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1. Schrodinger operators on scattering manifolds (Model)

aY

Suppose M = M, U My, Where M. is relatively compact, My =
(0,00) x OM, OM: a closed manifold. We consider a formally self-
adjoint operator on M such that P is expressed as

1
P = —§G—1(87~,89/T)G <ta1 &2> (87»,89/7“) +V, (r0)cRy x0oM,

a> a3z

on Ms. We consider P as an operator on H = LQ(M, Gdx), where
ar,V € C°(M) such that for any ¢, «,

9885 (a1 — 1)| < Cr= 1707t |8togas| < Crmit,
0509 (az — R)| < Cr=H=F  18lagV| < Cr—tmr=E

Here G(r,0) = r"~1H(0) with H(8) : some density on oM, h is a
positive 2-tensor on OM. We suppose u > 0.



Example: M = R"”, H = —A 4+ V. In this case, we set M = S* 1
h is the standard (co)metric on S® 1, a3 =1, ap =0, a3 = h, and
V' satisfies the short-range condition of the usual scattering theory.
Even if M = R", our assumption is weaker than the usual short-range
condition (with respect to as,a3).

Remark: Our model is somewhat more general than the scattering
metric in the sense of Melrose. In his setting, © = 1 and all coefficients
(a1,an,a3,V) have asymptotic expansions in r—1 as r — .



2. Spectral propertirs of the operator
(cf. e.g. Froese-Hislop-Perry 1989, etc.)

Theorem 0: (1) P is essentially self-adjoint on Cg°(M).
(2) gess(P) = [0,00) and o4 4(P) C (—o00,0] is bounded.
(3) opp(P) is discrete except for 0, gqc(P) = [0, 00),
and osc.(P) = 0.

Proof: Use the Weyl sequence, the Mourre estimate.



3. Construction of the scattering theory

Reference system: We set

1 92
My =R xdM, H;=L>(My,H(0)drdd), P;= _E%
r

as the "free"” system. We let j(r) € C°°(R) such that

. 1, (r>1)
= . Weset]:. H,—HDb
ir) {o, (r < 0) f d

I¢(r,0) = r—(""D/25()p(r,0)  if (1,0) € Moo
for ¢ € J{f. Then we define the wave operators by
Wi = Wi(P, Ps,7) =s-lim g0y,
t—+o0

We can easily show Wi exist, but it is not isometry.



We write

F . Fourier transform in r,
We decompose Hg = Hg 4 & Hg,— where

:J'C()?j: = {¢p € Hp|supp(Fop) C R+ X OM}.

Theorem 1: (1) The wave operators W4 exist. Moreover, WiHo+ =
0 and W4 are isometry from Hg 4 into H.
(2) W4 are complete, i.e., Ran Wi = H.(P).

Thus we can approximate the solution ¥(t) = e "y (Yo € He(P))
by

W(t) ~ Je_itpfgpi as t — +oo
where Py is the 1-dim Laplacian, and ¢t = Wiyg.



Remarks: (1) Even for P = —-A 4+ V on R", the wave operators W4
are not the same as the standard wave operators, since Py is not the
same as the free Laplacian.

(2) Scattering theory for such manifolds were studied by, e.g., De
Biévre-Hislop-Sigal (1992), but the construction and hence the wave
operators are quite different.

(3) P is not a small perturbation of Py. In fact, P — Py is not Py-
bounded, and not even P-bounded. So, standard theorems of the
scattering theory do not directly apply.

(4) Still, the idea is functional analytic, and we follow the essential
ideas of the scattering theory very closely (Birman, Kato, Kuroda,
etc.). We use a generalized formalism of the abstract 2-space sta-
tionary scattering theory.



Scattering matrix: By the asymptotic completeness,
the scattering operator:

S = W_T_W_ : g‘CO,_ — %O,—I—
IS @ unitary operator. We set
(Fo,s (V) (9) = @N)"H4(Fp) (£V2],0)

for ¢ € Hp . Then there exists the scattering matrix:
{S(N\) € L(H) | X > 0} (where H, = L2(OM, HdA)) such that

Fo4+ (NS¢ =S\ Fy (N9
for ¢ € Hy. (S(X) is unitary for a.e. X.)



Theorem 2: For ¢ € H2(OM) and X > 0, there exists a A\-generalized
eigenfunction W such that

H\U(r, D — T_(n_l)/z(e_ikrgb + eikr(s()\)(b»Hﬂb - O(r—(n—l)/Q—é)

as r — oo with some 6 > 0, where kK = V2.

Thus S()\) is the same scattering matrix as defined using asymptotic
expansion of generalized eigenfunctions (the absolute scattering ma-
trix due to Melrose).
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4. Microlocal properties of the scattering matrix

1 .
We write ¢(0,w) = EZhjk(O)ijk be the symbol of the Laplace

7.k
operator on oM. We denote the Hamilton flow generated by a symbol
b by exp(tHy), t € R.

Theorem 3.(Melrose-Zworski) Suppose P and S as above with yu =
1. Then S(X\) is an FIO (Fourier integral operator) associated to

eXp(WH\/2—q> .

Remark: (1) exp(AtH\/Q—q) is the geodesic flow on 9M corresponding
to the (co)metric h.

(2) The above result is true for u > 0 if we generalize the definition
of FIOs.
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Theorem 3 implies

(%) WE(S(N)¢) = exp(nH ) (WF(¢))
for ¢ € LQ(GM, Hdf). This holds more generally:

Theorem 4. (x) holds under the assumption u > 0.

Example: If M = R", and if h is the standard metric on S*~1 then

exp(wH\/Q—q) is the antipodal map. This result is a generalization and
refinement of the well-known result: the integral kernel of S()\) is
smooth except for the diagonal set.
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5. Idea of proof
(1) The classical mechanical scattering for conic manifolds

We set

1 6,
pe(rp,6.0) = 2 (2 + L0572), 1500 e, (0,0) e TN,
r

be the classical hamilton function corresponding to the conic metric,
and we consider the scattering for the classical mechanics. If we set

(r(€), p(t),0(t),w(t)) = exp(tHp.)(ro, po,00,w0), tER.
We can solve the Hamilton equation explicitly, and

2Fgt 4 ropo
\/2]50?52 + 2ropo + 7“(2)’
where Eg = pc(ro, po, 00, wo) = pc(r(t), p(t),0(t),w(t)), and

r(t) = \/2Eot2 + 2ropo + 8,  p(t) =
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(0(t),w(t)) = exp(r(t)Hg) (8o, wo),
where

0= = vt () e ()

with go = q(0p,wo) = q(6(t),w(t)). Noting

1
vag 1T v

we can also write
(0(¢),w(t)) = exp(o(t)H 5;)(00,w0),

2Lot + po?‘o) _ tan-1 ( POT0 )
V290 V290

where o(t) = tan_l(
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Now we consider the behavior as t — +oo. Then

re= lim _(r(t) —tp(1)) = + 22

V2EQ

p+ = lim p(t) = +/2E,
t—+o0

(01, we) = lim (0(2),w(t)) = exp(o+H /5;)(00,w0)

POT0 )

V2q0/

We write this map (the classical wave operator) by

where o = ig — tan_1<

w+ : (ro, po, 00, wo) — (r+, p+, 0+, w1)
and w4 are dlffeomorphlsm from Ry xR x (T"0M \ 0) to
R x Ry x (T*0M \ 0). (wjE is also easily computed.)
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If we write p; = 3p2, then we may write
w(r0, p0, 00, wo) = 1im _exp(—tHp,) o exp(tHp.)(r0; po; 00, wo)
Then the classical scattering operator:

se=wyow T RxR_x (T*dM\0) — RxRy x (T*dM \ 0)

is a diffeomorphism and easily computed:

Sc - (’I", p797w) = (_T7 —P; eXp(ﬂ-H\/%(07w))

This is the quantity we saw in Theorems 3 and 4.
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(2) Scaling (or semiclassical formalism)

— How the classical mechanical scattering for the conic case is related

to our scattering matrix?
— We fix an energy:

1 0
B =2 (0 + %%2) + 042 1) + 0(or Hul) + 02 H ).

The singularities of S(F) is related to the behavior of the scattering
as |w| — oco. If |w| = O(h™1), then have to have r = O(h™1). So we
consider the scaling:

(r,p,0,w) +— (R 17 p,0,h w)
and take h — 0. Then

p(h~tr, p,0,h " w) = pe(r, p,0,w) + O(hH).
Thus we may approximate the Hamiltonian by pe.
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(3) (Semiclassical) Egorov type theorem

Let a = a(r,p,0,w) € C§°(T*Mso) (or € C°(T*My)), and we denote
the quntization of a by Op(a):

Op(a) = a(r, Dy, 0, Dy).

We consider the corresponding scaling:
ah(r, p,0,w) = alhr,p, 0, hw),

and hence the corresponding (semiclassical) quantization is
Op(a") = a(hr, D, 0, hDy).

It satisfies for any indices «, 3,7, 4,

828597 85,a" (r, p, e,w)\ = O(n~lel=10ly,
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— We fix (rq, po, 0o, wg) € T*Moso with » > 0, wg # 0, and we suppose
a € C5°(T*Mso) is supported in a small neighborhood of (rg, po, 0o, wo).
we set

Ag = Op(a™), (where a*(r,p,0,w) = a(hr, p,0, hw))

and study A+ = WIAgWs.
— We set n(r) e C*°(R) so that n(r) =1ifr>1and =0 if r <1/2;
we set: Y = n(hr/e(t)) with sufficiently small € > 0.

Step 1. Let Z = n(P;/5) with small § > &2 > 0. Then

ZWiAoWeZ = lim Z(Pr/hgxy e =Py Ao (P y 9= #PF /1) 7.

— So we study: A(t) = (etFr/hgry e—itP/hy Aq(itP/hy Je~itFs/hy.
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Step 2. We compute:

dt (eitP/hyge—itPr/hy — % ¢itP/hp ()it Py /h

with T'(t) = PYJ—YJPf—I—%n’(;z—B)J. This can be further rewritten
to obtain:

d . . oy .
a(eztp/hyvje—thf/h) — %(GZtP/the_ZtPf/h)L(t) 1 Rl(t)
with L(t) = tPr/hg*p()e= /" and a remainder term Ry(t). Thus

we expect that A(t) satisfies a Heisenberg equation:

d 1 *
SA®) ~ — (L1, AD], A(0) ~ T A

20



Step 3. We can construct an asymptotic solution to the Heisenberg
equation: A(t) = Op(b™(t)), where b" ¢ C3°(T*My) such that

supp b"(t) = w; [supp a”], (1) — a” o we(t) = O(RM)
uniformly in t, where wq(t) = exp(—tHp,) o exp(thf). Moreover,
bt = lim b'(¢), exists and b —a’ows = O(M).
t— o0
Hence we have
WiAogWx = Op(b"), supp [b] = w+[supp a”].

Similarly, we can show for a &€ CSO(T*Mf) with small support, there is
b such that WiOp(a®)Wi = Op(d"),

bh — ol o wj_cl = O(h*), supp ph = w4 [supp ah].
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Step 4. Combining above results: for any a € CSO(T*Mf), supported
in a small neighborhood of (r_,p_,0_,w_) with w_ # 0, there is
be C5°(T*My) such that

SOp(a™)S* = Op(b™),
and supp b" = sc[supp a”], b — a0 s71 = O(hH).

Step 5. Let A > 4§ > 0 and a(f,w) € C(T*OM). We set a"(0,w) =
a(0,hw). Then there is b" € C§(T*OM) such that

S(A)Op(a")S(N)* = Op(").
Moreover, b — al o (eX|o(7rH\/2—q))—1 = O(h*), and b" is supported in
exp(mH /5.)(supp al).
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(4) Proof of Theorems 3 and 4:

— If 4 = 1, then by a Beals type characterization of FIOs (cf. Ref.4.),
we have Theorem 3, i.e., S(E) are FIOs associated to exp(wH\/Q—q).

— If © < 1, we can use the the usual characterization of the wave

front sets using (semiclassical) h-pseudodifferential operators to show
Theorem 4, i.e., WF(S(E)¢) = exp(rH 5.)[WF(¢)] for ¢ € L2(0M).
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