Two Applications of Analytic Functors

Ryu Hasegawa^‡

Graduate School of Mathematical Sciences, The University of Tokyo, Komaba 3-8-1, Meguro-ku, Tokyo 153, Japan

Abstract We apply the theory of analytic functors to two topics related to theoretical computer science. The one is a mathematical foundation of certain syntactic well-quasi-orders and well-orders appearing in graph theory, the theory of term rewrting systems, and proof theory. The other is a new verification of the Lagrange-Good inversion formula using several ideas appearing in semantics of lambda calculi, especially the relation between categorical traces and fixpoint operators.

Keyword: analytic functor, recursive path ordering, Lagrange-Good inversion formula.

Combinatorial species are introduced by Joyal [37] as a categorical framework of the theory of enumerative combinatorics. Analytic functors are equivalent to the combinatorial species [38]. A principal machinery in enumerative combinatorics is the generating functions, which are formal power series where the coefficients of x^n equal the numbers of those objects on an n point set which one wants to enumerate. An analytic functor is the functor on the category of sets having a form similar to a formal power series. Analytic functors can manipulate the structures themselves directly while generating functions the numbers of the structures.

In this paper, we give two applications of the analytic functor to completely different directions related to theoretical computer science. The first is the theory of term rewriting systems. A main theme of the theory is to develop the tools to prove the termination of computation. One of the most useful methods is Dershowitz’ recursive path ordering [14]. This method is superior in respect that we can define a well-order directly on the set of terms, rather than assign to terms, say, natural numbers. This property, which is on the one hand a great advantage, may be a disadvantage on the other. In an attempt to extend the original definition to an inenumerable variation, we are lack of the principle to rely on if we insist on the syntactic structures. One of such syntactic monsters appears in proof theory. Takeuti’s ordinal diagram is a powerful well-ordering ‡ Partially supported by the Minsitry of Education, Science, Sports and Culture, Grant-in-Aid for Encouragement of Young Scientists 09780242.

to prove the consistency of logical systems. But it requires several pages for just definition and dozens of pages for the proof of well-orderedness [61, 63]. We want to demonstrate that the ordering including the recursive path ordering and the ordinal diagrams can be handled in a single framework using the analytic functor, thus giving a mathematical foundation to a class of well-orderings. The recursive path ordering is based on the theory of well-quasi-ordering, including the celebrated theorem by Kruskal [41]. The analytic functor is useful also to deal with a class of well-quasi-orderings in a unified framework. These points are discussed in section 2.

The second application is to the semantics of the lambda calculi. The lambda calculus is widely used as the foundation of functional programming from its beginning. However, the calculus has many concepts that challenge if we try to construct its model. For instance, we must deal with a function and a data in a single regime, and we must find the interpretation of the fixpoint combinator that produces a fixpoint for any function. This challenge stimulated the development of the domain theory after the work by Scott [57, 26]. This theory shows that, using posets, we can construct models where these characteristic phenomena of the lambda calculus are interpreted consistently. These models are extensively used to develop the theory of the lambda calculus, but they are still difficult to analyze. Later Girard gave a model of lambda calculi where the terms of the calculi are interpreted by functors in a special class of analytic functors [23]. Since analytic functors generalize formal power series, we may hope that we can directly manipulate the model of the lambda calculus, using a handful weapons of mathematics developed in centuries of its history. Indeed, we proved that the interpretations of the pure lambda terms are regarded as systems of formal power series in integer coefficients, and we gave an explicit formula for the interpretation of the fixpoint combinator in [30]. In section 3, we give a formal power series interpretation of system PCF. The system contains the fixpoint combinator, thus its interpretation by an analytic functor is expected to give a formula computing fixpoints of formal power series. In analysis, this kind of formula has been known for long as the Lagrange inversion formula [21]. We give a new proof of the generalization of the inversion formula to several variables, known as the Lagrange-Good inversion formula [24]. To this end, we use the recent result [27, 28] establishing fixpoints and categorical traces [40].

This paper is an extension of the talk presented in the workshop “Theories of Types and Proofs”, and written as a lecture note surveying the author’s recent works. Several results have already been published elsewhere (see the reference). Part of section 2 and the most of section 3 are new. Also the results by others are included to facilitate the reader’s understanding of this ongoing field. In the first section, we give an elementary theory of analytic functors needed to read the following sections.

1 Analytic Functors

Preliminaries

We begin with preliminaries of category theory needed in this paper.

A weak pullback of a family of morphisms A_i^{fi}−→ B is an object P with a family of morphisms P^{pi}−→ A_i satisfying that all f_i ∘ p_i are equal, and that, for each family of morphisms D^{gi}−→ A_i subject to the condition that all f_i ∘ g_i are equal, there is a morphism h from D to P such that g_i = p_i ∘ h for every i. The difference with the usual pullback lies in that we do not require the uniqueness of the intermediate morphism h. In this paper, whenever we refer pullbacks or weak pullback, we intend those for arbitrarily many legs.

Set is the category of all small sets and all functions. For a small category C, we denote by Set^C the category of all presheaves over C and all natural transformations. Here a presheaf over C is simply a functor from C to Set.

A finitely presentable object in a category C is the object X satisfying that the representable functor C(X, -) preserves filtered colimits [2]. Finitely presentable objects in Set are simply finite sets. If A is a discrete category, i.e., a set, a finitely presentable object of Set^A is equivalent to a function f carrying a ∈ A to a natural number, where a natural number n is identified with the set of all natural numbers satisfying x < n, this f subject to the condition that f(a) is 0 except for finitely many a. We can regard such a function as a finite multiset γ where a is in γ with multiplicity m iff f(a) = m.

For a category C and its object B, the slice category C/B is defined as follows: Its objects are the pairs of an object A and a morphism A^f−→ B of C. A morphism g from (A, f) to (A^′, f^′) in the slice category is a morphism A^g−→ A^′ of C rendering the triangle diagram A A^′ B

g

f f^′

commutative. More in general, for a functor F : C → D and an object B of D, the slice category F/B is defined as follows: The objects are pairs of an object A of C and a morphism F A^f−→ B in D. A morphism g from (A, f) to (A^′, f^′) is a morphism A^g−→ A^′ in C rendering the triangle diagram F A F A^′ B

F g

f f^′

commutative. There is an obvious forgetful functor F/B → C taking the first component.

1.1 Definition Let F : C → Set be a functor from some category C.

The category of elements el(F ) is defined as follows: The objects are the pairs (B, a) where B is an object of C and a is a member of F B. A morphism f : (B, a) → (B^′, a^′) in el(F ) is a morphism B^f−→ B^′ satisfying F f(a) = a^′.

There is an obvious forgetful functor from el(F ) to C taking the first component. If the functor F preserves pullbacks, the forgetful functor el(F ) → C creates pullbacks. Namely, for a family of morphisms (A_i, a_i)^{fi}−→ (B, b) in el(F ), if P is a pullback of A_i^{fi}−→ B in category C, there is an element c ∈ F P such that (P, c) is a pullback of f_i in the category el(F ) of elements. Likewise, if F preserves weak pullbacks, for a family of morphisms f_i in el(F ) and a weak pullback P of f_i in C, there is a weak pullback (P, c). Similar facts hold for other types of limits as well.

To each functor F : C → D between small categories, we associate functors F^∗ : Set^D → Set^C and F_! : Set^C → Set^D such that F_! ⊣ F^∗. The inverse image functor F^∗ is easily defined. For each presheaf G over D, the composition G ∘ F yields a presheaf over C. The composition (·) ∘ F is exactly the inverse image F^∗.

The functor F_! : Set^C → Set^D is defined by left Kan extension. We put F_!(T )^△= Lan_F (T ) for each presheaf T over C where Lan_F (T ) denotes the left Kan extension of T along F . Namely, F_!(T ) = Lan_F (T ) is the presheaf over D satisfying the isomorphism

Set^D(Lan_F (T ), G) ∼= Set^C(T, F^∗(G))

natural in G ∈ Set^D. We have the following pointwise construction of F_!(T ) = Lan_F (T ). For each object B of D, we have a diagram F/B → C^T−→ Set where the left arrow is the forgetful functor from the slice category mentioned above. We denote this diagram by T (F/B). Then the value of the left Kan extension at B is given by the colimit F_!(T )(B)^△= colim_{−→} T (F/B) in the cocomplete category Set. This mapping F_! gives rise to a functor and the isomorphism above turns out to be natural also in T . Hence F_! is a left adjoint of F^∗.

By the dual construction, we can define a right adjoint F_∗ of the functor F^∗, although we do not use this.

A group G is regarded as a category with a single object ∗ and with morphisms that are the elements of G. Then a presheaf T over G determines a left G-set A as the image T (∗) of the single object, and vice versa. We recall that a left

G-set is a set A endowed with a left action of the group G, that is, with a group homomorphism G → Aut_{Set}(A). We consider the functor F_! : Set^G → Set^1 where F is a functor from the group G to the trivial category 1 having a single object and a single morphism. For each G-set A determined by a presheaf T , the diagram T (F/∗) determined by the unique object ∗ of 1 is simply the G-set A itself endowed with the morphisms p · (-) given by the left action for p ∈ G. Hence the colimit F_!(T ) in Set^1 ∼= Set is exactly the quotient set A/G, that is, the set of all orbits by the left action of G.

We denote by Aut_C(A) the group of all automorphisms of A (i.e., invertible morphisms from A to A), for a category C and its object A.

Analytic Functors

We give definition of analytic functors by Joyal [38]. Let X be a finite set and G a subgroup of the symmetric group on X. Namely G is a group of bijections from X to itself, regarded to act on X from left by p · x = p(x) for p ∈ G and x ∈ X. Then, for each set A, the group G acts on the homset Set(X, A) by composition of inverse, that is, p · f := f ∘ p^{−1} for p ∈ G and f : X → A. In other words, G acts on Set(X, A) from right. Let Set(X, A)/G denote the set of all orbits by this action. Then Set(X, -)/G gives rise to a functor from Set to Set. An analytic functor is by definition a sum of these functors:

1.2 Definition An analytic functor from Set to Set is a (not finite, in general) coproduct ∑ i∈I Set(X_i, -)/G_i where X_i is a finite set and G_i is a subgroup of the symmetric group Aut_{Set}(X_i).

A leading example frequently appearing in this paper is the functor exp X. For a set A, we define exp A as the set of all finite multisets of members of A. This operation turns out to be an analytic functor. Namely, if we write X^n = Set(n, X),

exp X = 1 + X/S_1 + X^2/S_2 + X^3/S_3 + · · · + X^n/S_n + · · ·

where S_n is the symmetric group over n letters. The power X^n is the set of all lists ⟨a_1, a_2, . . . , a_n⟩ of members of X of length n. The symmetric group S_n acts on the set of lists by permuting the components. The orbits by this action are the lists where the order of components are ignored. These are exactly multisets {a_1, a_2, . . . , a_n}. The reason this functor is named exp X lies in its similarity to the Taylor series of the exponential function exp x = 1 + x/1! + x^2/2! + · · · + x^n/n! + · · ·. If we identify the symmetric group S_n with its order n!, the functor exp X has the same form as the Taylor series of the exponential function. So one may regard analytic functors as generalization of formal power series. In general, transferring from Set(n, X)/G to x^n/|G| where |G| is the order of the group G, we can associate a formal power series to each analytic functor.

One of the subjects of mathematics where the formal power series are principal vehicles is enumerative combinatorics. Generating functions are a machinery to attack the problems of enumeration. The coefficient of x^n in a generating function is the number of structures satisfying the condition of the problem. The analytic functors are introduced to give a foundation to the theory of generating functions in enumerative combinatorics. We refer the reader to [37, 7]. The relation between analytic functors and enumerative combinatorics is employed to answer a question of the lambda calculus addressed by Girard [30].

We have two other equivalent conditions for analytic functors. To this end, we need several notions.

A transitive object is an object X satisfying the following two conditions for every object A: (i) Hom(X, A) is non-empty; (ii) The right action of Aut(X) on Hom(X, A) by composition is transitive. Namely, for all f, g : X → A, there is an automorphism p : X^∼−→ X such that f = gp. Obviously any object isomorphic to a transitive object is transitive.

1.3 Lemma (i) If X is a transitive object, every endomorphism f : X → X is invertible.

Namely Hom(X, X) = Aut(X).

(ii) Any two transitive objects are isomorphic.

(Proof) (i) It suffices to show that each X^f−→ X has right inverse. Since the action of Aut(X) is transitive, there is p ∈ Aut(X) such that f ∘ p = id_X , giving the right inverse of f. (ii) Suppose that X and Y are transitive objects. By the non-emptiness condition, there are morphisms X^f−→ Y and Y^g−→ X. If we let the inverses of gf and fg be p and q, then pg and gq give the left and the right inverse of f, respectively. Thus they must be equal and are the inverse of f. Remark: An initial object is a special case of a transitive object X, where the group Aut(X) is a unit group.

1.4 Definition Let C be a category and A its object.

A weak normal form of A is a transitive object X → A in the slice category C/A.

What interests us later on are weak normal forms in the category el(F ) of elements. We give an example for the case that F is the analytic functor F X = exp X of finite multisets. Let us consider an object (N , {5, 5, 4}) of el(F ). A weak normal form of this object has the shape (3, {0, 1, 2})^f−→ (N , {5, 5, 4}) where the function f is not unique. For example we may set f to be given by 0 → 5, 1 → 5 and 2 → 4. But an arbitrary function 3^{f ′}−→ N carrying any two elements of the domain to 5 and the remaining single element to 4 can take place of f, giving a weak normal form as well.

By the preceding lemma, a weak normal form is determined uniquely up to isomorphism, if it exists. The weak normal form property is satisfied by the category C iff each object in the slice category C/A has a weak normal form for every object A. Furthermore, we call X a weak normal form if an identity X^1−→ X is a weak normal form.

1.5 Lemma Let A^g−→ B be a morphism in a category C.

(i) If X^h−→ B is a weak normal form, then there is a weak normal form X^f−→ A such that h = gf.

(ii) Suppose that C has the weak normal form property. If X^f−→ A is a weak normal form, then X^{gf}−→ B is a weak normal form.

(Proof) (i) We repeatedly use the hypothesis that h is a weak normal form, so we refer this as wnf. By wnf, there is X^f−→ A such that h = gf. We show that f is a weak normal form in C/A. For this, let C^e−→ A be any object of C/A. By wnf, there is X^d−→ C such that h = ged, i.e., h^{ed}−→ g over B. By wnf again, there is p : X^∼−→ X over B such that edp = f, i.e., f^{dp}−→ e over A. Since h^{dp}−→ ge over B, dp is unique up to Aut_{C/B} (h) by wnf. We must show that dp is unique up to Aut_{C/A}(f). So let us assume that f^{d′}−→ e over A. By wnf, there is q : X^∼−→ X over B such that d^′q = dp. Then f = edp = ed^′q = fq, showing q is in Aut_{C/A}(f).

(ii) Let Y^h−→ B be a weak normal form. Then there is Y^k−→ A such that h = gk. By (i), k is a weak normal form of A. So there is an isomorphism f ∼= k, inducing gf ∼= gk(= h). Hence gf is a weak normal form of B.

As an easy corollary of this lemma, we have the following: Suppose that a category C satisfies the weak normal form property. Then X^f−→ A is a weak normal form iff X is a weak normal form. The direction (⇐) is an immediate consequence of (ii) of the preceding lemma. For (⇒), an application of (i) of the preceding lemma implies the existence of a weak normal form X^p−→ X, this morphism p being invertible as a morphism between transitive objects f. Hence p is isomorphic to an identity 1_X in the slice category C/X, concluding that also the identity is a weak normal form.

Now we can state two other equivalent conditions for analytic functor. The one of them is in terms of universal conditions, and the other is by the weak normal form property.

1.6 Theorem For a functor F : Set → Set, the following three conditions are equivalent: (i) F is isomorphic to an analytic functor.

(ii) F preserves all filtered colimits and all weak pullbacks (not only binary ones).

(iii) The category el(F ) of elements has the weak normal form property. Moreover, X is a finite set for every weak normal form (X, x).

Remark: To extend the theorem to more general categories, we should read the finite set X in the condition (iii) as a finitely presentable object.

The proof of (iii)⇒(i) is easy. Let (X_i, x_i) (i ∈ I) be a set of representatives of all isomorphism classes of weak normal forms in el(F ). For each element a ∈ F A, there is unique (X_i, x_i) such that a morphism (X_i, x_i)^f−→ (A, a) is a weak normal form in el(F ). Hence, for every (X_i, x_i)^{f ′}−→ (A, a), we have an invertible morphism p such that f^′ = f ∘ p, since f^′ is a weak normal form as well by the corollary mentioned after Lemma 1.5 and a morphism between weak normal forms is invertible. If we put G_i to be Aut_{el(F )}(X_i, x_i), namely the stabilizer of x_i with respect to the action of Aut_{Set}(X_i) on F X_i, this morphism p is an element of G_i. Hence F A has a one-to-one correspondence to the sum of Set(X_i, A)/G_i. Furthermore, if (X_i, x_i)^f−→ (A, a) is a weak normal form and g : A → A^′, then (X_i, x_i)^{gf}−→ (A^′, F g(a)) is a weak normal form by Lemma 1.5 (ii). This shows that F g equals the sum of Set(X_i, g)/G_i. Hence F is isomorphic to an analytic functor ∑ i Set(X_i, -)/G_i. This concludes the proof of (iii)⇒(i).

Next we prove (i)⇒(ii).

1.7 Lemma Each analytic functor preserves filtered colimits.

(Proof) A representable functor Set(X, -) for finite X preserves filtered colimits as an endofunctor on Set, since finite sets are exactly the finitely presentable objects of Set. We immediately see that, if G is a subgroup of the symmetry group Aut_{Set}(X), the functor Set(X, -) indeed sends filtered colimits in Set to filtered colimits in G-Set. Moreover, for unique F : G^{op} → 1, the functor F_! : Set^{Gop} → Set taking quotients preserves all colimits, since F_! = Lan_F is the left adjoint of the inverse image functor F^∗. Hence a functor Set(X, -)/G preserves filtered colimits. Finally coproduct preserves all colimits. Therefore an analytic functor preserves filtered colimits.

1.8 Lemma Each analytic functor preserves weak pullbacks (including infinite ones).

(Proof) Coproduct (possibly infinite) on Set preserves pullbacks, thus preserving weak pullbacks [45]. So it suffices to show that the functor Set(X, -)/G preserves weak pullbacks for a finite set X and a subgroup G of Aut_{Set}(X).

Let W^{ci}−→ A_i be a weak pullback of a family of morphisms A_i^{hi}−→ B. We can conclude that F W is a weak pullback of F h_i if there is a function ϕ from a pullback ( ∏ F B F A_i) to F W satisfying F (c_i) ∘ ϕ = π_i where π_i is the i-th projection from the pullback. To obtain ϕ, let us take ⟨[f_i]_G; i⟩ in ∏ F B F A_i. Namely all h_if_i are equal modulo the action of G. Thence we fix i_0, put f_0 := h_{i0} f_{i0} , and we take p_i ∈ G such that f_0 = h_if_ip_i. Since W is a weak pullback, there is a morphism X^k−→ W such that f_ip_i = c_ik for all i. We define the function ϕ by ϕ(⟨[f_i]_G; i⟩) = [k]_G. (Remark: [k]_G depends on the choice of representatives f_i). We have F (c_i)([k]_G) = [c_ik]_G = [f_ip_i]_G = [f_i]_G, this verifying F W to be a weak pullback.

From the last two lemmas, we have the proof of (i)⇒ (ii). Finally we verify (ii)⇒(iii).

In place of manipulating el(F ) directly, we provide conditions for a category C to have a weak normal form property. First we introduce a definition. A minimal object in a category C is an object S to which every morphism A → S is an epimorphism. The conditions on C are the following two:

(1) For each family of morphisms B_i^{fi}−→ A with a common target, there is a family of morphisms C^{gi}−→ B_i such that f_ig_i are equal. We refer this situation as “each fan is spanned.”

(2) For each object A, there is a morphism S^f−→ A from a minimal object S which has only finitely many quotient objects.

First we show that the existence of minimal objects is related to the weak normal form property of a category C.

1.9 Lemma Let C be a category fulfilling the conditions (1) and (2) above, and let X be an object of C.

Every X → A is a transitive object in the slice category C/A for all object A if and only if all morphism S → X from each minimal object S is isomorphic.

(Proof) (⇒) Suppose S^f−→ X is given where S is minimal. In C/X, there is a morphism g from id_X to f. Hence fg = id_X . By minimality, g is epi. So f is an isomorphism. (⇐) Suppose that

C

X A h f is given. We show the following two: (a) there is a morphism X → C over A. (b) if g, g^′ : X → C over A, then there is an isomorphism p : X^∼−→ X over A such that gp = g^′. For (a), we take a square diagram D C

X A

q^′ q h

f and take S^m−→ D where S is minimal. Here the conditions (1) and (2) are used. Then S^{qm}−→ X is iso by the hypothesis. Hence X^{(qm)−1}−→ S^{q′ m}−→ C is a morphism from f to h in C/A. For (b), apply the same argument for (g, g^′) in place of (f, h). 1.10 Lemma A category C has the weak normal form property if C fulfills the conditions (1) and (2) above.

(Proof) By the preceding lemma, it suffices to show that, for every minimal object X, there is a minimal object X^′ with an (epi)morphism X ← X^′ such that every morphism X^′ ← S from each minimal object S is isomorphic.

For contradiction, let us assume that there is a sequence of epimorphisms X_0^{e0}←− X_1^{e1}←− X_2^{e2}←− · · · where all X_i are minimal objects and none of the morphisms are isomorphisms. Let us put e_{ij} = e_i ∘ e_{i+1} ∘ · · · ∘ e_{j−1} for i < j. If i = j, we put e_{ij} to be an identity. We consider a fan of ω morphisms X_0^{e0i}←− X_i, which is spanned by a family of morphisms X_i^{di}←− X_ω. Take X_ω^c←− S with minimal S which has only finitely many (say, n) quotient objects. We consider n + 1 morphisms e_{i n+1}d_{n+1}c from S to X_i. By the pigeonhole principle, there are i < j such that e_{i n+1}d_{n+1}c is equal to e_{j n+1}d_{n+1}c as quotient objects. Hence there is an invertible morphism X_j^p−→ X_i such that e_{i n+1}d_{n+1}c = pe_{j n+1}d_{n+1}c. Since e_{j n+1}d_{n+1}c is epi, we have e_{ij} = p. So e_i, e_{i+1} etc. must be invertible. Contradiction.

1.11 Lemma The category el(F ) of elements has the weak normal form property if F : Set → Set preserves filtered colimits and weak pullbacks (including infinite ones).

(Proof) We verify that el(F ) fulfills the conditions (1) and (2) above. The condition (1) immediately follows from the assumption that F preserves weak pullbacks (see the paragraph after Def 1.1). We prove (2). To each object (A, a) of el(F ) there is a morphism (X, x) → (A, a) with finite set X, since F preserves filtered colimits. Each finite set X has only finitely many subobjects. Hence we can find (X_0, x_0) → (X, x) with monic X_0 → X satisfying that there is no (Y, y) → (X_0, x_0) with monic Y → X. Therefore (X_0, x_0) is a minimal object over (A, a), observing that Set has epi-mono factorization and that (Y, y)^f−→ (X_0, x_0) is epi in el(F ) iff f is epi in Set. Finally each finite set X_0 has only finitely many quotient objects, thus so does (X_0, x_0).

Remark: In the argument of this section, we used only countable fans. Accordingly, in order to prove the weak normal form property of el(F ), it suffices that F preserves weak pullbacks of countably many morphisms.

The last lemma completes the proof of (ii)⇒(iii). So we have proved the equivalence of the three conditions in Thm. 1.6.

Normal Functors

Girard introduced normal functors for the purpose of giving models of various systems of lambda calculi. It turns out that normal functors are a special case of analytic functors. Namely the flat species [42] correspond to the normal functors. So they obtain the same concept from entirely different motivations. In [23], analytic functor is used as an alias of normal functor. To avoid confusion, we reserve the name of analytic functor for more general ones by Joyal and call normal functors for these specialized functors.

1.12 Definition A normal functor from Set to Set is a coproduct ∑ i∈I Set(X_i, -) of representable functors where all X_i are finite sets (finitely presentable objects of Set).

Therefore normal functors are simply analytic functors where the involving groups are all a unit group.

A typical example of normal functors is the functor List(X). For a set A, we define List(A) as the set of all finite lists ⟨a_1, a_2, . . . , a_n⟩ of members of A. As in the case of analytic functor exp X, we have the following representation as a formal power series

List(X) = 1 + X + X^2 + X^3 + · · · + X^n + · · · where X^n is equal to the collection of all lists of exactly n components. Another example of a normal functor is BinTr X that is the collection of all ordered binary trees with leaves labeled by members of X. Here an ordered tree means a tree with root such that the set of immediate successors of each node is linearly ordered. We have the representation

BinTr X = X + X^2 + 2X^3 + 5X^4 + · · · + C_nX^n + · · ·

where the coefficient C_n is the Catalan number (1/n) (_{2n−2} n−1 ) . Here we identify finite sets with their cardinalities, which are non-negative integers. So C_nX^n is the cartesian product of two sets C_n and X^n in the category Set.

Corresponding to Thm. 1.6, we have two equivalent characterizations of normal functors. First we define a normal form, that is a special case of a weak normal form.

1.13 Definition A normal form of an object A in a category C is an initial object X → A in the slice category C/A. If every object has a normal form, the category C fulfills the normal form property.

Normal forms are developed by Girard in the theory of ordinal notations called dilators in mathematical logic [22].

1.14 Theorem For a functor F : Set → Set, the following three conditions are equivalent:

(i) F is isomorphic to a normal functor.

(ii) F preserves all filtered colimits and all pullbacks (including infinite ones). (iii) The category el(F ) of elements enjoys the normal form property. Moreover, X is a finite set for every normal form (X, x).

In [23], it is assumed, by definition, a normal functor preserves equalizers as well. This condition, however, follows from the preservation of filtered colimits and pullbacks. In fact, by the preceding theorem, the preservation of these ensures that the functor is isomorphic to the formal power series ∑ i∈I Set(X_i, -).

Since the representable functors preserve any limits and the coproduct preserves equalizers, the functor must preserve equalizers. Indeed the functor preserves all connected limits, i.e., the limits the underlying diagram of which is connected graphically.

The proof of Thm. 1.14 is a modification of the proof of Thm. 1.6. In the proof of (iii)⇒(i) therein, the stabilizer G_i turns out to be a unit group in the current case, since a normal form is defined as an initial object, on which the automorphism group is a unit group. The direction (i)⇒(ii) is obvious, as mentioned in the preceding paragraph. We prove (ii)⇒(iii).

1.15 Lemma Let A be an object of a category C.

(i) If an identity A^{1A}−→ A is a weak normal form in a category C, it must be a normal form.

(ii) Suppose that C has binary pullbacks. If X^f−→ A is a normal form, then X^{gf}−→ B is a normal form for every A^g−→ B.

(Proof) (i) The automorphism group Aut_{C/A}(1_A) on the identity 1_A is always a unit group. (ii) Let C^h−→ B is an object of the slice category over B. We take a pullback A ×_B C in category C. Since X^f−→ A is a normal form, there is a unique morphism from f to the projection A ×_B C → A. Hence we have a morphism X → A ×_B C → C, which turns out to be a morphism from gf to h in the slice category over B. Furthermore, every morphism from gf to h must factor through A ×_B C. So, by the universal property of the pullback, the morphism must be unique.

We start the proof of (ii)⇒(iii) of Thm. 1.14. By hypothesis (ii), F is an analytic functor, so it satisfies the weak normal form property. We prove that every weak normal form (X, z)^f−→ (A, a) is actually a normal form. By Lemma 1.5, it is implied that an identity (X, z)^{1X}−→ (X, z) is a weak normal form. But the lemma above shows that it must be a normal form. Since F preserves pullbacks by hypothesis, the category el(F ) of elements has pullbacks (see the argument after Def. 1.1). So, by (ii) of the preceding lemma, (X, z)^f−→ (A, a) must be a normal form. This completes the proof.

Composition

Composition of analytic functors is an analytic functor. This is obvious by the universal conditions satisfied with analytic functors: If both G and H preserve filtered colimits as well as weak pullbacks, then so does H ∘G. Later, however, we need the weak normal forms of composition of analytic functors. The following theorem shows that the weak normal forms of H ∘ G are obtained by taking the weak normal forms of weak normal forms

1.16 Theorem Let G and H be analytic functors and let c be an element of H(G(A)).

The weak normal form of (A, c) in el(H ∘ G) has the shape f : (X_1 + X_2 + · · · + X_n, w) → (A, c) which is given as follows: Let (Y, w)^g−→ (GA, c) be a weak normal form in el(H). We put the finite set Y to be {1, 2 . . . , n}, and we take a family of weak normal forms (X_i, z_i)^{fi}−→ (A, g(i)) in el(G) for each i = 1, 2, . . . , n. Function f is the unique map from the coproduct induced by f_i’s. Furthermore, we put w = He(w) where Y^e−→ G(X_1 + X_2 + · · · + X_n) carries i to z_i which is the image of z_i ∈ G(X_i) by the injection.

(Proof) Let (B, d)^k−→ (A, c) be a morphism of el(HG). First we verify the existence of a morphism from ( ∑ X_i, w) to (B, d) over (A, c). The morphism k induces a morphism (GB, d)^{Gk}−→ (GA, c) in el(H). Hence there is (Y, w)^h−→ (GB, d) over (GA, c). In turn, this induces a morphism (B, h_i)^k−→ (A, g_i) in el(G). Hence there is (X_i, z_i)^{li}−→ (B, h_i) over (A, g_i). Let us put l = [l_1, l_2, . . . , l_n], the unique map from the coproduct X_1 +X_2 +· · ·+X_n induced by l_i’s. The mapping Gl ∘ e carries each i ∈ Y to Gl(z_i) = h_i. So we have h = Gl ∘ e, and thus d = Hh(w) = HGl(w), concluding the existence of ( ∑ X_i, w)^l−→ (B, d) over (A, c).

Next we verify the morphism l is unique up to isomorphisms. So we suppose to have another morphism l^′ from ( ∑ X_i, w) to (B, d) in el(HG). They induce morphisms Gl ∘ e and Gl^′ ∘ e from (Y, w) to (GB, d) in el(H). Hence there is an isomorphism q : (Y, w)^∼−→ (Y, w) in el(H) from Gl ∘ e to Gl^′ ∘ e over (GB, d). Namely, the equation Gl(z_i) = Gl^′(z_{qi} ) holds for each i ∈ Y . These equations induce morphisms (X_i, q_i) → (B, h_i) and (X_{qi} , z_{qi} ) → (B, h_i) in el(G) where h_i = Gl(z_i). Thus we have a family of isomorphisms p_i : (X_i, z_i)^∼−→ (X_{qi} , z_{qi} ) in el(G) over (B, h_i). So there is a bijection r determined by (q, ∑ p_i) on ∑ X_i and it holds that r is an automorphism on ( ∑ X_i, w) in el(HG), giving a morphism from l to l^′ over (B, d).

As is easily seen, the automorphism r = (q, ∑ p_i) in this proof can be described using the wreath product of groups. Let us recall definition of wreath product [54].

1.17 Definition Let G and H be permutation groups acting on sets X and Y respectively.

The wreath product G Wr H is the semidirect product G^Y ⋊ H where G^Y is the cartesian product of card Y copies of G with an obvious right action of H.

More concretely, the wreath product is the group having the cartesian product of G^Y × H as its underlying set. For γ, δ ∈ G^Y and p, q ∈ H, the multiplication (γ, p) · (δ, q) is defined by (γq · δ, qp), and the inverse (γ, p)^{−1} is defined by (γ^{−1}p^{−1}, p^{−1}). Here γq · δ is an element of G^Y carrying y ∈ Y to γ(qy) · δ(y), and γ^{−1}p^{−1} carries y ∈ Y to (γ(p^{−1}y))^{−1}.

The wreath product G Wr H acts on the cartesian product X × Y from left by (γ, p) · (x, y) = (γ(y) · x, py). We note that the wreath product turns out to be a permutation group by this action, namely, that two elements of the wreath product give different actions.

We let G_S denote the setwise stabilizer where G is a permutation group acting on a set X and S is a subset of X. Namely, G_S is the collection of p ∈ G satisfying px ∈ S for every x ∈ S. Moreover we denote by G^S the permutation group acting on the subset S induced by the setwise stabilizer G_S . Composition of analytic functors is described using the wreath product as follows [64].

1.18 Corollary Let G = ∑ i∈I Set(X_i, -)/G_i and H = ∑ j∈J Set(Y_j , -)/H_j be analytic functors on Set.

The composition H ∘ G is an analytic functor presented as follows: H(G(A)) ∼= ∑ [e]∈HI Set ( Σ_{y∈Yj} X_{e(y)}, A^)/Ke where the group K_e for e : Y_j → I is given by ∏ i∈I G_i Wr (H_j )^{e−1 (i)}_e−1_{(i)} (cartesian product of wreath products) where the i-th wreath product acts on X_i × e^{−1}(i).

We need several comments for the meaning of the formula. First X_i × e^{−1}(i) is the sum of e^{−1}(i) copies of X_i regarded as a subset of ∑ y∈Y_j Xe(y). We recall

the cartesian product of permutation groups acts on the disjoint sum of sets. Second, if [e] = [e^′] holds (i.e., e = e^′p for some p ∈ H_j ), there is a group isomorphism (H_j )^{e−1 (i)}_e−1_{(i)} onto (H_j )^{e′ −1 (i)}_e′ −1_{(i)} by conjugate p^{−1}(·)p for each i ∈ I. Thus a group isomorphism K_e ∼= K_e′ is induced, although it is not canonical. If we identify K_e and K_e′ through a chosen isomorphism, the formula in the right hand side makes sense irrelevant of the choice of the representative e.

(Proof) We consider Thm. 1.16. We recall that the index set I in the formal power series representation of G equals the set of isomorphism classes of weak normal forms in el(G). Let (Y_j , w) be a weak normal form in el(H) corresponding to the index j ∈ J. Then He(w) = He^′(w) iff e, e^′ : Y_j → I are in the same orbit for the action of H_j , that is, [e] = [e^′]. So the isomorphism classes of weak normal forms in el(HG) correspond bijectively to the set of [e] ∈ HI. Furthermore, if we transfer the function e in the preceding theorem into the map (denoted by the same symbol e) carrying i ∈ Y_j to the index e(i) ∈ I which corresponds to the weak normal form (X_i, z_i) in the preceding theorem, then the stabilizer of w is isomorphic to the group K_e here.

Remark: If X_i is an empty set for some i, the wreath product G_i Wr (H_j )^{e−1 (i)}_e−1_{(i)} has no points to act on, although this wreath product may still be non-trivial. If this is the case, K_e is not a permutation group. So it is more precise to say that K_e is the permutation group induced by ∏ i∈I G_i Wr (H_j )^{e−1 (i)}_e−1_{(i)}.

Combinatorial Species

Combinatorial species are introduced in [37] to give a foundation to the theory of enumerative combinatorics. They are shown to be equivalent to analytic functors. To prove this, first we form the category of analytic functors.

A weak cartesian natural transformation is a natural transformation ν : F → G subject to the condition that the square diagram F C GC

F D GD

ν_C

F f Gf

ν_D is a weak pullback for every morphism C^f−→ D. If F and G are analytic functors, we can show that ν preserves and reflects weak normal forms as follows:

1.19 Lemma Let F and G be analytic functors and let F^ν−→ G be a weak cartesian natural transformation.

(X, x) is a weak normal form in el(F ) if and only if (X, ν_X (x)) is a weak normal form in el(G).

(Proof) We verify the direction (⇒) only, leaving the other to the reader. Let (Y, y^′)^h−→ (X, ν_X (x)) be a weak normal form in el(G). It suffices to prove that h is invertible. Since the square diagram F Y GY

F X GX

ν_Y

F h Gh

ν_X is a weak pullback, there is a member y ∈ F Y such that y^′ = ν_Y (y) and x = F h(y). The latter equality means that (Y, y)^h−→ (X, x) is a morphism in el(F ). Since (X, x) is assumed to be a weak normal form, there is a morphism (X, x)^m−→ (Y, y) in el(F ) satisfying hm = 1_X . We note that (X, ν_X (x))^m−→ (Y, y^′) is a morphism of el(G). This follows from Gm(ν_X (x)) = ν_Y (F m(x)) = ν_Y (y) = y^′. Since (Y, y^′) is a weak normal form, the endomorphism mh on (Y, y^′) must be invertible. Now, both hm and mh being invertible, h is invertible.

We note that the proof uses the global property of analytic functors, that is, the existence of weak normal forms for all objects in the category of elements.

1.20 Definition (of [Set, Set]_{AF}) [Set, Set]_{AF} is the category of all analytic functors on Set and all weak cartesian natural transformations between them.

Let B be the category defined as follows: The objects are all natural numbers n, and the morphisms from n to n are all permutations over n letters. There are no morphisms between m and n if m ≠ n. Hence B is the groupoid of the disjoint sum of symmetric groups S_n where n ranges over N . We note that B is equivalent to the (large) category of all finite sets and all bijections.

A combinatorial species is a functor from B to Set. A morphism between combinatorial species is simply a natural transformation. Hence the category of combinatorial species is nothing but the category Set^B of presheaves. We denote a combinatorial species by F [·] using square brackets while an analytic functor by F (·) using braces. We warn that F [n] differs from F (n) even if n is a natural number that may be regarded as a finite set of n elements.

Our purpose is to verify that there is a categorical equivalence between the category [Set, Set]_{AF} of analytic functors and the category Set^B of combinatorial species. First we define a functor from Set^B to [Set, Set]_{AF}. The object map of the functor is given as follows. To each presheaf F [·], we associate a functor

F (A)^△= ∑ n∈N Set(n, A) ×_{Sn} F [n] where A ranges over Set. Here Set(n, A)×_{Sn} F [n] is the quotient of the cartesian product by equating (f, x) to (f ∘ p^{−1}, p · x) for all p ∈ S_n, where n^f−→ A and x is a member of F [n].

This functor F (A) is actually an analytic functor, since we have an isomorphism F (A) ∼= ∑ i Set(X_i, A)/G_i where the summation ranges over all pairs of natural numbers X_i and orbits o_i in F [X_i], and G_i is the stabilizer subgroup of an arbitrary element in the orbit o_i. Note that the group G_i is determined up to conjugation.

For the morphism map of the functor, a natural transformation ν[·] : F [·] → G[·] in Set^B yields a natural transformation ν(·) : F (·) → G(·). For a set A, the function ν(A) by definition sends (f, x) to (f, ν[n](x)) if n^f−→ A and x ∈ F [n].

We must show that ν(·) is weak cartesian. Let A^k−→ B be a function. We prove that the following square diagram is a weak pullback.

F (A) G(A)

F (B) G(B)

ν(A)

F (k) G(k)

ν(B) Let (g, x) be a member of F (B) and (f, y) a member of G(A), and suppose that these members are sent to the same element of G(B). Hence there is a permutation p such that g = kfp^{−1} and ν[n](x) = p · y. Then (f, p^{−1} · x) is an element of F (A), this element sent to (g, x) and (f, y) by F (k) and ν(A) respectively. This verifies that F (A) is a weak pullback.

1.21 Theorem There is a categorical equivalence between the category [Set, Set]_{AF} of analytic functors and the category Set^B of combinatorial species.

(Proof) We leave to the reader to show that the functor from Set^B to [Set, Set]_{AF} defined above is full and faithful. It remains to show that every analytic functor F (·) induces a combinatorial species F [·] satisfying a natural isomorphism F A ∼= ∑ n∈N Set(n, A) ×_{Sn} F [n]. For each natural number n, we define the set F [n] as the sum of the set S_n/Aut_{el(F )}(n, c) of cosets where the summation is over the equivalence classes of all weak normal forms (n, c) in el(F ). The symmetric group S_n acts on F [n] by the canonical left actions on cosets. Note that ∑ n∈N Set(n, A)×_{Sn} F [n] is naturally isomorphic to ∑ Set(X_i, A)/G_i where i ranges over the equivalence classes of weak normal forms and, if (n, c) is a representative, X_i equals n and G_i is Aut_{el(F )}(n, c). Furthermore a natural isomorphism ∑ Set(X_i, A)/G_i ∼= F (A) is determined by the function carrying X^f−→ A to a member a of F (A) given by the weak normal form (X, c)^f−→ (A, a).

Many Variables

A theorem similar to 1.21 holds for normal functors. In this case, however, we have a better result, that the normal functors may have additional parameters. From this result, we can form a cartesian closed category having normal functors as morphisms. We demonstrate this in the following.

We extend normal functors to finitely or infinitely many variables. Let A be a set. The category Set^A of presheaves is regarded as the cartesian product of card A copies of Set. A normal functor from Set^A to Set is by definition a coproduct ∑ i∈I Set^A(X_i, -) of representable functors where all X_i are finitely presentable objects of Set^A. By tupling these functors, we can define also a normal functor from Set^A to Set^B for sets A and B. Namely a normal functor F from Set^A to Set^B is a family of normal functors F_b : Set^A → Set where b ranges over the set B.

Let us recall that a finitely presentable object of Set^A is regarded as a finite multiset of members of A. If A is a finite set n, a presheaf Z in Set^n is regarded as a tuple (Z_0, Z_1, . . . , Z_{n−1}) of sets. If a finitely presentable object of Set^n is given as a multiset γ containing 0, 1, . . . , n − 1 with multiplicity m_0, m_1, . . . , m_{n−1} respectively, then the value Set^n(γ, Z) is exactly a monomial Z_0^{m0} Z_1^{m1} · · · Z_{n−1}^{mn−1} . For a general set A, in the same way, we obtain monomials of card A variables. So, as a sum of these monomials, a normal functor from Set^A to Set is a formal power series in card A variables.

We can consider a category where a morphism is a normal functor from Set^A to Set^B . First we characterize the objects. We recall the Lindenbaum-Tarski duality asserting that the category of all complete atomic Boolean algebra and all homomorphisms preserving sups and infs is equivalent to the opposite category Set^{op} [36]. We define categories that behave similarly to complete atomic Boolean algebras. A coproduct A = ∑ i∈I X_i is disjoint iff every injection X_i → A is a monomorphism and, in addition, the pullback X_i ×_A X_j is an initial object for all i ≠ j. Moreover, a coproduct A = ∑ i∈I X_i is universal iff, for every B^g−→ A, the object B is a colimit of the pullbacks B ×_A X_i [37].

A complete atomic accessible category is a category C with finite limits and small coproducts that are disjoint and universal, this category C subject to the condition that (i) the lattice Sub(1) of the subobjects of a terminal object 1 is small, and (ii) every object is a coproduct of atomic elements in the lattice Sub(1). It follows that the lattice Sub(1) is a complete atomic Boolean algebra. We state the following theorem analogous to the Lindenbaum-Tarski duality.

1.22 Theorem Let CAAcc_{CC} be the category of all complete atomic accessible categories and all functors that are both continuous and cocontinuous. There is a categorical equivalence CAAcc_{CC} ∼= Set^{op}.

(Proof) Sketch. For each set A, the category Set^A is a complete atomic accessible category. Conversely, each complete atomic accessible category C is equivalent to the category Set^{Atm(C)} where Atm(C) is the set of all atomic elements in the lattice Sub(1).

By this theorem, we may identify a complete atomic accessible category with a category of presheaves over a set (with an abuse: a complete atomic accessible category is only equivalent to a category Set^A of presheaves, not identical).

We define (Set^A, Set^B )_{NF} as the set of all isomorphism classes of normal functors from Set^A into Set^B . Hence, in this set, we do not distinguish two normal functors that are isomorphic. Taking this as a hom-set, the following category is defined.

1.23 Definition (of CAAcc_{NF}) The (large) category CAAcc_{NF} has all complete atomic accessible categories Set^A as objects and all isomorphism classes of normal functors as morphisms.

We may lift the category just defined to a 2-category by introducing the following notion specializing weak cartesian natural transformations defined earlier. A cartesian natural transformation is a natural transformation ν : F → G subject to the condition that the square diagram F C GC

F D GD

ν_C

F f Gf

ν_D is a pullback for every morphism C^f−→ D.

However the 2-category obtained in this way is not so well-behaved. The trouble occurs when we prove the cartesian closedness as we do in Thm. 1.24 below. In order to circumvent the problem, we have to identify certain cartesian natural transformations. We regard two cartesian natural transformations ν, ν^′ : F → G to be equal if and only if (X, ν_X (a)) ∼= (X, ν^′_X (a)) holds in el(G) for every normal form (X, a) in el(F ). The last condition signifies that, for every normal form (X, a) in el(F ), two elements ν_X (a) and ν^′_X (a) in G(X) are in the same orbit for the action of Aut_C(X). The policy behind this identification is that we should not distinguish the difference of choice of a representative from each orbit. We define [Set^A, Set^B ]_{NF} as the category having all normal functors from Set^A to Set^B as objects and all cartesian natural transformations where we identify certain cartesian natural transformations as above. For the later application to model lambda calculi, we use sets (Set^A, Set^B )_{NF} identifying isomorphic normal functors, though we sometimes employ categories [Set^A, Set^B ]_{NF} to verify certain properties.

We apply Thm. 1.21 to a normal functor F : Set → Set. For each set X, we have F (X) ∼= ∑ n∈N Set(n, X) ×_{Sn} F [n]. Since F is normal, the action of the symmetric group S_n on F [n] is free, i.e., the stabilizer of every element in F [n] is the trivial group. Thus, if we put F̃ [n] = F [n]/S_n, the set Set(n, X)×_{Sn} F [n] has a one-to-one correspondence to Set(n, X)·F̃ [n] where (-)·(-) is the shorthand for cartesian product. Here n is regarded to range over the finitely presentable objects of Set, and S_n is the automorphism group Aut_{Set}(n). Likewise, if we have a normal functor F : Set^A → Set, there is a natural isomorphism F (X) ∼= ∑ γ∈exp A Set

A(γ, X) ×_{Aut(γ)} F [γ]. We recall that finitely presentable objects of Set^A are regarded as finite multisets in exp A. Since F is normal, if we put F̃ [γ] = F [γ]/Aut_{Set}A (γ), we have the formula F (X) ∼= ∑ γ∈exp A Set^A(γ, X) · F̃ [γ].

So we might regard each F̃ [γ] as the coefficient of the γ-th power in the formal power series given by the normal functor. From the observation above, we have the following theorem:

1.24 Theorem Bijection (Set^{A+B} , Set^C )_{NF} ∼= (Set^A, Set^{exp B×C} )_{NF} holds for all sets A, B and C.

(Proof) We prove a stronger assertion: categorical equivalence [Set^A, Set^B ]_{NF} ∼= Set^{exp A×B} holds for all sets A and B. From this, categorical equivalence [Set^{A+B} , Set^C ]_{NF} ∼= [Set^A, Set^{exp B×C} ]_{NF} follows if we note that exp(A+B) ∼= exp A × exp B. Thence the identification of isomorphic normal functors yield the theorem.

A functor from Set^{exp A×B} into [Set^A, Set^B ]_{NF} is given by associating normal functor F_b : Set^X → Set to each F̃ ∈ Set^{exp A×B} by defining F_b(X) = ∑ Set^A(γ, X)F̃ [γ, b] for each b ∈ B. This association gives rise to the morphism map carrying ν̃ : F̃ → G̃ to the cartesian natural transformation ν : F → G defined by ν_{b,X} : (γ, k, x) → (γ, k, ν̃_{γ,b}(x)) where γ^k−→ X and x ∈ F̃ [γ, b]. The functor is essentially onto as proven in the paragraph immediately before this theorem.

We prove that the functor is full. Let F and G be the normal functors induced from F̃ and G̃. Let us take an arbitrary cartesian natural transformation F^ν−→ G. For every x ∈ F̃ [γ, b], applying Lemma 1.19 to the normal form (γ, (γ, id_γ , x)) in el(F_b), we infer that (γ, ν_{b,γ} (γ, id_γ , x)) is a normal form in el(G_b) (the lemma is proved only to the case that the domain is the category Set, but we notice that the proof works for every category). Hence there is a unique y ∈ G̃[γ, b] such that (γ, ν_{b,γ} (γ, id_γ , x)) ∼= (γ, (γ, id_γ , y)), since every normal form in el(G_b) is isomorphic to this shape for a unique y. We put this y to be μ̃_{γ,b}(x), deriving μ̃ : F̃ → G̃, which in turn induces a cartesian natural transformation F^μ−→ G. Then the isomorphism immediately above means (γ, ν_{b,γ} (γ, id_γ , x)) ∼= (γ, μ_{b,γ} (γ, id_γ , x)). This implies also (Z, ν_{b,Z} (c)) ∼= (Z, μ_{b,Z} (c)) for every normal form (Z, c) in el(F_b) by taking a normal form (γ, (γ, id_γ , x)) isomorphic to (Z, c). Hence two cartesian natural transformations ν and μ are identified in the category [Set^A, Set^B ]_{NF}, concluding that the involving functor is full. Finally it is easy to see that the functor is faithful.

The equivalence between [Set^A, Set^B ]_{NF} and Set^{exp A×B} would fail, if we did not identify certain cartesian natural transformations. A counter-example is given in [62]. For the normal functor F : Set → Set given by F (X) = X^2, there are two cartesian natural transformations from F to F , the one being an identity and the other switching the components, but the corresponding presheafs in Set^ω are the same.

The category Set^{A+B} is the cartesian product of Set^A and Set^B . Moreover it is easy to show that the bijection of the theorem of above is natural in Set^A and Set^C . Therefore we conclude the following:

1.25 Corollary Category CAAcc_{NF} is cartesian closed.

The extension of analytic functors to many variables is defined likewise. An analytic functor from Set^A to Set may be defined as F (X) = ∑ i Set^A(γ_i, X)/G_i where γ_i is an element of exp A and G_i is a subgroup of Aut_{Set}A (γ_i).

There is a subtle point, however, for this extension. For example, we consider the analytic functor F : Set^2 → Set defined by F (X, Y ) = (X^2Y^2)/G for the subgroup G of S_2 × S_2 generated by (σ, σ) where σ is the generator of S_2. Then, the functor G_X (-)^△= F (X, -) for fixed X is an analytic functor, since it preserves filtered colimits and weak pullbacks. So there is a bijection F (X, Y ) ∼= G_X (Y ), but it is not a natural isomorphism in X, since the group G is not decomposed into a cartesian product of subgroups of S_2. Hence we fail to obtain cartesian closedness in this way.

Initial Algebra

Let F : C → C be an endofunctor. An F -algebra is a pair of an object A and a morphism F A^f−→ A of C. A morphism g between F -algebras (A, f) and (A^′, f^′) is a morphism A^g−→ A^′ of C rendering the following square diagram commutative

F A F A^′

A A^′

F g

f f^′

g . An initial F -algebra μF is an initial object of the category of F -algebras. From the universal condition of an initial object, it is derived that for an initial algebra F (μF )^f−→ μF the morphism f is invertible. So an initial algebra is a categorical counterpart of a least fixpoint.

Let us consider an analytic functor F . Then F preserves filtered colimits. Hence an initial F -algebra is given as an inductive colimit of the ω-chain A_0^{e0}−→ A_1^{e1}−→ A_2^{e2}−→ · · · in category Set. Here A_0 is an empty set and e_0 is an empty map. Moreover, recursively, the set A_{n+1} is defined by F A_n and e_{n+1} by F (e_n).

An analytic functor preserves monomorphisms. This is obvious from the form of the analytic functor as a sum of quotients of representable functors. Thus all e_n is monomorphic, since e_0 is monomorphic as an empty map. So the initial algebras μF as an inductive colimit of A_n may be regarded as an increasing union ⋃_∞ n=0 A_n. Hence, for each element a ∈ μF , there is the least index n such that a is a member of A_n.

Notation: For each member a ∈ μF , we let p(a) denote the least index n such that a ∈ A_n.

We consider an initial algebra of an analytic functor in several variables. For example, if F (X, Y ) is an analytic functor on Set^2, we may regard an initial algebra μY. F (X, Y ) with respect to the second argument. The initial algebra μF (X) = μY. F (X, Y ) is a functor in X, since initial algebras are given as colimits of ω-chains of bifunctors. We want to show that μF (X) is actually an analytic functor.

1.26 Lemma The category [Set, Set]_{AF} is cocomplete, and colimits are pointwise.

(Proof) The first statement is immediate from the equivalence [Set, Set]_{AF} ∼= Set^B, since the latter is cocomplete. A colimit colim_{−→} F_i in [Set, Set]_{AF} is defined to correspond to the colimit colim_{−→} F_i[·] in the category Set^B of presheaves. To show that the colimit is pointwise, we note that

(colim_{−→} F_i)(A) ∼= ∑ n Set(n, A) ×_{Sn} colim_{−→} F_i[n] colim_{−→} (F_i(A)) ∼= colim_{−→} ∑ n Set(n, A) ×_{Sn} F_i[n]. But sum ∑ n, product Set(n, A) × (·), and the quotient of S_n-sets all preserve colimits, since they are left adjoint. Hence we must have (colim_{−→} F_i)(A) ∼= colim_{−→} (F_i(A)).

Remark: The category [Set, Set]_{AF} is also complete, since so is Set^B. But limits are not pointwise.

1.27 Proposition Let F : Set^A × Set → Set be a binary analytic functor.

The initial algebra μF turns out to be an analytic functor from Set^A to Set. Furthermore, if F is normal then μF is normal

(Proof) For each object Y of Set^A, the initial algebra μF (Y ) is defined as the colimit of A_n(Y ) where A_0(Y ) = ∅ and A_{n+1}(Y ) = F (Y, A_n(Y )). We let (γ_n)_Y : A_n(Y ) → μF (Y ) denote the colimiting cone. By Lemma 1.26, γ_n is a weak cartesian natural transformation. We must verify that each object (B, b) of el(μF ) has a weak normal form. There is an index n and b_0 ∈ A_n(B) such that b = (γ_n)_B (b_0). Hence, if we take a weak normal form (Z, c_0)^f−→ (B, b_0) in el(A_n), then, for c = (γ_n)_Z (c_0), the morphism (Z, c)^f−→ (B, b) is a weak normal form in el(μF ) by Lemma. 1.19 since γ_n is weakly cartesian.

2 Divisibility Orderings and Recursive Path Orderings

In this section, we show that analytic functors provide a foundation to the theory of well-partial-orderings including tree-embeddings, and the theory of recursive path orderings. The former developed in graph theory, and the latter in the theory of term rewriting system in theoretical computer science. We define the divisibility ordering which is a generalization of the notion of the same name introduced by Higman [32], and the recursive path ordering which is a generalization of the one introduced by Dershowitz [14]. We note that the topological or syntactical parts in these notions are taken place by the weak normal forms developed in the last section.

Well-Partial-Order

Well-partial-order is a generalization of well-order, which is a linear order with no infinite strictly decreasing sequences. A well-partial-order is by definition a poset that has neither infinite strictly decreasing sequences nor infinite antichains. We recall that an antichain is a set where every pair of its members is incomparable. A further generalization is a well-quasi-order, which is simply a quasi-order that turns out to be a well-partial-order if we collapse it by the equivalence relation induced by the quasi-ordering.

The notion of well-partial-order frequently appeared in the literature. It started being known after the work by Higman [32] who showed that a family of the sets of finite trees with bounded number of immediate successors are endowed with well-partial-orders, and by Kruskal [41] who showed that the set of all finite trees is a well-partial-order with respect to the topological embedding, settling Vazsonyi’s conjecture. This result, now known as Kruskal’s theorem, is given a short proof by Nash-Williams [48]. An important result in graph theory is a series of results including an extension of Kuratowski’s theorem to general surfaces by Robertson and Seymour [53]. In this theorem, it is proved that certain classes of graphs form well-partial-orders with respect to the graphminor relation.

The well-quasi-order has a simple definition, if we introduce the notion of bad sequences. A bad sequence in a quasi-ordered set is a finite or infinite sequence ⟨a_0, a_1, . . .⟩ of its members subject to the condition ∀ i < j. a_i ⋬ a_j .

2.1 Definition A well-quasi-order is a quasi-ordered set that has no infinite bad sequences.

In the following proposition, a strictly decreasing sequence in a quasi-ordered set is defined to be a sequence ⟨a_0, a_1, . . .⟩ satisfying a_i ⊵ a_{i+1} but a_i ⋬ a_{i+1} for all i.

2.2 Proposition A quasi-ordered set A is a well-quasi-order iff A has neither infinite antichains nor infinite strictly decreasing sequences.

(Proof) (⇒) is obvious. For (⇐), we assume that A has an infinite bad sequence ⟨a_0, a_1, . . .⟩. We color the set [N ]^2 of all subsets of natural numbers of cardinality two by blue and red. For each {i, j} with i < j, we color it by blue if a_i ⊵ a_j , and by red if a_i and a_j are incomparable. Then an infinite Ramsey theorem [25] implies the existence of an infinite subset S ⊆ N such that [S]^2 is monochromatic. Let us consider the subsequence ⟨a_{k(0)}, a_{k(1)}, . . .⟩ where k(n) enumerates the set S in the increasing order. According to which the color, blue or red, the set [S]^2 has, the subsequence is either strictly decreasing or an antichain.

The following lemma is immediate by definition of well-quasi-orders.

2.3 Lemma Let ⊴ and ⊴^′ be two quasi-orderings on the same set A, these quasi-orderings satisfying that a ⊴ b implies a ⊴^′ b.

If (A, ⊴) is a well-quasi-order, then (A, ⊴^′) is a well-quasi-order.

The linearization of a poset (A, ⊴) is a linear order < on the set A satisfying that a ⊴ b implies a ≤ b, where ≤ is the reflexive closure of the strict linear order <. Since a linear order that is a well-partial-order at the same time is exactly a well-order, the next corollary follows.

2.4 Corollary A linearization of a well-partial-order is a well-order.

Let Bad (A) be the tree of all finite bad sequences in a quasi-order A. The tree Bad (A) is well-founded if and only if A is a well-quasi-order. We can assign an ordinal to a well-founded tree by the following procedure. Let T be a wellfounded tree. For each node s, we assign the ordinal |s| that is the supremum of |t| + 1 where the nodes t range over all immediate successors of s. In particular, every leaf has the ordinal 0. The ordinal assigned to the tree T itself is defined as the ordinal assigned to the root of T . We denote this ordinal by |T |.

In particular, if A is a well-order, the ordinal assigned to A as above is exactly the same as the order type of well-ordered sets in the usual sense, that is, the ordinal isomorphic to A. If ⊴ and ⊴^′ are well-quasi-orders on the same set A satisfying a ⊴ b ⇒ a ⊴^′ b, then the ordinal assigned to Bad (A, ⊴^′) is less than or equal to the ordinal assigned to Bad (A, ⊴). In particular, the order type of a linearization of a well-partial-order A is less than or equal to the ordinal of Bad (A). De Jongh and Parikh [13] proved that there is a linearization achieving this upper bound.

2.5 Theorem Let A be a well-partial-order.

A has a linearization of the order type equal to |Bad (A)|.

Divisibility Ordering

We let QO denote the category of all quasi-ordered sets and all order-preserv-ing functions, that is, those functions A^f−→ B satisfying that a ⊴ a^′ implies f(a) ⊴ f(a^′).

Some of analytic functors behave as functors on QO. For example, let us consider the functor exp X. If A is a quasi-order, we can endow exp A with the quasi-order defined as follows: Let α = {s_1, s_2, . . . , s_m} and β = {t_1, t_2, . . . , t_n} be multisets in exp A. Then α ⊴ β is defined to hold iff there is a one-to-one function [m]^k−→ [n] such that s_i ⊴ t_{k(i)} holds in the quasi-order A for each i = 1, 2, . . . , m. If we regard A as the set of variables x_1, x_2, . . ., and if we identify a multiset {x_{i1} , x_{i2} , . . . , x_{in} } with a monomial x^α = x_{i1} x_{i2} · · · x_{in} , then α ⊴ β holds if and only if the monomial x^α divides the monomial x^β . So we call this quasi-ordering on exp A the divisibility relation.

A lifting of an analytic functor F_0 to the category QO of quasi-orders is a functor F : QO^n → QO rendering the square diagram

QO^n QO

Set^n Set

F

F_0

commutative, where the vertical arrows are the functors forgetting the structure of quasi-orders. We note that F_0 is uniquely determined by F . For simplicity, we may sometimes let the same symbol F denote the functors on both QO and Set. An inclusion in the category QO is an order-preserving map A^f−→ B between quasi-orders subject to the condition that f(a) ⊴ f(a^′) ⇒ a ⊴ a^′ for all a, a^′ in A.

Two simple examples of lifting are disjoint sum + and direct product ×. The disjoint sum of two quasi-orders is simply the quasi-ordered set with the copies of quasi-orderings A and B , and with no ordering between the members of A and the members of B. The direct product A × B of quasi-orders is obviously defined. The functor exp X is another example of lifting, as mentioned above. Moreover, we note that these functors preserve inclusions.

2.6 Lemma Let F : QO^n → QO be a lifting of an analytic functor on Set.

If F preserves inclusions, then F preserves filtered colimits in QO^n.

(Proof) For simplicity, we deal with the case when F is an unary functor. Let A_n be a filtered diagram in QO. There is a commutative diagram in QO colim_{−→} F A_n F (colim_{−→} A_n)

F A_n

g

c_n F c_n

where c_n and c_n are colimiting cones. We note that the forgetful functor QO → Set creates filtered colimits. So g is a bijection as a function between sets, since F is a lifting of an analytic functor preserving filtered colimits by definition. Hence it suffices to verify that the inverse g^{−1} is a homomorphism between quasi-orders.

To this end, let us take two elements a and a^′ in F (colim_{−→} A_n) satisfying a ⊴ a^′. Since g is a bijection, there are b and b^′ in some F A_n such that a = F c_n(b) and a^′ = F c_n(b^′). Let (X, z)^f−→ (A_n, b) and (X^′, z^′)^{f ′}−→ (A_n, b^′) be weak normal forms in el(F ), and we set the quasi-order C to be the restriction of A_n to he union of images Im(f) ∪ Im(f^′). Since the underlying set of C is finite, there is A_n^e−→ A_p such that the restriction of colim_{−→} A_n to the image of C → A_n^{cn}−→ colim_{−→} A_n is order-isomorphic to the restriction of A_p to the image of C → A_n^e−→ A_p. Namely, if we put C to be the restriction of A_p to the image of C under e, then C → A_p^{cp}−→ colim_{−→} A_n is an inclusion. Since F preserves inclusions, we have F e(b) ⊴ F e(b^′) in F C. Noting c_n = c_p ∘ e, this implies c_n(b) ⊴ c_n(b^′), that is g^{−1}(b) ⊴ g^{−1}(b^′).

Higman introduced divisibility orderings in [32] on a family of sets of finite trees with bounded number of immediate successors. We provide an abstract definition of divisibility orderings using analytic functors, so that our definition covers Higman’s definition as well as the topological embedding on trees.

2.7 Definition Let F : QO → QO be a lifting of an analytic functor. Moreover, we suppose that F preserves inclusions.

The divisibility ordering on the initial algebra μF is an ω-inductive limit in the category QO of the diagram A_0^{e0}−→ A_1^{e1}−→ · · · where A_0 is the empty quasi-order and e_0 is an empty map. Moreover we define A_{n+1} and e_{n+1} as follows:

(i) The underlying set of A_{n+1} equals the underlying set of F (A_n). The quasiordering on A_{n+1} is the transitive closure of the union of the following two relations: The one is the quasi-order F (A_n), and the other is the collection of all a^∘ ⊴ a for each weak normal form (X, z)^f−→ (A_n, a) in el(F ) and each a^∘ in the image of X^f−→ A_n^{en}−→ A_{n+1}.

(ii) e_{n+1} : A_{n+1} → A_{n+2} is simply F (e_n).

Remark: Since the empty map e_0 is an inclusion, every e_n is an inclusion as well. As an ω-inductive limit of inclusions, each morphism A_n^{cn}−→ μF of the colimiting cone is an inclusion.

One may regard a^∘ occurring in this definition as a subterm or a subtree of a. See the example after Lemma 2.9 below.

2.8 Lemma The functions e_n : A_n → A_{n+1} in Def. 2.7 are homomorphisms between quasiorders.

(Proof) Induction on n. If n = 0, an empty map e_0 is a homomorphism between quasi-orders. So we verify that e_{n+1} : A_{n+1} → A_{n+2} is order-preserving, provided that e_n is so. Let us take a, a^′ ∈ F A_n, and put a = e_{n+1}(a) and a^′ = e_{n+1}(a^′). If a ⊴ a^′ in F A_n, then a ⊴ a^′ holds since F e_n : F A_n → F A_{n+1} preserves order. If a^∘ ⊴ a where a^∘ is in the image of X^f−→ A_n^{en}−→ A_{n+1} for a weak normal form (X, z)^f−→ (A_n, a), Lemma 1.5 implies that (X, z)^{enf}−→ (A_{n+1}, a) is a weak normal form. So if we put a^∘ = e_{n+1}(a^∘), we have a^∘ ⊴ a, since a^∘ is in the image of X^{enf}−→ A_{n+1}^{en+1}−→ A_{n+2} for the weak normal form e_nf. We note that the divisibility ordering on μF differs from the initial F -algebra in the category QO, since we include the relation a^∘ ⊴ a in the definition above. For example, if F (X) is defined by 1 + X, the initial algebra is an antichain of countable elements whereas the divisibility ordering is isomorphic to the ordinary order of natural numbers.

2.9 Lemma Let F be a lifting of an analytic functor, this F preserving inclusions. Moreover, we suppose the initial algebra μF is endowed with the divisibility ordering. Let γ : F (μF )^∼−→ μF be the canonical bijection in Set. Then γ is orderpreserving, i.e., a morphism of QO.

(Proof) Since F preserves filtered colimits of quasi-orders, if a ⊴ a^′ holds in F (μF ), then there is A_n such that a ⊴ a^′ in F (A_n). Hence a ⊴ a^′ holds in A_{n+1}, implying a ⊴ a^′ in μF .

Remark: We note that the inverse γ^{−1} of the canonical bijection is not orderpreserving, in general.

The divisibility ordering on μX. exp X is exactly the tree-embedding between finite unordered trees with root. Here an unordered tree is such that the order of immediate subtrees of each node is irrelevant. We denote the tree t with immediate subtrees t_1, t_2, . . . , t_n of the root by span(t_1, t_2, . . . , t_n). The tree t is a member of some A_{k+1} = exp A_k with weak normal form (X, {z_1, z_2, . . . , z_n})^g−→ (A_k , {t_1, t_2, . . . , t_n}) where X is the set of pairwise distinct elements z_1, z_2, . . . , z_n and the function g carries each z_i to t_i. Hence the subterms t_i of t correspond to the elements in the image of the function g occurring in the weak normal form. Therefore, for a tree u = span(u_1, u_2, . . . , u_p), we have t ⊴ u by the divisibility ordering iff either the divisibility relation {t_1, t_2, . . . , t_n} ⊴ {u_1, u_2, . . . , u_p} holds between multisets, or some t_i embeds into u. This is exactly the tree-embedding between finite trees.

Another example μX. 1 + X^2 is the divisibility ordering which gives a treeembedding on binary trees respecting the order of immediate subtrees. Moreover, the set List(A)^△= μX. 1 + A × X is regarded as the set of all finite lists of members of A. The divisibility ordering on List(A) is the Higman ordering [32, 60, 47].

2.10 Theorem Let F : QO → QO be a lifting of an analytic functor, this F preserving inclusions.

If F sends well-quasi-orders to well-quasi-orders, then the divisibility ordering on μF is a well-quasi-order.

(Proof) The standard minimal bad sequence argument. We recall that p(a) denote the least index n such that a ∈ A_n for each a ∈ μF . Towards contradiction, we assume that there is an infinite bad sequence in μF . Then there is a bad sequence ⟨a_0, a_1, . . .⟩ minimal in the following sense: If ⟨b_0, b_1, . . .⟩ is an infinite bad sequence, and a_0 = b_0, a_1 = b_1, . . ., a_{i−1} = b_{i−1} hold, then p(a_i) ≤ p(b_i) holds. Induction on i proves the existence of such a sequence ⟨a_0, a_1, . . .⟩ where, at the i-th induction step, we choose a_i as the one with the smallest possible value p(a_i).

For each i, let (X_i, z_i)^{fi}−→ (A_{p(ai )−1}, a_i) be a weak normal form in el(F ). We put the quasi-order S to be the restriction of μF to the union of images ⋃ Im(f_i).

We verify that S is a well-quasi-order. Let us assume that S has an infinite bad sequence ⟨b_0, b_1, . . .⟩, for contradiction. Suppose that b_0 is in Im(f_{i0} ). Since the union Im(f_0) ∪ Im(f_1) ∪ · · · ∪ Im(f_{i0 −1}) is finite, without loss of generality we may assume that no b_i belongs to this union, by eliminating finitely many b_i’s if necessary. Let us consider an infinite sequence ⟨a_0, a_1, . . . , a_{i0−1}, b_0, b_1, . . .⟩. This sequence must be good in μF since p(b_0) must be strictly smaller than p(a_{i0} ). Hence there are indices j < i_0 and k such that a_j ⊴ b_k in μF . We have b_k ∈ Im(f_l) for some l where i_0 ≤ l by the assumption above. So both a_j ⊴ a_l and j < l hold, contradicting the assumption that ⟨a_0, a_1, . . .⟩ is bad. Therefore S is a well-quasi-order.

Now F (S) is a well-quasi-order, since F preserves well-quasi-orders. So the sequence ⟨a_0, a_1, . . .⟩ must be good in F (S), thus in F (μF ). Since the canonical bijection F (μF )^∼−→ μF preserves orders, the sequence is good also in μF , contradicting that ⟨a_0, a_1, . . .⟩ is bad.

Remark: In the usual proof of Kruskal’s theorem, the minimal bad sequence is defined to be minimal by the lexicographic comparison of the indices p(a_i). This does not work in our case, however. In fact, the sets A_n may be infinite, thus König’s lemma to find an infinite path cannot be applied.

We may apply the construction of divisibility orderings iteratively. For example, we discuss the divisibility ordering on μX_1μX_2 · · · μX_n. exp(X_1 +X_2 +· · ·+X_n) later. For this iteration to behave well, we must prove the following lemma.

2.11 Lemma Let F (X_1, X_2, . . . , X_n, Y ) be a lifting of an analytic functor. We suppose F preserves inclusions.

The divisibility ordering on μY. F (X_1, X_2, . . . , X_n, Y ) yields a functor on QO^n that is a lifting of an analytic functor and preserves inclusions.

(Proof) The proof is the same for all n ≥ 1, so we prove the case when n = 1. By Prop. 1.27, the underlying functor of G(X) = μY. F (X, Y ) on Set is an analytic functor. The initial algebra G(X) is obtained as an inductive limit of G_{n+1}(X) = F (X, G_n(X)). We show that, for each A^k−→ B in QO, the function G_{n+1}(k) = F (k, G_n(k)) is order-preserving. Once we prove this, the assertion of lemma follows easily, since G(X) is an inductive limit and the colimiting cone consists of inclusions.

If a ⊴ a^′ in F (A, G_n(A)), then obviously a ⊴ a^′ in F (B, G_n(B)) where a = G_{n+1}(k)(a) and a^′ = G_{n+1}(k)(a^′). Next let us suppose a^∘ ⊴ a where a^∘ is in the image of Z^f−→ G_n(A) −→ G_{n+1}(A) where (Z, z)^f−→ (G_n(A), a) is a weak normal form in el(F (A, -)). We note that F (k, Z) is a weakly cartesian natural transformation between the functors F (A, Z) and F (B, Z) in Z, since F preserves weak pullbacks. Hence (Z, z^′)^f−→ (G_n(A), a^′) is a weak normal from in el(F (B, -)) by Lemma 1.19 where z^′ = F (k, Z)(z) and a^′ = F (k, G_n(A))(a). Since (G_n(A), a^′)^{Gn(k)}−→ (G_n(B), a) in el(F (B, -)), we have a weak normal form (Z, z^′)^{Gn(k)f}−→ (G_n(B), a) by Lemma 1.5, (ii). Hence a^∘ ⊴ a holds in G_{n+1}(B) where a^∘ = G_{n+1}(k)(a^∘).

Algebras

Employing the observation so far, we have a class of well-partial-orders generated by simple operations.

2.12 Definition An algebra A is generated by the following Backus-Naur form: A ::= ∅ | 1 | X | A + A | A × A | μX. A where X is a variable taken from a given countable set.

We handle algebras as syntactic objects. But we can interpret these constructs as operations of posets in an obvious way: ∅ is an empty poset, 1 is a singleton, A+B is a disjoint sum, A×B a direct product, and μX. A a divisibility ordering. The terms in algebras are generated by the following rules: ∗ ∈ 1 a ∈ A ιa ∈ A + B b ∈ B ι^′b ∈ A + B a ∈ A b ∈ B ⟨a, b⟩ ∈ A × B a ∈ [(μX. A)/X]A γa ∈ μX. A Here [(μX. A)/X] is the substitution of μX. A for X. We write the substitution as a prefix operator. Moreover, we often write AB in place of A × B.

To be precise, we should annotate the constructors of terms such as ι and γ by involving algebras so that we can determine the algebras where they belong. For example, the notation ι_{A,B} may be better to keep track of the information of algebras. But, to avoid cumbersome notations, we omit the annotations if confusions are unlikely. Furthermore, we often omit ι and ι^′ if they are clear from the context.

The substitutions occurring in the initial algebra construction is canonically determined by the form of the initial algebras. Namely, if a ∈ A[D_1, D_2, . . . , D_n] occurs in the derivation tree of terms for an algebra A[X_1, X_2, . . . , X_n] and its ground substitution, the substituted algebras D_i are determined by the form of A. So we associate the canonical substitution η_A to each algebra A (precisely speaking, to each subalgebra A occurring in a fixed closed algebra) as follows: For a given algebra A, we start with the empty substitution η_A = ∅. If A = μX_n. B, we put η_B = η_A[A/X_n]. For the other constructors, the canonical substitutions do not change. For example, if A = B + C, both η_B and η_C are set to equal η_A. Here the concatenation of substitutions has an obvious meaning. For example, if η = [A/X][B[X]/Y ] then η C[X, Y ] = C[A, B[A]].

Example: Let us consider the algebra T = μXμY.1+XY , where we put F [X] = μY.1 + XY . We start with η_T = ∅. After stripping the outermost μX, we have η_{F [X]} = [T/X]. Finally, inside the scope of the operator μY , the canonical substitution becomes [T/X][F [X]/Y ]. Hence, if we put the last substitution to be η, we have η(1 + XY ) = 1 + T F [T ].

So a canonical substitution should have the form [D_1/X_1][D_2/X_2] · · · [D_n/X_n] where D_1 is a closed algebra, D_2 may have a free variable X_1, and D_n is in X_1, X_2, . . . , X_{n−1}. Later we use also partial applications of the canonical substitution, η^{(k)}_A^△= [D_{k+1}/X_{k+1}] · · · [D_n/X_n]. For simplicity, we often omit the suffix recording the algebra, and let simply η denote the involved canonical substitution.

Let A be an algebra where all free variables are given suffixes as X_1, X_2, . . .. We define the cardinality card A by Ω_n with the highest n such that X_n is free in A. If A is closed, we put card A = Ω_0.

Remark: There is no straightforward relation of this cardinality to the settheoretic one. But the variables X_n behave somehow as cardinals Ω_n used in the traditional ordinal notations [9, 51]. In particular, there seems to be a close analogy to the Bachmann-Isles’ hierarchy [20, 34].

We replace every bound variable by one of X_n by the following procedure: We start from a given algebra where its cardinality is well-defined, and decompose it until initial algebras are encountered. If μX. A[X] is of cardinality Ω_n, then we set μX_{n+1}. A[X_{n+1}] and the procedure goes to the next turn where A[X_{n+1}] is manipulated. For example, we transfer μXμY. (μZ. 1 + XZ)(μZ. 1 + Y Z) ⇝ μX_1μX_2. (μX_2. 1 + X_1X_2)(μX_3. 1 + X_2X_3).

We note that the left μZ is replaced by μX_2 while the right by μX_3. The basic idea is to use the smallest number that has not yet been used in the scope of the μ-operator.

We often add a suffix to the constructor γ associated to initial algebras as follows: We write γ_na for members of η(μX_n. A) for an initial algebra μX_n. A of cardinality Ω_{n−1}.

2.13 Definition Let a be a term in A = ηX_k for some variable X_k and its canonical substitution η. Moreover, let b be a term in an algebra ηB.

The subterm relation, written a ⊆ b in symbols, is generated by the following rules: a ⊆ a a ⊆ b a ⊆ ιb a ⊆ c a ⊆ ι^′c a ⊆ b a ⊆ ⟨b, c⟩ a ⊆ c a ⊆ ⟨b, c⟩ a ⊆ b a ⊆ γ_nb if k < n Moreover, for two terms a and a^′ = γ_k(b^′) in the algebra A = ηX_k, we say that a is a subterm of a^′ and write a ⊂ a^′ if and only if a ⊆ b^′.

Remark: The assertion that a is a subterm of a^′ makes sense, either if the cardinality of the algebra where a^′ belongs is greater than that of the algebra where a belongs, or if a and a^′ are members of the same initial algebras. Which one we intend will be clear from the context.

The sole important point in definition of subterms is the side condition k < n in the last rule. For example, let us consider the algebra T = μX_1μX_2. 1 + X_1X_2. The associated canonical substitution η equals [T/X_1][F [X_1]/X_2] where F [X_1] = μX_2. 1+X_1X_2. We consider a term a = γ_2⟨γ_1a^′, a^{′′}⟩ where a, a^′ and a^{′′} are members of ηX_2 = F [T ]. Then both a^′ and a^{′′} occur as subexpressions of a. However, we have a^{′′} ⊂ a whereas a^′ ⊄ a since a^′ ⊈ γ_1a^′ by the side condition.

The following proposition asserts the connection between normal forms and subterms. Let us recall that, if a canonical substitution η is given by [D_1/X_1] [D_2/X_2] · · · [D_n/X_n], then the partial substitution η^{(k)} denotes [D_{k+1}/X_{k+1}] · · · [D_n/X_n]. Hence η^{(k)}A is a normal functor in X_1, X_2, . . . , X_k for algebra A[X_1, X_2, . . . , X_k, . . . , X_n]. 2.14 Proposition For an algebra A[X_1, X_2, . . . , X_n] and its canonical substitution η, let F (X_k) be the functor η^{(k)}A in variable X_k (as well as X_1, X_2, . . . , X_{k−1}, which are fixed here, however). Moreover let (Y, z)^f−→ (ηX_k, b) be a normal form in el(F ).

A term a ∈ ηX_k is in the image of f if and only if a is a subterm of b.

(Proof) (⇐) By induction on the derivation of a ⊆ b. We prove the case deriving a ⊆ γ_nb from a ⊆ b where γ_nb is a member of ηA for A = μX_n. B. For a partial substitution η^{(k)} = [D_{k+1}/X_{k+1}] · · · [D_{n−1}/X_{n−1}][A/X_n], let us put η^′ to be the substitution without the last component [A/X_n]. Then, provided k < n, we have η^{(k)}B = η^′[A/X_n]B, which turns out to equal [(μX_n. η^′B)/X_n](η^′B). This is bijective to μX_n. η^′B, i.e., η^{(k)}(μX_n. B) by definition of initial algebra. Moreover, this bijection γ_n is natural in X_1, X_2, . . . , X_k. Regarding η^{(k)}B to be a functor G(X_k), let us take a normal form (Y, z)^f−→ (ηX_k, b) in el(G). By induction hypothesis, a is in the image of f. Since the natural isomorphism γ_n : η^{(k)}B^∼−→ η^{(k)}(μX_n. B) must be cartesian, also (Y, γ_nz)^f−→ (ηX_k, γ_nb) is a normal form. Hence the assertion of proposition holds also for a ⊆ γ_nb, namely, a is in the image of f giving the normal form of γ_nb.

(⇒) Induction on construction of B. If A = μX_n. B with k < n, we have η^{(k)}A = η^{(k)}B. So the image of the function f of normal forms does not change. If A = B × C, a normal form of ⟨b, c⟩ has the form (Y + Y^′, ⟨z, z^′⟩) where (Y, z) and (Y^′, z^′) are normal forms of b and c, and z is the image of z under the function determined by the injection Y → Y + Y^′, and likewise for z^′. Hence a must be in either the image of the normal form of b or the image of the normal form of c. The case A = B + C is easy. If A = X_k, the element a must equal b. 2.15 Lemma Let us consider three algebras A, B[X] and C[Y ] and three terms a ∈ A, b ∈ B[A] and c ∈ C[B[A]]. If a ⊆ b and b ⊆ c, then a ⊆ c.

(Proof) Obvious by the preceding proposition and Thm. 1.16.

We define the embeddability relation a ⊴_A a^′ for a, a^′ in A where A is the ground instance of some algebra by its canonical substitution.

∗ ⊴_1 ∗ a ⊴_A a^′ ιa ⊴_{A+B} ιa^′ b ⊴_A b^′ ι^′b ⊴_{A+B} ι^′b^′ a ⊴_A a^′ b ⊴_B b^′ ⟨a, b⟩ ⊴_{A×B} ⟨a^′, b^′⟩ b ⊴_{[A/Xn]B} b^′ γ_nb ⊴_A γ_nb^′ a ⊴_A a^∘ a ⊴_A a^′ if a^∘ ⊂ a^′.

In the last two rules, we assume that A is the initial algebra μX_n. B. These rules are the same as those in [29], except that, in the last rule, the subterm relation a^∘ ⊂ a^′ does not simply mean that a^∘ is a subexpression of a^′.

2.16 Lemma Let A and B[X] be algebras, and let a be a term of A and b, b^′ terms of B[A].

If a ⊆ b and b ⊴_B b^′, there is a term a^′ ∈ A such that a^′ ⊆ b^′ and a ⊴_A a^′.

(Proof) Induction on construction of the algebra B[X]. The sole non-trivial case is when B[X] is an initial algebra μY. C[X, Y ]. The divisibility ordering on μY.C[A, Y ] is the transitive closure of two patterns. The one is the condition that b = γc and b^′ = γc^′ with c ⊴_C c^′. In this case, we have a ⊆ c. By hypothesis on C, there is a term a^′ such that a ⊴_A a^′ and a^′ ⊆ c^′, the latter implying a^′ ⊆ b^′. The other pattern is b ⊂ b^′. In this case, a ⊆ b ⊆ c^′ if we write b^′ = γc^′. So, by Lemma 2.15, we have a ⊆ c^′, thus a ⊆ b^′. By taking the transitive closure of these, we prove the assertion of lemma for initial algebras.

Let us recall that the constructors of algebras have natural meaning as operators on posets. For simplicity of notation, we abuse the same symbols for both syntactic objects and their interpretations. The next theorem shows that the embeddability relation is equal to the intended partial order.

2.17 Theorem Let a and a^′ be terms of A that is the ground instance of an algebra by its canonical substitution.

The embeddability relation a ⊴_A a^′ holds iff a ⊴ a^′ in the poset interpreting A.

(Proof) The inference rules of the embeddability relation are nearly word-by-word translation of the corresponding definition of the operations on posets, except that the inference by the subterm relation a^∘ ⊂ a^′ is restricted to the right hand side of ⊴_A while the corresponding divisibility ordering, which is defined as the transitive closure of two patterns, allows this anywhere in the sequence of these patterns. So we must verify that the use of a^∘ ⊆ a^′ can be postponed to the rightmost of the sequence. To this end, we assume that a^∘ ⊂ a holds, and that a ⊴_A a^′ is derived from b ⊴_{[A/X]B} b^′ where a = γb and a^′ = γb^′. Then we have a^∘ ⊆ b. So, by Lemma 2.16, there is a^∘ ⊴_A a^{′∘} such that a^{′∘} ⊆ b^′, from which a^{′∘} ⊂ a^′ follows. Hence one can collect all applications of subterm relation to the rightmost of the sequence.

2.18 Corollary Let A be the ground instance of an algebra by its canonical substitution.

The embeddability relation ⊴_A on the set of terms in A is a well-partial-order.

The divisibility ordering on an iterated initial algebra gives a version of the embedding between labeled trees with the gap condition [59, 19]. As an example, let us consider the algebra μX_1μX_2 · · · μX_n. List(X_1 + X_2 + · · · + X_n) where List(A) is defined by μY. 1 + AY . We put

D_1 = μX_1. D_2[X_1] D_2[X_1] = μX_2. D_3[X_1, X_2] . . D_n[X_1, X_2, . . . , X_{n−1}] = μX_n. D_∞[X_1, X_2, . . . , X_{n−1}, X_n] D_∞[X_1, X_2, . . . , X_{n−1}, X_n] = List(X_1 + X_2 + · · · + X_{n−1} + X_n) .

With the shorthand γ_it = γ_iγ_{i+1} · · · γ_nt, the members of ηD_∞ are written as lists ⟨γ_{k1} t_1, γ_{k2} t_2, . . . , γ_{km} t_m⟩. It is helpful to regard the list as the tree ∘ t_1 t_2 t_m

k_1 k_2 k_m · · · with edges labeled by natural numbers in 1, 2, . . . , n, where the order of immediate subtrees t_1, t_2, . . . , t_m must be the same as the order occurring in the list.

For each pair of s and t in ηD_∞, it holds that γ_is ⊴ γ_it by the divisibility ordering on ηD_i iff either (1) there is a proper subtree t^∘ of t where the edge to the root of t^∘ is labeled by i and the edges occurring on the path from the root of t to the root of t^∘ are labeled by some j > i except the last one, and where t^∘ satisfies γ_is ⊴ γ_it^∘ in ηD_i, or (2) it holds that γ_{i+1}s ⊴ γ_{i+1}t in ηD_{i+1}, where if i = n we put i + 1 = ∞. Unfolding the part γ_is ⊴ γ_it^∘ in (1 ) iteratively by these two patterns (increasing the index i if the pattern (2 ) is applied), we conclude γ_is ⊴ γ_it iff t has a subtree t^∘ (possibly equal to t) such that the edges occurring on the path from the root of t to the root of t^∘ have labels j ≥ i, this t^∘ satisfying s ⊴ t^∘ in ηD_∞, namely, by the Higman embedding between lists. Hence, for s = ⟨γ_{j1} s_1, γ_{j2} s_2, . . . , γ_{jm} s_m⟩ and t = ⟨γ_{k1} t_1, γ_{k2} t_2, . . . , γ_{kp} t_p⟩ in ηD_∞, that is, for two trees ∘ s_1 s_2 s_m

j_1

j_2 j_m · · · ∘ t_1 t_2 tp

k_1 k_2 k_p · · · , it holds that s ⊴ t iff there is a strictly order-preserving function [m]^e−→ [n] such that j_i = k_{e(i)} for all i = 1, 2, . . . , m, and, for each i, we have γ_{ji} s_i ⊴ γ_{ke(i)} t_{e(i)}, that is, there is a subtree t^∘ of t_{e(i)} with all edges to the root of t^∘ having labels equal to j_i or more, and furthermore t^∘ satisfies s_i ⊴ t^∘ in ηD_∞.

In this example, we regard the trees where the order of immediate subtrees is respected. Replacing List by exp as

μX_1μX_2 · · · μX_n. exp(X_1 + X_2 + · · · + X_n),

we can define the edge-labeled trees where the order of immediate subtrees is irrelevant. This is a modification of the tree-embedding with the gap condition [59] to the trees where the edges are labeled. We note that the type of embedding used in [52] is akin to the embedding of edge-labeled trees discussed here.

Recursive Path Ordering

Let LO be the category of all linearly ordered sets and all strictly orderpreserving maps. Similarly to the case of quasi-orders, some of analytic functors are regarded as functors on LO.

Given a linearly ordered set A, the multiset ordering [15] is the linear ordering on exp A defined as follows: For multisets α, β ∈ exp A, and s_1, s_2, . . . , s_n, t ∈ A with n ≥ 0, we define {s_1, s_2, . . . , s_n} ∪ α < {t} ∪ β if α ≤ β and s_i < t in A for every i. As an alternative characterization, it holds that {s_1, s_2, . . . , s_m} ≤ {t_1, t_2, . . . , t_n} in the multiset ordering iff there is a function k : [m] → [n] such that s_i ≤ t_{k(i)} for every i and, in addition, if the equality s_i = t_{k(i)} holds then k(i) = k(i^′) implies i = i^′. It is easy to see that, endowed with the multiset ordering, exp X turns out to be functorial, and that it satisfies the commutative square diagram

LO LO

Set Set

exp

exp . Furthermore, the multiset ordering on exp A is a linearization of the divisibility relation on it. This fact is proved easily if one uses the alternative characterization of the multiset ordering. Therefore, as a linearization of a well-partial-order, the multiset ordering on exp A is a well-order, provided that A is a well-ordered set.

The multiset ordering is not a unique way to lift the functor exp X to the category LO. We may compare two multisets α and β first by the number of members with multiplicity taken into account, and second by the multiset ordering if the numbers are equal. If we regard the members of A as variables x_1, x_2, . . . equipped with a linear order on them, and if we identify a multiset {x_{i1} , x_{i2} , . . . , x_{in} } with a monomial x_{i1} x_{i2} · · · x_{in} , then this ordering compares the total degrees of monomials first and after arranging the variable in the monomials in the descending order, compare two monomials by the lexicographic ordering. This ordering is called the total degree-lexicographic ordering in [5]. By this means, we have a functor lifing exp X to LO. Also this is a linearization of the divisibility relation, thus the total order-lexicographic ordering is a wellorder, provided that A is a well-order.

The recursive path ordering is introduced by Dershowitz [14] as a machinery to prove termination of term rewriting systems. The recursive path ordering is a well-ordering on the set of trees. Since terms are regarded as trees with nodes labeled by function or constant symbols, this method has an advantage that the termination is proved directly.

To define the recursive path ordering, we assume to have a well-ordering ≺, called a precedence order, on the set of function and constant symbols. The multiset path ordering s < t for terms s = f(s_1, s_2, . . . , s_m) and t = g(t_1, t_2, . . . , t_n) is defined by either (i) s ≤ t_j for some subterm t_j , or (ii) both s_i < t for all subterms s_i and either f ≺ g for the top function symbols or f = g and {s_1, s_2, . . . , s_m} <^∘ {t_1, t_2, . . . , t_n} by the multiset ordering <^∘ induced by the multiset path ordering < itself. We can deal with function symbols of variable arity.

A typical application is the proof of termination of the following term rewriting system to compute the disjunctive normal form [14]: ¬¬ x → x ¬(x & y) → ¬ x ∨ ¬ y ¬(x ∨ y) → ¬x & ¬ y x & (y ∨ z) → (x & y) ∨ (x & z) (x ∨ y) & z → (x & z) ∨ (y & z). An appropriate precedence order to prove termination is ∨ ≺ & ≺ ¬. Then, for each rewriting rule l → r and each ground substitution σ, one can see in seconds that σl > σr by the multiset path ordering. For example, to see ¬ s ∨ ¬ t < ¬(s & t), first we compare the topmost symbols ∨ and ¬. Since the latter is greater in the precedence order, we turn to check ¬ s < ¬(s & t) and ¬ t < ¬(s & t), decomposing the left hand side. Since the topmost symbols are the same ¬, we should check s < s & t for the former and t < s & t for the latter. But these are true since s and t are subterms of s & t. Since the multiset path ordering is a well-order, the relations σl > σr imply that this term rewriting system enjoys the strong normalization property. Namely every rewriting sequence terminates in finite steps.

There are many variations of the multiset path ordering. The lexicographic path ordering is obtained by modifying the phrase (ii) in definition of the multiset path ordering , replacing the multiset ordering {s_1, s_2, . . . , s_m} <^∘ {t_1, t_2, . . . , t_n} by ⟨s_1, s_2, . . . , s_m⟩ <_{lex} ⟨t_1, t_2, . . . , t_n⟩ where <_{lex} is the lexicographic ordering induced by the ordering < we are defining. In this case, we assume that each function symbol has a fixed arity. More generally, we can mix up the multiset and the lexicographic path orderings to the so-called the recursive path ordering with status [44].

One of frequent users of well-orders is the proof-theoretician. After a celebrated work by Gentzen proving the consistency of Peano arithmetic by ordinal ε_0, well-orders are employed as a measure of the power of proof systems. The proof-theoretical ordinal of a proof system is defined as the least ordinal the well-orderedness of which cannot be proved in the system. For consistency proofs, we must form a term notation for a fragment of the class of ordinals, rather than set-theoretic abstract ordinals as transitive sets. Hence, it is not surprising that proof-theoreticians are forerunners of computer scientists in use of well-orders. For example, the ordering by Ackermann [1] is nothing other than a special case of the recursive path ordering with status. A more elaborate ordinal notation for a larger fragment is Takeuti’s ordinal diagrams [61]. We discuss this topic extensively later.

A functor F : LO^n → LO is a lifting of an analytic functor F_0 iff the square diagram

LO^n LO

Set^n Set

F

F_0

commutes, where the downward arrows are the functor forgetting the structures of linear orders.

Example: (i) The disjoint sum (·) + (·) has a lifting to linear orders. The linear order A + B is given by the copies of linear orders A and B as well as the relations asserting that every member of B is greater than all members of A. We note that the operator + on linear orders is non-commutative. (ii) The direct product (·)×(·) has a lifting to linear orders. The linear order A× B is the inverse lexicographic ordering. Namely, ⟨a, b⟩ < ⟨a^′, b^′⟩ holds iff either b < b^′ or both b = b^′ and a < a^′. One may prefer the ordinary lexicographic ordering. This is a matter of choice, but traditional ordinal notations adopt the inverse lexicographic path ordering. The operator × on linear orders is non-commutative.

(iii) As mentioned above, the functor exp X has a lifting to linear orders by the multiset ordering.

We introduce an abstract version of the recursive path ordering as a linear order on the initial algebra μX. F (X), provided that F is a lifting of an analytic functor to linear orders.

2.19 Definition Let a functor F : LO → LO be a lifting of an analytic functor.

The recursive path ordering is a linear order on the initial algebra μX. F (X), this linear order defined as the inductive limit of the ω-chain A_0^{e0}−→ A_1^{e1}−→ · · · in the category LO, where A_0 is an empty linear order with an empty map e_0, and A_{n+1} and e_{n+1} are defined by induction as follows:

(i) The underlying set of A_{n+1} equals the underlying set of F (A_n). The linear order on A_{n+1} is defined by the following: For members a and b in A_{n+1}, let their weak normal forms in el(F ) be (X, z)^f−→ (A_n, a) and (Y, w)^g−→ (A_n, b). Then the ordering a < b holds iff either (1) It holds that a ≤ b^∘ in A_{n+1} for some b^∘ in the image of the composite Y^g−→ A_n^{en}−→ A_{n+1}, or (2) It holds that a < b in the linear order F (A_n) and, in addition, a^∘ < b holds in A_{n+1} for every a^∘ in the image of the composite X^f−→ A_n^{en}−→ A_{n+1}.

(ii) e_{n+1} : A_{n+1} → A_{n+2} is defined simply by F (e_n).

Remark: We note that, in the condition (2) above, a < b is a comparison by the linear order F (A_n) while a^∘ < b by the linear order A_{n+1} we are defining. Likewise a < b^∘ in the condition (1) is by the linear order A_{n+1}. So definition of the recursive path ordering uses an inner induction on p(a) + p(b). We recall that p(a) is the least index n satisfying a ∈ A_n if we regard μX. F (X) as the increasing union of A_n.

2.20 Lemma (i) e_{n+1} : A_{n+1} → A_{n+2} in Def. 2.19 is strictly order-preserving. (ii) The recursive path ordering on the initial algebra μF is a linear ordering.

(Proof) To prove these two assertions, we have to prove that each A_n is a linear order and e_n : A_n → A_{n+1} is strictly order-preserving. Then the recursive path ordering as the inductive limit in category LO turns out to be a linear order.

First we show that A_n is a linear order. We must show (a < b)∨(a = b)∨(a > b) and the disjunctions are exclusive. The proof is left to the reader. We show that the order < is transitive. Suppose that a < b and b < c holds in A_{n+1}. The proof is by induction on p(a) + p(b) + p(c). If b ≤ c^∘ for some c^∘, then a < c^∘ holds by induction hypothesis, so a < c. Otherwise b < c in F (A_n), which is a linear order (by induction on n), and b^∘ < c for all b^∘. If a ≤ b^∘ then a < c by induction hypothesis. If a < b in F (A_n) and a^∘ < b for all a^∘ then a < c in F (A_n) and a^∘ < c by induction hypothesis, so a < c. In all cases, we have a < c. Second we prove that e_n is strictly order-preserving by induction on n. The base case n = 0 is obvious. We verify that a < a^′ in A_{n+1} implies a < a^′ in A_{n+2} where a = e_{n+1}(a) and a^′ = e_{n+1}(a^′) by inner induction on p(a) + p(a^′). Suppose that a < a^′ is derived by the condition (2) of Def. 2.19. Then we have a < a^′ in F A_{n+1}, since e_n is strictly order-preserving by induction hypothesis on n, thus so is F e_n. Furthermore, if (X, z)^f−→ (A_n, a) is a weak normal form, Lemma 1.5, (ii) induces that (X, z)^{enf}−→ (A_{n+1}, a) is a weak normal form. Hence, for every c^∘ in the image of X^{enf}−→ A_{n+1}^{en+1}−→ A_{n+2}, there is a^∘ in the image of X^f−→ A_n^{en}−→ A_{n+1} such that c^∘ = e_{n+1}(a^∘). Applying inner induction hypothesis to a^∘ < a^′, we have c^∘ < a^′. Therefore a < a^′ holds. We use Lemma 1.5, (i) for the case that a < a^′ is derived the condition (1).

We have shown that, in Thm. 2.10. the divisibility ordering is a well-quasi-order if the involving functor preserves well-quasi-orders. A similar theorem holds for the recursive path ordering. The proof is parallel to the one of that theorem, and is omitted (see [31]).

2.21 Theorem Let F be a lifting of an analytic functor to the category of linear orders.

If F sends well-orders to well-orders, the recursive path ordering on μF is a well-order.

Example: (i) Since the product on linear orders is non-commutative, we have two natural recursive path orderings μX. 1 + XA and μX. 1 + AX on the set List A of finite lists of members of A. The former is the monadic path ordering [55, 46], and the latter compares the lengths of lists first and inverse lexicographic order second. This may be regarded as the total degree-lexicographic ordering on monomials for non-commutative variables.

(ii) The recursive path ordering on μX. 1 + X^2 + X is the lexicographic path ordering on the set of terms generated by a constant a, a binary function symbol f, and a unary function symbol g, with precedence a ≺ f ≺ g. One can employ this ordering to prove the termination of the rewriting system of free groups, a well-known application of the Knuth-Bendix completion algorithm:

(xy)z → x(yz) e^{−1} → e xe → x (x^{−1})^{−1} → x ex → x x(x^{−1}y) → y xx^{−1} → e x^{−1}(xy) → y x^{−1}x → e (xy)^{−1} → y^{−1}x^{−1} . The unit e is a constant, the multiplication is a binary function, and the inverse is a unary function. By the precedence e ≺ × ≺ (·)^{−1}, we can easily see that σl > σr for each rule l → r and each ground substitution σ.

(iii) The recursive path ordering on μX. 1 + X^3 + exp X is equal to the recursive path ordering with status [44] on the set of terms generated by a constant a, a tertiary function symbol f, and a function symbol g of variable arity, with precedence a ≺ f ≺ g.

All of these examples are well-orders (for the first example, provided that A is a well-order), as derived from the following observation: The involving functor F : LO → LO makes sense also as a functor on the category QO of quasiorders, and it sends well-quasi-orders to well-quasi-orders. For each linear order A, the linear order F (A) as the image of the functor on LO is a linearization of the partial-order F (A) as the image of the functor on QO. Since a linearization of a well-partial-order is a well-order, we can conclude that if A is a well-order then F (A) is a well-order. Hence Thm. 2.21 implies that the recursive path ordering on μX. F (X) is a well-order.

We defined the class of algebras in Def. 2.12 and well-partial-orders on them. They behave also as well-orders by considering the recursive path ordering. Namely, if we define the linear order on ηA for each algebra A with its canonical substitution η as follows, the linear order turns out to be a well-order. (i) In η(A + B), it holds that ιa < ιa^′ if a < a^′ holds in ηA. Likewise ι^′b < ι^′b^′ holds if b < b^′ holds in ηB. Moreover ιa < ι^′b for every a ∈ ηA and every b ∈ ηB. (ii) In η(A × B), it holds that ⟨a, b⟩ < ⟨a^′, b^′⟩ if either b < b^′ holds in ηB or b = b^′ and a < a^′ in ηA.

(iii) In η(μX_n. B), for terms a = γ_nb and a^′ = γ_nb^′, it holds that a < a^′ if either of the following holds: (1) there is a subterm a^{′∘} ⊂ a^′ such that a ≤ a^{′∘}. (2) b < b^′ holds in ηB and furthermore a^∘ < a^′ holds for all subterms a^∘ ⊂ a.

Below we determine the supremum of the order types of the well-orders on A which ranges over all closed algebras.

Logical Complexity

We have a class of well-ordering defined on each closed algebra as discussed above. We show that the order types of these well-orderings surpass any ordinals smaller than the proof-theoretic ordinal θΩ_ω0 of (Π^1-CA)_0 [10].

Takeuti defined ordinal diagrams [61] as a system of ordinal notation to prove the consistency of a fragment of second order arithmetic. We give a slightly adapted definition of the ordinal diagram. Later we show that it is nothing but the recursive path ordering on an initial algebra.

2.22 Definition Let n be a positive integer.

An ordinal diagram is a member of O(n, 1) inductively generated by the following:

(i) A pair (i, t) is an ordinal diagram for i < n, provided t is an ordinal diagram. (ii) A finite multiset of ordinal diagrams of the form (i, t) is an ordinal diagram.

We write the multiset (i_1, t_1) ♯ (i_2, t_2) ♯ · · · ♯ (i_m, t_m), and 0 for the empty multiset. We identify a singleton multiset of (i, t) with (i, t) itself.

Remark: The empty diagram 0 satisfies t = 0 ♯ t. This differs from the original definition where 0 ♯ t behaves as the successor of t. Takeuti defined O(n, k) in general, but we need the case k = 1 only.

It is helpful to regard an ordinal diagram t = (i_1, t_1) ♯ (i_2, t_2) ♯ · · · ♯ (i_m, t_m) as an edge-labeled tree ∘ t_1 t_2 t_m

i_1 i_2 i_m · · · , recursively unfolding t_1, t_2, . . . , t_n. The empty ordinal diagram 0 is regarded as the tree consisting of a single node.

An i-section of an ordinal diagram t is a subdiagram u subject to the following condition: if u occurs as t = · · · ♯ (i_0, t_1) ♯ · · · t_k = · · · ♯ (i_k, t_{k+1}) ♯ · · · for k = 1, 2, . . . , m − 1 t_m = · · · ♯ (i_m, u) ♯ · · · for some m ≥ 1, then the labels should satisfy i_0, i_1, . . . , i_{m−1} > i and moreover i_m = i. Equivalently, an i-section is defined as a subtree u where the edges on the path from the root of t to the root of u have labels i_0, i_1, . . . , i_m in this order satisfying i_0, i_1, . . . , i_{m−1} > i and moreover i_m = i.

We define the linear order <_0 on the set O(n, 1) of ordinal diagrams. To define this order, we need auxiliary ordering <_1, <_2, . . . , <_{n−1} and <_∞.

2.23 Definition (of <_0, <_1, . . . , <_{n−1}, <_∞) On the set O(n, 1) of ordinal diagrams, we define <_i for natural numbers i < n as well as <_∞ in the following way:

(i) s <_i t holds iff either of the following two conditions is satisfied: (1) s ≤_i t^∘ for some i-section t^∘ of t, or (2) s^∘ <_i t for all i-section s^∘ of s and furthermore s <_{i+1} t holds. If i = n − 1, we set i + 1 to be ∞.

(ii) s <_∞ t is defined first for ordinal diagrams of the form s = (i, s^′) and t = (j, t^′), in which case s <_∞ t iff either i < j, or both i = j and s^′ <_i t^′. Then this <_∞ is extended to multisets by the multiset ordering induced by this.

Remark: In the definition above, we apply the multiset ordering only to <_∞ while Takeuti did to all of <_i and <_∞ in the original definition. According to this modification, we extend the definition of i-sections to all ordinal diagrams, not only to those of the form (j, s).

We prove that the ordinal diagrams and the orderings on them are exactly the recursive path orderings on the iterated initial algebra μX_1μX_2 · · · μX_n. exp( X_1 + X_2 + · · · + X_n). Namely, we put

D_1 = μX_1. D_2[X_1] D_2[X_1] = μX_2. D_3[X_1, X_2] . . D_n[X_1, X_2, . . . , X_{n−1}] = μX_n. D_∞[X_1, X_2, . . . , X_{n−1}, X_n] D_∞[X_1, X_2, . . . , X_{n−1}, X_n] = exp(X_1 + X_2 + · · · + X_{n−1} + X_n) .

The canonical substitution is given by η = [D_1/X_1][D_2/X_2] · · · [D_n/X_n]. We denote the partial substitution [D_{k+1}/X_{k+1}] · · · [D_n/X_n] by η^{(k)}. The members of ηD_∞ are multisets {γ_{i1} t_1, γ_{i2} t_2, . . . , γ_{im} t_m} where γ_it is the shorthand of γ_iγ_{i+1} · · · γ_nt. We identify these multisets with ordinal diagrams

(i_1 − 1, t_1) ♯ (i_2 − 1, t_2) ♯ · · · ♯ (i_m − 1, t_m).

The decreasing by 1 is simply because of the difference of the conventions of labeling. An empty multiset { } is identified with the ordinal diagram 0. We show first that i-sections are characterized by weak normal forms.

2.24 Lemma The partial substitution η^{(i+1)}D_∞ is an analytic functor in X_{i+1} as well as in X_1, X_2, . . . , X_i. We fix the latter variables, and put this functor F (X_{i+1}). Let t be a member of ηD_∞.

γ_{i+1}u is in the image of f for a weak normal form (Y, z)^f−→ (ηX_{i+1}, t) in el(F ) if and only if u is an i-section of t.

(Proof) We can characterize the image of f of a weak normal form by the subterm relation ⊆ analogously to Def. 2.13 for algebras. The condition on labels i_k in definition of i-sections corresponds to the condition on cardinalities in definition of the subterm relation.

2.25 Lemma Let s and t be ordinal diagrams.

(i) s <_∞ t holds iff s < t by the multiset ordering on ηD_∞. (ii) s <_{i−1} t holds iff γ_is < γ_it by the recursive path ordering on ηD_i, for each i = 1, 2, . . . , n. (Proof) By definition and Lemma 2.24.

Therefore the principal ordering <_0 on ordinal diagrams is exactly the recursive path ordering on the initial algebra μX_1μX_2 · · · μX_n. exp(X_1 + X_2 + · · · + X_n). The characterization by the analytic functor clarifies the reason we need auxiliary ordering <_1, <_2, . . . , <_{n−1} and <_∞. Moreover, the rather syntactic definition of i-sections is justified by weak normal forms.

Since the operation exp(·) is not a part of the syntax of algebras, we embed the recursive path ordering on μX_1μX_2 · · · μX_n. exp(X_1 + X_2 + · · · + X_n) to the recursive path ordering on

μX_1 1 + μX_2. X_1 + μX_3. X_2 + · · · μX_{n−1}. X_{n−2} + μX_n. X_{n−1} + X_n^2.

Namely we define the algebra E_1 by the following:

E_1 = μX_1. 1 + E_2[X_1] E_2[X_1] = μX_2. X_1 + E_3[X_2] E_3[X_2] = μX_3. X_2 + E_4[X_3] . . E_{n−1}[X_{n−2}] = μX_{n−1}. X_{n−2} + E_n[X_{n−1}] E_n[X_{n−1}] = μX_n. E_∞[X_{n−1}, X_n] E_∞[X_{n−1}, X_n] = X_{n−1} + X_n^2.

We denote the canonical substitution [E_1/X_1][E_2/X_2] · · · [E_n/X_n] by η^′ to distinguish it from the canonical substitution associated to D_i above.

The mapping (·)^♭ : ηD_∞ → η^′E_∞ is defined as follows: Let t = {γ_{k1} t_1, γ_{k2} t_2, . . . , γ_{km} t_m} be a member of ηD_∞. We assume without loss of generality that γ_{k1} t_1 ≤ γ_{k2} t_2 ≤ · · · ≤ γ_{km} t_m in the poset η(X_1 +X_2 +· · ·+X_n) = ηD_1 +ηD_2 +· · ·+ηD_n. In particular, it holds that k_1 ≤ k_2 ≤ · · · ≤ k_m since the right component is prior by definition of sum + of linear orders. Let us write t = t^′ ∪ {γ_{km} t_m}. Then we define

t^♭ = ⟨γ_nt^{′♭}, γ_{km} t_m^♭⟩ (where γ_l = γ_n · · · γ_{l+1}γ_lγ_{l+1} · · · γ_n)

which is in the right component of η^′E_∞ = η^′E_{n−1} + (η^′E_n)^2. As for the empty multiset {}, we put {}^♭ = γ_{n−1} · · · γ_2γ_1∗ in the left component.

2.26 Lemma If γ_kt is a subterm of γ_ku in ηD_k, then γ_kt^♭ is a subterm of γ_ku^♭ in η^′E_k, for every k = 1, 2, . . . , n.

2.27 Lemma (i) If t < u holds in ηD_∞, then t^♭ < u^♭ holds in η^′E_∞.

(ii) If γ_kt < γ_ku holds in ηD_k, then γ_kt^♭ < γ_ku^♭ holds in η^′E_k, for every k = 1, 2, . . . , n. The proof is by induction on construction of terms. By this lemma, we have a strictly order-preserving map from D_1 into E_1. Therefore the following corollary holds:

2.28 Corollary The order type of the algebra E_1 is greater than or equal to the order type of the set D_1 of ordinal diagrams.

Arai proved that, using the well-order O(n, 1) of ordinal diagrams, Feferman’s system ID_{n−1} of iterated inductive definition is consistent [3]. We refer the reader to [18] for the general theory of systems ID_n. Although we modify definition of the ordinal diagrams, we can apply the same proof after appropriate adjustment. For example, the original proof uses t ♯ 0 as the successor of the ordinal diagram t, while t ♯ 0 = t in our definition. So we should replace it by t ♯ 1 where 1 is the second least element {γ_1{}} in O(n, 1). Hence, by Cor. 2.28, the order type of the algebra E_1 is greater than or equal to the proof theoretical ordinal of ID_{n−1}.

It is well-known that the proof-theoretical ordinal |(Π^1-CA)_0| = θΩ_ω 0 is the supremum of the proof-theoretical ordinals of ID_n for n = 1, 2, . . .. Therefore, if we let |A| denote the order type of the well-ordering on the algebra A, we have the inequation

|(Π^1-CA)_0| ≤ sup |A| where A ranges over all closed algebras.

Next we show the reverse inequation of ordinals. To this end, it suffices to prove that the well-orderedness of each algebra is derived in system (Π^1-CA)_0 of second order arithmetic.

System (Π^1-CA)_0 [58] of second order arithmetic is given as follows. The language is that of the usual arithmetic with set variables X. The axioms are those of Peano arithmetic where the induction is restricted to the following form: ∀ X. X(0) & (∀ x. X(x) → X(x^′)) → ∀ x. X(x). Moreover this system has the axiom scheme of Π^1-comprehension, which is the source of the name of the system: ∃ X ∀ x. φ(x) ↔ X(x) where φ(x) is a Π^1-formula that does not contain X but may contain other set parameters. We note that the induction principle is applied to only Π^1- predicates.

We show that we can carry out in system (Π^1-CA)_0 the proof of Thm. 2.10 asserting that the divisibility ordering is a well-quasi-order, provided that the involving functor F can be encoded in the language of arithmetic. This is the case if F is the functor occurring as an algebra in Def. 2.12.

2.29 Lemma System (Π^1-CA)_0 proves the following: If F is an endofunctor on QO preserving inclusions and is a lifting of an analytic functor, and if in addition F preserves well-quasi-orders, then μF is a well-quasi-order.

(Proof) Towards contradiction, we assume that there is an infinite bad sequence g in A. Let T be the tree of the finite initial segments of all infinite bad sequences in A. Namely, ⟨a_0, a_1, . . . , a_{n−1}⟩ is in T iff there is f ∈ A^ω such that f is bad and a_i = f_i for all i = 0, 1, . . . , n − 1. This formula is Σ^1 in A. So we can assert the existence of T using the Π^1-comprehension axiom, from which Σ^1-comprehension is derivable. We define the subtree T^′ of T as follows: ⟨a_0, a_1, . . . , a_{n−1}⟩ is in T^′ iff it is in T and, moreover, for every ⟨b_0, b_1, . . . , b_{k−1}⟩ in T and every i < min{n, k} such that a_0 = b_0, a_1 = b_1, . . . , a_{i−1} = b_{i−1}, it holds that p(a_i) ≤ p(b_i). The definition of T^′ is arithmetic in T , so exists provably in (Π^1-CA)_0. The least number principle implies that T^′ is non-empty and every path in T^′ is infinite. We note that the involving set on which the least number principle is applied is arithmetic in T^′. Let us take a path h in T^′. Since every path in T^′ is infinite, it suffices to take the leftmost path that can be defined arithmetically in T^′. Then h is an infinite bad sequence such that ⟨p(h_0), p(h_1), . . .⟩ is minimal lexicographically among all infinite bad sequences.

Now we define S as the set of the immediate subterms of all h_i. As shown earlier, S is a well-partial-order, which can be formalized easily. So induction hypothesis implies F (S) is a well-partial-order, contradicting that h is bad.

2.30 Corollary Let A be an algebra with its canonical substitution η.

System (Π^1-CA)_0 proves that the partial order ⊴_A on ηA is a well-partial-order.

(Proof) This is obtained by applying the previous lemma iteratively.

We note this corollary asserts that, if we fix an algebra, system (Π^1-CA)_0 proves that the associated partial order is a well-partial-order. We cannot prove in system (Π^1-CA)_0 that every algebra is a well-partial-order with respect to the associated partial order. Namely there is no uniform proof of well-partial-orderedness applied to all algebras in system (Π^1-CA)_0.

2.31 Corollary Let A be an algebra with its canonical substitution η.

System (Π^1-CA)_0 proves that the linear order <_A on ηA is a well-order.

(Proof) The linear order <_A is a linearization of the partial order ⊴_A. So <_A is a well-order. Obviously this argument can be carried out in system (Π^1-CA)_0.

The proof-theoretical ordinal of a logical system is the least ordinal the wellorderedness of which cannot be proved within the system. Hence the corollary induces the inequation |A| < |(Π^1-CA)_0| where we recall that |A| is the order type of the linear order <_A on the closed algebra A. Therefore

sup |A| ≤ |(Π^1-CA)_0|.

The reverse inequation has already been verified above. So we can conclude the following.

2.32 Theorem The supremum of the order types |A| of the linear orders on algebras A equals the proof-theoretical ordinal |(Π^1-CA)_0| = θΩ_ω0.

It is known that a large part of mathematics can be formalized in system (Π^1-CA)_0. So we have fairly strong well-partial-orders and well-orders by the divisibility ordering and the recursive path ordering.

3 Fixpoint, Trace, and Inversion

Relation between lambda calculi and cartesian closed categories is well-known [43]. The lambda calculus is introduced in mathematical logic as a syntax of type theory by Church. Later it is employed as a foundation of functional programming language in computer science, and developed in both theory and practice. The link between lambda calculus and categories follows after Lambek’s and Lawvere’s work, accompanying the development of the theory of categorical logic. We refer the reader to [2, 43] for these subjects.

We verified that category CAAcc_{NF} of complete atomic accessible categories and normal functors is cartesian closed (Cor. 1.25). Hence we can form a model of simply typed lambda calculus in this category.

Category CAAcc_{NF} shares many good properties with the categories of partial orders used in domain theory [26], although the former is not of partial orders. For example, we pointed out in §1 the similarity of categories Set^A of presheaves to complete atomic Boolean algebras. The most important is that we can solve domain equations in category CAAcc_{NF}. Theorem 1.24 shows that the exponential in this category is given by Set^{exp B×C} , interpreting function type B ⇒ C. A remarkable point is that, although B is the negative occurrence in the type, the corresponding interpretation exp B × C is a covariant functor. In fact, this is an analytic functor in B and C. Hence one can solve domain equations by the initial algebra construction, or by the terminal algebra construction (each analytic functor F preserves ω-inverse limits [4]). In particular, from a solution of the domain equation A ∼= exp A × A, we can form a model of the untyped lambda calculus in Set^A [23]. This object of CAAcc_{NF} satisfies the isomorphism Set^A ∼= [Set^A, Set^A]_{NF}. Hence one can interpret terms of the lambda calculus as formal power series in card A variables. We show in another paper [30] some properties of this model. In particular, if A is an initial algebra of the analytic functor exp(-) × -, the formal power series interpreting the terms have finite coefficients only. So they are regarded as formal power series in non-negative integer coefficients.

In this paper, we give a model of system PCF [50, 49] of typed lambda calculus in category CAAcc_{NF}. This system is a variation of simply typed lambda calculus augmented with elementary arithmetic and Boolean operations as well as the fixpoint combinator.

The interpretation of the fixpoint combinator is especially interesting. We give a concrete formula computing the interpretation of the fixpoint combinator. To this end, we pass through the intuitionistic linear logic with the fixpoint combinator and its model using categorical trace by Joyal, Street and Verity [40]. It is shown by Hasegawa that giving a trace in a cartesian category is equal to giving a fixpoint operator [27]. Hence the computation of a fixpoint operator is reduced to the computation of trace subject to certain axioms.

A fixpoint operator in the context of formal power series has already appeared in the literature. It is known as the Lagrange-Good inversion formula [21]. The formula for formal power series in a single variable dates back to the end of eighteenth century, and is attributed to Lagrange. Many celebrated mathematicians tried to extend the formula to several variables, and obtained partial solutions. The currently known formula is finally established by Good. The traditional proof of the formula is the use of residues in analysis [24, 33]. Recently several new proofs are produced, employing enumerative combinatorics. They include [37, 21, 16, 11]. Here we give a new proof of the Lagrange-Good inversion formula based on the interpretation of the fixpoint combinator of lambda calculus. This is an application of the ideas developed in the theory of lambda calculus in theoretical computer science to pure mathematics.

PCF We define system PCF of typed lambda calculus with fixpoint combinator as well as arithmetic and Boolean operations. The types σ of PCF are given by the following Backus-Naur form: σ ::= ι | o | σ ⇒ σ. The type ι is regarded as the type of natural numbers, and the type o as that of Boolean values. The terms M are given by the following syntax: M ::= x | MM | λx^σ . M | fix M | succ M | pred M | zero? M | cond MMM | t | f | n . Here x is a variable from a fixed countable set, and n ranges over the set of natural numbers 0, 1, . . .. The typing rules are obvious and we omit them. We consider the following reduction rules: (λx^σ . M)N → M[N/x] fix M → M(fix M) succ n → n + 1 pred n + 1 → n pred 0 → 0 zero? n + 1 → t zero? 0 → f cond t MN → M cond f MN → N.

We give a model of PCF in the category CAAcc_{NF}. Types are interpreted as sets by the following definition:

[[ι]] = ω [[o]] = 2 [[σ ⇒ τ]] = exp[[σ]] × [[τ]]

where ω is the set of natural numbers and 2 is the set {0, 1}. The interpretation of function type corresponds to Thm. 1.24.

For the interpretation of a term, we define it as a function of the pairs of environments Γ = x_1 : σ_1, x_2 : σ_2, . . . , x_n : σ_n and a term M : τ such that Γ ⊢ M : τ is a correct typing judgement. The interpretation [[M]]_{⃗x} is a normal functor from Set^{A1 +A2+···+An} to Set^B where A_i = [[σ_i]] and B = [[τ]]. The definition of [[M]]_{⃗x} is by induction on construction of terms. What is the most interesting is the interpretation of the fixpoint combinator. But we start with easy ones.

The interpretation of the fragment of ordinary typed lambda calculus is induced from the structure of CAAcc_{NF} as a cartesian closed category:

[[x_i]]_{⃗x}(⃗t) = t_i [[MN]]_{⃗x}(⃗t) = ev ([[M]]_{⃗x}(⃗t), [[N]]_{⃗x}(⃗t)) [[λy^σ . M]]_{⃗x}(⃗t) = lam([[M]]_{⃗x,y}(⃗t, -))

where ev : Set^{expA×B} × Set^A → Set^B is the counit of cartesian closedness and lam is the isomorphism [Set^A, Set^B ]_{NF}^∼−→ Set^{exp A×B} .

The interpretations of arithmetic and Boolean operations are given next. The numerals of type ι are interpreted as the singletons of the corresponding numerals in ω. Namely, [[n]] for each numeral n is the singleton multiset {n}, which means the presheaf in Set^ω carrying n to 1 and all other members of ω to ∅. Likewise the Boolean values t and f are interpreted as

[[t]] = {1}, [[f]] = {0}.

The operations succ and pred are interpreted as presheaves in Set^{exp ω×ω} carry- ing [[succ]] : [{n}, n + 1] → 1 [[pred]] : [{n + 1}, n] → 1 [[pred]] : [{0}, 0] → 1

and taking the value ∅ for all other members. In other words, for example, [[succ]] is the normal functor from Set^ω to Set^ω (so ω-indexed family of formal power series) satisfying that the n-th component is simply monomial x^{n+1}. Likewise the zero-test zero? is interpreted as a presheaf in Set^{exp ω×2} carrying

[[zero?]] : [{n + 1}, 1] → 1 [[zero?]] : [{0}, 0] → 1 and taking ∅ for all other members. Finally cond for type σ is interpreted as a presheaf in Set^{exp 2×exp A×exp A×A} for A = [[σ]], carrying [[cond]] : [{1}, {a}, {}, a] → 1 [[cond]] : [{0}, {}, {a}, a] → 1 for all members a ∈ A, and taking the value ∅ for all other members of exp 2 × exp A × exp A × A.

The interpretation of, for example, succ operates as follows: Let t be a presheaf in Set^ω, regarded as a multiset of members of ω. Then [[succ]](t) equals the multiset {n + 1 | n ∈ t}. In particular, if t = [[n]], i.e., the singleton {n}, we have [[succ]](t) = [[n + 1]], validating the reduction succ n → n + 1. It is easy to see that all other δ-reductions are sound by the interpretations just given.

What remains is the interpretation of the fixpoint combinator. It is given by initial algebra construction. We recall that, for each normal functor f : Set → Set, there is an initial f-algebra μf. This easily generalizes to a normal functor f from Set^X to Set^X . So the initial algebra constructor f → μf yields a mapping from Set^{exp X×X} into Set^X . We show that this mapping is actually a normal functor. By cartesian closedness of CAAcc_{NF}, there is a normal functor ev : Set^{exp X×X} × Set^X → Set^X carrying (f, x) to f(x) as the counit of the adjunction of cartesian closedness. If we generalize Prop. 1.27 to initial algebras in the category Set^X of presheaves and apply it, we obtain a normal functor from Set^{exp X×X} to Set^X carrying f to μf. Hence we define the interpretation of the fixpoint combinator by

[[fix M]]_{⃗x}(⃗t) = μ([[M]]_{⃗x}(⃗t)),

which is a normal functor in ⃗t. (With a slight abuse, we do not distinguish a normal functor f : Set^X → Set^X from the presheaf f̃ ∈ Set^{exp X×X} of its coefficients, where the notation f̃ is given in section 1 before Thm. 1.24).

3.1 Theorem The model of PCF in category CAAcc_{NF} is sound. Namely, if M → N, then [[M]]_{⃗x} = [[N]]_{⃗x} as normal functors.

Trace

We defined the interpretation of the fixpoint combinator by the initial algebra constructor μ. This is not convenient, however, to compute the actual form of the interpretations of PCF-terms as formal power series. We want to give the concrete form of the initial algebra constructor. To this end, we recall the relation between fixpoint operator and trace.

Categorical trace is introduced by Joyal, Street, and Verity as a generalization of several concepts including the usual trace in linear algebra [40]. It is given as an operation satisfying natural axioms of trace in a balanced monoidal categories [39]. We need only symmetric monoidal categories and, indeed, our main interest is in the case that the monoidal structure is given by the cartesian product.

3.2 Definition A traced monoidal category is a symmetric monoidal category endowed with a family of operations A ⊗ X^f−→ B ⊗ X A^{trX f}→ B subject to the following conditions:

(vanishing) tr^I f = f for A ⊗ I^f−→ B ⊗ I tr^X (tr^Y f) = tr^{X⊗Y} f for A ⊗ X ⊗ Y^f−→ B ⊗ X ⊗ Y (superposing) tr^X (1 ⊗ f) = 1 ⊗ tr^X f for A ⊗ X^f−→ B ⊗ X (yanking) tr^X c = 1 for X ⊗ X^c−→ X ⊗ X (lefttightening) tr^X (f(g ⊗ 1)) = (tr^X f)g for A ⊗ X^f−→ B ⊗ X and A^{′ g}−→ A (righttightening) tr^X ((g ⊗ 1)f) = g(tr^X f) for A ⊗ X^f−→ B ⊗ X and B^g−→ B^′ (sliding) tr^X ((1 ⊗ g)f) = tr^Y (f(1 ⊗ g)) for A ⊗ X^f−→ B ⊗ Y and Y^g−→ X where c = c_X is the symmetry. We omitted canonical isomorphisms, which should be clear from the context. For instance, the right hand side of the first rule of vanishing should be ρ^{−1}_B ∘ f ∘ ρ_A with canonical isomorphisms ρ_A : A → A ⊗ I and ρ_B .

Remark: In the balanced monoidal category, we modify the axiom of yanking by the following equations:

(tr^X c)θ^{−1} = 1_X = (tr^X c^{−1})θ

where c : X ⊗ X → X ⊗ X is the crossing and θ : X → X is the twisting [40].

The axioms of traced monoidal category are simulated by graphs. A morphism is drawn as a directed graph where the vertices are labeled by primitive morphisms and the edges are labeled by objects. For example, the composite of two morphisms A^f−→ B and B^g−→ C is given by the cascade of two graphs:

f g A B C

where the directions on edges are omitted. The symmetry c : A ⊗ B → B ⊗ A is given by the crossing . Since we are interested in only symmetric monoidal categories, which string is upper to the other is irrelevant. If one deals with a braided monoidal category, two ways of laying two strings must be distinguished. The naturality is simply moves of links. For instance, the naturality of the crossing c amounts to the equation between two graphs

g f A

B

B^′

A^′ = f g^{B′}

A^′

A

B meaning c ∘ (f ⊗ g) = (g ⊗ f) ∘ c. We note that these two graphs denote the topologically same graph.

The trace A^{trX f}→ B is denoted by a loop connecting two edges of X: f^B A X .

The axioms of trace monoidal category are transformed into graphs so that the both sides of the equalities do not change the topological structure of graphs, except two vanishing rules. The superposing and the left and right tightening rules are drawn by the following graphs respectively: C f^B A X f g X A^′ A B f g X B^′ B A .

Both sides of these rules are denoted by the same graphs. For example, the superposing rule means that trace after tensor equals tensor after trace. The sliding rule and the yanking rule are more interesting. They amount to the following equalities between graphs:

f g X Y

B A = f g_Y X

A B

= . Both sides of two vanishing rules do not give the topologically same graphs. If we insist on drawing them in the form of figures, they may be written as f^B A I = f^B A I I ∘ ∘

f B A X⊗Y = f B A

Y X

In this paper, we handle these rules implicitly. Namely, we ignore the loop on the unit I and identify a loop on tensor with decomposed two loops.

We consider the traced monoidal categories where the monoidal structures are cartesian products. For cartesian product, there are diagonal maps Δ_A : A → A × A and unique morphisms !_A : A → 1 to the terminal object. Conversely, if a monoidal category has natural transformations Δ_A : A → A ⊗ A and !_A : A → I, then ⊗ is cartesian product and I is a terminal object. We denote Δ_A diagramatically by A A A . We define a fixpoint operator in a cartesian category.

3.3 Definition A fixpoint operator in a cartesian category is an operation (·)^† A × X^f−→ X A^{f †}−→ X of morphisms, natural in A and dinatural in X, this operation subject to the condition that f^† is equal to the composite A^{ΔA}−→ A × A^{1×f †}−→ A × X^f−→ X

As a condition on a fixpoint operator, we define Bekič’s formula, which asserts that a fixpoint of a binary function is equal to iteration of fixpoints in one of the arguments fixing the other.

3.4 Definition We consider a cartesian category with fixpoint operator (·)^†. Given two morphisms A × X × Y^f−→ X and A × X × Y^g−→ Y , we put h : A × X → X as A × X^{ΔA×X}→ A × X × A × X^{1A×X ×g†}→ A × X × Y^f−→ X where Δ is the diagonal.

Bekič’s formula is the equality ⟨f, g⟩^† = ⟨h^†, g^†⟨1_A, h^†⟩⟩ between morphisms from A to X × Y .

Remark: It would be easier to understand, if we informally write h as h(a, x) = f(a, x, g^†(a, x)) where a and x are parameters from A and X.

M. Hasegawa proved that, in a cartesian category, giving a trace is equivalent to giving a fixpoint operator satisfying Bekič’s formula [27].

3.5 Theorem Let C be a cartesian category.

The category C is a traced cartesian category iff C has a fixpoint operator satisfying Bekič’s formula.

We give a sketch of a proof of (⇒). For a morphism A × X^f−→ X, the fixpoint operator f^† : A → X is given by trace as shown diagrammatically in the following:

f A X

X

The proof that f^† is a fixpoint of f is given as in Fig. 3.6. The first equation is the naturality of diagonal. The second is the sliding of f, and the third is the naturality of crossing. Finally, the yanking concludes that f^† is the fixpoint of f. We leave to the reader the proof of Bekič’s formula. It amounts to derive the following equality between two graphs.

g f = g^† f g^† .

Figure 3.6 Fixpoint combinator from trace

f A X

X = f f A

X X

X = f f A

X

X

= f f A X X = f f A X X

Intuitionistic Linear Logic

By the observation above, in order to find a fixpoint in a cartesian category, we only have to find a trace. So we want to define a trace in the cartesian category CAAcc_{NF} of complete atomic accessible categories and normal functors. To this end, it is informative to consider the intuitionistic linear logic. We can refine the model of PCF by CAAcc_{NF} into a model of intuitionistic linear logic. In this model, the interpretations of terms are given by a kind of matrices. Hence an analogy to linear algebra helps to find the trace we are looking for.

We define the intuitionistic linear logic, which is given as a system of typed calculus [6]. The types A are generated by the following form: A := α | A ⊗ A | I | A ⊸ A | !A where α ranges over atomic types. For example, for the system to correspond to PCF, we may let α be either ι or o.

A typing judgement is, as usual, of the form Γ ⊢ e : B where e is a term, B is a type, and Γ is an environment x_1 : A_1, x_2 : A_2, . . . , x_n : A_n that is an assignment of types to a sequence of pairwise distinct variables. The derivation rules for typing judgements are given in Tab. 3.7, which defines the terms of intuitionistic linear logic at the same time.

The reduction rules for the term calculus of intuitionistic linear logic are not completely established. See [8], for example. It does not matter which ones we take, for miscellaneous rules. The core rules are the β-reductions given by the following six:

Table 3.7 Term assignment for linear natural deduction

x : A ⊢ x : A

Γ, x : A ⊢ e : B Γ ⊢ (λx^A. e) : (A ⊸ B) Γ ⊢ e : (A ⊸ B) Δ ⊢ f : A Γ, Δ ⊢ (apply e to f) : B

⊢ ∗ : I Γ ⊢ e : I Δ ⊢ f : A Γ, Δ ⊢ (let e be ∗ in f) : A

Γ ⊢ e : A Δ ⊢ f : B Γ, Δ ⊢ (e ⊗ f) : (A ⊗ B) Γ ⊢ e : (A ⊗ B) Δ, x : A, y : B ⊢ f : C Γ, Δ ⊢ (let e be x ⊗ y in f) : C

Γ ⊢ e : (!A) Γ ⊢ (derelict e) : A

Γ ⊢ e : (!A) Δ ⊢ f : B Γ, Δ ⊢ (discard e in f) : B

Γ ⊢ e : (!A) Δ, x :(!A), y :(!A) ⊢ f : B Γ, Δ ⊢ (copy e as x, y in f) : B

Γi ⊢ ei : (!Ai) (i = 1, . . . , n) x1 :(!A1), . . . , xn :(!An) ⊢ f : B Γ1, . . . , Γn ⊢ (promote e1, . . . , en for x1, . . . , xn in f) : (!B)

apply(λx^A. e) to f → f[e/x] let ∗ be ∗ in f → f let d ⊗ e be x ⊗ y in f → f[d/x, e/y] derelict(promote ⃗e for ⃗x in f) → f[⃗e/⃗x] discard(promote ⃗e for ⃗x in f) in g → discard ⃗e in g copy(promote ⃗e for ⃗x in f) as y, z in g → copy ⃗e as ⃗v, ⃗w in g[c/y, d/z].

In the last rule, we put c to be (promote⃗v for ⃗x in f) and d to be (promote ⃗w for ⃗x in f). Here we use shorthands

discard e1, e2, . . . , en in g = discard e1 in (discard e2 in · · · (discard en in g) · · ·) copy e1, e2, . . . , en as ⃗v, ⃗w in g = copy e1 as v1, w1 in (copy e2 as v2, w2 in · · · (copy en as vn, wn in g) · · ·) where in the latter the vector of variables ⃗v = v_1, v_2, . . . , v_n and ⃗w = w_1, w_2, . . . , w_n are used.

There is a standard translation of simply typed lambda calculus into intuitionistic linear logic. A type A ⇒ B of typed lambda calculus is translated into the type !A ⊸ B of intuitionistic linear logic. We denote this translation by A ⇝ A^∗. Accordingly, we have the translation of typing judgements as

x_1 : A_1 , x_2 : A_2 , . . . , x_n : A_n ⊢ e : A ⇝ x_1 : !A^∗_1 , x_2 : !A^∗_2 , . . . , x_n : !A^∗_n ⊢ e^∗ : B^∗

for an appropriate translation e ⇝ e^∗ of terms (to be precise, definition e^∗ depends also on the environment).

A model of intuitionistic linear logic is given by the category C fulfilling the following structures: The multiplicative fragment ⊗, I and ⊸ are interpreted by a symmetric monoidal closed category [45]. The exponential ! is interpreted as a symmetric monoidal functor [17], which is given as a triple (!, φ̃, φ_0) where ! : C → C is a functor, !A⊗!B^{φ̃A,B}−→ !(A⊗B) is a natural transformation, and I^{φ0}−→ !I is a morphism. To interpret discard and copy, we assume that each object of the form !A is endowed with a commutative comonoid structure (!A, e_A, d_A) where !A^{eA}−→ I and !A^{dA}−→ !A ⊗ !A are monoidal natural transformations. To interpret derelict and promote, we assume that the functor ! takes part of the comonad (!, ϵ, δ) where !A^{ϵA}−→ A and !A^{δA}−→ !!A are monoidal natural transformations. Moreover, we need several coherence conditions to make this model sound. See, for example, [8].

We modify the model of PCF in the category CAAcc_{NF} to construct a model of intuitionistic linear logic. In this model, morphisms should interpret linear terms. So we need the following definition:

3.8 Definition A linear normal functor from Set^A to Set^B is a functor preserving all pullbacks and all colimits. The category CAAcc_{LNF} of complete atomic accessible categories and the ismorphism classes of linear normal functors is induced as a subcategory of CAAcc_{NF}.

Alternatively, linear normal functors are those normal functors Set^{A f}−→ Set^B where, for every normal form (X, a) in el(f_b) for a member b ∈ B, the underlying finitely presentable object X ∈ Set^A corresponds to a singleton in exp A. Hence, if we denote by [Set^A, Set^B ]_{LNF} the category of linear normal functors and cartesian natural transformations, we have the categorical equivalence [Set^A, Set^B ]_{LNF} ∼= Set^{A×B} .

A presheaf in Set^{A×B} is regarded as a matrix with the columns indexed by the members of A and the rows indexed by the members of B such that each entry is a set. If we have two matrices M ∈ Set^{A×B} and N ∈ Set^{B×C} , the composite of the corresponding linear normal functors is represented by multiplication of matrices NM where the entry of index (a, c) ∈ A × C is the set ∑ b∈B N[b, c]M[a, b]. Here coproduct in Set^{A×C} is denoted by ∑ and cartesian product by concatenation.

We show that the category CAAcc_{LNF} forms a model of intuitionistic linear logic. First we define the symmetric monoidal closed structure. Tensor of Set^A and Set^B is given by Set^{A×B} , and unit I by Set^1 where 1 is a singleton. The right adjoint of tensor is given also by product as Set^A ⊸ Set^B = Set^{A×B} .

The monoidal functor to interpret the exponential ! is defined as follows: On objects, !A is the set exp A of all finite multisets of members of A. On morphisms, we define the following operation associating the matrix ℘M ∈ Set^{exp A×exp B} to a matrix M ∈ Set^{A×B} . First we note the categorical equivalence [Set^A, Set]_{NF} ∼= Set^{exp A}. The mapping g → g_∘ tM defines a functor from [Set^A, Set]_{NF} to [Set^B , Set]_{NF} where^tM is the usual transpose of the matrix M. This functor is linear (although the proof is not so trivial as it looks, since we identify certain cartesian natural transformations). Hence it determines a linear normal functor ℘M from Set^{exp A} to Set^{exp B} . By definition, it is obvious that ℘ is functorial, preserving identities and composition. This construction ℘M appears in the tensor representation in a polynomial ring [56].

In the level of matrices, we have the following direct description of ℘M. Suppose we are given a matrix M in Set^{A×B} . For each γ = {a_1, a_2, . . . , a_m} ∈ exp A and each δ = {b_1, b_2, . . . , b_n} ∈ exp B, the entry of ℘M at the γ-th column and the δ-th row is given as, if m = n, ℘M[γ, δ] = ∑ ⟨a_{p(1)} ,a_{p(2)} ,...,a_{p(n)}⟩ M[a_{p(1)}, b_1]M[a_{p(2)}, b_2] · · · M[a_{p(n)}, b_n]

where the summation is over all linear orderings ⟨a_{p(1)}, a_{p(2)}, . . . , a_{p(n)}⟩ of members of γ, identifying two orderings determined by p and q in S_n if it holds that a_{p(i)} = a_{q(i)} for all i = 1, 2, . . . , n. If m ≠ n, then ℘M[γ, δ] is always ∅. One may write as follows instead: Let Σγ be the underlying set of γ distinguishing two a_i’s even if they are the same as members of A. That is to say, Σγ is the set f_!(γ) where Set^{A f!}−→ Set is associated to a unique function A^f−→ 1 to a singleton 1. Furthermore, let (Σγ, Σδ)/Aut(γ) be the quotient set of all bijections from Σγ onto Σδ divided by the equivalence class determined by the action of the group Aut(γ) of all automorphisms on γ in Set^A. Then ℘M[γ, δ] may write ℘M[γ, δ] = ∑ k∈(Σγ,Σδ)/Aut(γ) ∏ b∈Σδ M[k^{−1}(b), b].

Remark: The isomorphism ℘(MN) ∼= ℘M℘N of matrices holds in the category Set^{exp A×exp C} if MN ∈ Set^{A×C} . However, the isomorphism is not canonical.

Table 3.9 Functions for natural transformations in linear category

f^∗ corresponding function f

φ0 exp 1 → 1 {∗, ∗, . . . , ∗} → ∗ φ̃A,B exp(A × B) → exp A × exp B {⟨a1, b1⟩, ⟨a2, b2⟩, . . . , ⟨an, bn⟩} → ⟨{a1, a2, . . . , an}, {b1, b2, . . . , bn}⟩ ϵA A → exp A a → {a} δA exp(exp A) → exp A {{a11 , . . . , a1n_1 }, {a21, . . . , a2n_2 }, . . . , {am1, . . . , amn_m }} → {a11, . . . , a1n_1 , a21, . . . , a2n_2 , . . . , am1, . . . , amn_m } eA 1 → exp A ∗ → {} dA exp A × exp A → exp A ⟨{a1, a2, . . . , am}, {a^′_1, a^′_2, . . . , a^′_n}⟩ → {a1, a2, . . . , am, a^′_1, a^′_2, . . . , a^′_n}

If we work in the 2-categorical setting, the operation ℘ is not even a pseudofunctor, although this problem does not occur since we work with categories, identifying isomorphic ones.

The natural transformations involved in linear category are given as the inverse image f^∗ of appropriate function f. The inverse image f^∗ : Set^B → Set^A is a linear normal functor, and its matrix M ∈ Set^{B×A} satisfies the condition that M[b, a] equals 1 if f(a) = b; otherwise equals 0. For instance, the morphism φ̃ : !A⊗!B ⊸ !(A⊗B) is the functor f^∗ in [Set^{exp A×exp B} , Set^{exp(A×B)}]_{LNF} corresponding to the function exp(A×B)^f−→ exp A×exp B carrying {⟨a_1, b_1⟩, ⟨a_2, b_2⟩, . . . , ⟨a_n, b_n⟩} to the pair of {a_1, a_2, . . . , a_n} and {b_1, b_2, . . . , b_n}. The functions to define natural transformations are given in Tab. 3.9.

The category CAAcc_{NF} of normal functors is equivalent to the coKleisli category over the category CAAcc_{NF} of linear normal functors by the comonad exp(·). One can prove this assertion by direct computation, using the concrete form of ℘M given above.

Trace of Normal Functors

As observed above, the model of intuitionistic linear logic has similarity to linear algebras, although the entries of matrices are sets rather than numbers. So we can define the trace of a linear normal functor Set^{A f}−→ Set^A by the diagonal sum ∑ a∈A M[a, a] where M is the matrix in Set^{A×A} associated to f. With this definition, the category CAAcc_{LNF} of linear normal functors turns out to be a traced monoidal category.

However, what we want to have is the trace in the category CAAcc_{NF} of normal functors. A normal functor Set^A → Set^A corresponds to a matrix in Set^{exp A×A}. We cannot take the diagonal sum, since this is not a square matrix. In the following, we show how to modify the trace of linear normal functors to the trace of normal functors.

A straightforward idea is the following. If we have a normal functor A^f−→ A, that is, a linear normal functor !A^f⊸ A, we have the promotion !A^{pf}⊸ !A, corresponding to a square matrix in Set^{exp A×exp A}. Hence we can take the diagonal sum.

More generally, if a normal functor in [Set^{A+X} , Set^{B+X} ]_{NF} is given, we may write it a pair of !A ⊗ !X^h⊸ B and !A ⊗ !X^f⊸ X, employing the terminology of intuitionistic linear logic. Promoting the latter, we have pf : !A ⊗ !X ⊸ !X. Hence h⊗pf preceded by canonical morphism from !A⊗!X to !A⊗!X ⊗!A⊗!X yields a linear map from !A ⊗ !X to B ⊗ !X. We define σ_h(f) as the diagonal sum of this linear map with respect to !X. Writing down everything in normal functors, we have the following: The promotion !A ⊗ !X^{pf}→ !X corresponds to the normal functor in [Set^{A+X} , Set^{exp X} ]_{NF} such that, for each γ ∈ exp X, the γ-th formal power series is given by f(a, x)^γ . Hence the normal functor in [Set^{A+X} , Set^{B×exp X} ]_{NF} given by h ⊗ pf preceded by the comultiplication on !A ⊗ !X corresponds to the system of formal power series h_b(a, x)f(a, x)^γ where (b, γ) ranges over B × exp X. Hence, taking the diagonal sum with respect to γ ∈ exp X, we obtain the following definition.

3.10 Definition (of σ_h(f)) Let Set^{A+X f}−→ Set^X and Set^{A+X h}−→ Set^B be normal functors.

The normal functor σ_h(f) from Set^A to Set^B is defined by ∑ [x^γ ]h(a, x)f(a, x)^γ where the summation is over all γ ∈ exp X. Here the notation [x^γ ]g(x) denotes the coefficient of x^γ in power series g(x).

Unfortunately, this σ_h(f) does not satisfy the axioms of traced monoidal categories. We give an improved definition later. Before that, we exploit several properties of σ_h(f).

Remark: (i) We may regard the coefficients f̃[(α, γ), x] for (α, γ) ∈ exp A × exp X and x ∈ X as indeterminates. Let R denote the ring of all polynomials in these indeterminates with integer coefficients. If the coefficients of h(a, x) are all finite, then σ_h(f) may be regarded as a formal power series over the ring R[[a]].

(ii) To prove equality f = g between normal functors in (Set^A, Set^B )_{NF}, it is sufficient and necessary to prove equalities f̃[γ, b] = g̃[γ, b] between coefficients for every (γ, b) in exp A × B. In particular, if we know, in some way, that all coefficients are finite, we may regard f(x) and g(x) to be families of formal power series in Z[[x]], and we may apply an analytic or algebraic method to the formal power series ring (e.g, division which exists in certain cases) to obtain the equality as formal power series, thus obtaining the equalities between coefficients.

3.11 Lemma Let h, h^′ : Set^{A+X} → Set^B and Set^{A+X} → Set^X be normal functors.

The equality σ_{h×h}′ (f) × σ_1(f) = σ_h(f) × σ_h′ (f) holds, where h × h^′ and 1 are normal functors from Set^{A+X} to Set^B , the former carrying the argument (a, x) to the product h(a, x) × h^′(a, x) and the latter to the terminal presheaf 1 irrelevant of the argument.

(Proof) Let z be a sequence of fresh variables of the same length as x. We verify σ_{h×h}′ (zf) × σ_1(zf) = σ_h(zf) × σ_h′ (zf) as formal power series in a and z. We note that σ_h(zf) is linear in h. Hence it suffices to prove the case where h is a monomial x^β . The coefficient of z^γ in σ_xβ (zf) × σ_h′ (zf) equals ∑ ([x^δ ]x^β f(a, x)^δ)([x^{δ′} ]h^′(a, x)f(a, x)^{δ′} ) where the summation is over all pairs (δ, δ^′) satisfying δ + δ^′ = γ. Furthermore, we can assume β ⊆ δ as multisets. Then [x^δ ]x^β f(a, x)^δ = [x^{δ−β} ]f(a, x)^δ [x^{δ′} ]h^′(a, x)f(a, x)^{δ′} = [x^{δ′ +β} ]x^β h^′(a, x)f(a, x)^{δ′} . Therefore the coefficient of z^γ in σ_h(zf) × σ_h′ (zf) equals the coefficient of z^γ in σ_xβ_{×h}′ (zf) × σ_1(zf). Finally, if we put z = 1, the lemma is derived.

As mentioned above, the diagonal sum σ_h(f) does not satisfy the axioms of traced monoidal categories. So we “normalize” it as in the following definition. We verify that, with this τ_h(f), the category CAAcc_{NF} turns out to be a traced cartesian category.

3.12 Definition (of τ_h(f)) Let Set^{A+X h}−→ Set^B and Set^{A+X f}−→ Set^X be normal functors.

The family τ_h(f)(a) of formal power series is defined by σ_h(f)(a)/σ_1(f)(a) where the division notation means that the i-th series of the numerator is divided by the i-th series of the denominator.

We may regard all coefficients f̃[(α, γ), x] of f(a, x) as indeterminates, and we let R be the ring of all polynomials over integers in these indeterminates. Then the normal functor f(a, x) may be regarded to lie in the ring R[[a, x]] of the formal power series. If g is of the form z · f(a, x) with z ∈ Set^X , the denominator

σ_1(g)(a, z) = ∑ γ∈exp X z^γ [x^γ ]f(a, x)^γ of τ_h(g)(a, z) is of the shape 1 + P (a, z) where P (a, z) is a formal power series in the ring R[[a, z]] with no constant term. Noticing the formal power series of this form is invertible for multiplication, the expression τ_h(g)(a, z) makes sense as an element of the ring R[[a, z]] (supposed the coefficients of h(a, x) are finite). We postpone the verification that τ_h(g)(a) is meaningful for all g. This will be proved by observing that only the polynomials of non-negative coefficients in R are involved. For the moment, we deal with only the case where g is of the form zf(a, x). The next lemma shows that all τ_h(f) is computed if we know the case where h is the projection from Set^{A+X} onto Set^A. So we introduce the following notation:

Notation: We write τx. f(a, x) = τ_h(f)(a, x) in case that Set^{A+X h}−→ Set^A is the projection. This operator τ binds the variable succeeding, so the αconvertible expressions are identified.

3.13 Lemma Let Set^{A+X h}−→ Set^B and Set^{A+X f}−→ Set^X be normal functors. The equality τ_h(f)(a, x) = h(a, τx. f(a, x)) holds.

(Proof) Since τ_h(f) is linear in h, it suffices to verify the case where h is a monomial x^β = x_{i1} x_{i2} · · · x_{in} . By the previous lemma, σ_xβ (f) × σ_1(f)^{n−1} = σ_{xi1} (f) × σ_{xi2} (f) × · · · × σ_{xin} (f). Hence, we have τ_xβ (f) = σ_{xi1} (f) × σ_{xi2} (f) × · · · × σ_{xin} (f)/σ_1(f)^n = τ_{xi1} (f) × τ_{xi2} (f) × · · · × τ_{xin} (f), that is, τ(f)^β .

We start the proof that τ_h(f) satisfies the axioms of traced monoidal categories. The axiom of traced monoidal category translates into the following equations: First of all, tightening and superposing are direct consequences of Lemma 3.13. The rest turns out to be (vanishing) τ(x, y). (f(x, y), F (x, y)) = (τx. f^′(x), τy. F (τx. f^′(x), y)) where f^′(x)^△= f(x, τy. F (x, y)) (sliding) g(τy. f(g(y))) = τx. g(f(x)) (yanking) τy. x = x .

In the original axiom of sliding, f may depend on the parameter from A whereas g may not. However, the extended sliding rule where also g may depend on A is derived from the axioms of the traced cartesian category. Hence the fixpoint equation τx. g(x) = g(τx. g(x)) is an immediate consequence of the extended sliding rule by setting f to be an identity, irrelevant of whether g depends on parameters.

We verify the equality of vanishing. Let us put f^′(x)^△= f(x, τy. F (x, y)) and h^′(x)^△= h(x, τy. F (x, y)). We verify the following equation:

σ_h(f, F ) = h^′(τx. f^′(x)) × σ_1(F )(τx. f^′(x)) × σ_1(f^′).

The left hand side is by definition equal to ∑ γ [x^γ ] ∑ δ[y^δ ]hf^γ F^δ where γ ranges over exp X and δ over exp Y . The sum ∑ [y^δ]hf^γ F^δ is equal to the definition of σ_{hf} γ (F )(x), which turns out to equal the multiplication τ_{hf} γ (F )(x) × σ_1 (F )(x). Since Lemma 3.13 yields τ_{hf} γ (F )(x) = h(x, τy. F (x, y)) × f(x, τy. F (x, y))^γ , σ_h(f, F ) above equals ∑ [x^γ ]h^′(x)f^′(x)^γ σ_1(F )(x). The last is by definition equal to σ_h′_{·σ1 (F )}(f^′). We write this τ_h′_{·σ1(F )}(f^′) · σ_1(f^′). A further application of Lemma 3.13 implies that the left factor equals

h^′(τx. f^′(x)) × σ_1(F )(τx. f^′(x)).

Hence the claimed equation follows. Now we consider τ_h(f, F ), the definition of which is σ_h(f, F )/σ_1(f, F ). We recall that we deal with only the case where the involving formal power series are members of a ring, which is an integral domain. Hence the cancellation of non-zero factors holds, yielding τ_h(f, F ) = h^′(τx. f^′(x)), that is, h( τx. f^′(x), τy. F ( τx. f^′(x), y)). Taking projections as h, the due equation of vanishing is derived. The idea of this proof comes from [12].

Next we verify the equality of sliding. First we recall the following. Each normal functor Set^{X f}−→ Set^Y is regarded as a linear map !X ⊸ Y . The promotion pf : !X ⊸ !Y corresponds to the matrix M_{pf} in Set^{exp X×exp Y} given by M_{pf} [γ, δ] = [x^γ ]f(x)^δ . If, in addition, we have h : !X ⊸ B, the linear map (h ⊗ pf) : !X ⊸ (B ⊗ !Y ) corresponds to the matrix M_{h⊗pf} in Set^{exp X×(B×exp Y )} defined by M_{h⊗pf} [γ, (b, δ)] = [x^γ ]h_b(x)f(x)^δ where b is a member of B.

It suffices to consider h of type !X ⊸ I, i.e., a normal functor from Set^X to Set. We compute σ_h(g ∘ f) = ∑ γ M_{h⊗p(g∘f )}[γ, γ] where the comultiplication on !X is omitted after h ⊗ p(g ∘ f). Since the term in the sum equals [x^γ ]h(x)g(f(x))^γ and g(f(x))^γ = ∑ δ f(x)^δ [y^δ ]g(y)^γ , we have σ_h(g ∘ f) = ∑ γ,δ [x^γ y^δ]h(x)f(y)^δ g(x)^γ .

(We remark the last is equal to σ_h(g, f) where the endofunctor (g, f) on Set^{X+Y} is defined by (x, y) → (g(y), f(x)).) On the other hand, we want to compute σ_h∘_g(f ∘g) = ∑ δ M_{(h∘pg)⊗p(f ∘g)}[δ, δ] where the comultiplication is omitted. Since the linear map (h ∘ pg) ⊗ p(f ∘ g) from !Y to !X is equal to the composite (h ⊗ pf) ∘ pg (again comultiplication is omitted), the term in the sum equals ∑ γ M_{h⊗pf} [γ, δ]M_{pg}[δ, γ]. It is easy to see that also this is equal to σ_h(g, f).

Therefore we have σ_h(g ∘ f) = σ_h∘_g (f ∘ g). Since h is arbitrary, we have also σ_1(g ∘ f) = σ_1(f ∘ g). Hence the equality τ_h(g ∘ f) = τ_h∘_g (f ∘ g) holds. If we take projections as h, we can infer τx. g(f(x)) = g(τy. f(g(y))). This verifies the equality of sliding.

It is easy to show the soundness of yanking. For the first and second projection π_1, π_2 : Set^{X+X} → Set^X , we have τy. x = τ_{π2} (π_1)(x) = x. Hence the trace of the symmetry equals an identity.

Summarizing the observations above, we obtain the following theorem.

3.14 Theorem The category CAAcc_{NF} is a traced cartesian category where the trace is given by τ_h(f).

(Proof) We have proved above that τ_h(f) satisfies the axiom of trace if all coefficients of f are indeterminates and f has the shape z · f(x) with fresh indeterminates z. As proven in Thm. 3.15 below, this case implies that τ_h(f) is a normal functor, namely, that all involved coefficients are non-negative. Hence the proof above gives even a valid verification of equalities between normal functors. Finally, if we set z = 1 and substitute arbitrary coefficients for indeterminates of f, we can conclude that the axioms of trace are satisfied for all normal functors.

Lagrange-Good Inversion

By Thm. 3.14, we can induce the fixpoint operator from trace. The following theorem asserts that the induced fixpoint operator is actually the least fixpoint operator.

3.15 Theorem Let f : Set^{A+X} → Set^X be a normal functor.

τx. f(a, x) coincides with the initial algebra μx. f(a, x). In particular, τx. f(a, x) is a normal functor.

(Proof) The argument of the preceding subsection implies that, if we regard all coefficients of f as indeterminates and we consider z · f(a, x) with new indeterminates z ∈ Set^X , then τx. zf(a, x) makes sense as formal power series and gives a fixpoint x = z · f(a, x).

We prove that the fixpoint x = z · f(a, x) is unique. Let us define g^0(a, z) = 0 and g^{n+1}(a, z) = z · f(a, g^n(a, z)). We claim that, if x = h(a, z) is a fixpoint x = z · f(a, x), then the equation [z^γ ]h(a, z) = [z^γ ]g^n(a, z) between coefficients holds for all γ ∈ exp X satisfying card Σγ ≤ n. For n = 0, the constant term of h must be 0 by the equation h = zf(a, h). For induction step, if the claim holds for n, then [z^γ ]f(a, h(a, z)) = [z^γ ]f(a, g^n(a, z)) also holds for every γ such that card Σγ ≤ n, since the coefficient of z^γ depends only on those terms of powers of γ^′ such that card Σγ^′ ≤ n in h and g^n. Multiplying by z and noticing h = zf(a, z), we have [z^δ]h(a, z) = [z^δ]g^{n+1}(a, z) for all δ of cardinality n + 1 or less. So the claim is verified. Hence h(a, z) must equal colim_{−→} g^n(a, z), that is, μx. zf(a, x), showing that the fixpoint is unique.

By uniqueness of fixpoints, we must have τx. zf(a, x) = μx. zf(a, x). In particular, τx. zf(a, x) is a normal functor, since so is the initial algebra. Thus we can put z = 1, concluding τx. f(a, x) = μx. f(a, x).

We can write down the fixpoint by the formal power series as follows. For each normal functor Set^{X h}−→ Set, we have the formula

h(f^†(a)) = ∑ γ [x^γ ]h(x)f(a, x)^γ ∑ γ [x^γ ]f(a, x)^γ where a and x are parameters from Set^A and Set^X .

As a special case of the formula above yielding fixpoints, we consider the solution x of the equation x = z · g(x) where x and z are vectors of disjoint variables of the same length and g(x) is a formal power series. Namely we want to find the fixpoint f^†(z) if we put f(z, x) = z · g(x). This special case is particularly interesting, since it can be used to find the inverse of formal power series. Let us consider a system of formal power series z = k(x). If we put f(z, x) = zx/k(x) (that is, g(x) = x/k(x)), then the fixpoint f^†(z) gives the compositional inverse of z = k(x), provided that it exists.

The Lagrange-Good inversion is the formula to find the solution of this special case x = zg(x). By substituting zg(x) for f(a, x) in the general formula above for fixpoints, we have the following form

h(f^†(z)) = ∑ γ z^γ[x^γ ]h(x)g(x)^γ ∑ γ z^γ [x^γ ]g(x)^γ . Although this formula is different from the standard Lagrange-Good inversion formula occurring in the literature, we can verify that this is equal to the standard one, applying Jacobi’s residue formula. We recall Jacobi’s residue formula. Let F_1, F_2, . . . , F_n be formal Laurent series in n variables of the shape F_i(x_1, x_2, . . . , x_n) = a_ix_1^{bi1} x_2^{bi2} · · · x_n^{bin} + (higher degree terms). Then, for an arbitrary Laurent series h(x_1, x_2, . . . , x_n), the formula

det(b_{ij} ) Res h(x) = Res ( h(F (x)) ∂(F_1, F_2, . . . , F_n) ∂(x_1, x_2, . . . , x_n) )

holds, where the residue Res(f(x_1, x_2, . . . , x_n)) is defined as the coefficient of (x_1x_2 · · · x_n)^{−1} in Laurent series f. Following [21], we show ∑ γ z^γ [x^γ ]g(x)^γ = det(E − M(z, f^†(z)))^{−1} where M(z, x) is the square matrix (z_i(∂g_i(x)/x_j )), if we can restrict the involving formal power series to have finite coefficients. First we take the partial derivatives of f^†(z) = zg(f^†(z)), obtaining ∂f^†_i (z) ∂z_k = δ_{ik}g_i(f^†(z)) + z_i ∑ j ∂g_i ∂x_j (f^†(z)) ∂f^†_j (z) ∂z_k Namely we have ∑ j ∂f^†_i (z) ∂z_k ( δ_{jk} − z_i ∂g_i ∂x_j (f^†(z)) ) = δ_{ik} g_i(f^†(z)).

Since the left hand side is the multiplication of matrices, taking the determinants of both sides, det(∂f^†_i (z)/∂z_k) det(E − M(z, f^†(z))) = g(f^†(z))^{⃗1} is derived, where z^{⃗1} = z_1z_2 · · · z_n for z = z_1, z_2, . . . , z_n. Hence [z^γ ] det(E − M(z, f^†(z)))^{−1} = [z^γ ] det(∂f^†_i (z)/∂z_j)/g(f^†(z))^{⃗1}. The latter equals Res 1 z^{γ+⃗1}g(f^†(z))^{⃗1} det ( ∂f^†_i (z) ∂z_j ) = Res g(f^†(z))^γ f^†(z)^{γ+⃗1} det ( ∂f^†_i (z) ∂z_j ) . But this is equal to Res g(x)^γ /x^{γ+⃗1}, that is, [x^γ ]g(x)^γ by Jacobi’s residue formula, noticing that f^†_i (z) has the form z_i + (higher term) as observed from the shape of the equation f^†(z) = zg(f^†(z)). So [z^γ ] det(E − M(z, f^†(z)))^{−1} = [x^γ ]g(x)^γ holds as claimed. Therefore the standard Lagrange-Good inversion formula h(f^†(z)) det(E − M(z, f^†(z))) = ∑ γ z^γ[x^γ ]h(x)g(x)^γ .

is derived.

References [1] W. Ackermann, Konstruktiver Aufbau eines Abschnitts der zweiten Cantorschen Zahlenklasse, Math. Z. 53 (1951) 403–413.

[2] J. Adámek and J. Rosický, Locally Presentable and Accessible Categories, London Math. Soc. Lecture Note Ser. 189, (Cambridge University Press, 1994).

[3] T. Arai, A consistency proof of a system including Feferman’s ID_ξ by Takeuti’s reduction method, Tsukuba J. Math. 11 (1987) 227–239.

[4] M. Barr, Terminal coalgebras in well-founded set theory, Theoretical Computer Sci. 114 (1993) 299–315; Corrigendum, Additions and corrections to “Terminal coalgebras in well-founded set theory”, 124 (1994) 189–192.

[5] T. Becker and V. Weispfenning, Gröbner Bases, Graduate Texts in Mathematics 141, (Springer, 1993).

[6] N. Benton, G. Bierman, V. de Paiva and M. Hyland, A term calculus for intuitionistic linear logic, in: Typed Lambda Calculi and Applications, M. Bezem, J. F. Groote, eds., 1993, Utrecht, The Netherlands, Lecture Notes in Computer Science 664 (Springer, 1993) pp. 75–90.

[7] F. Bergeron, G. Labelle, and P. Leroux, Combinatorial Species and Tree-like Structures, (Cambridge University Press, 1997).

[8] G. M. Bierman, What is a categorical model of intuitionistic linear logic?, in:

Typed Lambda Calculi and Applications, M. Dezani-Ciancaglini, G. Plotkin, eds., Edinburgh, U.K., 1995, Lecture Notes in Computer Science 902, (Springer, 1995) pp. 78–93.

[9] W. Buchholz, A new system of proof-theoretic ordinal functions, Ann. Pure Applied Logic 32 (1986) 195–207.

[10] W. Buchholz and K. Schütte, Proof Theory of Impredicative Subsystems of Analysis, (Bibliopolis, 1988).

[11] C. C.-A. Cheng, J. H. McKay, J. Towber, S. S.-S. Wang, and D. L. Wright, Reversion of power series and the extended Raney coefficients, Transactions American Math. Soc. 349 (1997) 1769–1782.

[12] N. G. de Bruijn, The Lagrange-Good inversion formula and its applications to integral equations, J. Math. Analysis Applications 92 (1983) 397–409.

[13] D. H. J. de Jongh and R. Parikh, Well-partial orderings and hierarchies, Indagationes Math. 39 (1977) 195–207.

[14] N. Dershowitz, Orderings for term-rewriting systems, Theoretical Computer Sci.

17 (1982) 279–301.

[15] N. Dershowitz and Z. Manna, Proving termination with multiset orderings, Communications ACM 22 (1979) 465–476.

[16] R. Ehrenborg and M. Méndez, A bijective proof of infinite variated Good’s inversion, Advances Math. 103 (1994) 221–259.

[17] S. Eilenberg and G. M. Kelly, Closed categories, in: Proc. Conference on Categorical Algebra, La Jolla, USA, 1965 (Springer, 1966) pp. 421–562.

[18] S. Feferman, Formal theories for transfinite iterations of generalized inductive definitions and some subsystems of analysis, in: Intuitionism and Proof Theory, Proc. Summer Conference at Buffalo N.Y. 1968, A, Kino, J. Myhill, R. E. Vesley eds., (North-Holland 1970) pp. 303–326.

[19] H. Friedman, N. Robertson and P. Seymour, The metamathematics of the graph minor theorem, in: Logic and Combinatorics, Contemporary Mathematics, Vol. 65, 1985, (AMS, 1987) pp. 229–261.

[20] H. Gerber, An extension of Schütte’s klammersymbols, Math. Ann. 174 (1967) 203–216.

[21] I. M. Gessel, A combinatorial proof of the multivariate Lagrange inversion formula, J. Combinatorial Th., Ser. A 45 (1987) 178–195.

[22] J.-Y. Girard, Π^1_2-logic, part I; dilators, Ann. Math. Logic 21 (1981) 75–219. [23] J.-Y. Girard, Normal functors, power series and λ-calculus, Ann. Pure Applied Logic 37 (1988) 129–177.

[24] I. J. Good, Generalization to several variables of Lagrange’s expansion, with applications to stochastic processes, Proc. Cambridge Philosophical Soc. 56 (1960) 367–380.

[25] R. L. Graham, B. L. Rothschild, and J. H. Spencer, Ramsey Theory, (Wiley- Interscience, 1980).

[26] C. A. Gunter, Semantics of Programming Languages. Structures and Techniques, Foundations of Computing Series, (MIT Press, 1992).

[27] M. Hasegawa, Recursion from cyclic sharing: Traced monoidal categories and models of cyclic lambda calculi, in: Proc. 3rd International Conference on Typed Lambda Calculi and Applications, Lecture Notes in Computer Science 1210 (Springer, 1997) pp. 196–213.

[28] M. Hasegawa, Models of Sharing Graphs: A Categorical Semantics of let and letrec, PhD Thesis, The University of Edinburgh, 1997.

[29] R. Hasegawa, Well-ordering of algebras and Kruskal’s theorem, in: Logic, Language and Computation, Festschrift in Honor of Satoru Takasu, N. D. Jones, M. Hagiya, M. Sato, eds., Lecture Notes in Computer Science 792, (Springer, 1994) pp. 133–172.

[30] R. Hasegawa, The generating function of lambda terms, to appear; a preliminary version appeared in Combinatorics,Complexity & Logic, Proc. DMTCS’96, D. S. Bridges, C. S. Claude, J. Gibbons, S. Reeves, I. H. Witten, eds., Auckland, New Zealand, 1997, (Springer, 1997) pp. 253–263.

[31] R. Hasegawa, An analysis of divisibility orderings and recursive path orderings, in:

Advances in Computing Science - ASIAN’97, R. K. Shyamasundar, K. Ueda, eds., Kathmandu, Nepal, 1997, Lecture Notes in Computer Science 1345 (Springer, 1997) pp. 283–296.

[32] G. Higman, Ordering by divisibility in abstract algebras, Proc. London Math.

Soc., Third Series 2 (1952) 326–336.

[33] I-C. Huang, Reversion of power series by residues, Communications Algebra 26 (1998) 803–812.

[34] D. Isles, Regular ordinals and normal forms, in: Intuitionism and Proof Theory, Proc. Summer Conference at Buffalo, New York, USA, 1968, A. Kino, J. Myhill, R. E. Vesley, eds., (North-Holland, 1970) 339–361.

[35] P. T. Johnstone, Topos Theory, (Academic Press, 1977).

[36] P. T. Johnstone, Stone Spaces, Cambridge Studies in Advanced Mathematics 3, (Cambridge University Press, 1982).

[37] A. Joyal, Une théorie combinatoire des séries formelles, Advances Math. 42 (1981) 1–82.

[38] A. Joyal, Foncteurs analytiques et espèces de structures, Combinatoire Enumérative, Proceedings, Montreal, Québec, Canada, 1985, G. Labelle, P. Leroux, eds., Lecture Notes in Mathematics 1234, (Springer, 1986) pp. 126–159.

[39] A. Joyal and R. Street, Braided tensor categories, Advances Math. 102 (1993) 20–78.

[40] A. Joyal, R. Street, and D. Verity, Traced monoidal categories, Math. Proc. Cambridge Philosophical Soc. 119 (1996) 447–468.

[41] J. B. Kruskal, Well-quasi-ordering, the tree theorem, and Vazsonyi’s conjecture, Transactions American Math. Soc. 95 (1960) 210–225.

[42] G. Labelle, On asymmetric structures, Discrete Math. 99 (1992) 141–164. [43] J. Lambek and P. J. Scott, Introduction to Higher Order Categorical Logic, Cambridge Studies in Advanced Mathematics 7, (Cambridge University Press, 1986).

[44] P. Lescanne, Uniform termination of term rewriting systems, recursive decomposition ordering with status, in: Ninth Colloquium on Trees in Algebra and Programming, 1984, Bordeaux, France, B. Courcelle ed., (Cambridge University Press, 1984) pp. 181–194.

[45] S. Mac Lane, Categories for the Working Mathematician, (Springer, 1971). [46] U. Martin and E. Scott, The order types of termination orderings on monadic terms, strings and multisets, in: Proc. Eighth Annual IEEE Symposium on Logic in Computer Science, 1992, Montreal, Canada, (IEEE, 1993) pp. 356–363.

[47] C. R. Murthy and J. R. Russell, A constructive proof of Higman’s lemma, in:

Proc. Fifth Annual Symp. on Logic in Computer Science, (IEEE, 1990) pp. 257– 267.

[48] C. St. J. A. Nash-Williams, On well-quasi-ordering finite trees, Proc. Cambridge Philosophical Soc. 59 (1963) 833–835.

[49] C.-H. L. Ong, Correspondence between operational and denotational semantics:

the full abstraction problem for PCF, in: Handbook of Logic in Computer Science, Vol 4, (Oxford University Press, 1995) pp. 269–356.

[50] G. D. Plotkin, LCF considered as a programming language. Theoretical Computer Sci. 5 (1977/78) 223–255.

[51] W. Pohlers, A short course in ordinal analysis, in: Proof Theory, P. Aczel, H. Simmons, S. Wainer, eds., Leeds Proof Theory, Leeds, UK, 1990 (Cambridge University Press, 1992) pp. 27–78.

[52] N. Robertson and P. D. Seymour, Graph minors, IV. Tree-width and well-quasi-ordering, J. Combinatorial Th. Ser. B 48 (1990) 227–254.

[53] N. Robertson and P. D. Seymour, Graph minors. VIII. A Kuratowski theorem for general surfaces, J. Combinatorial Th., Ser. B 48 (1990) 255–288.

[54] J. J. Rotman, An Introduction to the Theory of Groups, Fourth Edition, Graduate Texts in Mathematics, (Springer, 1995).

[55] K. Sakai, Knuth-Bendix algorithm for Thue system based on kachinuki ordering, ICOT Technical Memorandum: TM-0087, ICOT, Institute for New Generation Computer Technology, Dec. 1984.

[56] I. Satake, Linear Algebra (in Japanese), Suugaku Sensho, Vol 1, (Shoukabou, 1958).

[57] D. S. Scott, Continuous Lattices, in: Toposes, Algebraic Geometry and Logic, Halifax, Canada, 1971, Lecture Notes in Mathematics 274, (Springer, 1972) pp. 97– 136.

[58] S. G. Simpson, Reverse mathematics, in: Recursion Theory, A. Nerode, R. A. Shore, eds., Proc. Symposia in Pure Mathematics, Volume 42 (AMS, 1985) pp. 461–471.

[59] S. G. Simpson, Nonprovability of certain combinatorial properties of finite trees, in: Harvey Friedman’s research on the foundations of mathematics, L. A. Harrington, M. D. Morley, A. Scedrov, S. G. Simpson, eds., (North-Holland, 1985) pp. 87–117.

[60] S. G. Simpson, Ordinal numbers and the Hilbert basis theorem, J. Symbolic Logic 53 (1988) 961–974.

[61] G. Takeuti, Proof Theory, Studies in Logic and the Foundations of Mathematics, Vol. 81, (North-Holland, 1975).

[62] P. Taylor, Quantitative domains, groupoids and linear logic, in: Category theory and computer science, Manchester, UK, 1989, Lecture Notes in Computer Science 389, (Springer, 1989), pp. 155–181.

[63] M. Yasugi, Hyperprinciple and the functional structure of ordinal diagrams, Commentarii Mathematici Universitatis Sancti Pauli 34 (1985) 227–263; Continuation 35 (1986) 1–38.

[64] Y.-N. Yeh, The calculus of virtual species and K -species, in: Combinatoire Énumérative, Montreal, Canada, 1985, G. Labelle, P. Leroux, eds., Lecture Notes in Mathematics 1234, (Springer, 1986) pp. 351–369.