APPENDIX B

Symmetric Norms and Banach Ideals

In this appendix we present a detailed account on the theory of Calkin and
Gohberg-Krein of operator ideals and operator ideals associated to symmetric norms.
These ideals play an important role in noncommutative geometry. This is already
illustrated by Chapter ?? and the construction of the Dixmier trace on the Dixmier
ideal £(1:>0),

Most of the material of this appendix is taken from [GK] and [Si] (see also [Co,
Chap. 4, Appendix C], [GVF, Section 7.C]).

B.1. Banach Ideals

This section is devoted to presenting the primary definitions and properties of
Banach ideals. We start with basic facts about two-sided ideals in £(H).

PROPOSITION B.1. Let Z be a two-sided ideal of L(H).
(1) For any T € L(H),
Tel=|T|el=T"€eTl.
(2) Any T € T can be written as
T=T —Ty+i(Ts—Ty)  withTj € TN L(H),.

PRrROOF. Once (1) is proved the proof of (2) follows along the same lines as that
of the proof of Lemma ??. Thus, we only have to prove (1).

Let T € L(H) have polar decomposition T'= U|T|. If |T| is in Z then, as T is
an ideal, T = U|T| is in Z too. Since by Proposition ?? |T| = U*T we also see that
if |T'| is in Z, then so is T.

It also follows from Proposition ?? that 7% = U*TU, and T = (U*TU*)* =
UT*U. Therefore T is in 7 if and only if is T in Z. The proof is complete. (I

PROPOSITION B.2. Let T be a two-sided ideal of L(H).

(1) If T 2 {0}, then every finite-rank operator is contained in I.
(2) If T € L(H), then every operator in T is compact.

PRrROOF. Assume Z 2 {0}. Since the finite-rank operators are linear combina-
tions of rank 1 operators £ ® n*, £,1 # 0, in order to prove (1) it is enough to show
that any such projection is contained in Z.

Let &,n € H\{0} and let T € Z\{0}. Since T # 0 there exists £’ € H\ {0} such
that 7/ :=T¢ #0. Set A=£®¢&* and B =1/ @ n*. Then the operator ATB is
contained in Z and is equal to (@7 *)T(E@n*) = (i, TEVE@n*) = |0 |I2(E@7*).
Since 7’ # 0 it follows that £ ® n* is contained in Z, proving (1).

Suppose now that Z contains a non-compact operator T'. By Proposition 7?7 and
Proposition B.1 the operator |T'| too is non-compact and contained in Z. Therefore,
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possibly by replacing T by |T|, we may assume T positive. For A > 0 set I, =
Ipnoo)(T). If g(t) := till[kyoo), then ¢g(7T) is a bounded operator. As II)y = T'g(T)
it follows that II, is contained in Z.

As |T — THA(T)|| = |[1jo0)(T)|| < A, we see that TTIx(T') converges to T' in
norm as A — 07. Since T is non-compact, it follows there is at least one A > 0
such that TTI, does not have finite rank. Then II) does not have finite rank.

Let (£,)n>0 be an orthonormal basis of H, let (1, )r>0 be an orthonormal basis
of imIIy, and let V € L(H) be such that V&, =n,. As V*n, =&, for all n € N,
we see that V*II,V = 1. Thus 1 € Z, which implies that Z = L£L(H). Therefore, if
T C L(H), then T cannot contain any non-compact operator, i.e., T is contained in
K. The proof is complete. O

The previous proposition shows that, among non-trivial ideals of L£L(H), the
ideal of finite-rank operators is minimal and the ideal of compact operators is
maximal. Since the former is the closure of the latter in £(H) we obtain:

COROLLARY B.1. The only closed non-trivial two-sided ideal of L(H) is K.

DEFINITION B.1. A Banach ideal is a two-ideal T of L(H) which is equipped
with a norm |.||z such that
(i) Z is a Banach space for I.
(ii) We have
(B.1.1) [ATB||z < [|A[l|Tlz|B]l  YT'€T VA,Be L(H).
ExaMPLE B.2. £(H) and K are Banach ideals for the operator norm ||.||.

ExAMPLE B.3. It follows from (??) and Proposition ?? that £! is a Banach
ideal for the norm ||.||;. Likewise, using (??) and Proposition ??, we see that £ is
a Banach ideal for the Hilbert-Schmidt norm ||.||2.

In the sequel we let 7 be a Banach ideal with norm ||.||z. We assume Z non-
trivial, so by Proposition B.2 all the finite-rank operators are contained in Z and
all the elements of 7 are compact operators.

LEMMA B.1. LetT €Z and let S € K.

(1) If pn(S) < pn(T) Yn € Ny, then S € T and ||S||z < || Tz
(i) If un(S) = pun(T) Vn € Ny, then S € T and ||S||z = ||T||z-

ProoF. We only have to prove (i), since it implies (ii). Thus, let us assume that
wn(S) < pn(T) Vn € Ny, and let T = U|T| and S = V|S| be the respective polar
decompositions of 7' and S. Let (&,)n>0 and (7, )n>0 be orthonormal families in
H such that [T, = pn(T)E, and [S|n, = pn(S)n, for all n € Ny. Let C € L(H)

be such that C' = 0 on ker|S| and Cn, = (\/1n(S)// 1in(T))E, for all n € Ny
such that p,(T) > 0 (ie., &, is in im|S| = (ker|S|)*. This defines bounded
operator of norm < 1,since by assumption p,(S) < p,(T) for all n € Ny. As

C*& = (W 1n(S) )/ 1n(T))ny, for all n € Ny, we see that C*|T|C = |S|.

By Proposition ?? we know that |T| = U*T, so we have
VCrUrTC = VCH|T|C =V|S| = S.
Therefore S is contained in Z and, by (B.1.1), we have ||S||z < [|[V[I|IC*IIITIT]zIIC]-

Since the operator norms of U, V and C are < 1, it follows that ||S||z < ||T|z, as
claimed. g



Combining this lemma with (??) and (??) we see that, for any T € Z,
TNz =Tz = IT"z,
lU*TU|z = ||T|lz VU € L(H), U unitary.
ProrosITION B.3. There exists a constant ¢ > 0 such that
(B.1.2) 1Tz = ¢||T VT € Rq.
Furthermore, we have
(B.1.3) eI < 17Tz VT eT.

PROOF. Let R € R; be such that ||R|| = 1 and set ¢ = ||R||z. It follows
from (?7?) that po(R) = ||R|| = 1 and p,(R) = 0 for n > 1. Likewise, if S € Ry,
then po(S) = |15 and p,(S) = 0 for n > 1, so the operators S and ||.S||R have the

same characteristic values. Lemma B.1 then implies that ||.S|lz = ||S||||R|lz = ¢||S]|-
Let T € Z. Then uo(T) = ||T|| = wo(||T||R) and pn(T) > 0 = pyn(J|T]|R) for
n > 1, so by Lemma B.1 we have || T||z > ||(||T||R)||z = ¢||T||, as claimed. O

Because the norm ||.||z on rank-one operators is constant, we sometimes require
the normalization,

(B.1.4) IT||lz = ||T|| for any operator T of rank 1.
In this case, the inequality (B.1.3) holds with ¢ = 1.

PROPOSITION B.4. Any other Banach norm on I satisfying (B.1.1) is equiva-
lent to ||.||z-

PrROOF. Let |.||; be another Banach norm on Z satisfying (B.1.1) and let |.|z
be the norm on 7 defined by

Tz == sup{[|Tz, Tz} VT €I

Let (T)n>0 be a Cauchy sequence in (Z,|.|7), i.e., it is a Cauchy sequence both in
(Z,|]-lz) and (Z,|.|I%)- It thus converges in (Z,].||z) and in (Z,|.||7). The limits
may be different. However, using (B.1.3) we see that (T},),>0 is a Cauchy sequence
in (L(H),||.]|) and its limit in (L(H),||.]]) agrees with the limits in (Z, ||.||z) and
(Z,|]-II5). Thus, the last two limits are equal and (T},)n>0 converges in (Z,|.|7).
This shows that (Z,|.|z) is a Banach space.

Notice that the identity map is continuous from (Z, |.|z) to (Z, ||.]|z). Since this
is a bijection and both (Z,|.|z) to (Z,]|.]|z) are Banach spaces, the open mapping
theorem insures us that its inverse is continuous. Therefore |.|7 and |.||z are equiv-
alent norms. Likewise, the norms |.|z and ||.||; are equivalent, so ||.||z and ||.||; are
equivalent norms, proving the proposition. O

As we shall now see the separability of the topology of Z defined by the norm
|Illz is intimately related to the density of finite-rank operators.

DEFINITION B.4. Z° is the closure in T of the the ideal Roo of finite-rank
operators.

Since Roo is a two-sided ideal, Z° can easily be seen to be a Banach ideal for
the norm of 7.



Let T' € K have polar decomposition T' = U|T'| and let (&,),>0 be an orthonor-
mal family such that |T|&, = pn(T)&, for all n € Ny. Then, by Proposition 77,

(B.1.5) T =Y (T (U&) ®&;,
n>0

where the series converges in K. Any series of the form (B.1.5) is called a Schmidt
series for T.
LEMMA B.2. Let T € K. Then the following are equivalent:
(i) T is contained in Z°.
(ii) Any Schmidt series for T' converges in Z to T.
(iii) There is a Schmidt series for T which converges in I.

PROOF. Tt is clear that (ii) implies (iii). Moreover, if there is a Schmidt series
for T converging in Z then, as it converges to T in K, using (B.1.3) we see that its
sum is equal to T'. Thus T is contained in Z and is the sum of a series of finite-rank
operators, hence T is an element of Z°.

Suppose now that T is in Z. For any N € N set

Ty =T=Y m(T)(U&) @& = > pn(T)(U) @&

n<N n>N

As Yy oy n(T)(U&n) ® & has rank > N, it is immediate that
(B.1.6) ITn|lz > inf{”T —R|z; Re RN}.

It follows from Proposition 7?7 the operator U*U is the orthogonal projection
onto (ker T)* = (ker |T|)* = im T, so U*U&,, = &, if pn(T) # 0. Thus,

(IN)"Ty = > (TP @&, and [Ty = D pu(T)é @&
n>N n>N
Using the min-max principle we then see that
(B.1.7) pn(TN) = pnsen(T) Vn € N.
Let R € Ry. Then (??) implies that ux(R) = 0, so using (??) we get
pin(Tn) = pnsn(T) < pin(T = R) + pn (R) = pn(T = R).

Therefore, applying Lemma B.1 we see that ||Tn||z < ||T — R||z for all R € Ry.
Combining this with (B.1.6) then shows that

> (D) (UE) ® &

n>N

= inf{”T — R”I; Re RN}.
s

This implies that T is a limit of finite-rank operators in Z (i.e., T is in Z°) if and
only if the Schmidt series > -, un(T)(U&,) @ & converges to T in Z. The proof
is complete. B (I

LEMMA B.3. The Banach ideal I is separable.

PrOOF. Without any loss of generality we may assume that in (B.1.2)—(B.1.3)
the constant ¢ is equal to 1. Let ((x)r>0 be a countable dense subset of H. Let
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§,m € H. For any € > 0 there exist k,1 € Ng such that || — (x| < eand ||[n—(| < e
Then using (B.1.2) we get

(B.1.8) [€@n" =Gz < M€= G)@nllz + 16 (n—Ga)*llz
<€ = Ce) @[ + 116 @ (n = Q)|
< 1€ = Cllllnll + lSkllln — Gl < ellnll + (e + [I€]De.

Let D be the set of operators of the form,

> G,

(k,l)EKXL

where K and L range over all finite subsets of Ny. Then D is a countable subset of
Roo. As any operator in R is a finite sum of rank one operators £ ® n*, it follows
from (B.1.8) that, for any T' € R, and for any € > 0, there exists R € D such that
|T — R||z < e. Combining this with the density of R in Z° we deduce that D is
dense in Z°. Since D is countable, this proves that Z° is separable. ([l

ProroSITION B.5. The following are equivalent:

(1) The finite-rank operators are dense in I, i.e., T = Ij.
(2) T is separable.

PROOF. It immediately follows from Lemma B.3 that if Z = Z° then T is
separable.

Conversely, suppose that Zyp C Z. Let T' € Z \ Zyp. Since Z and Z; both are
ideals, using Proposition B.1 we see that |T'| is in Z, but is not in Z. Therefore,
possibly by replacing T by |T'| we may assume T positive.

Since T is in T \ Zy and is positive, Lemma B.2 implies that there is a Schmidt
series Y <o tn(T)&, ® &, which does not converges in Z. As Z is a Banach space,
this implies that the series does not satisfy Cauchy’s criterion, so there exists § > 0
and an increasing sequence (ng)r>0 C Ng such that

(B.1.9) >6  VkeN,.

e

Yo D& ek,

nE<n<ngi41

For any sequence a = (ag)g>0 € {0, 1} we set

Tazzzak( > un<T)£n®£;:)=Z Yo mDE e

k=0 nE<n<ng4i apF#0ng<n<ng4q

If we let II, be the orthogonal projection onto the closure of the vector space
spanned by Uak;éo{fn? ng < n < ngi1}, then T, = I, T. Therefore, the operator
T, isin 7.

Let b = (bg)r>0 € {0,1}"° be such that b # a, i.e., there exists k € Ny such
that by # ay. Set Il = Zn’““fl &, &5 Then

n=ng
(T —To) = (bx —ar) Y. (D@ =% Y (D& .
nE<n<np4i nE<n<ngii

Combining this with (B.1.9) we get
0 < Wi(Ty — To)llz < [Me[[[[Ts = Tallz = | To — Tallz-
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Since {0, 1} is not countable, it follows that no countable subset of Z can be dense,
so Z is not separable if 7o C 7. Equivalently, if 7 is separable, then 7 = 7. The
proof is complete. O

The following result hows that, among the non-trivial Banach ideals, the ideal
L' of trace-class operators is minimal.

PROPOSITION B.6. There is a continuous inclusion,

£t c 1’
In fact, if the normalization (B.1.4) holds, then
(B.1.10) ITlz < |T], VT eT.

ProoF. We may assume that the normalization (B.1.4) holds, so that we can
take ¢ = 1 in (B.1.3). Let T € £ and let Y, o, un(T)(UE,) ® & be a Schmidt
series for T' as in (B.1.5). Using (B.1.1) and (B.1.3)) we see that, for all N and p
in N, we have

< Y mDIUNE @&z

7 N<n<N+p

< Y wOlgegls Y u@).

N<n<N+p N<n<N+p

(B.1.11) ‘
N<n<N+p

Since Y, < tn(T) < oo it follows that the series >, < pn(T)(U&,) @&, converges
in Z. Lemma B.2 then insures us that 7' is contained in £° and the Schmidt series
converges to T in Z. Therefore, using (B.1.11), we get

IEDWAGEI N

n>0

HTHI = Z Nn(T)(Ugn) ® &,

n>0

This proves (B.1.10) when T is in £! and shows there is a continuous inclusion of
L' in Z°. In addition, if T'€ T\ £!, then ||T||; = oo and (B.1.10) holds trivially,
so (B.1.10) holds for all T' € Z. The proof is complete. O

B.2. Symmetric norms

In the sequel we denote by Iy the vector space of sequences a = (an)n>0 of
complex numbers that have finite support (i.e., a,, = 0 for n large enough). We
denote by [y the space of sequences (ay)n>0 of complex numbers such that

lim a, = 0.
n—oo

For any sequence a = (an)n>0 in ly we denote by o(a) = (on(a))n>1) the
sequence defined by
on(a)==> a, VYNEN.
n<N
In addition, for any a € Iy we denote by a* = (a}),>0 the sequence defined by
a, = inf sup|a;l Vn € Np.

JCNo jeg
[ 7[=n"



In other word, the sequence (a}),>0 is the sequence obtained by re-ordering the
sequence (|a,|)n>0 into a non-increasing sequence. In particular, for any N € N,
we always have

|UN(an)| < Z |an| < UN(a*)'

n<N
It can also be shown (see [Si, Lem. 1.8]) that, for all a,b € Iy,
(B.2.1) 1Y anba| <> ajby VN eEN
n<N n<N

DEFINITION B.5. Let ® be a norm on ly. We say that ® is symmetric when
P(a) = ¢(a”) Va € ly.
REMARK B.6. It is not difficult to check that a norm ® on [; is symmetric if
and only if it satisfies the following two conditions:

(i) For any sequence (ay,),>o in [y and any bijection o : Ny — Ny, we have
@ ((ao(n))nZO) = ((an)nzo) .

(ii) For any sequence (an)n>o in Iy and any sequence (6,)n>0 C [0,27), we
have

o ((ewnan)nzo) =@ ((an)n>0) -
ExAMPLE B.7. For p € [1,00) the p-norm ®, on I is defined by

o0 = (3 |an|”);’ Ya = (an)nzo € .

n>0
For p = 0o we define the ®,,-norm by

(B.2.2) Do(a) = SI;IS |an| Va = (an)n>o0 € ly.

All the p-norms are symmetric norms on [.
Let @ be a symmetric norm on ly.

LEMMA B.4 (Markus; see [GK, Lem. 3.1], [Si, Thm. 1.9]). Let a,b € l;. Then
(B.2.3) (UN(a*) <on(b*) VN e N) = ®(a) < ®(b).

If follows from Markus’ lemma that if o} < b7 for all n € Ny, then ®(a) < ®(b).

n —-"n

In particular, if a = (a,)>¢ is a sequence in [y, then
®(ag,...,an-1,0,0,...) < ®(ag,...,an,0,0,...) VN € N.

This means that (®(ao,...,an,0,0,...))y>o is a non-decreasing sequence of non-
negative numbers, so it admits a limit as N — oo. We then set

(B.2.4) ®(a) = lim P(ag,...,an,0,0,...) = sup ®(ag,...,an,0,0,...)
N—oo N>1

This extends ® to a function ® : [y — [0, o0].
It is not hard to check that

(B.2.5) ®(a)=0=a=0,
(B.2.6) D (Na) = |A|P(a) Va € lg VA € C,
(B.2.7) D(a+b) < da)+dDb)  Va,be .
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In addition, we have
PROPOSITION B.7 (see [Si, Thm. 1.16]). Let a,b € ly. Then
®(a) = ¢(a”),
(UN(a*) <on(b*) VN e N) = P(a) < D(b).
It follows from Proposition B.7 that, for any a,b € Iy,

<a:; <b Vne N0> = ®(a) < (D).

In the sequel, we denote by l}" the positive cone of /¢ consisting of non-increasing
sequences of non-negative numbers with finite supports.

LeMMA B.5 ([GK, Lem. 3.2]). Let @ : l}" — [0,00) be a function such that

(B.2.8) ®(a) =0=a=(0,0,...),

(B.2.9) ®(Xa) = A®(a)  Vaelf YA>0,
(B.2.10) ®(a+b) < ®(a)+®(b)  Va,belf,
(B.2.11) (UN(a) <on(b) VN e N) = ®(a) < B(b).

Then ® can be uniquely extend into a symmetric norm on ly by letting
P(a) := d(a™) Va € ly.
Finally, let ® :{; — [0, 00) be the function defined by
> anbal; bels, ®(b) < 1}

(B.2.12) P (a) = sup{
n>0

This is a norm on Iy called the dual norm of ®. Using (B.2.1) and the fact that ®
is symmetric, we can check that

(B.2.13) d'(a) = Sup{z albn; belf, d(b) < 1},
n>0
from which it follows that @’ is a symmetric norm. It also implies that
(B.2.14) > apby << @'(a)@(b)  Va,b el
n>0

LEMMA B.6 (|[GK, Thm. 1.11]). The dual norm of ®' is equal to ®, i.e.,
(@) = .

REMARK B.8. Two norms ® and ¥ on [ are equivalent when there exists ¢ > 0
such that
(B.2.15) c1®(a) < V(a) < c®(a) Va € ly.

It is not hard to see that ® and ¥ are equivalent if and only if their dual norms are
equivalent.

EXAMPLE B.9. Let p € [1,00] and let p’ € [1, o0] be such that %+ z% = 1. Then
the dual norm of ®, is equal to ®,,. This follows from the following simple facts:
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- The Holder inequality,

Z anby

n>0

<0, (a)D,(b)  Va,bel.

- If p > 1, the Hdolder inequality is an equality if b, = %\an\% =

an

an|p/*1 when a,, # 0 and b,, = 0 otherwise.

lan|

- If p = 1 the the Hélder inequality is an equality if b, = ¢ for n = ny

Ang
and b, = 0 for n # ng, where ng is such that |a,,| = P (a).
B.3. Banach ideals associated to symmetric norms

Let ® be a symmetric norm on [¢r. We shall also denote by ® its extension to
lo given by (B.2.4).

For any operator T' € I, the sequence of characteristic values u(T') := (pn(T"))n>0
is an element if [y. Therefore, we can set

1T|o := @(u(T)).
We then define
Ty := {T el Tl < oo}.
For T'€ K and N € N we define
N (T) = (uo(T), ..., un—1(T),0,0,...) € ;.
Then by (B.2.4) we have

(B3.1) [Tl = Jim ®(u(7)) = sup @™ (T).

In addition, as in Chapter ??, we also set

on(T) =Y un(T) = on (u(T)).

n<N
We recall that by Proposition ??, for any N € N,
(B.3.2) on(S+T) <on(S)+on(T) vS, T e K.

LEMMA B.7. The following hold.
(1) Let T € K. Then

(B.3.3) 7]l =0 =T =0,
(B.3.4) IATlle = MITle  ¥AeC,
(B.3.5) [ATB|lo < [[A[l|Tlel Bl VA, B € L(H).

(2) Let S,T € K. Then
1S+ Tle < ISlle + 1T

(3) If #(1,0,0,...) =1, then
(B.3.6) ITe =T VT € Ry,
(B.3.7) Tl <ITle VT EK.
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PRrROOF. The implication (B.3.3) is due to (B.2.5) and the fact that uo(T) =
IT]]. We obtain (B.3.4) by using (??) and (B.2.6). The inequality (B.3.5) follows
by combining (??) and (B.2).

Let S,T € K. Then (B.3.2) shows that on(u(S +T)) < on(u(S) + p(T)) for
all N € N, so using Proposition B.7 and (B.2.7) we get

1S+ Tlle = @(u(S+T)) < 2(u(S) + (1)) < 2(u(5)) + 2(u(T)) = [|Slla + [T |-

Suppose now that ®(1,0,0,...) =1 and let T € K. As u°(T) = || T|(1,0,0,...)
we see that ®(u°(T)) = ||T|®(1,0,0,...) = ||T||. Since u,(T) > p(T) for all
n € Ny, using (B.2) we see that ||T|le > ®(u°(T)) = ||T||. Moreover, if tkT = 1
then u(T) = u°(T), and hence ||T||¢ = ®(u°(T)) = ||T|. The lemma is proved. [

PROPOSITION B.8. Zg is a Banach ideal for ||.||s, i.e., Zo is a two-sided ideal
of LIH) and ||.||¢ is @ Banach norm on Zg satisfying (B.1.1).

PROOF. It follows from Lemma B.7 that Zg is a a two-sided ideal of L(H) and
Ille is a norm on Zg satisfying (B.1.1). It remains to check that Zg is complete
for the norm ||.||s.

Let (T},)n>0 be a Cauchy sequence in (Z, ||.||z) and let us show that it converges
in (Z,|.]lz). Then (B.3.7)implies that (7},),>0 is a Cauchy sequence in K, hence
converges in K to some operator 7.

Let € > 0. There exists ng € N such that |T, — T;|le < € when p and p are
greater than ng. Let N € N and denote by eV = (eV),,>¢ the sequence such that
eN =1forn < N and ey =0 for n > N. Let p and ¢ be integers greater than ny.
It follows from (?7?) that, for all n € Ny,

pin (T — 1p)) < Uﬁl(Tp —Ty) + 1T - Tq||e,]¥.
Therefore, using (B.2.7) and (B.2) we see that
S (T = Tp) < ®(u™(T, = Ty)) + S| T = Tylley)
<ITy — Tyllo + IT = Ty B(™) < €+ |7 = T, |0(e).
Letting ¢ — oo shows that
(N (T —T,) < e+ |T —T,|®(Y) VNeN.
Combining this with (B.2.4) we get
(B.3.8) T —Tplle <€ Vp > ng.

This implies that 7" is contained in Zg and the sequence (7}, ),>0 converges to T' in
(Zs, ||-ll#), proving that (Zs,||.||o) is a Banach space. The proof is complete. [

REMARK B.10. If ¥ is another symmetric norm on /¢ then Zp = Zy if and only
if ® and ¥ are equivalent in the sense of (B.2.15). Furthermore, it is immediate
that in that case the norms ||.||¢ and |.|w are equivalent on Zg = Zy.

LEMMA B.8. Let T € Zg. Then T is contained in I3 if and only if
(B.3.9) ]\;Erloo(b(ﬂN(T),uN+1(T), ...)=0.

PROOF. Lemma B.2 says that T is contained in Z3 if and only if any Schmidt
series (B.1.5) for T' converges to T in Zg. Let T' = U|T| be the polar decomposition
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of T and let (&,)n>0 be an orthonormal family such that |T|¢, = w,(T)§, for all
n € Ng. It immediately follows from (B.1.7) that

Sl D)(UE) 0

n>N
Thus T is contained in Z9 if and only if (B.3.9) holds. (]

= O(un(T), pn+41(T), . ..).
ol

Combining this lemma with Proposition B.5 we obtain:

ProPOSITION B.9. The following are equivalent.

(1) The Banach ideal Iy is separable.
(2) The finite-rank operators are dense in Lg, i.e., I9 = Tg.
(3) For any a € ly,

)

(B.3.10 ®(a) < 0o = A}im ®(an,any1,...) =0.

PROPOSITION B.10. Let T be a Banach ideal with norm ||.||z. Then
(1) There exists a unique symmetric norm on ly such that

(B.3.11) I CZs and ITIz = ITle VYT € Roo-
(2) The Banach ideals I° and I3 coincide.

PRrROOF. Let (&,)n>0 be an orthonormal basis of H. For any a € [y set
Ta = Z angn & E:L
n>0

As lim,, o a, = 0 the above series converges in K, i.e., T, is a compact operator.
Observe also that ., (T,) = a;, ¥n € Ng. In addition, if T € K, then u(T), 1)) =
u(T).

Let @ : Iy — [0, 00) be the function function defined by

®(a) = ||Tullz Va € ly.

It is not hard to check that @ is a norm on l;. Moreover, as u(7T,) = a* = pu(T,+),
using Lemma B.1 we see that |T,||lz = [Tz, i-e., ®(a) = ®(a*). Thus ® is a
symmetric norm on ly. Let Zg be the associated Banach ideal with norm |.||s.

Let T € Z and let N € N. As gy (Tyn (7)) = iy (T') < pn(T), it follows from
Lemma B.1 that
(N (1)) = | Tux (ryllz < 1Tz
Thus,
Tl = sup @(u™(T)) < Tz < oo,
N>1

that is, the operator T is contained in Zg. If in addition T has finite-rank then, as
w(T) = p(Ty(ry), Lemma B.1 insures us that

1Tz = 1T llz = 2(u(T)) = [T o-
Therefore ||.||z and ||.||» agree on finite-rank operators.

Let ¥ be another symmetric norm on l; such that Z C Zy and ||.||¢ = ||.||z on
Roo- Let a € ly. As U is symmetric and p(7,) = a*, we have

U(a) = ¥(a") = V(uTa)) = [ITalle = [Tallz = ®(a).

Therefore ¥ and ® agrees, so ® is the unique symmetric norm on [¢ satisfy-
ing (B.3.11).

11



Let T € K. As a Schmidt series for T is a series of finite-rank operators, it
follows from (B.3.11) that a Schmidt series for T satisfies Cauchy’s criterion for
Illz if and and only it satisfies it for ||.||¢. Using Lemma B.2 we then deduce that
T is contained in ZY if and only if it is contained in Z3. Thus, as sets, Z° and Z3
agree.

Let 7' be in 7° = Z§ and let Y, < pn(T)(Uny) ® 1}, be a Schmidt series for T'.

As this series converges to T both in Z and in Zg, using (B.3.11) we get

Z pn(T)(Unyp) @ Tln Z (1) (Unn) & nn
n<N n<N

Thus ||.||z and ||.||s agrees on Z°. This proves that the Banach ideals Z° and Z3
coincide. The proof is complete. ([

1Tz = lim_ = [IT|e-

= hm
*}OO

Combining Proposition B.9 and Proposition B.10 we obtain:

ProrosiTiON B.11. A Banach ideal T is separable if and only if there exists a
symmetric norm ® on ly such that T coincides with the Banach ideal I3.

Next, let us denote by @’ the dual symmetric norm of ® as defined in (B.2.12).
We can relate the Banach ideal Zg: to the dual of Zg as follows.

LEMMA B.9 (Horn Inequality; see [Si, Thm. 1.15]). Let S,T € K. Then
> n(ST) <Y pn(S)pa(T) VN €N,
n<N n<N
ProrosITION B.12. The following hold.
(1) For all S,T € K, we have

ST < IS]le [T

(2) Let S € Iy and T € Zg. Then the operator ST is trace-class and
(B.312) | Trace(ST)| < [|S]la [T
(3) For all S € K, we have
(B.3.13) ISller = sup | Trace(ST)|.
7]l =1
TER

PROOF. Let S,T € K. Then using Horn’s inequality and (B.2.14) we see that,
for any N € N, we have

> pa(ST) <Y (S ) < @ (uN(8) @™ (T)) < [IS]al|T |-
n<N n>0
Thus,
ISTIly = 1n(ST) < [|Sla | T |-
n>0
Therefore, if S € Zg: and T € Zg, then ST is trace-class and, using (?7), we get
(B.3.14) | Trace(ST)| < ST < |S/lo [T
Let S € K. Then (B.3.14) implies that
(B.3.15) ISller > sup | Trace(ST)|.
T]|e=1
TER o
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Let A € (0,]S]la). In view of (B.3.1) we can find N € N large enough such that
A < ®'(uN(S)). Using (B.2.14) we see that there exists a sequence b = (by,),>0 in

l;{ with same support as pV such that ®'(b) = 1 and
(B.3.16) A<Dl (9)bn <D pn(S)0

n>0 n>0

Let S = U|S| be the polar decomposition of S and let (§,),>0 C H be an
orthonormal family such that |S|¢,, = 1, (5)E, Vn € Ny. Set

T=Y bl &)U
n>0

The operator T' has finite rank, since the support of b is finite.
By Proposition ??, the operator U*U is the orthogonal projection onto (ker S)+ =
(ker |S|)*, so U*UE, = &, whenever p,(S) # 0. Therefore, we can check that

T = Z b2, @& and |T|= Z bnén ® &,

n>0 n>0
Using the min-max principle we then deduce that p, (T) = b, for all n € Ny. Thus,
[Tl = @(u(T)) = 2(b) = 1.

We also have

(ZM” Ut ® &, )(Zb (€ ® &) ) > 1n(8)bal (6 ® €U

n>0 n>0 n>0

Thus Trace(ST) is equal to
> 1 (S)by Trace (U (& @ E)U*) = > in(S)by Trace (U*U (€n ® §3)) = D pn(S

n>0 n>0 n>0

In view of (B.3.16) this implies that Trace(ST) > A. Since | T|l¢ = 1 we deduce
that

A < sup |Trace(ST)| VA € (0,]5]a)-
i

Combining this with (B.3.15) yields (B.3.13). The proof is complete. O

Recall that by Proposition ?? we have an isometric isomorphism from £(H)
onto (£')" given by
(B.3.17)

LH)>8 —(S,.)e LY, (8.):LMH)>T — (S,T):= Trace(ST).
It follows from Proposition B.12 that we also have linear map,
(B.3.18)

Is 28 — (S,.) € (1), (S,.): L(H)>T — (S,T) := Trace(ST).

and the density of £! in ZQ show that if S € Zg: then (S,.) uniquely extends
to a continuous linear map on Z3$, which we shall continue to denote (S, .).

PROPOSITION B.13. If Zp 2 L', then (B.3.18) yields an isometric isomor-
phism,
Iq;r ~ (Ig))/
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PROOF. Let us denote by 7g the linear map (B.3.18). It follows from (B.3.12)
and (B.3.13) that, for all S' € Zg,

|1S]|er = supjr|y=1]| Trace(ST)| < sup |Trace(ST)| < ||S]¢:-

TER oo IITTH7qi=1
ERoo

Therefore 7 is an isometry, so it follows from Lemma ?7? that for proving that 7

is an isomorphism it is enough to show that it is onto.
Consider the following subspace of L(H),

T:=T (1Y) = {S € L(H); sup [Trace(ST)| < oo}.

rer\o ITle

Let S€Z,let A, B € L(H) and C := suppegr__\o % Then, for all T € R,

| Trace(ASBT)| = | Trace(SBTA)| < C[|BT Alle < C||BI||T2[|All

hence ASB is contained in Z. This shows that Z is a two-sided ideal.

Suppose that Z is not contained in . As 7 is a two-sided ideal, Proposition B.2
then insures us that 7 = £(H) and K =Z N K. Since (B.3.13) shows that TN K =
Zgr, we see that T = K. Observe that K is the Banach ideal Zg_ associated to
the norm @ in (B.2.2). Using Remark B.10 we see that ®" and @, are equivalent
norms on l¢, so by Remark B.8 their dual norms. By Lemma B.6 the dual norm
of ® is ® and, as shown in Example B.9, the dual norm of ®,, is the norm ®;.
Combining this with Remark B.10, we see that Zg = Zg, = L. This contradicts
the assumption that Zs does not coincide with £, so Z must be contained in K.
As TN K = Zg, this proves that 7 = Zg.

Let ¢ € (Z3)". By Proposition B.6 the inclusion £! C L is continuous, so ¢
induces a continuous linear map on £'. The isomorphism (B.3.17) insures us that
there exists S € L(H) such that

(B.3.19) (¢, T) = Trace(ST) VT € L.
Then, for all T € R, we have
| Trace(ST)| = (@, T)| < [lellz, |7 |-

This shows that S is contained in Z = Zg:. Observe that (B.3.19) shows that ¢ and
To agree on L', In particular, they agree on finite-rank operators. As finite-rank
operators are dense in Z9, it follows that ¢ and 7g agrees on all Z3, i.e., 75(S) = ¢.
This proves that 74 is onto, completing the proof. (I

B.4. Schatten Ideals

Let p € [0,00]. The Schatten ideal L is the Banach ideal Lg, associated to
the p-norm ®,. Thus, if for any T' € K, we set

Tl = 2, (G (D)zo) = ( wn(77)

n>0
then
L2 = {T € K3 || Tll, < oo}
For p = 1 (resp. p = 2) we recover the Banach ideal of trace-class operators
(resp. Hilbert-Schmidt operators). As alluded to in the proof of Proposition B.13,
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for p = oo the Banach ideal £L* = Zg_ is the whole Banach ideal of compact
operators.
As shown in Example ?? we have p, (|T|”) = pn(T)? ¥n € N, so we have

Z pn(T)P = Trace |T|P VT € L(H).
n>0
Thus,
T € LP <= Trace|T|P < 0o <= |T|P € L.
PROPOSITION B.14. Let q € (p,0). Then
ITllq <ITll, YT €K
In particular, there is a continuous inclusion,
L9 LP.
PRrROOF. Let T € K. Observe that, for all n € Ny,
pin (T = pin (T)* P i (TP < ([T ]]p) " pan ()"

Therefore, we get

1

17l = (X )" < ()" (o) = (Tl 5 (U710 = 171

n>0 n>0

Q=

proving the lemma. (Il

It can be easily seen that, for p < oo, the symmetric norm ®, satisfies the
condition (B.3.10). Therefore, Proposition B.9 gives

ProprosITION B.15. The Schatten ideal LP is separable and the finite-rank op-
erators are dense in LP.

Assume p > 1 and let p’ € (1,00) be such that %—i— ﬁ = 1. Then the dual norm
of ®, is the p’-norm ®,,. This follows from the Holder inequality,

1 1
S b < (Z |> (Z |bn|p> Vabel,,
n>0 n>0

n>0
and the fact that we actually have an equality when b,
using Proposition B.12 and Proposition B.13 we obtain:

‘a |\an\ » . Therefore,

ProprosITION B.16. The following hold.
(1) For all S,T € K, we have

STl < {151l 17T [lp-
(2) If S e £ and T € LP, then the operator ST is trace-class and
| Trace(ST)| < [15]l4IT]-
(3) The linear map (B.3.18) gives rise to an isometric isomorphism,
L~ (LPY.
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The Horn inequality admits the following generalization (see [Si, Thm. 1.15]).
Let r € [1,00) and N € N. Then

S (ST <Y pn(S) un(T)" VS, T € K.
n<N n<N

Using this generalization we can show that, if p% tot o= 1. then
(T T2 - Tilly < ([ Tallp 1 T2llps - I T1llp VT € K.

In particular, if for every j = 1,...,k the operator T} is in £P3, then 1115 - -- T}, is
a trace-class operator and we have

| Trace(Ty Ty -~ Tio)| < [ Tallp [ Tallps - - 171y -

B.5. Banach ideals associated to divergent series

Following [GK] we can produce a large class of non-separable ideals as follows.
Let m = (m,)n>0 be a non-increasing sequence of positive real numbers satisfy-
ing the following two conditions:

(B.5.1) lim m, =0 and Z T = 0.
n— o0 ">0
Examples of sequences satisfying all these conditions are provided by the sequences
(B.5.2) @ = ((n + 1)%)71207 p>1.
Using Lemma B.5 it is not difficult to check that we define a symmetric norm
on [y by letting
&, (a) == sup on(a*)

N1 on(m)

We denote by Zg_ the associated Banach ideal. In particular,

(B.5.3) T, = {T €K; on(T) = O(UN(W))}.

LEMMA B.10. Let a = (an)n>0 be a non-increasing sequence in ly such that
D, (a) < oco. Then

. . on(a)
lim & ) =1 .
W Bl vty ) S S

ProOF. For N € Nset ¥ =ay, an+1,---) € lp. Let n € Ny. As the sequence
(@n)n>0 is non-decreasing, we have

on(a™) =Y ajn = onyn(a) — on > on(a) — on(a).
J<N
Thus,
on(a) _ op(a™) on(a)
on(m) = on(m)  on(m) on(m)’

Since (B.5.1) implies that lim, .o 0n(m) = ;54 a; = 00, we deduce that

lim sup n(0)
n—oo On (ﬂ-)

<®,(a") VNeN
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Thus,

~—

(B.5.4) imsup 22 < lim @,(aV).

n—oo 0n<ﬂ) ~ N—oo

Let N and m be positive integers. As the sequence (ay,),>0 is non-decreasing,
for any n € N, we have

on(a) = ZGNH < Zaj =o,(a).
j<n j<n

Therefore, for all n > m, we have

N
on(a”) < on(a) < su Up(a).
on(m) on(T) = p>m op(m)
Notice also that, for all n <m — 1,
on(a®) < nad’ _ ﬁaN-
on(m) 0 0

Therefore, we have

N
®,(aV) = sup on(a”) < sup{sup 7p(a) , maN}.
n>1 On(T) p=m Op(T) 7o

Since limy_. o ay = 0, it follows that, ,

lim <I>,r(aN) < sup 7»(a) Vm € N.
N—oo p=m Op(T)
Thus,
. N . Up(a) . on(a)
lim ®,(a") < lim sup = lim sup .
W W S ) T ()
Combining this with (B.5.4) yields the lemma. O

PROPOSITION B.17. The Banach ideal Iy is not separable and
(B.5.5) I3 = {T € K;on(T) = O(UN(W))}.

PRrROOF. It follows from Lemma B.8 and Lemma B.10 that an operator T' € I
is in Zg_ if and only if on (T') = o(on (7).

Thanks to (B.5.1) the sequence m = (m, )n>0 is contained in ly. It is immediate
that ®.(m) = 1. Moreover, using Lemma B.10, we see that

. , on(m)
lim @ , ...) = limsu =
N—oo m (N, N1 ) N_,OOp on ()

Therefore (B.3.10) does hold, so using Proposition B.9 we see that the Banach ideal
Zs,. is not separable. The proof is complete. ([l

PROPOSITION B.18. Suppose that o, (7) = O(nmy,). Then
Is, = {T eEK;on(T) = O(T('n)} and I = {T eK;on(T) = o(ﬁn)}.
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n(T)
Tn

PROOF. Let T € K. Let m € N and set a,, = sup,,>,, . For n > m we

have p,(T) = ""(T)m, <y, my, so for all N > m we get
on(T) =om(T)+ Y (D) Som(T) +am D T < om(T) + amon(T).
m<n<N m<n<N

Since limpy .o on (7) = 00, we deduce that

UN(T)

lim sup < am VYm € N.
N>oo ON(T)
Thus,
T (T
(B.5.6) lim sup on(T) < lim a, =limsup w
N—o0o UN(’]T) m—0oo n—oo Tn

Set C' := sup,,>; 071:75”). Since the sequence (fi,,(T))n>0 is non-decreasing, for

any n € N, we have 0,,(T) =37, _,, i (T) > npn(T), and hence

pn(T) < an(T) _ on(m) on(T) < an(T)
"o (

T N nr, on(m) T op(w)’
Thus,
T T
(B.5.7) lim sup ——= #n(T) < Climsup n(T)
n—oo Tn n—oo a’ﬂ(ﬂ-)
Combining (B.5.6)—(B.5.7) with (B.5.3) and (B.5.5) yields the proposition. O

Let @/ be the dual norm of @, as defined in (B.2.12). This is a symmetric
norm on l¢.

LEMMmA B.11. We have
(B.5.8) O (a) =Y muay  Vacly.

n>0

PROOF. Let ® be the function on Z}L defined by

= Z TpQnp, Ya € l}'.

n>0

In view of Lemma B.5, in order to prove that ® agrees with ! it is enough to show
that @ satisfies the conditions (B.2.8)—(B.2.11) and agrees with ®/ on l}'.

Clearly, ® satisfies (B.2.8)-(B.2.10). As, for all a € I, we have

(B.5.9) Zﬂnan—ﬂ(ﬂo-i-zﬁn (Onti(a) —on(a)) = Z(WNA—WN)UN(G),

n>0 n>1 N>1

we see that ® satisfies (B.2.11) as well.
It remains to prove that ® agrees with ®/. on l?. Let a € lj{. Then by (B.2.13)

we have
(b;_r(a) = SUP{Zanbn§ b S l+7 (I)ﬂ-(b) = 1}

n>0
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Notice that, for any N € N, the sequence (7o, ...,7n,0,0,...) belongs to l}“ and
we can check that @, (mg,...,7n,0,0,...) = 1. Therefore, if N is large enough so
that a, = 0 for n > N, then

(B.5.10) p(a) > D anmn =Y apm, = (a).
n<N n>0

Let b € I} be such that ®(b) = 1. Then on(b) < on(r) for all N € N.
Therefore, arguing as in (B.5.9), we get

D anbn=> (ay —an-1)on(b) < Y (an —an_1)on(T) = Y apm,.

n>0 N>1 N>1 n>0
It then follows that @’ (a) < ®(a). Combining this with (B.5.10) proves that ® and
@/ agree on If. The proof is complete. O

It follows from Lemma B.11 that
Tgr = {T e K; Zﬂn,un(T) < oo} and |T||e; = Zﬂnun(T) vT e K.
n>0 n>0

Using (B.5.8) it is not hard to check that the symmetric norm @/ satisfies (B.3.10).
Therefore, from Proposition B.9 we get

PROPOSITION B.19. The Banach ideal Zg: is separable and the finite-rank op-
erators are dense in it, i.e., Ig)/ =Tg: .

Using Proposition B.13, Lemma B.6 and the fact that Z3, = Ty, we get

PROPOSITION B.20. The linear map (B.3.18) gives rise to isometric isomor-
phisms,
Iq);r >~ (I(%W), and Icpﬁ ~ (I(b%)/'

B.6. The Banach ideals £®>) and £®1

Let p € (1,00). We denote by L) the Banach ideal Ty, .., associated to
the symmetric norm @, ) on Iy defined by

onla
P (p,00)(@) := sup (a)

Va € ly.
N31 N5 !

Thus,
LE) = {T €K; on(T) = O(Nl—é)},

and £ is a Banach ideal for the norm,

O'N(T)
Tl iy ooy i= || T = su .
I “(p, ) | ||<I><p,oo) Zpl Nl_%

Since Zn<N(n+1)7% ~ i N'"% as N — oo, we see that P (p,00) is equivalent
p

to the symmetric norm @, associated to the sequence 7P in (B.5.2). Therefore,
the Banach ideals £ and g have same underlying sets and their norms are

equivalent. Since for p > 1 we have o, (7)) = O(n7r£Lp))7 using Proposition B.17

and Proposition B.18 we obtain:

~(P)

PROPOSITION B.21. Let p € (1,00). Then
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(1) We have
L) = {T €K; pn(T) = O(n—é)}.

(2) The Banach ideal L) is not separable and the closure of finite-rank
operators in L@ s

L) = {T €K; on(T) = o(Nl—i)}
= {T €K pn(T) = o(n‘i)}.

For p = 1 we let £(1:>°) be the Banach ideal Lo o
norm @, ) on Iy defined by

, associated to the symmetric

O’N(a)
Q(1,00)(a) := ifu>p2 Tog N Va € ly.

Thus,
L) — {T € K; on(T) = O(log N)},

and the norm of £ is

_ _ . on(T)
Tl 2= Tl oy = 00 T
This Banach ideal is sometimes called the Dizxmier ideal, since this is the natural
domain of the Dixmier trace (cf. Chapter ?7).
As in the case p > 1, the symmetric norms ®; o) and ®, ) are equivalent, so
the Banach ideals £(1:>) and Iq>7r (1, have same underlying sets and their norms are
equivalent. Therefore, using Proposition B.17 we get:

PROPOSITION B.22. The Banach ideal L) is not separable and the closure
of finite-rank operators in L) is

Eél’oo) = {T el; on(T) = o(logN)}.
REMARK B.11. Unlike in the case p > 1, we have a strict inclusion,
20292 {7 € ks (1) = 0007 .

Clearly, if T € K is such that yu, (T) = O(n™1), then oy (T) = O(log N), and hence
T is contained in £(1°°),

To show that the inclusion is strict we only have to exhibit a non-increasing
sequence of positive numbers (ay,),>0 such that on(a) = O(log N) and na,, is not
bounded. An example of such a sequence is obtained as follows.

For any k € N set n;, = k* and let (an)n>0 be the sequence defined by

_ 1+logk

ag=a; =1 and ap, = —— fornp_1 <n < ng.
ng

As ngan,, =1+logk — oo as k — oo, we see that a,, is not a O(n~1).

20



Furthermore, for £ > 3, we have

Z n = Z %(”g‘—n]‘—l)ﬁ Z (1+1logj)

2<n<ny, 2<j<k J 2<j<k
k
< / (1+logz)dx = klogk = log ng.
1

Therefore, if np_1 < N < ng, then

log ng klogk
n < n< —1 1< log N < C'log N,
Z n = Z “ ~ logng_1 08 Th-1 = (k—1)log(k —1) o8 =108
2<n<N 2<n<ny

where we have set C' := supy>3 %. This shows that ox(a) = O(log N),

concluding the remark.

Next, let p € (1,00] and denote by L) the Banach ideal associated to the
symmetric norm ®(; .y on [y defined by

®pay(a) =Y (n+1)7 e, Vacly.
n>0
In other words,

L£e — {T €K Y (n+1)p " pn(T) < oo},

n>0

and the norm of £ is given by

1_
1Tl gy := D (n+ 1) an(T).
n>0

When p = oo the Banach ideal £V is called the Macaev ideal.

Let p' € [1,00) be such that 1% + ﬁ = 1. Since Lemma B.11 shows that ®, 1)

oy, We see that £(®1) is the Banach ideal Zy( e Therefore,
(P

Proposition B.19 and Proposition B.20 yields:

is the dual norm @;(

PROPOSITION B.23. Let p € (1,00] and p’ € [1,00) be such that % + i =1.

(1) The Banach ideal L®PY) is separable and agrees with the closure of finite-
rank operators.
(2) The linear map (B.3.18) yields isomorphisms,

LoD~ (£Fy gng £ & (£
Finally, the ideals £>) and £®1) can be compared to the Schatten ideals.

PROPOSITION B.24. We have continuous inclusions,

(B.6.1) LP C E(()p’oo) and LP>®) < L9, 1<p<q< oo,
(B.6.2) L1c P 1<qg<p<oo,
(B.6.3) P cr 1< p<oo.
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PROOF. In view of Proposition B.23 it is enough to prove that we have con-
tinuous inclusions,

Epcﬁép’oo), 1<p< oo,
Lic L 1<g<p<oo,

since the other continuous inclusions would follow by duality.
Let p € (1,00] and let ¢ € [1,p). Let T € L. Let p’ and ¢’ be such that

+ = =1and % + % = 1. The Holder inequality gives

1
P’

D=

1
_ 1 _d\ 4
Tl p1y = D (n+1)77 un(T) < (Z<n+1> ) ITl,-
n>0 n>0

’
-
7

The fact that ¢ < p insures us that ¢’ > p’, so the series > _(n + 1) ¥ is

convergent, so we see that £9 is contained in £1) and the inclusion is continuous.
Let p € [1,00) and let T' € £P. Using the Holder inequality we see that, for any
N e N,

on(0) = ) < (X 1?');' (= un<T>p)’lj < NHT,

n<N n<N n<N
In view of the definition of the norm of £®°°) this implies that
1Tl g,y < ITNlp VT € L.
Thus £L? is contained in £P>) and the inclusion is continuous. Since by Proposi-
tion B.15 the finite-rank operators are dense in LP, it follows that £? is contained
the closure of finite-rank operators in £ that is, the ideal Eép 09) Therefore,

we actually have a continuous inclusion of £P in Eép ) The proof is complete. [

REMARK B.12. Let T' € K be such that
pn(T) = (n+1)"7 (log(n +2))"*  ¥n € N,.
The following observations hold:

o Ifa = I% and p € (1,00), then T is not in £? and Proposition B.21 and
Proposition B.22 insure us that T is in Lép’oo).

e If « = —1 and p € [1,00), then T is contained in every ideal £? with
qg > p. If p > 1, then using Proposition B.21 we see that T is not in
LP>)  Likewise, when p = 1 the operator T is not in £1:°).

e Ifa=1andp e (1,00), then T is in £V but it is not in any ideal £
with ¢ > p.

e If pe (1,00 and a € (p~',1), then T is in £P, but not in L@V,

This shows that all the inclusions in (B.6.1)-(B.6.3) are strict inclusions.
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