo)
icZd ieZd

Since HX(RY) C @,_,4 H(A1(4)), we have

1 ~
<¢7 (Hw o EO)¢> Z 5<¢7 (Hw o EO)¢>
for ¢ € HY(R?), where
j‘:’w = —-A —|— Z (Vo( — ’L) —I—wi . 1/\1(7;)).

iezd
HY“ is usual Anderson model with a periodic background potential, so
the Lifshitz tail is well-known for A¥ (Kirsch-Simon).
Since N(E) < N(Eg + C(E — Ep)) (where N(E) is the IDS for HY¥),
Theorem S1 follows immediately. [ ]
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4. Wegner estimate for the simple model.

We first note HX’LN is a C2-function of {w;|i € A} = 1D we
consider derivatives of the operator in w;'s.

Proposition S1: There are §1,0> > 0 such that
0 N

> (v (5 HAN )0 2 61191
Ow; "L

ieN, v

provided v € H1(A;) satisfies

(v, (HZN = Bo)w) < dallw]|.

(This implies, if the state ¢ has very small energy, then by pushing
all w;'s up, we can increase the total energy.)
12



Outline of Proof: (Similar to the argument used in Klopp-N-Nakano-
Nomura (Ann. IHP, 2003).) Let

P; : the eigenprojection to the ground state of H/Jyl(i)(wi),
P,=1-P (in L*(A1(0))),

B, = ;\rginf(a(H/]\Vl(o)(A) \ e(N\)) > Ej.

Lemma S2: If (v, (HX — Eg)¥) < 62/14]|2, then

_ 5o
S 1P| < 1912,

e\, b — ko

where 1); is the restriction of ¢ to A1(7).
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Lemma S3: Let d3 > 0. If (¢, (Ha"" — Eg)9) < 82[|9]|, then
02

> il < Sl

ieN]

where A} = {i € N} |e(w;) — Eg > 63}.
— Proof of these lemmmas is simple energy estimate.

— These lemmas imply, if ¥ has sufficiently small energy, then the
main part of Y (v, (aH;(’LN/awi)w comes from €/(w;)P; with w; very
close to 0. We have positivity of ¢'(w;) for such i's, and Proposition
follows by direst computations. [ ]
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Proof of Theorem S2: Use the argument of Hislop-Klopp (JFA
2002), based on ideas from Klopp (CMP 1995) and Combes-Hislop-
N (CMP 2001).

We need the differentiability of the density function since we use
integration by parts, and we cannot use the original Wegner's method
nor computation based on Stieltjes integral.
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5. Random displacement model:

(1) Wegner estimate: Essentially the same proof as the simple model
works (though more involved due to more parameters).

(2) Lifshitz tail: The energy minimum is attained at 2¢ coners.
—— Straightforward generalization does not work.
— We use a recent result by Klopp-N (Analysis and PDE).
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Reduction to a different model: Let

HR iy =0+ ) q(-—w)
ieZd

be our RDM, where g € C&° is supported in [-r,7]¢ with r € (0,1/4),

— For w; € G, we set w; € {idmax}d be the nearest corner of G.
(If there are several, we choose one arbitrarily. )

Lamma RD1: There is C > 0 such that

1 —
HY — Eg > E(H“’ — Ep) (in the operator sense).
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The proof of Lemma RD1 uses the same argument as Lemma S1.
In fact, we can show

1 - 1 -
ffﬂ“fﬁ)Eizﬁjqw‘—lﬂ)4‘VV>Eiz;(fpu—'ﬂb)

where
W= > |w—&l 1x )
icZ4
but we do not (cannot) take advantage of the positivity of W. Since
(as before) it follows:

N(E) < N(Eo + C(E — Ep))

where N(E) denotes the IDS for HY¥, the Lifshitz tail follows from
that for H%.

18



6. Lifshitz tail for generalized alloy type models:

Let Vi,...,Vy € Co(A1(0)), and let {w;|i € Z%} be i.i.d.’s with values
in {1,...,N}. (We suppose P(w(0) = j) >0 for j =1,...,N.) We
consider the random Schrodinger operator:

HY = =N+ > V(- — 1)
ieZd
on L2(R%). We write
HY = -A+V, on L?(A1(0))

with Neumann boundary condition. Let

En= min info(HM).
O k=1 N o(Hj;)

)
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Theorem GA1l: Suppose there is k such that ian(Hé\]) > Fg. Sup-
pose moreover that if ian(HéV) = FEg then Vi is symmetric with
respect to reflections. Then info(HY) = Eg almost surely, and

log | log( N (E 1
im sup g |log(N( )|<__.
E—Eq+0 l0g(E — Ep) 2

— Application to the RDM: (H%), we combine 2¢ connected cubes
together, and decompose R% = @ A>(2i + eg) (eg = (1/2,---,1/2)).
Then the minimum energy Eg is attained by 2d-symmetric configura-
tions, and the other ((24)2 — 29)_configurations have higher ground
state energies. Thus we can apply Theorem GA1l to obtain the Lif-
shitz tail (with the exponent 1/2) for H*, and hence that for H*. [
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Outline of proof of Theorem GA1l:

— We demopose Ay into (2L + 1)d_1 quasi-1D-strips (by Neumann
decoupling). We show the Lifshitz tail for each quasi-1D-strips.
(Hence 1D type bound.)

— The worst case (lowest ground state energy) is attained by putting
all Vi in the strip with the lowest ground state energy. Such probability
is exponentially small. (We don’t even need large deviation.)

— If there are at least one potential with higher ground state energy
in the strip, then the ground state energy is bounded from below
by Eg + cL™2. We use “ground state transform’”, “a variation of
Poincare’s inequality” , and “positivity of the Dirichlet-Neumann map”
to prove this.
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