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Idea: Construct a time-dependent scattering theory for Schrodinger
operators on manifolds with asymptotically conic structure using a

simple " free system’” and the old 2-space abstract scattering theory
(Kato, Birman, Kuroda, ...).



Model: Suppose M = M. U M~, wWhere M. is relatively compact,
Moo = (0,00) x OM, OM: a closed manifold. We consider a formally
self-adjoint operator on M such that P is expressed as

P = _%G_l(&ma@/r)G <ta1 a2> <87°789/7“) +V

a> a3z

on Ms. We consider P as an operator on H = LQ(M, Gdx), where
ar,V € C2(M) such that for £+ |a] < 2,

0L0g (a1 — 1) < Cr—11=t 1989 as| < COrH27t,

10505 (az — R)| < Cr=H3=t 18Lag V| < Cr—Ha=t,

Here G(r,0) = r"~1H(0) with H(8) : some density on M, h is a
positive 2-tensor on M. We suppose u1,pua > 1, po,u3z > 0, and we
call M a scattering manifold of short-range type if M is equipped with
such P and G.



Example: M =R", H= —-A+ V. In this case, we set 9M = S*»~1 §
is the metric on T*S"~1, a1 = 1, ap = 0, a3 = h, and V satisfies the
"short-range’” condition in the usual scattering theory.

If ap,az = 0 but up,u3z > 1, then the operator is also a short-range
perturbation of the flat Laplacian, i.e., the coefficients minus the flat
metric is O(|z|~H#2"\#3) as |z| — co. Our assumption above is weaker.

Remark: Our model is somewhat more general than the scattering
metric in the sense of Melrose. In this case, roughly, u1 = 2, uo =
uz = 1, V.= 0, and each coefficients have asymptotic expansions in

r_l as r — 0.



Spectral properties: (cf. e.g. Froese-Hislop-Perry 1989)
Theorem 0: (1) P is essentially self-adjoint on Cg°(M).
(2) oess(P) = [0,00) and o4(P) C (—o00,0] is bounded.

(3) opp(P) is discrete except for 0, gqc(P) = [0, c0),

(In fact, we need only u1, uo, u3, g > 0 for this result. )

Proof: Use the Weyl sequence, the Mourre estimate.



Scattering Theory (a very short introduction)

We consider a pair of self-adjoint operators H on a Hilbert space H
and Hp + on Hp 4. Let Jr : Hg 4 — H be bounded operators.

We are interested in the long time behavior of the solution to

0 : .
i W) = Hy(t), (0) =vo €3, e, p(t) =e"ap.
If e o+ js easy to describe, and if Jdp+ € Hp + such that
He_itHwo — Jie_itﬂoaig&iH — 0 ast — +oo,
these give a nice approximation of the long time behavior of ¥ (t).

This is equivalent to

o = lim et gemHox

t—+o0

P+t



We suppose
W(H, Hoy,9) = s-lim e™Jpe™ "0+ Poc(Ho 1),

exist, where P,.(A) is the spectral projection to the absolutely con-
tinuous subspace of A, and suppose

im e o

t— 400

SOH = [l¢l]  for ¢ € Ho +.

Wi (H, Ho’i,ﬂi) are called the wave operators and they are said to be
asymptotically complete if

Ran[Wﬂ:(H7 HO,:|:7 j)] — j_CC(I—I)a

where H.(H) is the continuous spectral subspace of H. The com-
pleteness implies the above approximation is valid for all ¥g € H.(H).
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Moreover, the asymptotic completeness implies

H on H.(H) is unitarily equivalent to Hg 4+ on Hac(Hp ).
In particular, osc(H) = 0.

If HO,:I: IS simple operators, and if the completeness holds, then the
spectral behavior of H is described nicely by Wi (H, Hg +,J+).

Example: H = Hg 1 = L2(R"), I =1, H=-A 4+ V(z), and

Hoy+ = =4, where V(z) = O(Jz|717¢) as |z| — oco. Then the wave
operators exists and the asymptotic completeness holds.

(Birman, Kato, Kuroda, Agmon, Enss, ...)



Classical mechanical scattering for M.

— For our operator H, the choice of Hp 4 IS not obvious. We may
take Ho = —3(92 + r—209yhdy) on L2(R4 x OM) (with some boundary
condition at » = 0), but this Hg is not very simple. —

In order to motivate our choice of the " free” system, we |look at the
classical mechanics generated by the corresponding symbol p(xz,£) on
T*M, which has the form:

p(r,0,p,0) = —(p,w/r) (5;1;{;:,?) 2 ZD (py/1) + V(r,60)

on M.



We consider the classical flow: (x(t),&(t)) = exptHp(xo,&0)
for some (xzg,&p) € T*M. Suppose (xqg,&p) is forward nontrapping, i.e.

x(t) € My for large t, and r(t) — oo as t — oo.
where we denote
(x(t),&(t)) = (r(t),0(t), p(t),w(t)) € T*(R+ x OM) if x(t) € M.

(backward nontrapping is defined similarly.)
Then we can easily show

pr = Iig p(t) (asymptotic radial momentum)
— OO

0 = Ilim 6(¢t) (asymptotic direction)
t—=4o0

exist (under the assumption: p1, puo, u3, g > 0).
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Moreover, under our ‘“‘short-range” assumptions (uq, g4 > 1), we can
show

we = lim w(t) (“impact parameter” (xp+));
—+oo

ax = 1im (r(t) —tp(t)) (“time delay” (xp+))

exist. Thus, we have ‘scattering data” (z+, 604+, p+,w4+), and only z4
(or r(t)) requires modifications. The evolution: r(t) — r(t) — tp(t) is
generated by pg(p) = %pz, i.e., exptHpy(r,0,p,w) = (r+tp,0,p,w).
Thus we can write

(24, 04, p+,w+) = t_ligoo exp(—tHpy) o exp tHp(xq,&o)

This suggests that the “natural’ choice of the free hamiltonian is

po(p) = 3p°.
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Reference system: We set

1 92
My =Rx0OM, Ho=L*(My, H(O)drdd), Po=—>-

as the " free” system.
_ , 1, (r>1)
We let j(r) € C*°(R) such that j(r) =<’ - 7.
3(r) (R) 3(r) {o, (r < 0)
We set J. Hg — I by

I6(r,0) = r~("=D/25(1)p(r,0)  if (1,0) € Moo

for ¢ € Hp. Then we define the wave operators by

Wi = Wi (P, Fo,9) = s-lim eltPge—itho,

+00

We can easily show Wi exist, but it is not isometry.
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We write

F . Fourier transform in r,
We decompose Hg = Hp 4 @& Hp,— where

Ho.+ = {¢ € Ho|supp(F¢) C R+ x OM}.

Theorem 1: (1) The wave operators W exist. Moreover, WiHg + =
0 and Wy are isometry from Hg 4 into H.

(2) W4 are complete, i.e., Ran Wi = Hu(P).

Thus we can approximate the solution ¥(t) = e "yg (Yo € He(P))
by

V() ~Te 0, as t — +oo
where Py is the 1-dm Laplacian, and o4+ = Wiyg.
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Remarks: (1) Even for P = —-A + V on R", the wave operators Wi
are not the same as the standard wave operators, since Py is not the
same as the free Laplacian.
(2) Scattering theory for such manifolds were studied by, e.g., De
Biévre-Hislop-Sigal (1992), but the construction and hence the wave
operators are quite different.
(3) P is not a small perturbation of Py. In fact, P — Py is not Py-
bounded, and not even P-bounded. So, standard theorems of the
scattering theory do not directly apply.
(4) Still, the idea is functional analytic, and we follow the essential
ideas of the scattering theory very closely (Birman, Kato, Kuroda,
etc.). We use a generalized formalism of the abstract 2-space station-
ary scattering theory. (cf. Kato-Kuroda, Yafaev, Derezinski-Gérard,
or Isozaki (in Japanese))
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Small trick of the proof : We have the limiting absorption principle:
(r) V(P = A £i0) "1 (r) 7Y € L(H)

if A>0 and v > 1/2 (not sufficient for the completeness). We set
T=P]—-JFPy : Hog—H

Then
T~ OG22 + 00 2)5,(*%) + 0(#3)(%)? 4 01

as r — oo. Since uo,u3 > 0, and 9y is not P-bounded, it is not clear if
(PYYT*(P — XA £i0) " Hr) ™" € L(H)

with some v > 1/2. (Maybe not bounded unless up, u3z > 1.)
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But we can show

(PYTVQ(P — A £i0) 1 (1 + Q)" (r) TV € L(F)
if v > 1/2, where

1 ~
Q= _EH_I > 99, Hhj0, ~ (self-adjoint on OM).

(This can be proved by commutator estimates and a simple boot-
strap argument.)
Using this, we can show

(rYT*(P = A£i0) 11+ Q)" H{r) ™" € L(J0)

with some v > 1/2. Then, with the help of the abstract 2-space
stationary scattering theory, we can prove the completeness.
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Scattering matrix: By the asymptotic completeness,
the scattering operator:

S = W_T_W_ : g‘CO,_ — %O,—I—
IS @ unitary operator. We set
(Fo,s (V) (9) = @N)"H4(Fp) (£V2],0)

for ¢ € Hp . Then there exists the scattering matrix:
{S(N\) € L(Hp) | X > 0} (where H, = L2(OM, Hd)) such that

Fo4+ (NS¢ =S\ Fy (N9
for ¢ € Hy. (S(X) is unitary for a.e. X.)
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Theorem 2: For ¢ € D(Q) and XA > 0, there exists a A-generalized
eigenfunction W such that

[, ) =2+ (S ()9)) |, = O( (T H/270)

as r — oo with some § > 0, where kK = /2.

Thus S()\) is the same scattering matrix as defined using asymptotic
expansion of generalized eigenfunctions (Melrose).
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Idea of proof: We have
S(\) = —2miFy 4 (\)(T*T — T*(P — X —i0) ') Fo _(\)*
and generalized eigenfunction (related to ¢ by W_) is given by
W= (- (P-X=i0)""T)Fo_(\)*¢,
Then by the resolvent equation
J*W = T*IFy _(\)*o
— (PO’ — A —40) M — T*(P — X —i0) ') Fy _(\)*¢

The first term is (2wk)~1/2e=%"%(9), and we can easily show the
next term is asymptotically ~ (27k)~1/2e%7S(\)¢(9) by comparing the
above formulas, and using the explicit representation of (Py — z)_l.
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Addendum: scattering for wave-like equations

Here we consider the properties of the solutions to the equation:
o
i W(t,2) = V2Py(t,x),  $(0,2) = yo(e) € 5 = L*(M, Gdz)

i.e., the properties of the evolution group: e ®V2F Here M, G and
P satisfy above assumptions, and we suppose V(z) =0 so that P >0
in the operator sense.

By the Birman-Kato invariance principle, we have

Wi (P, Po +; J) = Wi(\/ﬁ, \/ 2P0 +; j) C Ho+x — H

and hence we also have the same asymptotic completeness for the

pairs v2P and /2Fp .
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On the other hand, \/m = \/—787? = |D;| and hence
2Pg+ =Dr on Hgy; /2Po_=-D; onHg_,
ie.. exp(—it@) are simple translations in the r-variable:
e IV20dy(r,0) = (r —1,0); e IV20my(r,0) = p(r +1,0).

Hence we learn any vg € H(P),

W(t) ~I(pL(rFt,0)) ast— too

where o4 = Wiyg. This is similar to, but different from the transla-
tion representation of Lax-Phillips.
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Other topcs:
*Long-range perturbation?

*QOther type of manifolds, for example hyperbolic manifolds, polyno-
mially diverging metric?

*Scattering matrix under our setting (cf. Melrose-Zworski, 1996)7
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