NONCOMMUTATIVE RESIDUE FOR HEISENBERG
MANIFOLDS. APPLICATIONS IN CR AND CONTACT
GEOMETRY
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ABSTRACT. This paper has four main parts. In the first part, we construct
a noncommutative residue for the hypoelliptic calculus on Heisenberg mani-
folds, that is, for the class of W ;DO operators introduced by Beals-Greiner
and Taylor. This noncommutative residue appears as the residual trace on
integer order WyDOs induced by the analytic extension of the usual trace
to non-integer order W yDOs. Moreover, it agrees with the integral of the
density defined by the logarithmic singularity of the Schwartz kernel of the
corresponding ¥ i DO. In addition, we show that this noncommutative residue
provides us with the unique trace up to constant multiple on the algebra of
integer order ¥y DOs. In the second part, we give some analytic applications
of this construction concerning zeta functions of hypoelliptic operators, loga-
rithmic metric estimates for Green kernels of hypoelliptic operators, and the
extension of the Dixmier trace to the whole algebra of integer order Wz DOs.
In the third part, we present examples of computations of noncommutative
residues of some powers of the horizontal sublaplacian and the contact Lapla-
cian on contact manifolds. In the fourth part, we present two applications in
CR geometry. First, we give some examples of geometric computations of non-
commutative residues of some powers of the horizontal sublaplacian and of the
Kohn Laplacian. Second, we make use of the framework of noncommutative
geometry and of our noncommutative residue to define lower dimensional vol-
umes in pseudohermitian geometry, e.g., we can give sense to the area of any
3-dimensional CR manifold. On the way we obtain a spectral interpretation
of the Einstein-Hilbert action in pseudohermitian geometry.

1. INTRODUCTION

The aim of this paper is to construct a noncommutative residue trace for the
Heisenberg calculus and to present several of its applications, in particular in CR
and contact geometry. The Heisenberg calculus was built independently by Beals-
Greiner [BG] and Taylor [Tay] as the relevant pseudodifferential tool to study the
main geometric operators on contact and CR manifolds, which fail to be elliptic,
but may be hypoelliptic (see also [BAM], [EM], [FSt], [Po5]). This calculus holds in
the general setting of a Heisenberg manifold, that is, a manifold M together with
a distinguished hyperplane bundle H C T'M, and we construct a noncommutative
residue trace in this general context.

The noncommutative residue trace of Wodzicki ([Wol], [Wo3]) and Guillemin [Gul]
was originally constructed for classical ¥DOs and it appears as the residual trace
on integer order YDOs induced by analytic extension of the operator trace to ¥DOs
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of non-integer order. It has numerous applications and generalizations (see, e.g.,
(Co1], [Co3], [CM], [FGLS], [Gu3], [Ka], [Les], [MMS], [MN], [PR], [Po3], [Sc],
[Vas]). In particular, the existence of a residual trace is an essential ingredient in
the framework for the local index formula in noncommutative geometry of Connes-
Moscovici [CM].

Accordingly, the noncommutative residue for the Heisenberg calculus has various
applications and several of them are presented in this paper. Further geometric
applications can be found in [Po6].

1.1. Noncommutative residue for Heisenberg manifolds. Our construction
of a noncommutative residue trace for ¥y DOs, i.e., for the pseudodifferential op-
erators in the Heisenberg calculus, follows the approach of [CM]. It has two main
ingredients:

(i) The observation that the coefficient of the logarithmic singularity of the
Schwartz kernel of a ¥ DO operator P can be defined globally as a density cp(x)
functorial with respect to the action of Heisenberg diffeomorphisms, i.e., diffeomor-
phisms preserving the Heisenberg structure (see Proposition 3.11).

(ii) The analytic extension of the operator trace to WyDOs of complex non-
integer order (Proposition 3.16).

The analytic extension of the trace from (ii) is obtained by working directly at
the level of densities and induces on W5 DOs of integer order a residual trace given
by (minus) the integral of the density from (i) (Proposition 3.14). This residual
trace is our noncommutative residue for the Heisenberg calculus.

In particular, as an immediate byproduct of this construction the noncommu-
tative residue is invariant under the action of Heisenberg diffeomorphisms. More-
over, in the foliated case our noncommutative residue agrees with that of [CM],
and on the algebra of Toeplitz pseudodifferential operators on a contact manifold
of Boutet de Monvel-Guillemin [BGu] we recover the noncommutative residue of
Guillemin [Gu3].

As a first application of this construction we show that when the Heisenberg man-
ifold is connected the noncommutative residue is the unique trace up to constant
multiple on the algebra of integer order ¥ DOs (Theorem 3.23). As a consequence
we get a characterization sums of Wy DO commutators and we obtain that any
smoothing operator can be written as a sum of ¥z DO commutators.

These results are the analogues for WyDOs of well known results of Wodz-
icki ([Wo2]; see also [Gu3]) for classical ¥DOs. Our arguments are somewhat ele-
mentary and partly rely on the characterization of the Schwartz kernels of ¥ 5 DOs
that was used in the analysis of their logarithmic singularities near the diagonal.

1.2. Analytic applications on general Heisenberg manifolds. The analytic
extension of the trace allows us to directly define the zeta function (p(P;s) of a
hypoelliptic ¥z DO operator P as a meromorphic functions on C. The definition
depends on the choice of a ray Ly = {arg\ = 6}, 0 < 6 < 27, which is a ray
of principal values for the principal symbol of P in the sense of [Po8] and is not
through an eigenvalue of P, so that Ly is a ray of minimal growth for P. Moreover,
the residues at the potential singularity points of (p(P;s) can be expressed as
noncommutative residues.

When the set of principal values of the principal symbol of P contains the left
half-plane A < 0 we further can relate the residues and regular values of (y(P; s)
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to the coefficients in the heat kernel asymptotics for P (see Proposition 4.4 for the
precise statement). We then use this to derive a local formula for the index of a
hypoelliptic ¥ DO and to rephrase in terms of noncommutative residues the Weyl
asymptotics for hypoelliptic ¥DOs from [Po5] and [Po§].

An interesting application concerns logarithmic metric estimates for Green ker-
nels of hypoelliptic ¥z DOs. It is not true that a positive hypoelliptic ¥ DO has a
Green kernel positive near the diagonal. Nevertheless, by making use of the spectral
interpretation of the noncommutative residue as a residual trace, we show that the
positivity still pertains when the order is equal to the critical dimension dim M + 1
(Proposition 4.7).

When the bracket condition H + [H,H] = TM holds, i.e., H is a Carnot-
Carathéodory distribution, this allows us to get metric estimates in terms of the
Carnot-Carathéodory metric associated to any given subriemannian metric on H
(Theorem 4.9). This result connects nicely with the work of Fefferman, Stein and
their collaborators on metric estimates for Green kernels of subelliptic sublaplacians
on general Carnot-Carathéodory manifolds (see, e.g., [F'S], [Ma], [NSW], [Sa]).

Finally, we show that on a Heisenberg manifold (M, H) the Dixmier trace is
defined for ¥ DOs of order less than or equal to the critical order —(dim M + 1)
and on such operators agrees with the noncommutative residue (Theorem 4.12).
Therefore, the noncommutative residue allows us to extend the Dixmier trace to
the whole algebra of W;DOs of integer order. In noncommutative geometry the
Dixmier trace plays the role of the integral on infinitesimal operator of order < 1.
Therefore, our result allows us to integrate any ¥yDO even though it is not an
infinitesimal operator of order < 1. This is the analogue of a well known result of
Connes [Col] for classical ¥DOs.

1.3. Noncommutative residue and contact geometry. Let (M?"*1 H) be
a compact orientable contact manifold, so that the hyperplane bundle H C TM
can be realized as the kernel of a contact form 6§ on M. The additional datum of a
calibrated almost complex structure on H defines a Riemannian metric on M whose
volume Volyg M depends only on 6.

Let Ay be the horizontal sublaplacian associated to the above Riemannian
metric acting on horizontal forms of degree k, k % n. This operator is hypoelliptic
for k # n and by making use of the results of [Po5] we can explicitly express the
noncommutative residue of A;,E"H)
sition 5.2).

Next, the contact complex of Rumin [Ru] is a complex of horizontal forms on
a contact manifold whose Laplacians are hypoelliptic in every bidegree. Let Ag.;
denote the contact Laplacian acting on forms degree k, k = 0,...,n. Unlike the
horizontal sublaplacian A g does not act on all horizontal forms, but on the sections
of a subbundle of horizontal forms. Moreover, it is not a sublaplacian and it even

has order 4 on forms of degree n. Nevertheless, by making use of the results of [Po5]
n+1
2

as a constant multiple of Voly M (see Propo-

we can show that the noncommutative residues of AE,(;H_I) for k # n and of Ap,
are universal constant multiples of the contact volume Volg M (see Proposition 5.3).

1.4. Applications in CR geometry. Let (M>"*1 H) be a compact orientable k-

strictly pseudoconvex CR manifold equipped with a pseudohermitian contact form

0, i.e., the hyperplane bundle H C TM has an (integrable) complex structure and

the Levi form associated to 6 has at every point n — k positive eigenvalues and
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negative eigenvalues. If h is a Levi metric on M then the volume with respect to
this metric depends only on 6§ and is denoted Voly M.

As in the general contact case we can explicitly relate the pseudohermitian vol-
ume Voly M to the noncommutative residues of the following operators:

_ D;(n+1)

ipq
q # k and ¢ # n — k (see Proposition 6.3);

_ Ab—(n+1)

, where Oy, ,,, denotes the Kohn Laplacian acting on (p, ¢)-forms with

, where Ay, denotes the horizontal sublaplacian acting on (p, ¢)-forms
with (p,q) # (n — k,k) and (p,q) # (k,n — k) (see Proposition 6.7).

From now on we assume M strictly pseudoconvex (i.e. we have x = 0) and
consider the following operators:

-7 with ¢ # 0 and q # n.;

bipg’

- Ay pgr With (p,q) # (n,0) and (p, q) # (0, n).
Then we can make use of the results of [BGS] to express the noncommutative
residues of these operators as universal constant multiple of the integral | 2 Bnd0™ N
0, where R,, denotes the scalar curvature of the connection of Tanaka [Ta] and
Webster [We] (see Propositions 6.5 and 6.9). These last results provide us with a
spectral interpretation of the Einstein-Hilbert action in pseudohermitian geometry,
which is analogous to that of Connes ([Co3], [KW], [Kas]) in the Riemannian case.

Finally, by using an idea of Connes [Co3] we can make use of the noncommu-
tative residue for classical YDOs to define the k-dimensional volumes Riemannian
manifold of dimension m for k = 1,...,m — 1, e.g. we can give sense to the area
in any dimension (see [Po7]). Similarly, we can make use of the noncommutative
residue for the Heisenberg calculus to define the k-dimensional pseudohermitian
volume Volék) M for any k = 1,...,2n + 2. The argument involves noncommuta-
tive geometry, but we can give a purely differential geometric expression of these
lower dimensional volumes (see Proposition 6.11). Furthermore, in dimension 3 the
area (i.e. the 2-dimensional volume) is a constant multiple of the integral of the
Tanaka-Webster scalar curvature (Theorem 6.12). In particular, we find that the

area of the sphere $% C C? endowed with its standard pseudohermitian structure

Lz

8v2°
1.5. Potential geometric applications. The boundaries of a strictly pseudo-
convex domain of C**! naturally carry strictly pseudoconvex CR structures, so
one can expect the above results to be useful for studying from the point of view
of noncommutative geometry strictly pseudoconvex boundaries, and more gener-
ally Stein manifolds with boundaries and the asymptotically complex hyperbolic
manifolds of [EMM]. Similarly, the boundary of a symplectic manifold naturally
inherits a contact structure, so we could also use the results of this papers to give
a noncommutative geometric study of symplectic manifolds with boundary.
Another interesting potential application concerns a special class of Lorentzian
manifolds, the Fefferman’s spaces ([Fel], [Le]). A Fefferman’s Lorentzian space F
can be realized as the total space of a circle bundle over a strictly pseudoconvex
CR manifold M and it carries a Lorentzian metric naturally associated to any
pseudohermitian contact form on M. For instance, the curvature tensor of F can
be explicitly expressed in terms of the curvature and torsion tensors of the Tanaka-
Webster connection of M and the Dalembertian of F pushes down to the horizontal
sublaplacian on M. This strongly suggests that one could deduce a noncommutative
4
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geometric study of Fefferman spaces from a noncommutative geometric study of
strictly pseudoconvex CR manifolds. An item of special interest would be to get a
spectral interpretation of the Einstein-Hilbert action in this setting.

Finally, it would be interesting to extend the results of this paper to other sub-
riemannian geometries such as the quaternionic contact manifolds of Biquard [Bi].

1.6. Organization of the paper. The rest of the paper is organized as follows.

In Section 2, we recall the main facts about Heisenberg manifold and the Heisen-
berg calculus.

In Section 3, we study the logarithmic singularity of the Schwartz kernel of a
VDO and show that it gives rise to a well defined density. We then construct the
noncommutative residue for the Heisenberg calculus as the residual trace induced
on integer order W5 DOs by the analytic extension of the usual trace to non-integer
order W5 DOs. Moreover, we show that the noncommutative residue of an integer
order VDO agrees with the integral of the density defined by the logarithmic
singularity of its Schwartz kernel. We end the section by proving that, when the
Heisenberg manifold is connected, the noncommutative residue is the only trace up
to constant multiple.

In Section 4, we give some analytic applications of the construction of the non-
commutative residue. First, we deal with zeta functions of hypoelliptic ¥zDOs
and relate their singularities to the heat kernel asymptotics of the corresponding
operators. Second, we prove logarithmic metric estimates for Green kernels of hy-
poelliptic ¥ DOs. Finally, we show that the noncommutative residue allows us to
extend the Dixmier trace to all integer order ¥ 5 DOs.

In Section 5, we present examples of computations of noncommutative residues of
some powers of the horizontal sublaplacian and of the contact Laplacian of Rumin
on contact manifolds.

In Section 6, we present some applications in CR geometry. First, we give some
examples of geometric computations of noncommutative residues of some powers
of the horizontal sublaplacian and of the Kohn Laplacian. Second, we make use
of the framework of noncommutative geometry and of the noncommutative residue
for the Heisenberg calculus to define lower dimensional volumes in pseudohermitian
geometry.

Finally, in Appendix for reader’s convenience we present a detailed proof of
Lemma 3.1 about the extension of a homogeneous symbol into a homogeneous
distribution. This is needed for the analysis of the logarithmic singularity of the
Schwartz kernel of a W DO in Section 3.

Acknowledgements. Part of the results of this paper were announced in [Pol]
and [Po2] and were presented as part of my PhD thesis at the University of Paris-
Sud (Orsay, France) in December 2000. I am grateful to my advisor, Alain Connes,
and to Charlie Epstein, Henri Moscovici and Michel Rumin, for stimulating and
helpful discussions related to the subject matter of this paper. In addition, I would
like to thank Olivier Biquard, Richard Melrose and Pierre Pansu for their interests
in the results of this paper.

2. HEISENBERG CALCULUS

The Heisenberg calculus is the relevant pseudodifferential calculus to study hy-
poelliptic operators on Heisenberg manifolds. It was independently introduced by
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Beals-Greiner [BG| and Taylor [Tay] (see also [BAM], [Dyl], [Dy2], [EM], [FSt],
[Po5], [RS]). In this section we recall the main facts about the Heisenberg calculus
following the point of view of [BG] and [Po5].

2.1. Heisenberg manifolds. In this subsection we gather the main definitions and
examples concerning Heisenberg manifolds and their tangent Lie group bundles.

Definition 2.1. 1) A Heisenberg manifold is a pair (M, H) consisting of a manifold
M together with a distinguished hyperplane bundle H C T M.

2) Given Heisenberg manifolds (M, H) and (M', H') a diffeomorphism ¢ : M —
M’ is said to be a Heisenberg diffeomorphism when ¢.H = H'.

Following are the main examples of Heisenberg manifolds:

- Heisenberg group. The (2n+ 1)-dimensional Heisenberg group H?"*! is the 2-step
nilpotent group consisting of Rt = R x R?” equipped with the group law,

(2.1) Ty = (xo + Yo + Z (zn+jyj — xjynﬂ-), T1+ Y1, ., Ton + ygn).
1<j<n

A left-invariant basis for its Lie algebra h?"*! is then provided by the vector fields,

0 0 0 0
22) Xo= ——, X;= 2 fani— Xy
( ) 0 31170 ’ J (9£Ej T + 6:50 +
For j,k = 1,...,n and k # j we have the Heisenberg relations [X;, X1x] =
—26;, X0 and [Xo, X;| = [X;, Xi] = [Xn4j, Xntr] = 0. In particular, the subbundle
spanned by the vector field X7, ..., Xo, yields a left-invariant Heisenberg structure
on H2"+1,
- Foliations. A (smooth) foliation is a manifold M together with a subbundle
F C TM integrable in Frobenius’ sense, i.e., the space of sections of H is closed
under the Lie bracket of vector fields. Therefore, any codimension 1 foliation is a
Heisenberg manifold.

0
=——2zi—, 1<j5<n.
6$n+j Jal’o =7=

- Contact manifolds. Opposite to foliations are contact manifolds. A contact man-
ifold is a Heisenberg manifold (M?"*1 H) such that H can be locally realized as
the kernel of a contact form, that is, a 1-form 6 such that df|y is nondegenerate.
When M is orientable it is equivalent to require H to be globally the kernel of
a contact form. Furthermore, by Darboux’s theorem any contact manifold is lo-
cally Heisenberg-diffeomorphic to the Heisenberg group H2"*+! equipped with the
standard contact form 0° = dzg + S (@den g — Tngjday).

- Confoliations. According to Elyashberg-Thurston [ET] a confoliation structure
on an oriented manifold M?2"*! is given by a global non-vanishing 1-form 6 on
M such that (d)™ A @ > 0. In particular, if we let H = ker@ then (M, H) is a
Heisenberg manifold which is a foliation when df A @ = 0 and a contact manifold
when (d6)™ A6 > 0.

- CR manifolds. A CR structure on an orientable manifold M?"+! is given by a
rank n complex subbundle 77 9 C TeM such that T is integrable in Frobenius’
sense and we have T7 o N Tp1 = {0}, where we have set Ty 1 = T7,9. Equivalently,
the subbundle H = R(T1,0 ® To,1) has the structure of a complex bundle of (real)
dimension 2n. In particular, (M, H) is a Heisenberg manifold. The main example
of a CR manifold is that of the (smooth) boundary M = 9D of a bounded complex
domain D C C**!. In particular, when D is strongly pseudoconvex with defining
function p the 1-form 6 = (0 — 9)p is a contact form on M.
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Next, the terminology Heisenberg manifold stems from the fact that the relevant
tangent structure in this setting is that of a bundle GM of graded nilpotent Lie
groups (see [BG], [Be], [EMM], [FSt], [Gro], [Po4], [Ro2], [Va]). This tangent Lie
group bundle can be described as follows.

First, there is an intrinsic Levi form £ : H x H — TM/H such that, for any
point @ € M and any sections X and Y of H near a, we have

(2.3) Lo(X(a),Y(a)) =[X,Y](a) mod H,.

In other words the class of [X,Y](a) modulo H, depends only on the values X (a)
and Y (a), not on the germs of X and Y near a (see [Po4]). This allows us to define
the tangent Lie algebra bundle gM as the vector bundle (TM/H) ® H together
with the grading and field of Lie brackets such that, for sections Xg, Yo of TM/H
and X', Y’ of H, we have

(2.4) t(Xo+ X" =1*Xo +tX', tER,
(2.5) [(Xo+ X", Yo+ Y']gm = L(X',Y).
Since each fiber g, M is 2-step nilpotent, gM is the Lie algebra bundle of a Lie

group bundle GM which can be realized as (TTM/H) @ H together with the field
of group law such that, for sections Xo, Yy of TM/H and X', Y’ of H, we have

1
(2.6) (Xo+ X).(Yo +Y') = Xo + Yo + 5 LXY) + X' +Y".

We call GM the tangent Lie group bundle of M.

Let ¢ be a Heisenberg diffeomorphism from (M, H) onto a Heisenberg manifold
(M',H’). Since we have ¢.H = H’ the linear differential ¢’ induces linear vector
bundle isomorphisms ¢’ : H — H’ and ¢' : TM/H — TM'/H’, so that we get a
linear vector bundle isomorphism ¢, : (TM/H)® H — (TM'/H')® H' by letting
(2.7) ¢1r(a).(Xo + X') = ¢/(a) Xo + ¢/'(a) X',
for any a € M and any Xy in (T,M/H,) and X’ in H,. This isomorphism commutes
with the dilations in (2.4) and it can be further shown that it gives rise to a Lie
group isomorphism from GM onto GM' (see [Pod]).

The above description of GM can be related to the extrinsic approach of [BG]
as follows.

Definition 2.2. A local frame Xo, X1, ..., Xq of TM such that Xq,...,Xq span
H is called a H-frame.

Let U C R4t be an open of local coordinate equipped with a H-frame X, ..., Xg4.
Definition 2.3. For a € U we let 1, : R — R denote the unique affine
change of variable such that Vo (a) = 0 and (¥q)«X;(0) = % forj=0,...,d. The

J
coordinates provided by the map 1, are called privileged coordinates centered at a.
In addition, on R%+! we consider the dilations,
(2.8) ta = (o, tay,. .., try), teR.
.. . . Jé) d o)
In privileged coordinates centered at a we can write X; = Doy T Y ko ajk(z)ﬁj
. . d
with a;5(0) = 0. Let Xéa) = 8%0 andforj=1,...,dlet XJ(»a) = %+Zk=1 bjkzk%,

where bji, = 05, a;0(0). With respect to the dilations (2.8) the vector field XJ(-a)
is homogeneous of degree wy = —2 for j = 0 and of degree w; = —1 for j =
7



1,...,d. In fact, using Taylor expansions at x = 0 we get a formal expansion
X~ X](a) + Xjw,—1+ ..., with X;; homogeneous vector field of degree I.

The subbundle spanned by the vector fields X ;a) is a 2-step nilpotent Lie algebra
under the Lie bracket of vectors fields. Its associated Lie group G(® can be realized
as R4 equipped with the group law,

d

(2.9) x.y = (o + Z brjTiThy T1, - -, Td)-
j k=1

On the other hand, the vectors Xy(a),..., X4(a) provide us with a linear basis
of the space (T,M/H,) @ H,. This allows us to identify G,M with R¢*! equipped
with the group law,

1
(2.10) x.y = (zo +yo + §ij(a)mjyk,x1 + Y1y Tg + Ya)-
Here the functions L;; denote the coefficients of the Levi form (2.3) with respect
to the H-frame X, ..., Xq, i.e., we have L(X;, Xj) = [X;, Xx] = L;pXo mod H.
The Lie group G@ is isomorphic to G,M since one can check that Ly, =
bk — bij. An explicit isomorphism is given by

RNy

d
(2.11) ba(T0,. .. 2q) = (L0 — Z (bjk + brj)TjTh, T1s- - Ta)-
j k=1

Definition 2.4. The local coordinates provided by the map €4 := ¢4 0, are called
Heisenberg coordinates centered at a.

The Heisenberg coordinates refines the privileged coordinates in such way that
the above realizations of G(*) and G, M agree. In particular, the vector fields
X ;a) and X7 agree in these coordinates. This allows us to see X¥ as a first order
approximation of X;. For this reason X7 is called the model vector field of X; at

a.

2.2. Left-invariant pseudodifferential operators. Let (M?*!, H) be a Heisen-
berg manifold and let G be the tangent group G, M of M at a given point a € M.
We briefly recall the calculus for homogeneous left-invariant YDOs on the nilpotent
group G.

Recall that if E is a finite dimensional vector space the Schwartz class S(E)
carries a natural Fréchet space topology and the Fourier transform of a function
f € S(B) is the element f € S(E*) such that f(&) = [, e f(z)da for any
¢ € E*, where dx denotes the Lebesgue measure of E. In the case where F =
(T,M/H,) & H, the Lebesgue measure actually agrees with the Haar measure of
G, so S(F) and S(G) agree. Furthermore, as E* = (T,M/H,)* ® H} is just the
linear dual g* of the Lie algebra of G, we also see that S(E*) agrees with S(g*).

Let So(G) denote the closed subspace of S(G) consisting of functions f € S(G)
such that for any differential operator P on g* we have (Pf)(0) = 0. Notice that the
image So(G) of S(G) under the Fourier transform consists of functions v € S(g*)
such that, given any norm |.| on G, near £ = 0 we have |g(¢)| = O(|¢|V) for any
N eN.
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We endow g* with the dilations \.& = (A\2£y, A¢’) coming from (2.4). For m € C
we let Sp,(g* M) denote the closed subspace of C*°(g* \ 0) consisting in functions
p(§) € C*(g* \ 0) such that p(A.£) = A"p(€) for any A > 0.

If p(€) € Sy (g*) then it defines an element of Sy(g*)’ by letting

(2.12) (p,g) = / p(E)g(O)de. g€ Solg®).
:

This allows us to define the inverse Fourier transform of p as the element p € So(G)’

such that (p, f) = (p, f) for any f € So(G). It then can be shown (see, e.g., [BG],
[CGGP]) that the left-convolution with p defines a continuous endomorphism of

So(G) via the formula,

(2.13) Op(p)f(z) =p= f(x) = By), flzy)), [ €So(G).
Moreover, we have a bilinear product,

(214) * Sml (g*) X sz (g*) 7 Pmi+my (g*)a

in such way that, for any p; € Sy, (g*) and any p2 € S,,,(g*), we have
(2.15) Op(p1) 0 Op(p2) = Op(p1 * p2).”

In addition, if p € S,,(g*) then Op(p) really is a pseudodifferential operator.
Indeed, let Xo(a),...,Xq(a) be a (linear) basis of g so that Xy(a) is in T,M/H,
and Xi(a),...,Xa(a) span H,. For j =0,...,d let X{ be the left-invariant vector
field on G such that X¢ = X,(a). The basis X¢(a),...,X4(a) yields a linear

Jle=0
isomorphism g ~ R%*!, hence a global chart of G. In the corresponding local coor-
dinates p(€) is a homogeneous symbol on R¥*1\ 0 with respect to the dilations (2.8).
Similarly, each vector field %X #+J=0,....d, corresponds to a vector field on Ré+1
with symbol o%(x,§). If we set 0%(z,§) = (0§(2,§),...,04(z,§)), then it can be
shown that in these local coordinates we have

(2.16) Op(p)f(x) = (2m)~ D / e p(o(2,6)f(©)dE,  f € So(RHT).

Rd+1

In other words Op(p) is the pseudodifferential operator p(—iX®) := p(c®(z, D))
acting on Sp(R4T1).

2.3. The Y5zDO operators. The original idea in the Heisenberg calculus, which
goes back to Elias Stein, is to construct a class of operators on a given Heisenberg
manifold (M1, H), called ¥ DOs, which at any point @ € M are modeled in a
suitable sense on left-invariant pseudodifferential operators on the tangent group
G.M.

Let U C R4 be an open of local coordinates equipped with a H-frame Xy, ..., X,.

Definition 2.5. S,,,(U x R¥Y), m € C, consists of functions p(x,¢&) in C®(U x
R\ 0) which are homogeneous of degree m in the &-variable with respect to the
dilations (2.8), i.e., we have p(x,t.£) = t"p(x, ) for any t > 0.

In the sequel we endow R?*! with the pseudo-norm,
(2.17) el = (€8 +&i +...+EDYE, £ e R

In addition, for any multi-order 3 € Ng“ we set () =200+ 01+ ...+ Ba.
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Definition 2.6. S™(U x R¥1), m € C, consists of functions p(x,&) in C®(U x
RIYY with an asymptotic expansion p ~ > i>0Pm—j: Pk € Sk(U X R+ in the
sense that, for any integer N, any compact K C U and any multi-orders o, 3, there
ezists Cnrcap > 0 such that, for any v € K and any ¢ € R¥L so that ||€]| > 1, we
have

(2.18) 10502 (0= > pm—y)(@,6)| < Cnicaplé*m =,
<N

Next, for j = 0,...,d let 0j(z,&) denote the symbol (in the classical sense) of
the vector field 1 X; and set o = (0, ...,04). Then for p € S™(U x R41) we let
p(z, —iX) be the continuous linear operator from C¢°(U) to C*°(U) such that

(2.19)  p(z,—iX)f(z) = (2mr)~ D / e p(z, o(x,€))f(€)dE,  f e CEU).

In the sequel we let ¥~°°(U) denote the space of smoothing operators on U, that
is, the space of continuous operators P : £'(U) — D'(U) with a smooth Schwartz
kernel.

Definition 2.7. U (U), m € C, consists of operators P : C*(U) — C>(U) of
the form

(2.20) P =p(z,—iX) + R,
with p in S™(U x R41) (called the symbol of P) and R smoothing operator.

The class of Uy DOs is invariant under changes of H-framed charts (see [BG,
Sect. 16], [Po5, Appendix A]). Therefore, we can extend the definition of ¥ 5 DOs to
the Heisenberg manifold (M9t H) and let them act on sections of a vector bundle
E" over M as follows.

Definition 2.8. U7(M,E), m € C, consists of continuous operators P from
C*(M,E) to C®(M,E) such that:

(i) The Schwartz kernel of P is smooth off the diagonal;

(ii) For any H-framed local chart k : U — V C RY over which there is a

trivialization T : Ey — U x C" the operator k.7.(Py) belongs to Wi(V,C") :=
(V) ® End C".

Proposition 2.9 ([BG]). Let P € ¥2(M,E), m € C.

(1) Let Q € \IJ?}I(M,E), m’ € C, and suppose that P or Q is uniformly properly
supported. Then the operator PQ belongs to \I/Z}J””l (M, €).

(2) The transpose operator P' belongs to Wi (M,E*).

(8) Suppose that M is endowed with a density > 0 and £ is endowed with a
Hermitian metric. Then the adjoint P* of P belongs to VTt (M,E).

In this setting the principal symbol of a ¥ DO can be defined intrinsically as
follows.

Let g*M = (TM/H)*@®H* denote the (linear) dual of the Lie algebra bundle gM
of GM with canonical projection pr : M — g*M. For m € C we let S,,(g*M, &)
be the space of sections p € C*®(g*M \ 0, End pr*€) such that p(x,t.£) = t™p(x, &)
for any t > 0.

10



Definition 2.10 (See [56]). The principal symbol of an operator P € U} (M,E)
is the unique symbol ., (P) in Sy ("M, E) such that, for any a € M and for any
trivializing H-framed local coordinates near a, in Heisenberg coordinates centered
at a we have 0, (P)(0,£) = pm(0,€), where py,(x, ) is the principal symbol of P
in the sense of (2.18).

Given a point a € M the principal symbol o,,(P) allows us to define the model
operator of P at a as the left-invariant ¥DO on Sy(g* M, &,) with symbol p%,(§) :=
om(P)(a,§) so that, in the notation of (2.13), the operator P is just Op(p2,).

For m € C let Sy, (g5 M, E,) be the space of functions p € C*°(gi M\ 0, E,) which
are homogeneous of degree m. Then the product (2.14) yields a bilinear product,

(2.21) #% 0 Sy (80 M, Ea) X Siny (80 M, Ea) = Siny+ms (80 M, Ea).

This product depends smoothly on a as much so to gives rise to the bilinear product,
(2.22) # 0 Sy (87 M, E) X Sy (8" M, E) — Sy s (87 M, E),

(2.23) Pmi * Pmsy (0, €) = (Pmy (@, ) %% Py (a,.)) (), Pm; € Sﬂ’l]’ (g"M).
Proposition 2.11 ([Po5]). Let P € ¥}(M,€), m € C.

1) Let Q € \I/E/ (M,€), m’" € C, and suppose that P or @Q is uniformly properly
supported. Then we have opmim (PQ) = 0m(P) * 0 (Q), and for any a € M the
model operator of PQ at a is P*Q“.

2) We have op(PY)(x,€) = 0 (P)(x, =€), and for any a € M the model oper-
ator of Pt at a is (P®)*.

3) Suppose that M is endowed with a density > 0 and & is endowed with a
Hermitian metric. Then we have om(P*)(x,£) = om(P)(x,£)*, and for any a € M
the model operator of P* at a is (P*)*.

In addition, there is a complete symbolic calculus for ¥ 5z DOs which allows us
to carry out the classical parametrix construction for an operator P € U7 (M, €E)
whenever its principal symbol o,,(P) is invertible with respect to the product =
(see [BG]). In general, it may be difficult to determine whether o,,(P) is invert-
ible with respect to that product. Nevertheless, given a point a € M we have an
invertibility criterion for P® in terms of the representation theory of G,M; this
is the so-called Rockland condition (see, e.g., [Rol], [CGGP]). We then can com-
pletely determine the invertibility of the principal symbol of P in terms of the
Rockland conditions for its model operators and those of its transpose (see [Po5,
Thm. 3.3.19]).

Finally, the ¥ DOs enjoy nice Sobolev regularity properties. These properties
are best stated in terms of the weighted Sobolev of [FSt] and [Po5]. These weighted
Sobolev spaces can be explicitly related to the usual Sobolev spaces and allows us
to show that if P € U(M,E), Rm > 0, has an invertible principal symbol, then
P is maximal hypoelliptic, which implies that P is hypoelliptic with gain of -
derivatives. We refer to [BG| and [Po5] for the precise statements. In the sequel
we will only need the following.

Proposition 2.12 ([BG]). Assume M compact and let P € (M, E), ®m > 0.
Then P extends to a bounded operator from L?(M, &) to itself and this operator is
compact if we further have ®m < 0.

11



2.4. Holomorphic families of ¥;DOs. In this subsection we recall the main
definitions and properties of holomorphic families of ¥z DOs. Throughout the
subsection we let (M?*+1 H) be a Heisenberg manifold, we let £” be a vector bundle
over M and we let €2 be an open subset of C.

Let U € R4 be an open of local coordinates equipped with a H-frame Xy, . .., X4.
We define holomorphic families of symbols on U x R+ as follows.

Definition 2.13. A family (p(2)).cq C S*(U x R*™) is holomorphic when:

(i) The order w(z) of p(z) depends analytically on z;

(ii) For any (x,&) € U x R4 the function z — p(z)(x,€) is holomorphic on Q;

(iii) The bounds of the asymptotic expansion (2.18) for p(z) are locally uniform
with respect to z, i.e., we have p(z) ~ ijo P(2)w(z)—js P(2)w(z)—j € Sw(z)—;(U X
R, and, for any integer N, any compacts K C U and L C Q and any multi-

orders o and 3, there exists a constant Cngrag > 0 such that, for any (x,z) €
K x L and any ¢ € R4 so that €] > 1, we have

(2.24) 10507 (p(2) = > P(2)wz)—3) (@, €)| < COnicraplé ™ N0,
J<N

In the sequel we let Hol(£2, S*(U x R%*1)) denote the class of holomorphic families
with values in S*(U x R¥*1). Notice also that the properties (i)-(iii) imply that
each homogeneous symbol p(z).,(z)—;(,&) depends analytically on z, that is, it
gives rise to a holomorphic family with values in C°°(U x (R%*1\0)) (see [Po5,
Rem. 4.2.2]).

Since U~>(U) = L(E'(U),C>(U)) is a Fréchet space which is isomorphic to
C>®(U x U) by Schwartz’s Kernel Theorem, we can define holomorphic families

of smoothing operators as families of operators given by holomorphic families of
smooth Schwartz kernels. We let Hol(Q, U~°°(U)) denote the class of such families.

Definition 2.14. A family (P(2)).cq C Vi (U) is holomorphic when it can be put
in the form,

(2.25) P(z) =p(2)(z,—iX) + R(z), z€Q,
with (p(2)).cq € Hol(Q, S*(U x R¥*1)) and (R(2)).cq € Hol(Q, U=>°(U)).

The above notion of holomorphic families of W DOs is invariant under changes
of H-framed charts (see [Pob]). Therefore, it makes sense to define holomorphic

families of ¥z DOs on the Heisenberg manifold (M9+!, H) acting on sections of the
vector bundle £" as follows.

Definition 2.15. A family (P(2)).cq C ¥5(M,E) is holomorphic when:

(i) The order w(z) of P(z) is a holomorphic function of z;

(i) For ¢ and v in C (M) with disjoint supports (pP(2)Y).cq is a holomorphic
family of smoothing operators;

(iii) For any trivialization 7 : &, — U x C" over a local H-framed chart
kU — V CRM the family (k.7(Py,,))zcq belongs to Hol(Q, W%, (V,C")) =
Hol(Q2,¥7%(V)) @ EndC".

We let Hol(Q2, ¥%, (M, E)) denote the class of holomorphic families of ¥ DOs on

M and acting on the sections of £.
12



Proposition 2.16 ([Po5, Chap. 4]). Let (P(z)).cq C ¥} (M,E) be a holomorphic
family of U DOs.

1) Let (Q(2))zeq C Y5 (M,E) be a holomorphic family of Vi DOs and assume
that (P(z)).eq or (Q(2)).cq is uniformly properly supported with respect to z. Then
the family (P(z)Q(2)).cq belongs to Hol(Q, U4, (M, E)).

2) Let ¢ : (M,H) — (M',H') be a Heisenberg diffeomorphism. Then the family
(¢« P(2))2eq belongs to Hol(Q, U4, (M', $.E)).

2.5. Complex powers of hypoelliptic ¥5yDOs. In this subsection we recall
the constructions in [Pob] and [Po8] of complex powers of hypoelliptic ¥ zDOs as
holomorphic families of ¥z DOs.

Throughout this subsection we let (M?+1 H) be a compact Heisenberg manifold
equipped with a density > 0 and we let £ be a Hermitian vector bundle over M.

Let P: C>®(M,E) — C*(M,E) be a differential operator of Heisenberg order m
which is positive, i.e., we have (Pu,u) > 0 for any u € C*°(M, &), and assume that
the principal symbol of P is invertible, that is, P satisfies the Rockland condition
at every point.

By standard functional calculus for any s € C we can define the power P° as an
unbounded operator on L?(M, £) whose domain contains C*° (M, £). In particular
P~ is the partial inverse of P and we have P® = 1 — IIy(P), where IIo(P) denotes
the orthogonal projection onto the kernel of P. Furthermore, we have:

Proposition 2.17 ([Po5, Thm. 5.3.4]). Assume that H satisfies the bracket con-
dition H + [H,H] = TM. Then the complex powers (P*®)scc form a holomorphic
1-parameter group of Wi DOs such that ordP®* = ms Vs € C.

This construction has been generalized to more general hypoelliptic ¥gzDOs
in [Po8]. Let P : C>®(M,E) — C>*(M,E) be a ¥ygDO of order m > 0. In [Po§]
there is a notion of principal cut for the principal symbol o,,(P) of P as a ray
L ¢ C\ 0 such that P — A admits a parametrix in a version of the Heisenberg
calculus with parameter in a conical neighborhood © € C\ 0 of L.

Let ©(P) be the union set of all principal cuts of ¢,,(P). Then ©(P) is an open
conical subset of C\ 0 and for any conical subset © of ©(P) such that ©\0 C O(P)
there are at most finitely many eigenvalues of P in © (see [Po§]).

Let Ly = {arg\ = 0}, 0 < § < 27, be a principal cut for o,,(P) such that no
eigenvalue of P lies in L. Then Ly is ray of minimal growth for P, so for ts < 0
we define a bounded operator on L?(M, &) by letting
-1 A5 (P — X)),

Zir Jp,

(2.27) Tg = {pe?;00 < p<r}U{re®;0 >t>60— 21} U{pe'®2™;1r < p < o0},

(2.26) P

where r > 0 is such that no nonzero eigenvalue of P lies in the disc [A| < 7.
Proposition 2.18 ([Po8]). The family (2.26) gives rise to a unique holomorphic
family (P§)sec of ¥y DOs such that:

(i) We have ordP; = ms for any s € C;

(i) We have the 1-parameter group property P051+52 = P,'P;? Vs; € C;

(iii) We have PekJrS = P*P§ for any k € N and any s € C.
13



Let Eo(P) = Uj>o ker P7 be the characteristic subspace of P associated to A = 0.
This is a finite dimensional subspace of C*° (M, £) and so the projection Iy (P) onto
Eo(P) and along Eo(P*)t is a smoothing operator (see [Po8]). Then we have:

(2.28) P)=1-To(P), PyF=P*% k=1,2...,

where P~F denotes the partial inverse of P¥, i.e., the operator that inverts P* on
Eo(P*)* and is zero on Ey(P).

Assume further that 0 is not in the spectrum of P. Let Q € W5, (M, &) and for
z € Cset Q(z) = QP;/m. Then (Q(#))zec is a holomorphic family of ¥xDOs
such that Qp = @ and ordQ(z) = z + ordQ@. Following the terminology of [Gu2] a
holomorphic family of ¥z DOs with these properties is called a holomorphic gauging
for Q.

3. NONCOMMUTATIVE RESIDUE TRACE FOR THE HEISENBERG CALCULUS

In this section we construct a noncommutative residue trace for the algebra of
integer order ¥ DOs on a Heisenberg manifold. We start by describing the loga-
rithmic singularity near the diagonal of the Schwartz kernel of a ¥ DO of integer
order and we show that it gives rise to a well-defined density. We then construct
the noncommutative residue for the Heisenberg calculus as the residual trace in-
duced by the analytic continuation of the usual trace to ¥yDOs of non-integer
orders. Moreover, we show that it agrees with the integral of the density defined
by the logarithmic singularity of the Schwartz kernel of the corresponding ¥ 5 DO.
Finally, we prove that when the manifold is connected then every other trace on
the algebra of integer order Wy DOs is a constant multiple of our noncommutative
residue. This is the analogue of a well-known result of Wodzicki and Guillemin.

3.1. Logarithmic singularity of the kernel of a ¥ 5DO. In this subsection
we show that the logarithmic singularity of the Schwartz kernel of any integer
order Wy DO gives rise to a density which makes sense intrinsically. This uses the
characterization of ¥z DOs in terms of their Schwartz kernels, which we shall now
recall.

First, we extend the notion of homogeneity of functions to distributions. For K
in §'(R4*1) and for A > 0 we let K denote the element of S’(R%*1) such that

(3.1) (Kx, f) = AU (K (), fA ")) Vf € SRTY).

It will be convenient to also use the notation K (A.z) for denoting K (x). We say
that K is homogeneous of degree m, m € C, when K = A" K for any A > 0.

In the sequel we let E' be the anisotropic radial vector field 2200;,+0z, +- . .+ 0q,,
i.e., E is the infinitesimal generator of the flow ¢4(&) = e*.€.

Lemma 3.1 ([BG, Prop. 15.24], [CM, Lem. 1.4]). Let p(¢) € S,,(R¥*1), m € C.

1) If m is not an integer < —(d + 2), then p(&) can be uniquely extended into a
homogeneous distribution 7 € S’(R4*H1).

2) If m is an integer < —(d+2), then at best we can extend p(§) into a distribution
7 € 8’ (R4 such that

(3.2) T = A7+ X" log A Z ca(P)8 ™ for any X > 0,
(W =—(m+d+2)
14



where we have let Ca(p) = (72‘7)!@(‘ f”ﬁH:l fap(E)ZEdf In particular, p(f) admits a

homogeneous extension if and only if all the coefficients cq(p) vanish.

Remark 3.2. For reader’s convenience a detailed proof of this lemma is given in
Appendix.

Let 7 € 8’(R%*!) and let A > 0. Then for any f € S(R*!) we have
(83) (D) = AT (F0)Y) = (7 (D) = AT () ).

Hence (7)x = A~(@+2)(7,_1)Y. Therefore, if we set 11 = —(m + d + 2) then we see
that:

- 7 is homogeneous of degree m if and only if 7 is homogeneous of degree m;
- 7 satisfies (3.2) if and only if for any A > 0 we have

(3.4) FAy) = A"F(y) — A" log A Y (2m) Ve, (p) (—iy)”.

y=m

Let U € R4 be an open of local coordinates equipped with a H-frame Xy, . .., X4.
In the sequel we set Ng = NU {0} and we let S/, (R4*1) be the space of tempered

reg

distributions on R?*! which are smooth outside the origin. We endow S;eg(Rd"‘l)

with the weakest locally convex topology that makes continuous the embeddings of
Slog(R¥T1) into S'(R1) and C°°(R*1\0). In addition, recall also that if E is a
topological vector space contained in D’(R4*!) then C°(U)®F can be identified
as the space C°(U, E) seen as a subspace of D'(U x R+1),

The discussion above about the homogeneity of the (inverse) Fourier transform
leads us to consider the classes of distributions below.

Definition 3.3. K,,(U x R¥*Y), m € C, consists of distributions K(z,y) in
C=(U)&8,,,(R™1) such that, for any X > 0, we have:

_ [ ATK(x,y) if m & No,
(35) K(x, )\y) - { )\7nK($7y) LA™ IOg)‘Z@):m cK’a(x)ya me e Ny,

where the functions ck o(x), @ = m, are in C*°(U) when m € Ny.

Remark 3.4. For ®m > 0 we have K,,(U x R4T1) ¢ ¢ (U)&CS") (R4HL), where
[Em]” denotes the greatest integer < ®m (see [Po5, Lemma A.1]).

Definition 3.5. K™ (U xR9*1), m € C, consists of distributions K (z,y) in D'(U x
R with an asymptotic expansion K ~ >0 Kmtjs Ki € (U x R in the
sense that, for any integer N, as soon as J is large enough K — ZjSJ Koy isin
CN(U x R+,

Remark 3.6. The definition implies that any distribution K € K™ (U x R4*+1) is
smooth on U x (R?1\0). Furthermore, using Remark 3.4 we see that for ®m > 0
we have K™ (U x R¥1) c = (U)@C" ] (RIHY),

Using Lemma 3.1 we can characterize homogeneous symbols on U x R4t! as
follows.

Lemma 3.7. Let m € C and set i = —(m +d + 2).
1) If p(z,€) € Spn(U x RIY) then p(z,€) can be extended into a distribution
7(2,8) € C®(U)&S,,,(R) such that K (x,y) := Te_y(x,y) belongs to KU x
15



RI*Y). Furthermore, if m is an integer < —(d+2) then, using the notation of (3.5),
we have cy o(z) = (27) 7@+ f|\5|\=1 %p(%@LEd@

2) If K(x,y) € Kp(U xRIY) then the restriction of K, _¢(x,€) to U x (R1\0)
is a symbol in S, (U x RIT1).

Next, for any € U we let 9, (resp. €,) denote the change of variable to the
privileged (resp. Heisenberg) coordinates centered at x (cf. Definitions 2.3 and 2.4).

Let p € S;u(U x R4 and let k(x,y) € C°(U)@D'(U) denote the Schwartz
kernel of p(x, —iX), so that [p(z, —iX)u](z) = (k(z,y),u(y)) for any u € C(U).
Then one can check (see, e.g., [Po5, p. 54]) that we have:
(3.6) k(x,y) = [V, |Pe—y (@, =2 (y)) = lep|Pe—y (7, da(—ca(y)))-
Combining this with Lemma 3.7 leads us to the characterization of ¥ 5z DOs below.
Proposition 3.8 ([BG, Thms. 15.39, 15.49], [Po5, Prop. 3.1.16]). Consider a con-

tinuous operator P : C°(U) — C*°(U) with Schwartz kernel kp(z,y). Let m € C
and set m = —(m + d + 2). Then the following are equivalent:

(i) P is a Vg DO of order m.
(ii) We can put kp(x,y) in the form,
(3.7) kp(2,y) = [ | K (2, —¢x(y)) + R(z,y),
for some K € K™(U x R, K ~ > Kp,14, and some R € C°(U x U).
(ii) We can put kp(x,y) in the form,
(3.8) kp(x,y) = |eb| Kp(z, —€2(y)) + Rp(2,y),
for some Kp € K™(U x R, Kp ~ Y Kpitj, and some Rp € C°(U x U).
Furthermore, if (i)-(iii) hold then we have Kp;(z,y) = K;(x, ¢, (y)) and P has
symbol p ~ ijopm_j, where pm—j(x,&) is the restriction to U x (RTT1\0) of
(Km-&-j)g/;\ﬂg(xag)-
Now, let U € R¥*! be an open of local coordinates equipped with a H-frame
X0, X1,...,Xq. Let m € Z and let K € K™(U x R, K ~ ZjZm K. Then:

- For j < —1 the distribution K;(z,y) is homogeneous of degree j with respect
to y and is smooth for y # 0;

- For j =0 and A > 0 we have Ky(z, A\.y) = Ko(z,y) — ck,.0(x) log A, which by
setting A = ||y||~! with y # 0 gives
(3.9) Ko(z,y) = Ko(z, [yl ~"y) — cxo.0log [lyll-

- The remainder term K —3_ -, K; isin CO(U xRI*1) (cf. Remarks 3.4 and 3.6).
It follows that K (z,y) has a behavior near y = 0 of the form,
(3.10) K(z,y)= > Kj(x,y) —cx(@)loglyl+O(1),  cx(x) = cxyo(x).

m<j<-1

Lemma 3.9. Let P € U (U) have kernel kp(z,y) and set m = —(m + d + 2).

1) Near the diagonal kp(x,y) has a behavior of the form,
(3.11) kp(ey) = D aj(@ —ve(y) — cp(@)log [vu(y)] +O(1),

m<j<—1

with a;(z,y) € C*(Ux (RN0)) homogeneous of degree j iny and cp(x) € C(U).
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2) If we write kp(x,y) in the forms (3.7) and (3.8) with K(x,y) and Kp(z,y)
in K™(U x R¥*Y), then we have

312)  cnle) = Whle(o) = <blon, () = smi [ e eusde

where p_ 442y denotes the symbol of degree —(d +2) of P.

Proof. If we put kp(x,y) in the form (3.7) with K € K™(U xR 1), K ~ > Ky,
then it follows from (3.10) that kp(x,y) has a behavior near the diagonal of the
form (3.11) with cp(x) = |YLlex(x) = |¥Llck,,0(z). Furthermore, by Proposi-
tion 3.8 the symbol p_(449)(z,&) of degree —(d + 2) of P is the restriction to
U x (RT1\0) of (Ko))_¢(x,€), so by Lemma 3.7 we have cx () = ck,o(z) =
(27T)_(d+1) fl\&l\zl p,(d+2)(x, Epdé.

Next, if we put kp(x,y) in the form (3.8) with Kp € K™(U x R**1), Kp ~
> Kp,,,; then by Proposition 3.8 we have Kpo(z,y) = Ko(z, ¢z(y)). Let A > 0.
Since ¢, (A.y) = A.@.(y), using (3.5) we get

(313) KP,O(xa Ay) - KP,O(xay) = KO(‘T7>‘¢r(y)) - KO(x7¢m(y)) = CKo(x) 10g>‘

Hence ckp,o(z) = cxo(x). As |el| = |@L|.[¥L] = [} we see that |[¢]|ck(z) =
lel.|ck » (2). The proof is thus achieved. O

Lemma 3.10. Let ¢ : U — U be a change of H-framed local coordinates. Then for
any P € Vi (U) we have cy. p(z) = |¢'(z)|cp(d(2)).

Proof. Let P = ¢*P. Then P is a W5 DO of order m on U (see [BG]). Moreover,
by [Pob5, Prop. 3.1.18] if we write the Schwartz kernel kz(Z,y) in the form (3.8)
with K5(%,9) in K™ (U x R4*T1), then the Schwartz kernel kp(x,y) of P can be put
in the form (3.8) with Kp(x,y) in K™(U x R4!) such that

1 (o3
(3.14) Kp(z.y)~ Maaﬁ(x)yﬁ(ag Kp)(o(@), oy (2)-9),

@z5e

where we have let ag(x) = 95 [|0y (e4(a)0008; 1) (W) (Ep(w)0poes  (¥)—d'y (2)y)]), o>
the map ¢/ (x) is the tangent map (2.7), and &z denotes the change to the Heisen-
berg coordinates at € U. In particular, we have

(815)  Kp(a,y) = ao(@)Kp(d(x), ¢y (2)y) mod y,K™ (U x RHY),

where ago(2) = [ 16/ (2) |24

Notice that K (z,y) := K 5(¢(z), ¢ (x).y) is an element of K™ (U x R%1), since
we have ¢y (z).(A\.y) = A.(¢y(x).y) for any A > 0. Moreover, the distributions in
y; K*(U x R¥1L), j = 0,..,d, cannot have a logarithmic singularity near y = 0. To
see this it is enough to look at a distribution H(z,y) € K~H(U x R¥*1), [ € Ny.
Then H(x,y) has a behavior near y = 0 of the form:

(3.16) H(z,y)= Y bi(z,y) —cu(z)log|ly| + O(1),

—I<k<—1
with bg(z,y) homogeneous of degree k with respect to the y-variable. Thus,
(3.17) yiH(z,y) = > yibe(x,y) — cu(x)y;log lyll + O(1).

—1<k<-1
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Observe that each term y;bg(z,y) is homogeneous of degree k + 1 with respect to
y and the term y;log||y|| converges to 0 as y — 0. Therefore, we see that the
singularity of y; H (x,y) near y = 0 cannot contain a logarithmic term.

Combining the above observations with (3.14) shows that the coefficients of the

logarithmic singularities of Kp(x,y) and ago(x)K (z,y) must agree, i.e., we have
ckp(T) = o g (T) = ago(r)cg(x) = |€;§<E)||¢/(I)||6;‘7ICI~{(JU). Furthermore, the

only contribution to the logarithmic singularity of K (x,y) comes from

(3.18) ek (d(2))log oy (2)yll = cx . (6(x)) log |yl 9% ()-(lyll " yI)]
= cx 5 (0(x)) logly[ + O(1).

Hence ¢ (2) = cx, (6(x)). Therefore, we get k., () = |5:z>(z)||¢/(x)||€;|_1cK' (p(x)),

P

which by combining with (3.12) shows that cp(z) = |¢'(x)|cs(¢p(2)) as desired. O
Let P € U(M,E) and let k : U — V be a H-framed chart over which there is
a trivialization 7 : £, — U x C". Then the Schwartz kernel of P,  := H*T*(P|U)
has a singularity near the diagonal of the form (3.11). Moreover,Nif #:U — V be
a H-framed chart over which there is a trivialization 7 : £, — U x C" and if we
let ¢ denote the Heisenberg diffeomorphism & o k' : k(U NU) — &(U N U), then
by Lemma 3.10 we have cp,_ _(z) = |¢'()|cp, . (¢(x)) for any 2 € U. Therefore, on
U N U we have the equality of densities,
(3.19) T"k*(cp, , (x)dx) = T°R* (cp; . (v)dx).

Now, the space C*° (M, |A|(M)®@End E) of END E-valued densities is a sheaf, so
there exists a unique density cp(x) € C*(M,|A|(M) ® End £) such that, for any
local H-framed chart x: U — V and any trivialization 7 : £, — U x C", we have

(3.20) cp(@)|lu = 77K (Chr(py,) (2)d).

Moreover, this density is functorial with respect to Heisenberg diffeomorphisms,
i.e., for any Heisenberg diffeomorphism ¢ : (M, H) — (M’, H') we have

(3.21) ¢p.P(T) = du(cp(x)).

Summarizing all this we have proved:

Proposition 3.11. Let P € V}(M,E), m € Z. Then:

1) On any trivializing H-framed local coordinates the Schwartz kernel kp(x,y)
of P has a behavior near the diagonal of the form,

(3.22)  kp(z,y) = > a;(z, —¥s(y)) — cp(x)log [t ()] + O(1),
—(m+d+2)<j<-1
where cp(x) is given by (8.12) and each function a;(x,y) is smooth for y # 0 and
homogeneous of degree j with respect to y.
2) The coefficient cp(x) makes sense globally on M as a smooth END €-valued
density which is functorial with respect to Heisenberg diffeomorphisms.

Finally, the following holds.

Proposition 3.12. Let P € Y (M,E), m € Z.

1) Let Pt € W7 (M, E*) be the transpose of P. Then we have cpt(x) = cp(x)*.
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2) Suppose that M is endowed with a density p > 0 and £ is endowed with
a Hermitian metric. Let P* € WR(M,E) be the adjoint of P. Then we have
cp+(z) = cp(x)*.
Proof. Let us first assume that & is the trivial line bundle. Then it is enough to
prove the result in H-framed local coordinates U C R9*!, so that the Schwartz
kernel kp(z,y) can be put in the form (3.8) with Kp(x,y) in K™(U x R4*1).

We know that P! is a DO of order m (see [BG, Thm. 17.4]). Moreover,
by [Po5, Prop. 3.1.21] we can put its Schwartz kernel kp¢(z,y) in the form (3.8)
with Kp:(z,y) in K™(U x R4T1) such that

(3.23) Kpe(z,y)~ Y D aaps(@)y? (0105 Kp)(w, —y),
2 @<@ IvI<Io1L2]y]

where aqpgs(2) = %[85(|5;;1(_y)|(y—esgl(y) (x))a)az‘j(g;l(_y) —)"](z,0). In
particular, we have Kp:(z,y) = Kp(z, —y) mod y;K™T1(U x R¥*1). Therefore, in
the same way as in the proof of Lemma 3.10, we see that the logarithmic singularity
near y = 0 of Kp(x,y) agrees with that of Kp¢(z, —y), hence with that of Kp:(z,y).
Therefore, we have ck , () = ¢, (z). Combining this with (3.12) then shows that
cpt(z) = cp(z).

Next, suppose that U is endowed with a smooth density p(xz) > 0. Then
the corresponding adjoint P* is a WyDO of order m on U with Schwartz ker-
nel kp-(x,y) = p(x) " kpe(x,y)p(y). Thus kp«(x,y) can be put in the form (3.8)
with Kp«(z,y) in K™(U x R¥*!) such that

(3:24) Kp-(z,y) = [p(x) " ple; ' (~y)Kpi (2, y)
= Kpi(z,y) mod y; K™ (U x R,

Therefore, Kp«(z,y) and Kp:(z,y) same logarithmic singularity near y = 0, so
that we have cx . (z) = ck,, (z) = ¢k, (z). Hence cp-(x) = cp(x).

Finally, when £ is a general vector bundle, we can argue as above to show that
we still have cpt(z) = cp(x)?, and if P* is the adjoint of P with respect to the
density p and some Hermitian metric on &, then we have cp«(x) = cp(z)*. O

3.2. Noncommutative residue. Let (M9*1 H) be a Heisenberg manifold and let
& be a vector bundle over M. We shall now construct a noncommutative residue
trace on the algebra W% (M, £) as the residual trace induced by the analytic exten-
sion of the operator trace to ¥y DOs of non-integer order.

Let WM, ) := Upm<_(4+2) VT (M, ) the class of ¥z DOs whose symbols are
integrable with respect to the {-variable (this notation is borrowed from [CM]). If
P belongs to this class, then it follows from Remark 3.6 that the restriction to the
diagonal of M x M of its Schwartz kernel defines a smooth density kp(z,z) with
values in End £. Therefore, when M is compact then P is a trace-class operator on
L?*(M, ) and we have

(3.25) Trace(P) = /M tre kp(z, x).

We shall now construct an analytic extension of the operator trace to the class
\II%Z(M, E) of UyDOs of non-integer order. As in [Gu2] (see also [KV], [CM])
the approach consists in working directly at the level of densities by constructing
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an analytic extension of the map P — kp(z,z) to \II%\‘Z(M, £). Here analyticity
is meant with respect to holomorphic families of ¥yDOs, e.g., the map P —
kp(z,z) is analytic since for any holomorphic family (P(z)).cq with values in
Wint (M, E) the output densities kp(z)(z,x) depend analytically on z in the Fréchet
space C°(M,|A|(M) @ End €).

Let U C R4t be an open of trivializing local coordinates equipped with equipped
with a H-frame Xy, ..., Xy, and for any = € U let ¢, denote the affine change of
variables to the privileged coordinates at . Any P € W}2(U) can be written as
P = p(z,—iX) + R with p € S™(U x R¥!) and R € W=>°(U). Therefore, if
fm < —(d + 2) then using (3.6) we get

(3.26) k() = [02120) ") [ pla, de + k(o).
This leads us to consider the functional,
(3.27) L(p) = (2m)~ () /p(§)d£, p e SMRM).

In the sequel, as in Section 2 for ¥y DOs, we say that a holomorphic family of
symbols (p(2)).ec C S*(R¥H1) is a gauging for a given symbol p € S*(R¥*!) when
we have p(0) = p and ordp(z) = z 4 ordp for any z € C.

Lemma 3.13 ([CM, Prop. L4]). 1) The functional L has a unique analytic con-
tinuation L to SO*(R41). The value of L on a symbol p ~ ijo Dm—; of order
m € C\Z is given by

(3.28) Lp)=(p—Y mm)"0), N=>Rm+d+2,

J<N
where the value of the integer N is irrelevant and the distribution 7,,—; € S'(RI+1)
is the unique homogeneous extension of pm—;(&) provided by Lemma 3.1.

2) Let p € SZ(RM), p ~ > pm—j, and let (p(2)).ec C S* (R be a holomor-
phic gauging for p. Then L(p(z)) has at worst a simple pole singularity at z =0 in
such way that

(3.29) Res.—o L(p(z)) = /|€|_1p_(d+2) (£)rpdg,

where p_(q42)(&) is the symbol of degree —(d + 2) of p(§) and E is the anisotropic
radial vector field 2§00,, + &10¢, + ... + £q0¢, -

Proof. First, the extension is necessarily unique since the functional L is holomor-
phic on S (R%+1) and each symbol p € SC*(R4*1) can be connected to S™t(R4*1)
by means of a holomorphic family with values in SE%(R4+1).

Let p € SY9(RI*) p ~ > j>0Pm—j, and for j = 0,1,... let 7,,_; € S/(RI+1)
denote the unique homogeneous extension of p,,_; provided by Lemma 3.1. For
N > Rm+d+ 2 the distribution p— j<N Tm—j agrees with an integrable function
near oo, so its Fourier transform is continuous and we may define
(3.30) Lip) ==Y mm-3)"0).

J<N
Notice that if j > Rm+d+2 then 7,,_; is also integrable near oo, so 7,,—;(0) makes
well sense. However, its value must be 0 for homogeneity reasons. This shows that

the value of N in (3.30) is irrelevant, so this formula defines a linear functional
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on SC\Z(Rd“). In particular, if ®m < —(d + 2) then we can take N = 0 to get
L(p) = [p(€)d¢ = L(p). Hence L agrees with L on S (R4 +1) N SOF(RI+D).
Let ( ( ))ZGQ be a holomorphic family of symbols such that w(z) = ordp(z) is
never an integer and let us study the analyticity of E(p(z)) As the functional L
is holomorphic on S (R9*+1) we may assume that we have |Rw(z) — m| < 1 for
some integer m > —(d + 2). In this case in (3.30) we can set N = m + d + 2 and
for j =0,...,m+d+ 1 we can represent 7(2)(-)—; by p(z )w(z) _j- Then, picking
pE C"X’(Rd“) such that ¢ = 1 near the origin, we see that L(p(2)) is equal to

331
/ p(2) 2©) S DOl — S (@)

j<m+d+2 j<m+d+2
—LEE) - @) = 3 [ peue-©e©d,
j<m+d+1

where we have let 7(2) = 7(2)w(z)—m—(a+2) and p(2) = p(2)—(1=9¢) > ey ara P(2)w(z)—j-
In the r.h.s. of (3.31) the only term that may fail to be analytic is —(7(z), ¢).
Notice that by the formulas (A.1) and (A.5) in Appendix we have

(3.32) (r(2), ) = /p(z)w(z)fmf(d+2)(90(§) — ¥=(€))d¢,

with 1, € C%°(R4H1) of the form 1, () = fl:\lﬁ\l w(Z% ———4 4 1)g](t)dt, where
g(t) can be any function in C°(R ) such that [ g( g t)dt = 1. Without any loss of
generality we may suppose that (& flogl\i\l 9( )dt with g € C°(R) as above.

Then we have 1), (§) = —mg(log ll€]) + ¢ (&), which gives

333) (r2).9) = 7= [ Ehuco-moasa(©aliog €1

L w(z)—m d

Together with (3.31) this shows that L(p(z)) is an analytic function, so the the first
part of the lemma is proved.

Finally, let p ~ Y pp—; be a symbol in SZ(R?*1) and let (P(2))|Rz—m|<1 be a
holomorphic family which is a gauging for p. Since p(z) has order w(z) =m + z it
follows from (3.31) and (3.33) that L(p(z)) has at worst a simple pole singularity
at z = 0 such that

. O N ap
(3:31) Resco L(p(2)) = Res.co — [ pgllog )} /|s|| P(2)main (€

= —/ P—(d+2)(§)rEds.
llgll=1
This proves the second part of the lemma. (I
Now, for P € \Ilg\Z(U) we let

(3.35) tp(x) = (2m) "D | Lp(x,.)) + kr(z, ),

where the pair (p, R) € SO (U x R¥1) x > (U) is such that P = p(z, —iX) + R.
This definition does not depend on the choice of (p, R). Indeed, if (p’, R') is another
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such pair then p—p’ is in S~°° (U x R¥*1), so using (3.26) we that kg (z,2)—kg(z, )
is equal to

(3.36)  K(ppr)(ar—ix) (@, @) = (2m) "D LL((p - p)(x,.))
= (2m) "D |(Lp(z,.)) — LB/ (z,.))),

which shows that the r.h.s. of (3.35) is the same for both pairs.

On the other hand, observe that (3.31) and (3.33) show that L(p(z,.)) depends
smoothly on z and that for any holomorphic family (p(2))(z) € Q ¢ SO (U xR4+1)
the map z — L(p(z,.)) is holomorphic from Q to C°°(U). Therefore, the map
P — tp(x) is an analytic extension to W%Z(U) of the map P — kp(z,x).

Let P € VZ(U) and let (P(2)).cao C ¥%(U) be a holomorphic gauging for
P. Then it follows from (3.31) and (3.33) that with respect to the topology of
C>(M,|A[(M)®End £) the map z — tp()(z) has at worst a simple pole singularity
at z = 0 with residue

(3.37) Res.—otp(:)(z) = —(2m)(d+2) /Ifll—l P—(dt2)(§)rpd§ = —cp(x),

where p_(q42)(§) denotes the symbol of degree —(d + 2) of P.

Next, let ¢ : U — U be a change of H-framed local coordinates. Let P €
\IJ%Z(U ) and let (P(2)).cc be a holomorphic family which is a gauging for P.
As shown in [Po8] the Uy DO family (¢*P(z)).ec is holomorphic and is a gaug-
ing for ¢*P. Moreover, as for fz negatively large enough we have kg4-p(;) =
|¢'(z)|kp(z)(é(x), ¢(x)), an analytic continuation gives

(3.38) ty-p(z) = ¢/ (2)|tr(d(x)).

Now, in the same way as in the construction of the density cp(z) in the proof
of Proposition 3.11, it follows from all this that if P € U7(M,E) then there exists
a unique End E-valued density ¢p(x) such that, for any local H-framed chart « :
U — V and any trivialization 7 : £, — U x C", we have

(3.39) tp(2)lu = 7K (ty.r(py,) (€)d).

On every trivializing H-framed chart the map P — tp(z) is analytic and satis-
fies (3.37). Therefore, we obtain:

Proposition 3.14. 1) The map P — tp(z) is the unique analytic continuation of
the map P — kp(x,x) to ‘I/SZ(M,S).

2) Let P € W& (M, E) and let (P(2)).eq C Vi (M,E) be a holomorphic family
which is a gauging for P. Then, in C°(M, |A|(M)®End &), the map z — tp(.)(x)
has at worst a simple pole singularity at z = 0 with residue given by

(3.40) Res.—otpx)(x) = —cp(),

where cp(z) denotes the End E-valued density on M given by Theorem 3.11.
3) The map P — tp(x) is functorial with respect to Heisenberg diffeomorphisms
as in (3.21).

Remark 3.15. Taking residues at z = 0 in (3.38) allows us to recover (3.21).
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From now one we assume M compact. We then define the canonical trace for
the Heisenberg calculus as the functional TR on \I/%Z(M ,€) given by the formula,

(3.41) TRP::/ tretp(z) VP e USP(M,E).
M

Proposition 3.16. The canonical trace TR has the following properties:

1) TR is the unique analytic continuation to \I/SZ(M, &) of the usual trace.
2) We have TR P, P, = TR P, Py whenever ordP; 4+ ordPs & Z.

3) TR is invariant by Heisenberg diffeomorphisms, i.e., for any Heisenberg dif-
feomorphism ¢ : (M,H) — (M', H') we have TR ¢,P =TRP VP € \IJ%Z(M,E).

Proof. The first and third properties are immediate consequences of Theorem 3.14,
so we only have to prove the second one.

For j =1,21let P; € U3 (M, €E) and let (Pj(2))zec C ¥ (M, E) be a holomorphic
gauging for P;. We further assume that ordP; + ordP» ¢ Z. Then P;(z)P»(z) and
P5(z)Py(z) have non-integer order for z in C\ X, where ¥ := —(ord P, +ordP,) 4+ Z.
For Rz negatively large enough we have Trace Py (z) P2(z) = Trace Py(z)P1(z), so by
analytic continuation we see that TR Py (z) P2(z) = TR P2(2) Py (z) for any z € C\X.
Setting z = 0 then shows that we have TR P, P, = TR P>, P; as desired. O

Next, we define the noncommutative residue for the Heisenberg calculus as the
linear functional Res on W% (M, £) given by the formula,

(3.42) ResP::/ trecp(z) VP € U4 (M,E).
M

This functional provides us with the analogue for the Heisenberg calculus of the
noncommutative residue trace of Wodzicki ([Wol], [Wo3]) and Guillemin [Gul], for
we have:

Proposition 3.17. The noncommutative residue Res has the following properties:

1) Let P € WL (M, &) and let (P(2)).cq C Vi (M,E) be a holomorphic gauging
for P. Then at z = 0 the function TR P(z) has at worst a simple pole singularity
in such way that we have

(3.43) Res.—o TR P(z) = —Res P.

2) We have Res Py P, = Res P, P, whenever ord Py + ordP, € Z. Hence Res is a
trace on the algebra W% (M, E).

3) Res is invariant by Heisenberg diffeomorphisms.
4) We have Res P! = Res P and Res P* = Res P for any P € V% (M,€).

Proof. The first property follows from Proposition 3.14. The third and fourth
properties are immediate consequences of Propositions 3.11 and 3.12.

It remains to prove the 2nd property. Let P; and P» be operators in ¥}, (M, &)
such that ordP; +ordPs € Z. For j = 1,2 let (P;(2)).ec C ¥};(M,E) be a holomor-
phic gauging for P;. Then the family (P1(5)P2(5)).ec (resp. (Po(5)Pi(5))zec) is a
holomorphic gauging for Py P> (resp. P, P;). Moreover, by Proposition 3.16 for any
z € C\Z we have TR Py(5)P2(5) = TR Pz (2)P1(5. Therefore, by taking residues
at z = 0 and using (3.43) we get Res P; P, = Res P, P, as desired. ]
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3.3. Traces and sum of commutators. Let (M?*!, H) be a compact Heisenberg
manifold and let £ be a vector bundle over M. In this subsection, we shall prove
that when M is connected the noncommutative residue spans the space of traces
on the algebra WZ (M, ). As a consequence this will allow us to characterize the
sums of commutators in W% (M, €).

Let H C TR%! be a hyperplane bundle such that there exists a global H-frame

Xo,X1,...,Xq of TR™!. We will now give a series of criteria for an operator
P € V% (RI*1) to be a sum of commutators of the form,
(3.44) P =[zo, Po]+ ...+ [xa, Pal,  Pj € UH(R™).

In the sequel for any = € R4t we let 1/, denote the affine change of variables to
the privileged coordinates at x with respect to the H-frame X, ..., Xg.

Lemma 3.18. Let P € \IJE(dH)(RdH) have a kernel of the form,

(3.45) kp(x,y) = [y Ko(z, —a(y)),

where Ko(z,y) € Ko(R¥! x R4*Y) s homogeneous of degree 0 with respect to y.
Then P is a sum of commutators of the form (3.44).

Proof. Set 1. (y) = A(x).(y — x) with A € C®°(R¥! GL4y1(R¥Y)) and for j, k =

., d define
(3.46)  Kpue.y) = A ol Kolw.y),  (2.9) € R <RI\,
where By = 1 and 81 = ... = B4 = 3. As K i(z,y) is smooth for y # 0 and is

homogeneous with respect to y of degree —2 if j = 0 and of degree —1 otherwise,
we see that it belongs to K.(R x R). Therefore, the operator Q;; with Schwartz
kernel kg, = [¢,|Kjr(x, =1 (y)) is a ¥gDO.

Next, set A71(z) = (A9%(2))1<jr<a. Since zp — yr = _Z;i:o AR ()b, (y) we
deduce that the Schwartz kernel of Z?,k:o [k, Qjk) is |¥L| K (2, =14 (y)), where

(347) K(z,y)= > Ay |yl Ko(z,y)

0<j ki l<d
Ly -
>yl Ko(x,y) = Ko(,y).
0<j<d
Hence P = Zj,k:o[xkv Qjx]. The lemma is thus proved. O

Lemma 3.19. Any R € U~°(R¥*1Y) can be written as a sum of commutators of

the form (3.44).

Proof. Let kgr(z,y) denote the Schwartz kernel of R. Since kgr(z,y) is smooth we
can write

(348) k‘lR(xay> = kR<.'IJ,J7) + (.’1?0 - yO)kRo T, ) +. (xd - yd)de(ﬂﬁ y)

Y
,y). For j =0,...,d let R; be the
y) and let @ be the operator with
8) we have

(
for some smooth functions kg, (x,y),...,kr,(
smoothing operator with Schwartz kernel kg, (
Schwartz kernel kq(z,y) = kr(z, ). Then by

(349) R = Q + [(E(], Ro] +...+ [(Ed, Rd]

Observe that the kernel of @ is of the form (3.45) with Ko(x,y) = || tkg(z, x).
Here Ko(z,y) belongs to Ko(RI*! x R4*1) and is homogeneous of degree 0 with
24
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respect to y, so by Lemma 3.18 the operator @) is a sum of commutators of the
form (3.44). Combining this with (3.49) then shows that R is of that form too. O

Lemma 3.20. Any P € U (R*Y) such that cp(x) = 0 is a sum of commutators
of the form (3.44).
Proof. For j =0,...,dwelet gj(z,&) = 22:0 ojk(x)&, denote the classical symbol
of —iX;. Notice that o(z) := (0,x(z)) belongs to C®° (R4 GLy41(C)).

(i) Let us first assume that P = (0¢,q)(z, —iX) for some q € SZ(U x R**1). Set
go(x,&) = q(z,0(x,£)). Then we have

lq(z, —iX), zx] = (g5 (z, D), zk] = (0¢,.q0)(z, D) Zalk )(0¢,q)(z, —1X).

Therefore, if we let (*!(2)) be the inverse matrix of o(z), then we see that

D o7 @)z, —iX),a] = Y o7 (@)ou (2) (9 q) (x, —iX) = (9g,q) (2, —iX) = P.
k k,l

Hence P is a sum of commutators of the form (3.44).

(ii) Suppose now that P has symbol p ~ Zj<mpj with p_(q12) = 0. Since
pi(x, &) is homogeneous of degree | with respect to &, the Euler identity,

(3.50) 2800¢op1 + £10e, 1 + - - .+ £q0e .01 = Upy,
implies that we have
(3.51) 20¢, (Sopr) + Og, (§1p1) + - + O, (Sapr) = (L +d + 2)py.

For j =0,...,d let ¢9) be a symbol so that ¢(¥) ~ ~ (a2l +d+2)7 1§]pl

Then for [ # —(d +2) the symbol of degree [ of 20¢,q(® + 0¢, ¢V + ... + 9¢, ¢V
equal to

(3.52) (I +d +2)71(20g, (Som1) + O, (&ap1)) + - - - + e, (Eapr)) = p1.
Since p_(g42) = 0 this shows that p — 2650q(0) + 851q(1) + ..+ 8§jq(d) is in
S=o°(RI*! x R4*1). Thus, there exists R in W~ (R4*!) such that

(353) P = 2(650(](0))(1‘, _iX) + (651q(1))(m, _iX) +o.F (85jq(d))(x7 _iX) + R,

Thanks to the part (i) and to Lemma 3.19 the operators (9¢,¢"))(z, —iX) and
R are sums of commutators of the form (3.44), so P is of that form as well.

(iii) The general case is obtained as follows. Let p_(g42)(x,€) be the symbol
of degree —(d + 2) of P. Then by Lemma 3.7 we can extend p_(442)(z,§) into a
distribution 7(z, &) in C*°(R¥*1)®S’(R¥*H1) in such way that Ko(z,y) = 7y (z,9)
belongs to Ko(R4T! x R4*t1). Furthermore, with the notation of (3.5) we have
cro(z) = (2m)~(@+2) f\lﬁ\lzl P—(a+2)(7,&)tpdE. Therefore, by using (3.12) and the
fact cp(z) is zero, we see that cxo(x) = [¢.|"tep(x) = 0. In view of (3.5) this
show that Ko (z,y) is homogeneous of degree 0 with respect to y.

Let Q € U, (R%+1) be the W5 DO with Schwartz kernel |0/, | Ko(z, —tb, (y)).
Then by Lemma 3.18 the operator @ is a sum of commutators of the form (3.44).
Moreover, observe that by Proposition 3.8 the operator ) has symbol ¢ ~ q_(q42),
where for £ # 0 we have q_(419)(2,§) = (Ko)g_f(x,f) = p_(a+2)(x,§). Therefore
P — @ is a DO whose symbol of degree —(d + 2) is zero. It then follows from
the part (ii) of the proof that P — @ is a sum of commutators of the form (3.44).
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All this shows that P is the sum of two operators of the form (3.44), so P is of that
form too. d

In the sequel we let U5, (R*!) and W (R**!) respectively denote the classes

of ¥z DOs and smoothing operators on R4 with compactly supported Schwartz
kernels.

Lemma 3.21. There exists ' € \Ilﬁngm(RdH) such that, for any P € W% (RY),
we have

(3.54) P = (ResP)I' mod [T} (R™), ¥F (R

Proof. Let P e U% (R*!). We will put P into the form (3.54) in 3 steps.

(i) Assume first that c¢p(z) = 0. Then by Lemma 3.20 we can write P in the form,
(3.55) P =[xg,Po]+ ...+ [xa, Pa),  Pj € V(R

Let x and ¢ in C2°(R?*1) be such that 1(x)y(y) = 1 near the support of the kernel

of P and x = 1 near supp . Since ¥ Py = P we obtain
d

d d
(3.56) P =Y "lzg, Pt =Y [wa, o Patf] = Y [x¥a, Y Pat].
=0 =0 =0
In particular P is a sum of commutators in W7 (R*1).

(ii) Let Ty € \I!I_{(d+2) have kernel kr,(z,y) = —log||¢.(y)| and suppose that
P = cI'yyp where ¢ € C°(R*H1) is such that [c(z)dz = 0 and ¢ € C(RIH1) is
such that 1) = 1 near supp c. First, we have:

Claim. If ¢ € C2°(R*™1) is such that [ c(z)dz = 0, then there exist co,...,cq in
C>(R*1) such that ¢ = dyyco + - . + OuyCa-

Proof of the Claim. We proceed by induction on the dimension d+1. In dimension 1
the proof follows from the the fact that if ¢ € C2°(R) is such that [*_ ¢(xo)dzo = 0,
then &(zo) = [*7_ c(t)dt is an antiderivative of ¢ with compact support.

Assume now that the claim is true in dimension d and under this assumption let
us prove it in dimension d + 1. Let ¢ € C°(R*t!) be such that [p.,, ¢(z)dz = 0.
For any (zg,...,24_1) in R? we let &(zq,...,7q4_1) = f]R (o, .., Tdg—1,xq)dxy.
This defines a function in C2°(R%) such that
(3.57) / é(xoy .., Tg—1)dxg ... drg_1 = / c(xoy ..., xq)dxg...dxg =0.

Rd Rd+1
Since the claim is assumed to hold in dimension d, it follows that there exist
G0, .., Eq—1 in C°(RY) such that ¢ = Y1_ 0,,¢;.

Next, let ¢ € C2°(R) be such that p(z4)dzg = 1. For any (xo,...,7q) in R4T?
we let
(3.58) b(xo,...,xq) = c(xo,...,xq) —p(xa)e(To, ..., Ta—1)-

This defines a function in C2°(R4*1) such that

(3.59) / b(xo, ..., xq)dxg = / c(xoy ..., xq)dxg — &(z0,. .., xq-1) = 0.

— 0o —00
Therefore, we have b = 8,,cq, where cq(xo, ..., 2q) == [2 b(zo,...,xq—1,t)dt is a
function in C2°(R4T1).
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In addition, for j = 0,...,d—1and for (zo, ..., xq) in R4 welet ¢;(xo, ..., zq4) =
©(zq)&(x0, ..., r4-1). Then ¢, ,...,cq_1 belong to C°(R¥*!) and we have

(3.60) c(xo,...,xq) =b(zg,...,2q4) + @(xq)e(T0,- .., Ta—1)

d-1 d
= Oy cd(zo, ..., zq) + p(q) Z&vjéj(xo, ceyBd—1) = Za%'cj‘
=0 =0

This shows that the claim is true in dimension d+1. The proof is now complete. []

Let us now go back to the proof of the lemma. Since we have [ ¢(z)dx = 0 the
above claim tells us that ¢ can be written in the form ¢ = Zj:o 0jc; with g, ..., ¢cq
in C°(R4T1). Observe also that the Schwartz kernel of [9,,,T] is equal to

(3.61)  (9r, — Oy, )[—log [[v=(y)l]

= > (0s; — 0y )[em(z) (@ — y)][0z, 1og |2|) .=, ()
k,l

= (k= ) (O, ex0) ()71 (— 0 (1) 100 () |,
k.l

where we have let vo(y) = %yo and 1 (y) = y3, k = 1,...,d. In particular
ko, ro)(z,y) has no logarithmic singularity near the diagonal, that is, we have
']
C[@wj ,Fo] (.13) = 0.
Next, let ¢ € C2°(R¥*1) be such that 1) = 1 near suppcUsuppc; U---Usupp cg
and let y € C°(R%*1) be such that y = 1 near supp+. Then we have

(3.62)  [XOx,,c;T0t] = [On;, c;Tov] = [0, ¢j]0o% + ¢[0x;, Lolth + ¢;T0[0x,, Y]
= 8mj CjF(ﬂ/) + ¢ [E)I] R Fo]w + Cj].—‘oamjw.

Since ¢;I'00;; 1 is smoothing and ¢, [0, Tolu(T) = CjClo, ;o] (z) = 0 we deduce from
this that P is of the form P = Z;l:o [XOs,,c;Tot] + Q with @ € % (R4T) such
that cg(z) = 0. It then follows from the part (i) that P belongs to the commutator
space of W4 (R*H1).

(iii) Let p € C®(R*1) be such that [p(z)dr = 1, let ¥ € C®(R¥*) be
such that ¢ = 1 near suppp, and set I' = pl'gtp. Let P € \I/%C(Rd“) and let
Y e C°(R*1) be such that ¥ = 1 near supp cp Usupp . Then we have

(3.63) P = (Res P)T + (Res P)plo(¢ — ) + (¢cp — (Res P)p)Tot) + P — ¢pTot.
Notice that (Res P)pLy(1) — 1) belongs to W% (R4*HL). Observe also that the

logarithmic singularity of P —cpT'gt) is equal to cp(x) — @(m)cP(x) = 0. Therefore,
it follows from (i) that these operators belong to commutator space of W%  (R*1).
In addition, as [(cp(z)—(Res P)p(z))dz = 0 we see that (cp—(Res P)p)To1) is as in
(ii), so it also belongs to the commutator space of \I/%I,C(Rdﬂ). Combining all this
with (3.63) then shows that P agrees with (Res P)I" modulo a sum of commutators
in U4 (R*1). The lemma is thus proved. O

Next, we quote the well known lemma below.

Lemma 3.22 ([Gu3, Appendix]). Any R € ¥~°°(M,E) such that Tr R = 0 is the
sum of two commutators in W°(M,E).
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We are now ready to prove the main result of this section.

Theorem 3.23. Assume that M is connected. Then any trace on V% (M, ) is a
constant multiple of the noncommutative residue.

Proof. Let T be a trace on W% (M, £). By Lemma 3.21 there exists I € \I/I_{(;H_Q) (RI+1)
such that any P = (Pj;) in ¥% (R!, C") can be written as

(3.64) P =T® Rmod [V} (R"), ¥% (R*)] @ M,(C),

where we have let R = (Res P;;j) € M,(C). Notice that Tr R = )~ Res P;; = Res P.
Thus R — %(Res P)I, has a vanishing trace, hence belongs to the commutator space
of M,.(C). Therefore, we have

1
(3.65) P = (ResP)I' ® (=1,) mod [¥% (R C"),¥% (R¥ C).
r ; .

Let x: U — R be alocal H-framed chart mapping onto R?*! and such that £
is trivializable over its domain. For sake of terminology’s brevity we shall call such
a chart a nice H-framed chart. As U is H-framed and is Heisenberg diffeomorphic
to R*! and as€ is trivializable over U, it follows from (3.65) that there exists

I'y e \I/;I(‘Hz)(U7 &,,) such that, for any P € ¥% ((U,€),), we have

,C
(3.66) P=(ResP)I'y mod [¥5 (U, E,), ¥ (U,E,)].
If we apply the trace 7, then we see that, for any P € \I/%)C(U, &, ), we have
(367) T(P) = AU Res P, AU = T(FU).

Next, let U be the set of points € M near which there a domain V of a nice
H-framed chart such that Ay = Ay. Clearly U is a non-empty open subset of M.
Let us prove that i/ is closed. Let € U and let V be an open neighborhood of
2 which is the domain a nice H-framed chart (such a neighborhood always exists).
Since = belongs to the closure of U the set U UV is non-empty. Let y e YU V. As
y belongs to U there exists an open neighborhood W of y which is the domain a
nice H-frame chart such that Ay = Ay. Then for any P in \I/%C(V NW, Eveaw)
we have 7(P) = Ay Res P = Ay Res P. Choosing P so that Res P # 0 then shows
that Ay = Aw = Ay. Since V contains z and is a domain of a nice H-framed
chart we deduce that x belongs to &. Hence U is both closed and open. As M is
connected it follows that U agrees with M. Therefore, if we set A = Ay then, for
any domain V of a nice H-framed chart, we have

(3.68) 7(P)=AResP VP e U} (V,&,).

Now, let (p;) be a finite partition of the unity subordinated to an open covering
(U;) of M by domains of nice H-framed charts. For each index i let ¢; € C2°(U;)
be such that 1; = 1 near supp ;. Then any P € \II%{(M,E) can be written as
P = > ¢;Py; + R, where R is a smoothing operator whose kernel vanishes near
the diagonal of M x M. In particular we have Trace R = 0, so by Lemma 3.22 the
commutator space of W2 (M, £) contains R. Since each operator ¢; Pi; can be seen
as an element of W% (U, &|y, ), using (3.68) we get

(3.69) T(P) =) 7(giP¥;) = > AResp;Pih; = ARes P.
Hence we have 7 = A Res. This shows that any trace on W% (M, &) is proportional
to the noncommutative residue. (]
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Since the dual of VZ (M, £)/[VE (M, E), V% (M, £)] is isomorphic to the space of
traces on WZ (M, E), as a consequence of Theorem 3.23 we get:

Corollary 3.24. Assume M connected. Then an operator P € W% (M, £) is a sum
of commutators in W (M, E) if and only if its noncommutative residue vanishes.

Remark 3.25. In [EM] Epstein and Melrose computed the Hochschild homology of
the algebra of symbols WZ (M, E) /U ~°(M, ) when (M, H) is a contact manifold.
In fact, as the algebra W=>°(M,E) is H-unital and its Hochschild homology is
known, the long exact sequence of [Wo4] holds and allows us to relate the Hochschild
homology of W% (M, &) to that of W5 (M,E)/U~=°(M,E). In particular, we can
recover from this that the space of traces on W% (M, £) is one-dimensional when
the manifold is connected.

4. ANALYTIC APPLICATIONS ON GENERAL HEISENBERG MANIFOLDS

In this section we derive several analytic applications of the construction of the
noncommutative residue trace for the Heisenberg calculus. First, we deal with
zeta functions of hypoelliptic ¥z DOs and relate their singularities to the heat
kernel asymptotics of the corresponding operators. Second, we give logarithmic
metric estimates for Green kernels of hypoelliptic ¥ ;7 DOs whose order is equal to
the Hausdorff dimension dim M + 1. This connects nicely with previous results
of Fefferman, Stein and their students and collaborators. Finally, we show that
the noncommutative residue for the Heisenberg calculus allows us to extend the
Dixmier trace to the whole algebra of integer order WyDOs. This is the analogue
for the Heisenberg calculus of a well-known result of Alain Connes.

4.1. Zeta functions of hypoelliptic ¥5DOs. Let (M! H) be a compact
Heisenberg manifold equipped with a smooth density > 0, let £ be a Hermitian
vector bundle over M of rank r, and let P : C*°(M,E) — C*°(M,E) be a U DO of
integer order m > 1 with an invertible principal symbol. In addition, assume that
there is a ray Ly = {arg A = 6} which is is not through an eigenvalue of P and is a
principal cut for the principal symbol o,,,(P) as in Section 2.

Let (P§)sec be the associated family of complex powers associated to 6 as in
Proposition 2.18. Since (Pj)sec is a holomorphic family of ¥yDOs, Proposi-
tion 3.16 allows us to directly define the zeta function (y(P;s) as the meromorphic
function,

(4.1) Co(P;s):=TRP, ", seC.
Proposition 4.1. Let ¥ = {—%, —%, =k L2} Then the function

Co(P;s) is analytic outside 3, and on X it has at worst simple pole singularities
such that

(4.2) Ress—s (o(P;s) = mRes P, 7, ocl.
In particular, Co(P;s) is always regular at s = 0.

Proof. Since ordP, ® = ms it follows from Proposition 3.17 that (s(P; s) is analytic
outside ¥’ := YU{0} and on X’ has at worst simple pole singularities satisfying (4.2).
At s = 0 we have Ress—q (g(P; s) = mRes P = mRes[1 — Io(P)], but as Iy (P) is
a smoothing operator we have Res[l — IIo(P)] = —ResIIy(P) = 0. Thus (p(P;s)
is regular at s = 0.
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Assume now that P is selfadjoint and the union set of its principal cuts is ©(P) =
C\ [0, 00). This implies that P is bounded from below (see [Po8]), so its spectrum
is real and contains at most finitely many negative eigenvalues. We will use the
subscript T (resp. |) to refer to a spectral cutting in the upper halfplane SA > 0
(resp. lower halfplane S\ < 0).

Since P is bounded from below it defines a heat semigroup e~**, ¢ > 0, and, as
the principal symbol of P is invertible, for ¢ > 0 the operator e ** is smoothing,
hence has a smooth Schwartz kernel k;(z,y) in C*°(M,E)QC>®(M,E* @ |A|(M)).
Moreover, as t — 0T we have the heat kernel asymptotics,

(4.3) ke(z,2) ~ 1750 Yt a;(P)(x) +logt Y t*bi(P)(x),

5>0 k>0
where the asymptotics takes place in C*°(M,End € ® |A|(M)), and when P is a
differential operator we have ag;j_1(P)(z) = b,;(P)(x) = 0 for all j € N (see [BGS],
[Po5] when P is a differential operator and see [Po8] for the general case).

Proposition 4.2. For j =0,1,... set 0; = %. Then:
1) When o; ¢ Z_ we have

(4.4 Res—o, tp () = mep—s, (2) = (o)) ~a, (P)(@)

2) For k=1,2,... we have

(4.5) Ress—k tp—: (¢) = mepr(2) = (=1) klby (P) (),

@6 lim [ty (x) — mls 4 B) epe(@)] = () Rageaini(P)(w).
3) For k =0 we have

(47) i £ (2) = ay2(P)(z) — tn, (@)

Remark 4.3. When P is positive and invertible the result is a standard consequence
of the Mellin formula (see, e.g., [Gi]). Here it is slightly more complicated because
we don’t assume that P is positive or invertible.

Proof. For s > 0 set Qs =I'(s)~! fol t*~te~tPdt. Then we have:
Claim. The family (Qs)ns>0 can be uniquely extended to a holomorphic family of

U DOs parametrized by C in such way that:

(i) The families (Qs)sec and (PT_ *)sec agree up to a holomorphic family of
smoothing operators;

(i) We have Qo = 1 and Q_, = P* for any integer k > 1.

Proof of the claim. First, let I, (P) and II_(P) denote the orthogonal projections
onto the positive and negative eigenspaces of P. Notice that II_(P) is a smoothing
operator because P has at most only finitely many negative eigenvalues. For $s > 0
the Mellin formula allows us to write

> d
(4.8) 5 T (P)P* +T(s) " /0 tsm(p)e*“’% — Q, + Ry, (9),

where Ry (s) is equal to

(4.9) H,(P)Pﬂs—s‘ll“(s)‘IHO(P)—H,(P)/O tse—“?itJr/loc t5I4 (P)e
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Notice that (TI_(P)P; *)sec and (s~'T'(s)"'TIp(P))sec are holomorphic families of
smoothing operators because II_(P) and IIo(P) are smoothing operators. More-

over, upon writing

! dt Lo pdt
(4.10) H,(P)/ tse_tPT :H,(P)(/ tée—tp7)n,(P),
0 0
(4.11) / 1L, (P)etP 2 — e—%P(/ 1L, (P)etP 1P,
1 t 1/2 t

we see that (IT_(P) fol e P dt)pono and (77 T (P)e P d) g, o are holomor-
phic families of smoothing operators. Therefore (Rq|(s))rs>0 is a holomorphic
family of smoothing operators and using (4.8) we see that (Qs)nrs>o is a holomor-
phic family of ¥y DOs.

Next, an integration by parts gives

1 1
d
(4.12) F(S + 1)PQ5+1 :/ ts%(e_tp) B e_P + 3/ ts_le_tpdt_
0 0
Since I'(s + 1) = sT'(s) we get
(4.13) Qs =PQ.1 —T(s+1)"te ] Rs > 0.
An easy induction then shows that for k = 1,2, ... we have

(4.14) Qs =PFQuip —T(s+ k)P le P 4 4 (—DFD(s+1)"te P,

It follows that the family (Qs)ns>0 has a unique analytic continuation to each half-
space Rs > —k for k = 1,2,..., so it admits a unique analytic continuation to C.
Furthermore, as for Rs > —k we have Pﬁs = PkPT_l(SHf) we get

(4.15) Qs—P;° = PRy (s+k)—T(s+k) ' P le P 4 (=1)"T(s+1) """,

from which we deduce that (Qs — P;|*)gs>—« is a holomorphic family of smoothing

operators. Hence the families (Qs)sec and (P} °)sec agree up to a holomorphic
family of smoothing operators.
Finally, we have

1
(4.16) Q1 =o(P) + / (1 —Mo(P))e P dt = y(P) — P~ (e T —1).
0
Thus setting s =1 in (4.13) gives

(417) Qo =P[y(P) =P (e’ =1)]+e " =—-1-M(P))(e " =1)+e "
=1-—TIy(P) + Ipe ¥ =1.
Furthermore, as I'(s) ™! vanishes at every non-positive integer, from (4.14) and (4.17)

we see that we have Q_, = P*¥Qy = P* for any integer & > 1. The proof of the
claim is thus achieved. (]

Now, for j =0,1,... we set 0; = %. As (Ry)(8))sec = (P;;° — Qs)sec is a
holomorphic family of smoothing operators, the map s — tg, i(s)(gc) is holomorphic
from C to C*°(M,|A|(M) ® EndE). By combining this with Proposition 4.1 we
deduce that for j =0,1,... we have
(4.18) Res—, tpﬂs () = mcp—0, (x) = Ress—q, Lq, (),
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Moreover, as for k =1,2,... we have Ry (—k) = 0 we also see that

(4.19) lim [tpis (x) —m(s + k) tepr ()]

S§——

= lim [tg,(z) — (s + k) ' Ress—_1 to. (2)].

s——k
Similarly, as P% =1-TIp(P) = Qo — IIx(P) we get
(4.20) lir% tpﬂs (x) = lin%) to, (z) — tm, (z).

Next, let kg, (x, y) denote the kernel of Q5. As Qs has order —ms, for Rs > —%
this is a trace-class operator and thanks to (4.3) we have

1
(4.21) F(s)kQS(x,x):/O t5 kg (2, z)dt.

Moreover (4.3) implies that, for any integer N > 0, in C*°(M,End € ® |A|(M)) we
have

(4.22) ki(z,x) = Z t™%a;(P)(z) + Z (t* log t)by (P)(x) + O(tN).

—o,; <N k<N

Therefore, for Rs > 42 the density I'(s)kq, (z, z) is of the form

(4.23) Z (/ ts_"j%)aj(P)(m) + Z (/0 thts logt%)bk(P)(x) +T(s)hn,s(2),

o;<N 70 E<N

with hy s(z) € Hol(Rs > —N,C>®(M,End € ® |A|(M)). Since for a > 0 we have

1 1
dt 1 1
(4.24) / t*logt— = f—/ to it = ——,
0 t o Jo «

we see that kg, (z, z) is equal to
(425) T(s)' Y ——a;(P)(a) —T(s) L 3 ——be(P) () + s (2).

= s+ k)?
Since I'(s) is analytic on C\ (Z_ U {0}) and for k = 0,1,... near s = —k we have
[(s)™' ~ (=1)*k!(s + k)~ , we deduce that:
- when o & N we have Res,—,, tg, (z) = () 1a;(P)(z).
-for k=1,2,... we have
(4.26) Ress—_itg,(z) = (=1)* Kby (P) (z),
(427)  lim [t () ~ (s +B) " Resu_i fq. (2)] = (~1)Klagis i (P)(2).

- for k = 0 we have lims_.gtg, (z) = agt2(P)(z).
Combining this with (4.18)—(4.20) then proves the equalities (4.4)—(4.7). O

From Proposition 4.2 we immediately get:

Proposition 4.4. 1) For j =0,1,... let 0; = d2=]  When oj & Z_ we have:

m

(4.28) Ress—o, (11 (P;s) = mRes P~% =T (0;)™" /M tre a;(P)(x).
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2) For k=1,2,... we have

(4.29) Resg—_1 (1| (P;s) = mRes P* = (—1)k+1k!/M tre bp(P)(z),

(4.30) limk[(:”(P; s) —m(s + k) ! Res P*] = (—1)kk!/ tre agyormi(P)().
s M

3) For k =0 we have
(4.31) ¢ (P;0) = / tre agyo(P)(z) — dimker P.
M

Next, for k = 0,1, ... let Ap(P) denote the (k+1)’th eigenvalue of P counted with
multiplicity. Then by [Po5] and [Po8] as k — oo we have the Weyl asymptotics,

o\ d+2.
4.32 Ae(P) ~ | —— P)=T(14 — t P)(x).
wsm w~ () P =m0 e

Now, by Proposition 4.4 we have
d+2 d+2 1 d+2 d+2

4.33 t P =ml(——)ResP™ m = Il Res P~ m
433) [ tre ao(P)(a) = mP () Res T+ R Res P
Therefore, we obtain:
Proposition 4.5. As k — oo we have
(4.34) )\k(P)N( > . w(P)=(d+2) 'ResP 5.

vo(P)

Finally, we can make use of Proposition 4.4 to prove a local index formula for
hypoelliptic ¥z DOs in the following setting. Assume that £ admits a Zs-grading
E=ET@®E_andlet D: C®(M,E) — C>*(M,E) be a selfadjoint ¥ DO of integer
order m > 1 with an invertible principal symbol and of the form,

0 D* o0 o0
(4.35) D= D , Dy :C®(M,Ex) — C(M,E5).
. 0

Notice that the selfadjointness of D means that D* = D_.
Since D has an invertible principal symbol and M is compact we see that D is
invertible modulo finite rank operators, hence is Fredholm. Then we let

(4.36) ind D :=ind Dy = dimker D; — dimker D_.

Proposition 4.6. Under the above assumptions we have

(4.37) indD = [ strg agio(D?)(z),
M

where strg 1= trg+ —trg— denotes the supertrace on the fibers of £.

Proof. We have D? = D-Dy 0 and D=Dy = D% D4. In particular,
0 DiD_
D+ D is a positive operators with an invertible principal symbol. Moreover, for

Rs > 2t2 the difference ((D_D,;s) — ((D4+D_;s) is equal to

(4.38) > A*(dimker(D_Dy — A) — dimker(D, D_ — X)) =0,
A>0
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for D induces for any A > 0 a bijection between ker(D_D, — ) and ker(DyD_ —\)
(see, e.g., [BGV]). By analytic continuation this yields ((D_D4;0)—{(D4+D_;0) =
0.

On the other hand, by Proposition 4.4 we have

(4.39) ((DsD4+;0) = / tre, ag+2(D+D4)(x) — dimker D+ Dy
M

Since dimker D+ D4 = dim ker D4 we deduce that ind D is equal to
(4.40)
tre, agyo(DyD_)(x) — / tre_ agro(D_Dy)(x) = / stre agyo(D?)(z).
M M M
The proof is thus achieved. ([l

4.2. Metric estimates for Green kernels of hypoelliptic ¥y DOs. Consider
a compact Heisenberg manifold (M9*+!, H) endowed with a positive density and let
£ be a Hermitian vector bundle over M. In this subsection we shall prove that the
positivity of a hypoelliptic ¥z DO pertains in its logarithmic singularity when it
has order —(dim M +1). As a consequence this will allow us to derive some metric
estimates for Green kernels of hypoelliptic ¥DOs.

Let P : C®(M,E) — C>®°(M,€E) be a ¥ygDO of order m > 0 whose principal
symbol is invertible and is positive in the sense of [Po5], i.e., we can write o,,(P) =
q*q* with ¢ € Sm (g* M, £). The main technical result of this section is the following.

Proposition 4.7. The density tre ¢, 2 (z) is > 0.

We will prove Proposition 4.7 later on in the section. As a first consequence, by
combining with Proposition 4.2 we get:

Proposition 4.8. Let ag(P)(x) be the leading coefficient in the small time heat
kernel asymptotics (4.3) for P. Then the density tre ag(P)(x) is > 0.

Assume now that the bracket condition H + [H, H] = TM holds, i.e., H is a
Carnot-Carathéodory distribution in the sense of [Gro]. Let g be a Riemannian
metric on H and let dy(z,y) be the associated Carnot-Carathéodory metric on M.
Recall that for two points = and y of M the value of dg(x,y) is the infinum of the
lengths of all closed paths joining x to y that are tangent to H at each point (such
a path always exists by Chow Lemma). Moreover, the Hausdorff dimension of M
with respect to dg is equal to dim M + 1.

In the setting of general Carathéodory distributions there has been lot of interest
by Fefferman, Stein and their collaborators for giving metric estimates for the
singularities of the Green kernels of hypoelliptic sublaplacians (see, e.g., [FS], [Ma],
[NSW], [Sa]). This allows us relate the analysis of the hypoelliptic sublaplacian to
the metric geometry of the underlying manifold.

An important result is that it follows from the maximum principle of Bony [Bo]
that the Green of kernel of a selfadjoint hypoelliptic sublaplacian is positive near
the diagonal. In general the positivity of the principal symbol does not pertain in
the Green kernel. However, by making use of Proposition 4.7 we shall prove:

Theorem 4.9. Assume that H + [H,H] = TM and let P : C*°(M) — C>®(M) be
a Vg DO of order m > 0 whose principal symbol is invertible and is positive. Let
kp_ﬂ (z,y) be the Schwartz kernel of P~=%2. Then near the diagonal we have

(4.41) ka2 (z,y) ~ —c a2 (z)log dp (2, y).
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In particular k'P_M (z,y) is > 0 near the diagonal.

Proof. It is enough to proceed in an open of H-framed local coordinates U ¢ R4+1.
For z € U let ¢, be the affine change to the corresponding privileged coordinates
at x. Since by Proposition 4.7 we have € dt2 (x) > 0, using Proposition 3.11

we see that near the diagonal we have kp_ﬁ(:c,y) ~ —Cp_ﬁ(l') log ||¥x (y)]l-
Incidentally, we see that k __a+2 (x,y) is positive near the diagonal.

On the other hand, since H has codimension one our definition of the privileged
coordinates agrees with that of [Be]. Therefore, it follows from [Be, Thm. 7.34]

that the ratio ﬁZ (?yl)/\)l remains bounded in (0,00) near the diagonal, that is, we

have logdy(x,y) ~ log ||, (y)|l. It then follows that near the diagonal we have
kpiﬁ (z,y) ~ —C, a2 (z)logdy(x,y). The theorem is thus proved. O

It remains now to prove Proposition 4.7. To this end recall that for an operator
Q € V' (M, ), 1 € C, the model operator Q¢ at a given point a € M is defined as
the left-invariant ¥z DO on So(G, M, £) with symbol ¢*(§) = 01(Q)(a,&). Bearing
this in mind we have:

Lemma 4.10. Let Q € \IIIE,(dH)(M7 E) and let Q™ be its model operator at a point
a€c M.

1) We have cge(x) = cgedx, where cga is a constant and dx denotes the Haar
measure of GoM .

2) In Heisenberg coordinates centered at a we have cg(0) = cqa.

Proof. Let X, X1,...,Xyq be a H frame near a. Since G,M has underlying set
(T,M/H,) ® H, the vectors Xy(a),...,Xq(a) define global coordinates for G, M,
so that we can identify it with R*! equipped with the group law (2.10). In these
coordinates set ¢*(§) := o_(q42)(P)(a,&). Then (2.16) tells us that Q* corresponds
to the operator ¢%(—iX®) acting on So(R%*1), where X¢, ..., X is the left-invariant
tangent frame coming from the model vector fields at a of Xj,..., Xy.

Notice that the left-invariance of the frame X§, ..., X7 implies that, with respect
to this frame, the affine change of variables to the privileged coordinates centered
at any given point x € R4 is just %(y) = y.x~ . In view of (2.10) this implies
that |1)% | = 1. Therefore, from (3.12) we get

(1.42) cgn @) = (2m) "4 [ (@

ll€l=1
Since the Haar measure of G, M corresponds to the Lebesgue measure of R4 this
proves the 1st part of the lemma.

Next, by Definition 2.10 in Heisenberg coordinates centered at a the principal
symbol o_(412)(Q)(7,&) agrees at x = 0 with the principal symbol q_(449)(z,§)
of @ in the sense of (2.18), so we have ¢*({) = q_(a+2)(0,§). Furthermore, as
we already are in Heisenberg coordinates, hence in privileged coordinates, we see
that, with respect to the H-frame Xy, ..., Xy, the affine change of variables g to
the privileged coordinates centered at the origin is just the identity. Therefore, by
using (3.12) and (4.42) we see that c¢g(0) is equal to

@ en D [ 0. umds=n @ [ g€t = con

The 2nd part of the lemma is thus proved. (I
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We are now ready to prove Proposition 4.7.

Proof of Proposition 4.7. For sake of simplicity we may assume that &£ is the trivial

line bundle, since in the general case the proof follows along similar lines. Moreover,

for any @ € M by Lemma 4.10 in Heisenberg coordinates centered at a we have

¢ _at2(0) =c¢ _ar2 . Therefore, it is enough to prove that ¢ a+2 is > 0 for
P m (P~ )e (P™m)e

any a € M.

Let a € M and let Xg,..., Xy be a H-frame near a. By using the coordinates
provided by the vectors Xg(a), ..., X4(a) we can identify G, M with R?*! equipped
with the group law (2.10). We then let H* C TRY*! be the hyperplane bundle
spanned by the model vector fields X{,..., XJ seen as left-invariant vector fields
on R¥*1. In addition, for any z € C we let p(2)(€) := 0. (P )(a,£) be the principal
symbol at a of P, seen as a homogeneous symbol on R4*1\0. Notice that by [Po5,
Rem. 4.2.2] the family (p(z)).ec is a holomorphic family with values in C°° (R4+1\0).

Let x € C°(R4*t1) be such that x (&) = 1 near £ = 0. For any z € C and for any
pair ¢ and v of functions in C°(R¥+1) we set

(4.44) p(2)() == (1 —x)p(z)  and  P,y(2) := op(2)(=iX ).

Then (p(2)).ec and (P, 4(2))sec are holomorphic families with values in S*(R4+1)
and W%, (R4L) respectively.

Notice that P, 4 (z) has order z and the support of its Schwartz kernel is con-
tained in the fixed compact set supp ¢ x supp v, so by Proposition 2.12 the operator
P, 4(2) is bounded on L*(R¥*1) for Rz < 0. In fact, by arguing as in the proof
of [Pob, Prop. 4.6.2] we can show that (P, ,(z))r.<o actually is a holomorphic
family with values in £(L?(R%+1)).

Moreover, by [Po5, Prop. 4.6.2] the family (P, (Z)*).cc is a holomorphic family
with values in ¥}, (R¥1) such that ordP, ,(2)* = z for any z € C. Therefore
(Po,y(2) P (2)" ) o< — ay2 is a holomorphic family with values in Pint (RYFL). For
any z € C let k(z)(x,y) denote the Schwartz kernel of P, (2)P, (%Z)*. Then the
support of k(z)(z,y) is contained in the fixed compact set supp ¢ X supp ¢, and

by using 3.26 we can check that (k(z)(x,y))mxf# is a holomorphic family of

continuous Schwartz kernels. It then follows that (P y(2) Py (Z)" g, e a2 s a
holomorphic family with values in the Banach ideal £!(L?(R*!)) of trace-class
operators on L?(R4+1).

Let us now choose 1 so that v = 1 near supp ¢. For any ¢ € R the operator P
is selfadjoint, so by Proposition 2.11 its principal symbol is real-valued. Therefore,
by Proposition 2.11 the principal symbol of (P, (t) P, (t)*) is equal to

(4.45) [ep(t)y] = [Wp()p] = |ol*p(t) * p(t) = |oI*p(21).

In particular, the principal symbols of P, y(—%2) P, ,,(—%452)* and P2y (—(d+

2)) agree. By combining this with Lemma 4.10 we see that

(46)  cp, Cagzp, ot (@) = 0o ey (@) = @), _win
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It then follows from Proposition 3.14 that we have:
(4.47) C(P_ (@+2) " (/ |<p(q;)|2dx) = / Cp, y(—9E2)p, ,(—d2) (z)dx

1
o tHI_II(IdZ+2) t+ di-;Q /tP%w(t)P%w(t)*)(x)dx

= lim _

———— Trace[P, ,(—t)P,.,(—t)*] > 0.
BRI t—i—% ace[ o ( ) oo ( )] >

Thus, by choosing ¢ so that [|¢|* > 0 we obtain that C(Pi(d+2) is > 0.

)a,

Assume now that c(P7<d+2)) vanishes, and let us show that this assumption
leads us to a contradiction. Observe that (Pwp(%)ﬂo,w(%)*)ze@ is
holomorphic gauging for P, ,(—%2)P, ,(—%2)*. Moreover, by (4.46) we have
Cp, ,(—452)p, w(*#)*(x) = |S0(1')|2C(P7(d+2)) = 0. Therefore, it follows from
Proposition 2.11 that TR P, y(2)P, (Z)* is analytic near z = —42
lar, the limit lim,_ _ (a1 - Trace Py (t) Pp,y ()" exists and is finite.

— T2

Let (£k)r>0 be an orthonormal basis of L2(R?*1) and let N € N. For any ¢t > 42
the operator P, (t) P, (t)* is trace-class and we have

(4.48) Z (P, (8) P, (1) Eks Ek) < Trace[ Py (t) P (1) "]
0<k<N

. In particu-

Ast — —4E2" the operator P, (t) P,y (t)* converges to Py, y(—9E2) P, (—42)*

in £(L?(RT1). Therefore, letting ¢ go to —%E2" in (4.48) shows that, for any
N € N, we have

(4.49)
d+2 d+2., ) .
Z (Pp,y(— )P (— )&k Ek) < lim Trace[Py,y (t) Pp,y ()] < oc.
2 2 —(d+2))-
0<k<N t—=[—5—]
This proves that Py y(—%42)P, ,(—%2)* is a trace-class operator. Incidentally,

we see that P, (—%E2) is a Hilbert-Schmidt operator on L?(R4*1).

_dx2
Next, let Q € U2 (R4TY) and let g(z,&) € S_¥(Rd+1 x R4*1) be the prin-
cipal symbol of ). The principal symbol of Q1 is p(x)q(z,£). Moreover, since
for any z € C we have p(z) * p(—z) = p(0) = 1, we see that the principal symbol of

VQUPy (H2) Py (—HE2) is equal to

(150) (ba) = Wn(T52)0) x (op(— 15 20) = a5 2) e (-5

5 22)*19( 5 ) = ¥q.

Thus Q1 and waPwﬂ[,(%)P@w(—d—f) have the same principal symbol. Since
they both have a compactly supported Schwartz kernel it follows that we can write

d+2 d+2

(4.51) QY = ¢Q¢Pw,¢(T)P¢,w(—T) +Q1,

_dtz
for some operator @1 € ¥,.° 1(Rd+1) with a compactly supported Schwartz
kernel. Observe that:
- the operator 1/)Q1/)P¢7w(%) is a zero’'th order ¥y DO with a compactly sup-
ported Schwartz kernel, so this is a bounded operator on L?(R*1);
37



- as above-mentioned P, ,(—%2) is a Hilbert-Schmidt operator;
1

2

- as Q7@ belongs to Wi (R4
Hilbert-Schmidt operator.
Since the space £2(L?(R%*1)) of Hilbert-Schmidt operators is a two-sided ideal, it
follows from (4.51) and the above observations that @@ is a Hilbert-Schmidt
operator. In particular, by [GK, p. 109] the Schwartz kernel of ©Qi lies in
L2(Rd+1 % Rd-i—l).

+2

_dt2
We now get a contradiction as follows. Let Q € ¥,.° (R%*1) have Schwartz
kernel,

) this is a trace-class operator, and so Qp is a

a a —d$2
(4.52) ko(z,y) = w3 llva W)l ==,
where 1% is the change to the privileged coordinates at a with respect to the H-
frame X§,..., X7 (this makes sense since ||y\|_# is in K_as2 (RTHL x RIHL)). As

2
alluded to in the proof of Lemma 4.10 the left-invariance of the frame X§,..., X§
implies that 1%(y) = y.z~t. Therefore, the Schwartz kernel of ©Q1 is equal to
qg_dE2

(4.53) koqu(z,y) = ¢(@)lly.z ™77 ¥(y).

However, this not an L*-integrable kernel, since ||y.z 1| ~(?*?) is not locally inte-
grable near the diagonal.

We have obtained a contradiction, so C(P’ dt2 o cannot be zero. Since we know
™

that C(Piﬁ)a is > 0, we see that C(Piﬁ . is > 0. The proof of Proposition 4.7

Tn)

is thus complete. ([

4.3. The Dixmier trace of UVyDOs. The quantized calculus of Connes [Co2]
allows us to translate into the language of quantum mechanics the main tools
of the classical infinitesimal calculus. In particular, an important device is the
Dixmier trace ([Di], [CM, Appendix A]), which is the noncommutative analogue of
the standard integral. We shall now show that, as in the case of classical YDOs
(see [Col]), the noncommutative residue allows us to extend the Dixmier trace to
the whole algebra of integer order Wy DOs.

Let us first recall the main facts about Connes’ quantized calculus and the
Dixmier trace. The general setting is that of bounded operators on a separable
Hilbert space H. Extending the well known correspondence in quantum mechanics
between variables and operators, we get the following dictionary between classical
notions of infinitesimal calculus and their operator theoretic analogues.

Classical Quantum
Real variable Selfadjoint operator on ‘H
Complex variable Operator on H
Infinitesimal variable Compact operator on H
Infinitesimal of order o > 0 | Compact operator T such that
pn(T) = O(n™%)

The third line can be explained as follows. We cannot say that an operator T is
an infinitesimal by requiring that ||T|| < € for any € > 0, for this would give T = 0.
Nevertheless, we can relax this condition by requiring that for any € > 0 we have
IT|| < e outside a finite dimensional space. This means that 7" is in the closure of
finite rank operators, i.e., T belongs to the ideal IC of compact operators on H.
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In the last line p,(T) denotes the (n + 1)’th characteristic value of T, i.e., the
(n +1)’th eigenvalue of |T'| = (T*T)z. In particular, by the min-max principle we
have

n(T) = inf{||Tg.|;dim E =n},
(4.54) = dist(T, Rp), R, = {operators of rank < n},
so the decay of p,(T) controls the accuracy of the approximation of T by finite

rank operators. Moreover, by using (4.54) we also can check that, for S, T' in K
and A, B in L(H), we have

(4.55)  pn(T+5) < pn(T) +pn(S)  and o (ATB) < || Allpn(T)|| B,

This implies that the set of infinitesimal operators of order « is a two-sided ideal
of L(H).

Next, in this setting the analogue of the integral is provided by the Dixmier
trace ([Di], [CM, Appendix A]). The latter arises in the study of the logarithmic
divergency of the partial traces,

N-1

(4.56) Tracen(T) = Y pn(T), TeK, T=>0.

n=0
The domain of the Dixmier trace is the Schatten ideal,

on(T
(4.57) L32°) = {T € K;||T||1.00 := sup lcjig(N) < o0}
We extend the definition of Tracey (T") by means of the interpolation formula,

(4.58) ox(T) = inf{|[z[[y + Mlyl; 2 +y =T}, A>0,
where ||z||; := Trace|z| denotes the Banach norm of the ideal £ of trace-class
operators. For any integer N we have on(T) = Tracey(T). In addition, the
Cesaro mean of o (T") with respect to the Haar measure % of RY is

1 D on(T) dA
4.59 T) = — A>
(4.59) ma(T) logA/e logh X\’ =

Let L(H)+ ={T € L(H); T > 0}. Then by [CM, Appendix A] for T} and T in
L) " L(H); we have

loglog A
(160)  ra(Ty +T) = 7a(T3) = (T < BTl + [ Tellr.00) 730
Therefore, the functionals 75, A > e, give rise to an additive homogeneous map,

(4.61) 7 L% N L(H) . — Cyle,00)/Cole, 00).

It follows from this that for any state w on the C*-algebra Cye, 00)/Cple, ), i.e.,
for any positive linear form such that w(1) = 1, there is a unique linear functional
Tr,, : £:°°) — C such that

(4.62) Tr, T =w(r(T)) VYT €LY NL(H),.

We gather the main properties of this functional in the following.
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Proposition 4.11 ([Di], [CM]). For any state w on Chple,00)/Cyle, 00) the Dixmier
trace Tr,, has the following properties:

1) If T is trace-class, then Tr, T = 0.

2) We have Tr,(T) >0 for any T € L) N L(H), .

3) If S : H' — H is a topological isomorphism, then we have Try, 4 (T) =
Try, 1(STS™Y) for any T € L) (H'). In particular, Tr, does not depend on
choice of the inner product on 'H.

4) We have Tr, AT = Tr, TA for any A € L(H) and any T € L), that is,
Tr,, is a trace on the ideal £(1°°).

The functional Tr,, is called the Dizmier trace associated to w. We also say that
an operator T € £1:°) is measurable when the value of Tr, T is independent of
the choice of the state w. We then call the Dizmier trace of T the common value,

(4.63) ][T = Tr, T.

In addition, we let M denote the space of measurable operators. For instance, if
T € KNL(H)4 is such that limy_, Iog%N Zf?:ol un(T) = L, then it can be shown
that T is measurable and we have {7 = L.

An important example of measurable operator is due to Connes [Col]. Let
H be the Hilbert space L?(M,E) of L2-sections of a Hermitian vector bundle
over a compact manifold M equipped with a smooth positive density and let
P : L*(M,E) — L*(M,E) be a classical ¥DO of order —dim M. Then P is
measurable for the Dixmier trace and we have

1
(4.64) ][P = S Res P,

where Res P denotes the noncommutative residue trace for classical WDOs of Wodz-
icki ([Wol], [Wo3]) and Guillemin [Gul]. This allows us to extends the Dixmier
trace to all ¥DOs of integer order, hence to integrate any such ¥DO even though
it is not an infinitesimal of order < 1.

From now one we let (M?+! H) be a compact Heisenberg manifold equipped
with a smooth positive density and we let £ be a Hermitian vector bundle over M.
In addition, we recall that by Proposition 2.12 any P € U (M,€) with ®m > 0
extends to a bounded operator from L?(M, £) to itself and this operator is compact
if we further have ®m < 0.

Let P: C®(M,E) — C>*(M,E) be a positive ¥ DO with an invertible principal
symbol of order m > 0, and for k = 0,1, .. let A, (P) denote the (k+1)’ th eigenvalue
of P counted with multiplicity. By Proposition 4.5 when & — co we have

k m

1
4.65 Ap(P) ~ a+z P)=——ResP .
It follows that for any o € C with Ro < 0 the operator P? is an infinitesimal
operator of order ﬂfg L Furthermore, for o = —% using (4.55) we see that
P~%% is measurable and we have
2 1 2
(4.66) ][P—% = v(P) = 7 Res P

These results are actually true for general ¥z DOs, for we have:
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Theorem 4.12. Let P : L*(M,E) — L*(M, &) be a Wi DO order m with ®m < 0.
1) P is an infinitesimal operator of order (dim M + 1)~*|Rm)|.
2) If ordP = —(dim M + 1), then P is measurable and we have

(4.67) Res P.

1

][P  dimM +1
Proof. First, let Py € ¥k (M, E) be a positive and invertible ¥ y DO with an invert-
ible principal symbol (e.g. Py = (1+A*A)%, where A is a hypoelliptic sublaplacian).
Then PFjJ* is a zeroth order ¥y DO. By Proposition ?? any zeroth order ¥yDO
is bounded on L?(M,€) and as above-mentioned P, ™ is an infinitesimal of order
a = (dim M +1)"Rm/|. Since we have P = PPJ".P;™ we see that P is the prod-
uct of a bounded operator and of an infinitesimal operator of order . As (4.55)
shows that the space of infinitesimal operators of order « is a two-sided ideal, it
follows that P is an infinitesimal of order «.. In particular, if ordP = —(d + 2) then
P is an infinitesimal of order 1, hence is contained in £(1:°°).

Next, let Tr,, be the Dixmier trace associated to a state w on Cye, 00)/Cyle, 00),
and let us prove that for any P € \I/;I(d+2)(M, &) we have Tr, P = d%ﬂ Res P.

Let k : U — R be a H-framed chart mapping onto R%*! such that there is
a trivialization 7 : &y — U x C" of £ over U (as in the proof of Theorem 3.23
we shall call such a chart a nice H-framed chart). As in Subsection 3.3 we shall
use the subscript ¢ to denote ¥y DOs with a compactly supported Schwartz kernel
(e.g. \I/%C(Rd“) denote the class of integer order ¥z DOs on R*! whose Schwartz
kernels have compact supports). Notice that if P € \I!?{yc(]RdH, C") then the opera-
tor 7*k* P belongs to \I/%(M, £) and the support of its Schwartz kernel is a compact
subset of U x U.

Since P, is a positive ¥ DO with an invertible principal symbol, Proposition 4.7
tells us that the density trg Cp(+2) (x) is > 0, so we can write k. [trg Cp(+2) (x)v] =

co(z)dx for some positive function ¢ € C(R¥*1). Then for any ¢ € O (R 1)
and any ¢ € C°(R*!) such that ¢ = 1 near supp c we let

COR |
(4.68) Pey = (P P won).

Notice that P, belongs to \I/I}(d+2)(M ,€) and it depends on the choice 1 only
modulo operators in W~>°(M, £). Since the latter are trace-class operators and the
Dixmier trace Tr,, vanishes on such operators (cf. Proposition 4.11), we see that
the value of Tr,, P, does not depend on the choice of 1. Therefore, we define a
linear functional L : C°(R9*!) — C by assigning to any ¢ € C°(R9*!) the value

(4.69) L(c) :==Try, Pey,

where 1) € C2°(R9*1) is such that ¢ = 1 near supp c.
On the other hand, let P € \III_{EdH) (U, &) Then 7, P belongs to \I/I_{ffw)(U, Cn):

U, (U) ® M,(C). Set 7.P = (P;;) and define tr P := Y P;;. In addition, for
i,j=1,...,rlet E;; € M,(C) be the elementary matrix whose all entries are zero
except that on the ith row and jth column which is equal to 1. Then we have

1 1
i 1#]
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Any matrix A € M, (C) with vanishing trace is contained in the commutator space
[M,.(C), M, (C)]. Notice also that the space \IJI_{(LH_Q)(U) ® [M,(C), M,(C)] is con-

,C

tained in [¥9; (U,C"), \Ifﬁfgw)(U, C")]. Therefore, we see that

1 —
(4.71) P="(trP)®ids mod [V (U, &), ¥y'e ™ (U, &)
Let us write r.[tre cp(x)] = ap(z)dr with ap € C® (R, and let ¢ €
C2°(R¥*1) be such that ¢ = 1 near suppap. Then we have
ap(x)
KxlCtr P, (T) = co(2) V() Katre Cp(+2) (2)] = ap(z)dx = kiftre cp(x)] = Kulcw p(2)].

In other words @ := tr P—tr Py, , is an element of \I';{fgw)(U) such that cg(z) = 0.
By the step (i) of the proof of Lemma 3.21 we then can write x.Q in the form
k«Q = [x0,Qo0] + --- + [Xa, Q] for some functions xq, ..., xq in C(R4*1) and
some operators Qg,...,Qq in \I/%,C(Rdﬂ). In fact, it follows from the proof of
Lemmas 3.20 and 3.21 that Qy, .., @4 can be chosen to have order < —(d+2). This

insures us that £.Q is contained in [}, (R41), \IJ;{ffH) (R4+1H)]. Thus,

(4.72) 1P =tr P,y mod [0 (U), 52 (U)).

By combining this with (4.71) we obtain

1 1 _
P = ~(tr P)®ide = - (tr Pup ) ®ide = Papy mod [W (U, E0), V't (U, E ).
Notice that [‘II%)C(U, Ev), \I/Engrz)(U, &v)] is contained in (% (M, €E), \IJ;{(dH)(M, &),
which is itself contained in the commutator space [£(L?(M)), £ (M)] of £1:20),

As the Dixmier trace Tr,, vanishes on the latter space (cf. Proposition 4.11) we de-
duce that

(473) Trw P - TI'w Pap,w = L(aP)
Now, let ¢ € C°(R¥1) and set ¢; = —<—. In addition, let ¢ € C2°(R*!) be

vV co(x)
such that ¢ > 0 and ¥ = 1 near suppec, and set ¢; = co k and 1[) = 1) o k. Notice
that with the notation of (4.68) we have aélPof(dH)z/NJ = Pj2,¢- Observe also that
we have

Lo—aEz o dd2 - L o=y A2 (d+2) =
(@1Py 2 ) (&P, 2 Y) =Py * Py * ¢ =Pk, e mod ¥(M,E).
As alluded to earlier the trace Tr,, vanishes on smoothing operators, so we get
R o (d42) T
(4.74) Tr,[(@Py * ¥)(@Fy * )] =Tlahy 2y
= Tr,[G61 Py 4] = Try, Py = L(|c])-

Since Tr,, is a positive trace (cf. Proposition 4.11) it follows that we have L(|c|?) > 0
for any ¢ € C2°(R4*1Y), ie., L is a positive linear functional on C°(R¥*1). Since
any such functional uniquely extends to a Radon measure on C§°(R4*+1), this shows
that L defines a positive Radon measure.

Next, let a € R¥*! and let ¢(x) = = + a be the translation by a on R4*!. Since
¢'(x) = 1 we see that ¢ is a Heisenberg diffeomorphism, so for any P € \I/E’C(Rd“)
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the operator ¢, P is in W} (R41) too. Set ¢ = k' 0 ¢ o k. Then by (3.21) we
have

(4.75)  rultre e, p., (2)] = Kuduiltre cp. , ()] = ¢u[c(z)da] = c(¢7" (x))da.
Since shows that ag,_p, ,(z) = c¢(¢~(2)), so from (4.73) we get

(4.76) Try s Peyy = Llco ¢

Let K be a compact subset of R Then ¢, gives rise to a continuous linear
isomorpshism ¢, : L2_ 1(K)(M &) — ,1(K+a)(M, £). By combining it with a
continuous linear isomorphism LH,I(K)(M, &)t — Li,l(K+a)(M, &)L we obtain a
continuous linear isomorphism S : L?(M, £) — L*(M, E) which agrees with ¢,. on
Lﬁ 1(K)(M £). In particular, we have ¢p. Py = SPW,S_l. Therefore, by using
Proposition 4.11 and 4.76 we see that, for any ¢ € C$2(R*1), we have
(4.77) Lle] =Try Poy = Try, SPeyS™" = Ty, ¢ppuPey = Lico ¢71).

This proves that L is translation-invariant. Since any translation invariant Radon
measure on C°(R*1) is a constant multiple of the Lebesgue measure, it follows
that there exists a constant Ay € C such that, for any ¢ € C2°(R4*!), we have

(4.78) L(c) = AU/c(x)dx.

Now, combining (4.73) and (4.78) shows that, for any P € ¥, (d+2 U, &), we
have

(4.79) Tr, P=Ay /]Rd+1 ap(z)dr = AU/R K ltre cp(z)]

d+1

= AU/ tre cp(z) = (2m) Ay Res P.
M

This shows that, for any domain U of a nice H-framed chart, on ¥, (U Ev) the
Dixmier trace Tr,, is a constant multiple of the noncommutative r651due Therefore,
if we let My, ..., My be the connected components of M, then by arguing as in the
proof of Theorem 3.23 we can prove that on each connected component M; there
exists a constant A; > 0 such that

(4.80) Tr, P=AjResP VP e W'D (M, &)
(4+2) then from (4.66) we get A; = (d+2)~*. Thus,

Ol

(4.81) Tr, P = m ResP VP e U, " (M, &)

In fact, if we take P = P

This proves that any operator P € \III_{(dH)(M ,&) is measurable and its Dixmier
trace then is equal to (d + 2)~! Res P. The theorem is thus proved. g

As a consequence of Theorem 4.12 we can extend the Dixmier trace to the whole
algebra W% (M, £) by letting
1
(4.82) ][P =112 Res P for any P € W% (M, E).
In the language of the quantized calculus this means that we can integrate any

W DO of integer order, even though it is not an infinitesimal operator of order > 1.
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This property will be used in Section 6 to define lower dimensional volumes in
pseudohermitian geometry.

5. NONCOMMUTATIVE RESIDUE AND CONTACT GEOMETRY

In this section we make use of the results of [Po5] to compute the noncommutative
residues of some geometric operators on contact manifolds.

Throughout this section we let (M?"*! H) be a compact orientable contact
manifold, i.e., (M?"*1 H) is a Heisenberg manifold and there exists a contact 1-
form 6 on M such that H = ker 6 (cf. Section 2).

Since M is orientable the hyperplane H admits an almost complex structure
J € C*°(M,End H), J? = —1, which is calibrated with respect to 0, i.e., df(., J.)
is positive definite on H. We then can endow M with the Riemannian metric,

(5.1) go.s = 0% +do(., J.).

The volume of M with respect to g, s depends only on ¢ and is equal to

1
(5.2) Volg M := 7'/ 6™ A 9.
ne Jm

In addition, we let X be the Reeb field associated to €, that is, the unique vector
field on M such that tx,0 =1 and ¢x,df = 0.

5.1. Noncommutative residue and the horizontal sublaplacian (contact
case). In the sequel we shall identify H* with the subbundle of 7* M annihilating
the orthogonal complement H+ C TM. This yields the orthogonal splitting,

(5.3) AcT*M =( @ AEH") @ (0 AATEM).

0<k<2n
The horizontal differential dj,;, : C(M, ALH*) — C(M, AET H*) is
(5.4) dp = Thsk+1 0 d,

where ;. € C°°(M,End AcT*M) denotes the orthogonal projection onto ALH*.
This is not the differential of a chain complex, for we have
(5.5) di = —Lx,e(df) = —(db) Lx,,
where ¢(df) denotes the exterior multiplication by d6.
The horizontal sublaplacian Ay : C (M, ALH*) — C>(M, A§+1H*) is
(5.6) Apie = dp ik + dosk—1dpp 1

Notice that the definition of A, makes sense on any Heisenberg manifold equipped
with a Riemannian metric. This operator was first introduced by Tanaka [Tal,
but versions of this operator acting on functions were independently defined by
Greenleaf [Gr] and Lee [Le]. Since the fact that (M, H) is a contact manifold
implies that the Levi form (2.3) is nondegenerate, from [Po5, Prop. 3.5.4] we get:

Proposition 5.1. The principal symbol of Ay.j is invertible if and only if we have
Next, for p € (—n,n) we let

(5.7) o) = / T80 ynge,

2npl o sinh &g
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Notice that with the notation of [Po5, Eq. (6.2.29)] we have p(u) = (2n + 2)v(u).
For g # n let vo(Ap,x) be the coefficient vy(P) in the Weyl asymptotics (4.32) for

Ay, 1.e., we have Res A;IE"H) = (2n + 2)vy(Apk). By [Pob, Prop. 6.3.3] we have

Vo(Apk) = Yni Volg M, where Fpp, := > 2™ (”) (Z)u(p —q). Therefore, we get:

p+q=k P

Proposition 5.2. For k # n we have

—(n n\ (n
(5.8) Res Ab;l(c T =y Volg M, i = Z 2" (p) (q)ﬂ(p - q).
p+q=k

In particular vynr is a universal constant depending only on n and k.

5.2. Noncommutative residue and the contact Laplacian. The contact com-
plex of Rumin [Ru] can be seen as an attempt to get a complex of horizontal forms
by forcing the equalities d7 = 0 and (d})? = 0. Because of (5.5) there are two natu-
ral ways to modify dj, to get a chain complex. The first one is to force the equality
d? = 0 by restricting dy, to the subbundle A} := kere(df) N ALH*, since the latter
is closed under dj, and is annihilated by dz. Similarly, we get the equality (d})? =0
by restricting d; to the subbundle A} := ker«(df) N ALH* = (ime(df)): N ALH*,
where ¢(df) denotes the interior product with df. This amounts to replace dp by
71 o dp, where 7y is the orthogonal projection onto Aj.

In fact, since df is nondegenerate on H the operator £(df) : A{éH* — A(IEHH*
is injective for k < n — 1 and surjective for k > n + 1. This implies that A5 = 0 for
k <n and A¥ =0 for k > n + 1. Therefore, we only have two halves of complexes.
As observed by Rumin [Ru] we get a full complex by connecting the two halves by
means of the differential operator,

(5.9) Br: C™(M,ALH*) — C>™(M,ALH"), Br = Lx, + dpn_1£(d) " dy.n,

where £(df)~! is the inverse of £(df) : Ap™'H* — AL H*. Notice that Bp is
second order differential operator. Thus, if we let A¥ = A} for k =0,...,n—1 and
we let A* = A¥ for k =n+1,...,2n, then we get the chain complex,

(5.10) C°°(M) 8 oo (M, AY) L ooo(M, AnY) TR oo (g, AT BB
O (M, AR) "5 0o (M, A+ L P oo (g A%,

where dp., :=m odyy for k=0,...,n—1and dg;, ;= dp;, for k=mn,...,2n — 1.
This complex is called the contact complez.
The contact Laplacian is defined as follows. In degree k # n it consists of the
differential operator Ag.; : C°(M, A*) — C>(M, A*) given by
(5.11)
Apy = { (n— k)dR;k—ld*R;]g +(n—k+ l)d*R;kJrldR;k k=0,...,n—1,
’ (k—n-— 1)dR;k—1d};k + (k- n)d*R;kJrldR;k k=n+1,...,2n.

In degree k = n it consists of the differential operators Ag.,; : C°(M,A}) —
C>*(M,A}), j = 1,2, defined by the formulas,

(5.12)  Agrm = (drm-1dR.,)° + BEBr,  Apin2 = BrBR + (AR, 1dRin)-

Observe that Ag.i, k # n, is a differential operator of order 2, whereas Apg.n1
and Ap.,» are differential operators of order 4. Moreover, Rumin [Ru] proved that
in every degree the contact Laplacian is maximal hypoelliptic in the sense of [HN].

45



In fact, in every degree the contact Laplacian has an invertible principal symbol,

hence admits a parametrix in the Heisenberg calculus (see [JK], [Po5, Sect. 3.5]).
For k # n (resp. j = 1,2) we let vo(Apg;k) (resp. v9(AR:nj)) be the coefficient

vo(P) in the Weyl asymptotics (4.32) for Ag,, (resp. AR nJ) By Proposition 4.5

we have Res Ap nH) = (2n + 2)vp(Ag) and Res AR g = (2n+ 2)vo(ARsmj)-
Moreover, by [Po5 Thm. 6.3.4] there exist universal positive constants v, and v, ;
depending only on n, k and j such that v9(Agrx) = vnr Volg M and vo(Ag.j) =
Un,; Volg M. Therefore, we obtain:

Proposition 5.3. 1) For k # n there exists a universal constant ppx, > 0 depending
only on n and k such that

(5.13) Res AR ™ = poi Volg M.

2) For j = 1,2 there exists a universal constant p,; > 0 depending only on n
and j such that

_nt1
(5.14) ResAp.,% = pn,; Volg M.

Remark 5.4. We have pn,r, = (2n + 2)vpi and p,; = (2n + 2)vy,, 5, so it follows
from the proof of [Po5, Thm. 6.3.4] that we can explicitly relate the universal
constants p,r and py, ; to the fundamental solutions of the heat operators Ag.; + 0;
and ARg;y; + 0; associated to the contact Laplacian on the Heisenberg group H?2n+1
(cf. [Pob, Eq. (6.3.18)]). For instance, if K., (x,t) denotes the fundamental solution
of Ag,o + 0 on H?"*! then we have p,, o = %KO;O(O, 1).

6. APPLICATIONS IN CR GEOMETRY

In this section we present some applications in CR geometry of the noncom-
mutative residue for the Heisenberg calculus. After recalling the geometric set-up,
we shall compute the noncommutative residues of some powers of the horizontal
sublaplacian and of the Kohn Laplacian on CR manifolds endowed with a pseudo-
hermitian structure. After this we will make use of the framework of noncommu-
tative geometry to define lower dimensional volumes in pseudohermitian geometry.
For instance, we will give sense to the area of any 3-dimensional pseudohermitian
manifold as a constant multiple the integral of the Tanaka-Webster scalar curva-
ture. As a by-product this will allow us to get a spectral interpretation of the
Einstein-Hilbert action in pseudohermitian geometry.

6.1. The geometric set-up. Let (M?"*1 H) be a compact orientable CR man-
ifold. Thus (M?"*1 H) is a Heisenberg manifold such that H admits a complex
structure J € C>°(M,End H), J? = —1, in such way that T} ¢ := ker(J+i) C Tc M
is a complex rank n subbundle which is integrable in Frébenius’ sense (cf. Section 2).
In addition, we set Ty 1 = T1,0 = ker(J — i).

Since M is orientable and H is orientable by means of its complex structure,
there exists a global non-vanishing real 1-form 6 such that H = ker . Associated
to 0 is its Levi form, i.e., the Hermitian form on 77 ¢ such that

(6.1) Lo(Z,W) = —id§(Z,W)  NZ,W € Ty,.

Definition 6.1. We say that M is strictly pseudoconvex (resp. k-strictly pseudo-
convex) when we can choose 6 so that Ly is positive definite (resp. has signature
(n — k,k,0)) at every point.
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If (M, H) is k-strictly pseudoconvex then 6 is a contact form on M. Then in
the terminology of [We] the datum of the contact form 6 annihilating H defines a
pseudohermitian structure on M.

From now we assume that M is k-strictly pseudoconvex, and we let 6 be a
pseudohermitian contact form such that Ly has signature (n — k, s, 0) everywhere.
We let Xy be the Reeb vector field associated to 6, so that tx,0 =1 and vx,df =0
(cf. Section 5), and we let N' C Tc M be the complex line bundle spanned by Xj.

We endow M with a Levi metric as follows. First, we always can construct a
splitting 17 o = Tf’r 0 EBTf o With subbundles T1+, o and T 5 which are orthogonal with
respect to Ly and such that Ly is positive definite on T, 1+ o and negative definite on

17 (see, e.g., [F'St], [Po5]). Set Toﬂ = Ti[o- Then we have the splittings,
(6.2) TcM=Na&TigeTr=Nali el T, &1,
Associated to these splittings is the unique Hermitian metric h on TgM such that:
- The splittings (6.2) are orthogonal with respect to h;
- h commutes with complex conjugation;
- We have h(Xy, Xo) =1 and h agrees with +Ly on Tfo.
In particular, the matrix of Ly with respect to h is diag(1,...,1,—1,...,—1), where
1 has multiplicity n — x and —1 multiplicity —1.
Notice that when M is strictly pseudoconvex h is uniquely determined by 6,
since in this case Tffo = T and one can check that we have h = 6% 4 dd(., J.),
that is, h agrees on T'M with the Riemannian metric gg ; in (5.1). In general, we

can check that the volume form of M with respect to h depends only on 6 and is
equal to

_1)k
(6.3) vo () = #d@" A0,
n!
In particular, the volume of M with respect to h is
_1)k
(6.4) Volg M = (1) do™ A 6.

Finally, as proved by Tanaka [Ta] and Webster [We] the datum of the pseudoher-
mitian contact form 6 defines a natural connection, the Tanaka- Webster connection,
which preserves the pseudohermitian structure of M, i.e., it preserves both 6 and
J. It can be defined as follows.

Let {Z;} be alocal frame of T o. Then {Xo, Z;, Z5} forms a frame of Tc M with
dual coframe {6,609, 67}, with respect to which we can write df = ih jEGj AGF. Using
the matrix (h;z) and its inverse (h7%) to lower and raise indices, the connection 1-

form w = (wjk ) and the torsion form 7, = A;167 of the Tanaka-Webster connection
are uniquely determined by the relations,

(6.5) doF =07 AwF+ONTF, wiptwp; =dhy Aje = Ay
The curvature tensor ij = dwjk — wjl A wlk satisfies the structure equations,
(6.6) ILF = Ry AO™ + W08 A0 — Wi i0' A O+ i0; A — im; A G

l

The Ricci tensor of the Tanaka-Webster connection is p;; := R, re and its scalar

curvature is Ry, == p;.
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6.2. Noncommutative residue and the Kohn Laplacian. The 0j-complex of
Kohn-Rossi ([KR], [Ko]) is defined as follows.

Let A (resp. A%!) be the annihilator of Ty 1 &N (resp. Tp1 ®N) in T M. For
p,q=0,...,nlet AP? := (AL0)? A (A®1)? be the bundle of (p, q)-covectors on M,
so that we have the orthogonal decomposition,

(6.7) ANTEM = (D AP @ (0 AATTEM).
P,q=0

Moreover, thanks to the integrability of 17 o, given any local section 1 of AP9, its
differential dn can be uniquely decomposed as
(6.8) A1 = Byp,q1 + osp, + 0 A Lxom,
where Op.p 41 (resp. Dpp.qn) is a section of AP+ (resp. APFHLA),

The integrability of T7 o further implies that 5? = 0 on (0, ¢)-forms, so that we
get the cochain complex dp.g . : C°(M,A%*) — C°(M,A%*T1). On (p,q)-forms

with p > 1 the operator J, is a tensor which vanishes when the complex structure
J is invariant under the Reeb flow (i.e., when we have [Xo, JX]| = J[Xo, X] for any
local section X of H).

Let 5Z;p’q be the formal adjoint of 0., , With respect to the Levi metric of M.
Then the Kohn Laplacian Oy,p 4 : C°(M,AP9) — C*>°(M, AP-?) is defined to be

—k —_— —_— —%k
(6.9) Ubip,g = 3b;p,qab;p,q + ab;p,q—lab;p,q—l'
This a differential operator which has order 2 in the Heisenberg calculus sense.

Furthermore, we have:

Proposition 6.2 ([BG]). The principal symbol of Oy, 4 is invertible if and only if
we have ¢ # Kk and ¢ #n — K.

Next, for ¢ & {k,n—r} let vo(Op,p,q) be the coeflicient v (P) in the Weyl asymp-
totics (4.32) for Oy 4. By [Pob, Thm. 6.2.4] we have vo(Opp.q) = Gnrpg Volg M,
where iy, pq is equal to

(6.10) 3 ;(Z) ("k”> <q5k>y(n—2(n—q+2k)).

max(0,g—k)<k<min(g,n—k)

Therefore, by arguing as in the proof of Proposition 5.2 we get:
Proposition 6.3. For q # k and q # n — k we have

(6.11) Res [0, ") = a0 Volg M,

where Qppq 15 equal to

(6.12) ) ;(Z) (”;’””) (qﬁk)p(n—Z(Fé—q—&—Qk‘)).

max(0,g—k)<k<min(g,n—k)

In particular apepg 15 a universal constant depending only on n, k, p and q.

Remark 6.4. Let ag(Op;p,q)(z) be the leading coefficient in the heat kernel asymp-
totics (4.3) for Oy 4. By (4.4) we have vo(Opypq) = m Jos trara ag(Opp.q) ().
Moreover, a careful look at the proof of [Po5, Thm. 6.2.4] shows that we have

(6.13) trara ao(Opyp.q) (2) = (N + 1) Gnwpqve().
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Since by (4.4) we have 2cD <n+1>( ) = (n!)"tag(Opp,q) (@), it follows that the equal-
ity (6.11) ultimately holds at the level of densities, that is, we have

(6.14) Cg v+ (%) = Qprpgvo(x).
Finally, when M is strictly pseudoconvex, i.e., when x = 0, we have:

Proposition 6.5. Assume M strictly pseudoconvex. Then for ¢ = 1,...,n —1
there exists a universal constant a;pq depending only on n, p and q such that

(6.15) Res, 0, = hpg /M R, dO™ A0,
where R, denotes the Tanaka-Webster scalar curvature of M.

Proof. Forg=1,...,n—1let as(Op,p 4)(z) be the coeflicient of ¢~ in the heat ker-
nel asymptotics (4.3) for O, 4. By (4.4) we have ZCDW (x) =T(n) taa(Dpp.q) ().

Moreover, by [BGS, Thm. 8.31] there exists a umversal constant a;,,, depending
only on n, p and g such that trar.a az(Opyp ) (2) = ag,,, Rndf™ A 0. Thus,

(6.16) ResU, ) = /M tr AP CD;S,C,(I) = anpq/ R,dO™ N0,

where a;,,, is a universal constant depending only on n, p and q. (]

6.3. Noncommutative residue and the horizontal sublaplacian (CR case).
Let us identify H* with the subbundle of T* M annihilating the orthogonal sup-
plement H+, and let A, : C®(M,A;H*) — C>°(M,ALH*) be the horizontal
sublaplacian on M as defined in (5.6).

Notice that with the notation of (6.8) we have d, = 9}, + 9. Moreover, we can
check that 8,85 + 80y = 0,0y + 0, = 0. Therefore, we have

(6.17) Ay =0, +ib, 0, := 0y Oy + Op0; .

In particular, this shows that the horizontal sublaplacian Ay preserves the bidegree,
so it induces a differential operator Ay, 4 @ C°(M,A??) — C°(M,A??). Then
the following holds.

Proposition 6.6 ([Po5, Prop. 3.5.6]). The principal symbol of Ay, 4 is invertible
if and only if we have (p,q) # (k,n — k) and (p,q) # (n — K, K).
Bearing this in mind we have:

Proposition 6.7. For (p,q) # (k,n — k) and (p,q) # (n — K, k) we have

(6.18) Res A, 1(7”;1) Brrpq Volg M,

where Bpipq 15 equal to

(6.19)
2 2n<n;l£) (Jl) (n;fﬁ“)(qHk>p(2(q—p)+4(z—k)).

max(0,qg—k)<k<min(g,n—k)
max(0,p—k)<I<min(p,n—k)

In particular Brpg s a universal constant depending only on n, Kk, p and q.
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Proof. Let vo(QAyp,p,q) be the coefficient v(P) in the Weyl asymptotics (4.32) for
Ap.p.q- By [Po5, Thm. 6.2.5] we have vo(Appq) = ﬁﬂmm Voly M, where By pq

is given by (6.19). We then can show that Res A;I(:Lqﬂ) = Bnrpq Yolg M by arguing

as in the proof of Proposition 5.2. (]

Remark 6.8. In the same way as (6.11) (cf. Remark 6.4) the equality (6.18) holds
at the level of densities, i.e., we have ¢, —+1) () = Burpqve(2).
bip,q

Proposition 6.9. Assume that M is strictly pseudoconvex. For (p,q) # (0,n) and
(p,q) # (n,0) there exists a universal constant (3, depending only n, p and q such
that

vpq

(6.20) Res A = By | Rud" 1 6.

Proof. The same analysis as that of [BGS, Sect. 8] for the coefficients in the heat
kernel asymptotics (4.3) for the Kohn Laplacian can be carried out for the coeffi-
cients of the heat kernel asymptotics for Ay, 4 (see [St]). In particular, if we let
a2(Ap;p,q)(z) be the coefficient of t~™ in the heat kernel asymptotics for Ay, 4,
then there exists a universal constant Bnpq depending only on n, p and ¢ such that
trapa a2(Dpip.g)(2) = BrpgRndd™ A 0. Arguing as in the proof of Proposition 6.5

then shows that Res A" = 0, [, Rnd0™ A0, wheref3;,,, is a universal constant
depending only n, p and q. O

6.4. Lower dimensional volumes in pseudohermitian geometry. Following
an idea of Connes [Co3] we can make use of the noncommutative residue for classical
WDOs to define lower dimensional dimensional volumes in Riemannian geometry,
e.g., we can give sense to the area and the length of a Riemannian manifold even
when the dimension is not 1 or 2 (see [Po7]). We shall now make use of the
noncommutative residue for the Heisenberg calculus to define lower dimensional
volumes in pseudohermitian geometry.

In this subsection we assume that M is strictly pseudoconvex. In particular,
the Levi metric h is uniquely determined by 6. In addition, we let Ay be the
horizontal sublaplacian acting on functions.Then, as explained in Remark 6.8, we
have cA;énﬂ)(a@) = Bnvg(x), where B, = Bnooo = 2"p(0). In particular, for any f €

C>(M) we get cfAf(nH)(x) = Bnf(x)vg(x). Combining this with Theorem 4.12
b;0

then gives

o 1 5
(6.21) ][fAb?‘g = I+ 2 /M Craggren (@) = 2nﬁ+ 2 /M f@vo().

n+1)

Thus the operator %A;é allows us to recapture the volume form vy (z).
Since —(2n + 2) is the critical order for a ¥yDO to be trace-class and M has

Hausdorff dimension 2n+2 with respect to the Carnot-Carathéodory metric defined

by the Levi metric on H, it stands for reason to define the length element of (M, 6)

as the positive selfadjoint operator ds such that (ds)?"+? = 2%—+2A;8n+1), that is,

n

2n + 2 1
) nfz
Bn

(6.22) ds := an;[l)/z, en = (
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Definition 6.10. For k =1,2,...,2n + 2 the k-dimensional volume of (M,0) is
(6.23) Voll¥) M = ][ ds".
In particular, for k = 2 the area of (M, 0) is Areag M := fds*.

We have f-ds* = % €y h () and thanks to (4.4) we know that 2¢ _x ()

b;0 Ab;()

agrees with I'(£)™Las,10_1(Apo)(x), where a;(Apo)(z) denotes the coefficient of
2n42—j

t~ 2  in the heat kernel asymptotics (4.3) for Ap,. Thus,

(cn)” k. _
4(?—1—1)“5) 1/Ma2n+2—k(Ab)(93)-

Since Ay, is a differential operator we have agj_1(Apo)(xz) = 0 for any j € N,

6.24 Vol M =
(6.24) 0

SO Volék) M vanishes when k is odd. Furthermore, as alluded to in the proof of
Proposition 6.9 the analysis in [BGS, Sect. 8] of the coefficients of the heat kernel
asymptotics for the Kohn Laplacian applies verbatim to the heat kernel asymptotics
for the horizontal sublaplacian. Thus, we can write

(6.25) a2;(Ap0)(2) = Ynj(x)d0™ A O(2),

where 7,;(z) is a universal linear combination, depending only on n and j, in
complete contractions of covariant derivatives of the curvature and torsion tensors
of the Tanaka-Webster connection (i.e. v,;(x) is a local pseudohermitian invariant).
In particular, we have v,0(z) = Yno and v,1 = 7,1 Rn(x), where 74,0 and 7, are
universal constants and Ry, (z) is the Tanaka-Webster scalar curvature (in fact the

constants 7,0 and 7., can be explicitly related to the constants Sno00 and (3.,4)-
Therefore, we obtain:

Proposition 6.11. 1) Vol(gk) M wvanishes when k is odd.

2) When k is even we have

(Cn)k k

mr(g)fl /M Yk (x)dO™ N O(z).

where Y (x) = ’ynn_H_%(x) is a universal linear combination, depending only on

(6.26) Vol M =

n and k, of complete contractions of weight n + 1 — g of covariant derivatives of
the curvature and torsion tensors of the Tanaka- Webster connection.

In particular, thanks to (6.26) we have a purely differential-geometric formulation
of the k-dimensional volume Volék) M. Moreover, for k = 2n + 2 we get:
2n+2
6.27 Vol pp = ()™ im0 / o™ A 6.
(6:27) o dn+1) n! Ju
Since Vol§2"+2) M =Volg M = L [, d6™ A0 we see that (c,)?" T2 = At " where

Yno
Yno is above.
On the other hand, when n =1 (i.e. dim M = 3) and k = 2 we get

(61)2 ’ 7{1
(6.28 Areag M = fy”/ RidO N0, = Vi = ,
) 1 v 1 ) 11 \/m
where v, is above. To compute ~{ it is enough to compute 1o and ~{; in the
special case of the unit sphere S® C C? equipped with its standard pseudohermitian
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structure, i.e., for S equipped with the CR structure induced by the complex
structure of C? and with the pseudohermitian contact form 6 := %(zldél + 29dZp).
First, the volume Volg S? is equal to

-1
(6.29) / dONO = —= | (22dz1 Ndzy ANdZ + 21d21 A dze A dZ) = T2
53 4 Jgs
Moreover, by [We] the Tanaka-Webster scalar here is R; = 4, so we get
(6.30) / R1df A O = 4Voly S = 4n?,
S3

Next, for j = 0,1 set Agj(Apo) = [gs a2;(Ap0)(x). In view of the definition of
the constants 19 and v4; we have

(6.31) AO(Ab;O) = ’}/10/ dONG = 7T2’}/10, AQ(Ab;O) = ’}/11/ R1dONO = 47‘(2’}/11.
S3 S3

Notice that Ag(Ap) and Az(Ap) are the coefficients of t~2 and ¢! in the asymp-
totics of Tre~tA%0 as ¢t — 0F. Moreover, we have Ay,g = Hp — 2Ry = [y — 1, where
[y denotes the CR invariant sublaplacian of Jerison-Lee [JL], and by [St, Thm.

4.34] we have Tre~ e = 12:2 + O(t>*) as t — 0T. Therefore, as t — 07 we have

2 2

t
(6.32) Tre tAv0 = ¢! Tre ™o #(1+t+5+...).

Hence Ag(Apo) = A2(App) = = Combining this with (6.31) then shows that
1

16 *
Y10 = 1—16 and 71, = 6%1’ from which we get v{ = 12641 = vz Therefore, we get:

*16

Theorem 6.12. If dim M = 3, then we have

1
6.33 Areag M = —— R1dO N 6.
( ) ’ 32v2 Ju !

For instance, for S® equipped with its standard pseudohermitian structure we

: 3 _
obtain Areag S° = S5

APPENDIX. PROOF OF LEMMA 3.1

In this appendix, for reader’s convenience we give a detailed proof of Lemma 3.1
about the extension of a homogeneous symbol on R4F1\ 0 into a homogeneous
distribution on R4+1.

Let p € C°°(R¥*1\0) be homogeneous of degree m, m € C, so that p(\.£) =
A"p(€) for any A > 0. If ®m > —(d + 2), then p is integrable near the origin, so it
defines a tempered distribution which is its unique homogeneous extension.

If ®m < —(d + 2), then we can extend p into the distribution 7 € &'(R*!)
defined by the formula,

A (ra= (WO - wlleh 3 Su@ oo vae S@,
@<k
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where k is an integer > —(Rm + d + 2) and % is a function in C2°(Ry) such that
1 =1 near 0. Then in view of (3.1) for any A > 0 we have

(v = 3 ) =2 [an) el Y S 0t
@<k !
—Am/W@%wMHDEZEWNW®b@M&
@<k
(@)
= Y ap{ﬂwmm—wummwma@,
@<k ’
—\™ Z Pa a 6((1 >
@<k
where we have let
c _ (_1)|o¢\ @ i _ > @+m+d+2 _ df/,l,
o= [ en@isde g = [ V0=v )%,

and, as in the statement of Lemma 3.1, F is the vector field 2£00¢, + £10¢, + ... +
£a0g,-

Set A = e® and assume that 1) is of the form 1 (u) = h(logp) with h € C*°(R)
such that h = 1 near —oo and h = 0 near +oo. Then, setting a, = @ +m+d+2,
we have

d .. d
(A2)  Tpale) = o

As po (1) =0 it follows that 7 is homogeneous of degree m provided that

/00 (h(t) — h(s +t))e*'dt = —e~ /Oo e®th! (t)dt.

— 00

(A.3) / e W (t)yds=0 fora=m+d+2,....m+d+2+k.

— 0o

Next, if g € C2°(R**1) is such that [ g(t)dt = 1, then for any a € C\ 0 we have

(A4) /Oo (2L )@yt = o,

Therefore, if m ¢ Z then we can check that the conditions (A.3) are satisfied by
mtdi2+k

(4.5) W= II o+ Do)
a=m-+d+2

As [ _W(t)dt = 1 we then see that the distribution 7 defined by (A.1) with
Y(p) = flzcgu R/ (t)dt is a homogeneous extension of p(&).

On the other hand, if 7 € S'(R%*!) is another homogeneous extension of p(¢)
then 7 — 7 is supported at the origin, so we have 7 = 7 + Zboﬁ(o‘) for some
constants b, € C. Then, for any A > 0, we have

(A.6) Th— AT =Ry = AR ) (AT ),

As both 7 and 7 are homogeneous of degree m, we deduce that Z()f(d“*@) -
A™)bad(®) = 0. The linear independence of the family {5(®)} then implies that all
the constants b,, vanish, that is, we have 7 = 7. Thus 7 is the unique homogeneous
extension of p(¢) on RI+L,
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Now, assume that m is an integer < —(d + 2). Then in the formula (A.1) for 7
we can take k = —(m + d + 2) and let ¢ be of the form,

o m+d+2+k 1
an) = [ wwa W= T G e
og H a=m-+d+2

with g € C2°(R4!) such that [g(t)dt = 1. Then thanks to (A.2) and (A.4) we
have po(A) =0 for (@) < —(m + d + 2), while for @) = —(m + d + 2) we get

(A.8) %pa(es) _ / B ()t = / g(t)dt = 1.
Since p, (1) = 0 it follows that p,(e®) = s, that is, we have p,(A\) = log A. Thus,

(A.9) A=A AT ogh Y (@)@ va>o.
@=—(m+d+2)

In particular, we see that if all the coefficients ¢, (p) with @) = —(m+d+ 2) vanish
then 7 is homogeneous of degree m.

Conversely, suppose that p(¢) admits a homogeneous extension 7 € S'(R+1).
As 7 — 7 is supported at 0, we can write 7 = 7 + Ebaé(a) with b, € C. For any
A > 0 we have 7, = A™7, so by combining this with (A.6) we get

(A.10) > — AT = D ba (AT o),
@#—(m+d+2)

By comparing this with (A.9) and by using linear independence of the family {5(*)}
we then deduce that we have co(p) = 0 for @) = —(m + d + 2). Therefore p(¢)
admits a homogeneous extension if and only if all the coefficients ¢, (p) with (@ =
—(m 4+ d + 2) vanish. The proof of Lemma 3.1 is thus achieved.
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