NONCOMMUTATIVE RESIDUE AND NEW INVARIANTS FOR
CR MANIFOLDS

RAPHAEL PONGE

ABSTRACT. In this note we produce new CR invariants by looking at the non-
commutative residue traces of geometric ¥ DO projections on CR manifolds.
In particular, we recover and extend a recent result of Hirachi and answer a
question of Fefferman.

INTRODUCTION

Motivated by Fefferman’s program in CR geometry [Fe2], Hirachi [Hi] proved
that the integral of the coefficient of the logarithmic singularity of the Szego kernel
on the boundary of a strictly pseudoconvex domain in C**! gives rise to a CR
invariant. It was then asked by Fefferman whether they would exist other such
invariants.

The aim of this note is to explain how the noncommutative residue trace of [Pol]
and [Pob] allows us to construct several new CR invariants extending Hirachi’s
invariant. In particular, we obtain a positive answer to Fefferman’s question.

The note is organized as follows. First, we recall some background about the
main definitions and examples concerning Heisenberg and CR manifolds and the
Heisenberg calculus of Beals-Greiner [BG] and Taylor [Ta] (Section 1), the noncom-
mutative residue trace for the Heisenberg calculus of [Pol] and [Po5] (Section 2)
and the invariant of Hirachi [Hi] (Section 3). Then, in Section 4 we present the
construction of the new CR invariants.

We refer to [Po4] for complete proofs and for the extensions of the results to the
contact setting (see also [Bo2]).

1. HEISENBERG CALCULUS

In this section we recall basic facts about Heisenberg and CR manifolds and on
the Heisenberg calculus.

1.1. Heisenberg and CR manifolds. A Heisenberg manifold is a pair (M, H)
consisting of a manifold M together with a distinguished hyperplane bundle H C
TM. In addition, given another Heisenberg manifold (M’, H') we say that a dif-
feomorphism ¢ : M — M’ is a Heisenberg diffeomorphism when ¢, H = H'.

The terminology Heisenberg manifold stems from the fact that the relevant tan-
gent structure in this setting is that of a bundle GM of graded nilpotent Lie groups
(see [BG], [Be], [EM], [FS], [Gr], [Po2], [Ro]).
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Among the main examples of Heisenberg manifolds we have the following.
a) Heisenberg group. The (2n + 1)-dimensional Heisenberg group H2"*! is
R27*1 = R x R2" equipped with the group law,

(1.1) z.y = (zo +yo + Z (Tntj¥5 — TjYnts)s T1 + Y1, Tan + Yon).
1<j<n

A left-invariant basis for its Lie algebra §2"*! is provided by the vector-fields,

0 0 0 0 0
(1.2) Xo=——, X;=—— Xpsj

+x P, = ri—
61‘07 an et 8$07 aﬂjn_H J (9.1’07

with 7 =1,...,n. For j,k=1,...,n and k # j we have the relations,
(13) (X, Xogr] = =206 X0, [Xo, Xj] = [Xj, Xi] = [Xnpj, Xnii] = 0.

In particular, the subbundle spanned by the vector fields Xi,..., X5, defines a
left-invariant Heisenberg structure on H?"+1,

b) CR manifolds. If D C C"*! a bounded domain with boundary 0D then
the maximal complex structure, or CR structure, of T(0D) is given by Ti o =
T(0D) N Ty ,oC" !, where T} o denotes the holomorphic tangent bundle of C**1.
More generally, a CR structure on an orientable manifold M?"*! is given by a
complex rank n integrable subbundle Ty o C TcM such that Ty o N Ty = {0}.
Besides on boundaries of complex domains, and more generally such structures
naturally appear on real hypersurfaces in C"*!, quotients of the Heisenberg group
H?"+! by cocompact lattices, boundaries of complex hyperbolic spaces, and circle
bundles over complex manifolds.

A real hypersurface M = {r = 0} C C"*! is strictly pseudoconvex when the
Hessian 00r is positive definite. In general, to a CR manifold M we can associate
a Levi form Ly(Z, W) = —idf(Z,W) on the CR tangent bundle T} ¢ by picking a
non-vanishing real 1-form 6 annihilating 77,0 ®Tp,1. We then say that M is strictly
pseudoconvex (resp. x-strictly pseudoconvex) when we can choose 6§ so that Ly is
positive definite (resp. is nondegenerate with k negative eigenvalues) at every point.

In addition, important examples of Heisenberg manifolds include contact mani-
folds, (codimension 1) foliations and the confoliations of Elyashberg-Thurston [ET].

1.2. Heisenberg calculus. The Heisenberg calculus is the relevant pseudodiffer-
ential calculus to study hypoelliptic operators on Heisenberg manifolds. It was
independently introduced by Beals-Greiner [BG] and Taylor [Ta] (see also [Bol],
[Dy1], [Dy2], [EM], [FS], [RS)).

The initial idea in the Heisenberg calculus, which is due to Stein, is to construct
a class of operators on a Heisenberg manifold (M ¥+, H), called ¥ zDO’s, which at
each point ¢ € M are modeled on homogeneous left-invariant convolution operators
on the tangent group G, M.

Locally the ¥DO’s can be described as follows. Let U C R?*! be a local chart
together with a frame Xg,..., Xy of TU such that X;,..., Xy span H. Such a
chart is called a Heisenberg chart. Moreover, on R?*! we consider the dilations,

(1.4) t.& = (%€, t&e, . . ., tE), ceRML >0

Definition 1.1. 1) S,,(U x R4, m € C, is the space of functions p(x,€) in
C>®(U x R4HIN0) such that p(x,t.£) = t™p(x, &) for any t > 0.
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2) S™(U x R4, m € C, consists of functions p € C°(U x R¥*1) with an
asymptotic expansion p ~ Zj>0 Pm—j, Pk € Sk(U x R¥1) in the sense that, for
any integer N and for any compact K C U, we have
(1.5) 050 (0= Y pm—y)(@, )| < Capnrll€" 0N, ze kK, |el>1,

j<N
where we have let (3 = 2By + 1 + ... + Ba and ||€]| = (€& + &+ ...+ €DV
Next, for j = 0,...,d let 0;(z,§) denote the symbol (in the classical sense) of

the vector field 1 X; and set o = (0, ...,04). Then for p € S™(U x R41) we let
p(z, —iX) be the continuous linear operator from CS°(U) to C°°(U) such that

(1.6)  pla,—iX)f(z) = (2r)~ @ / ez, o(x,€)) f(E)de,  feCXU).

Definition 1.2. U}}(U), m € C, consists of operators P : C°(U) — C°°(U) which
are of the form P = p(x, —iX) + R for some p in S™(U x R™1), called the symbol
of P, and some smoothing operator R.

For any a € U there is exists a unique affine change of variable 1, : R4+ — R+1
such that ¥, (a) = 0 and (¢4)«X; = a%j at z =0 for j =0,1,...,d+ 1. Then, a
continuous operator P : C2(U) — C*°(U) is a ¥xDO of order m if, and only if,
its kernel kp(x,y) has a behavior near the diagonal of the form,

(1.7) kp(ay)~ Y (a5(e,¢0(y) =Y cal@)tu (@) log[vu(v)]),
j>—(m+d+2) @=j

with ¢, € C®(U) and a;j(x,y) € C(U x (R¥1\0)) such that a;(z, \.y) = Ma;(x,y)

for any A > 0. Moreover, a;(z,y) and cq(x), (@) = j, depend only on the symbol of

P of degree —(j + d + 2).

The class of Uy DO’s is invariant under changes of Heisenberg chart (see [BG,
Sect. 16], [Po3, Appendix A]), so we may extend the definition of ¥5DO’s to an
arbitrary Heisenberg manifold (M, H) and let them act on sections of a vector
bundle £ over M. We let ¥ (M, E) denote the class of ¥ DO’s of order m on M
acting on sections of £.

2. NONCOMMUTATIVE RESIDUE

Let (M9t H) be a Heisenberg manifold equipped with a smooth positive density
and let £ be a Hermitian vector bundle over M. We let W% (M, £) denote the space
of U DO of integer order acting on sections of £.

2.1. Logarithmic singularity. Let P : C>*°(M,E) — C*>°(M,&) be a ¥yDO of
integer order m. Then it follows from (1.7) that in a trivializing Heisenberg chart
the kernel kp(z,y) of P has a behavior near the diagonal of the form,

(2.1) kp(zy) = . aj(z,—va(y) — cp(z)log v (y)| + O(1),
—(m+d+2)<j<1

where a;(z,y) is homogeneous of degree j in y with respect to the dilations (1.4).
Furthermore, we have

2:2) er@) =101 [ pan 6

where p_(q49)(z,§) is the homogeneous symbol of degree —(d + 2) of P.
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Let |A|(M) be the bundle of densities on M. Then we have:

Proposition 2.1 ([Pol], [Po5]). The coefficient cp(x) makes sense intrinsically on
M as a section of |A|(M)® End €.

2.2. Noncommutative residue. From now on we assume M compact. Therefore,
for any P € W% (M, E) we can let

(2.3) Res P = /M tre cp(x).

If Pisin U%(M,E) with Rm < —(d + 2) then P is trace-class. It can be shown
that we have an analytic continuation of the trace to ¥z DQO’s of non-integer orders
which is analogous to that for classical ¥DO’s in [KV]. Moreover, on ¥yDO’s
of integer orders this analytic extension of the trace induces a residual functional
agreeing with (2.3), so that we have:

Proposition 2.2. Let P € W% (M, £). Then for any family (P(z)).ec C ¥ (M,
which is holomorphic in the sense of [Po3| and such that P(0) = P and ord P(z)
z + ord P we have

(2.4) Res P = —res,—o Trace P(z).

€)

Thus the functional (2.3) is the analogue for the Heisenberg calculus of the non-
commutative residue of Wodzicki ([Wol], [Wo2]) and Guillemin [Gu]. Furthermore,
we have:

Proposition 2.3 ([Pol], [Po5]). 1) Let ¢ be a Heisenberg diffeomorphism from
(M, H) onto a Heisenberg manifold (M', H'). Then for any P € W% (M,E) we
have Res ¢ P = Res P.

2) Res is a trace on the algebra W% (M, E) which vanishes on differential operators
and on Vg DO’s of integer order < —(d + 3).

3) If M is connected then Res is the unique trace up to constant multiple.

3. HIRACHI’S INVARIANT

Let D C C"*! be a strictly pseudoconvex domain with boundary dD. Let 6 be
a pseudohermitian contact form on 9D, i.e., if near a point of 9D we let p(z,%) be
a local defining function for D with 9p > 0 then 6 agrees up to a conformal factor
with (9 — 9)p.

We endow 0D with the Levi metric defined by the Levi form associated to 6 and
we let Sp : L2(0D) — L?(0D) be the Szegd projection associated to this metric, i.e.,
the orthogonal projection onto the L2-closure of boundary values of holomorphic
functions on D. For instance, when 0D = S! we recover the Cauchy formula,
(3.1) Su(z) = L/ de.

lw=1 W — %

Let kg, (z,w)d0™ A 0 be the Schwartz kernel of Sy. As shown by Fefferman [Fel]

and Boutet de Monvel-Sjostrand [BS] near the diagonal w = z we can write

(3.2) ks, (2,0) = po(z,W)p(z, @)~ " + g (2,W0) log p(=, W),
where ¢g(z,w) and 1y(z,w) are smooth functions. Then Hirachi defined
(3.3) L(Sy) ::/ Yo(z,Z)d0™ N 6.

M
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Theorem 3.1 (Hirachi [Hi]). 1) L(Sp) is a CR invariant, i.e., it does not depend
on the choice of 0. In particular, this is a biholomorphic invariant of D.

2) L(Sy) is invariant under smooth deformations of the domain D.

It has been asked by Fefferman whether there would exist other invariants like
L(Sp), i.e., invariants arising from the integrals of the log singularities of geometric
operators. A first observation is that Sy is a ¥ g DO of order 0 and with the notation
of the previous sections we have cg, (2) = —21(2,%)df0" A 6. Thus,

(3.4) Res S@ S —%L(S@).

Therefore, answering Fefferman’s question boils down to construct geometric ¥ 5y DO’s
on CR manifolds whose noncommutative residues give rise to CR invariants.

4. NEw CR INVARIANTS

Let M?"*! be a compact orientable CR manifold with CR tangent bundle T} o C
TeM, so that H = R(Th 0®To,1) C TM is a hyperplane bundle of TM admitting an
(integrable) complex structure. Let 6 be a global non-zero real 1-form annihilating
H and let Ly be the associated Levi form,

(4.1) Lo(Z,W) = —idd(Z, W) = i0([Z, W]), Z,W e C®(M,T).

Let N be a supplement of H in TM. This is an orientable line bundle which
gives rise to the splitting,

(4.2) TeM =T @ To1 @ (N ® C).

Let A% and A%! denote the annihilators in T3 M of Ty 1 (N &@C) and T} 0B (N @C)
respectively and for p,q = 0,...,n let A7 = (AY)P A (A%1)9 be the bundle of
(p, q)-forms. Then we have the splitting,

n
(4.3) NTEM = (D AP7) & 0 AN TEM.
P,q=0
Notice that this decomposition does not depend on the choice of 8, but it does
depend on that of V.

The complex Jy : C (M, A%*) — C>=(M, A%*+1) of Kohn-Rossi ([KR], [Ko]) is
defined as follows. For any n € C*°(M, A%?) we can uniquely decompose dn as
(4.4) dn = 0p g+ Op.qn+ 0 N Lx,n,
where 8, 4n and 0, 4n are sections of A»9T! and A7 respectively and X, is the
section of NV such that 6(Xy) = 1. Thanks to the integrability of T} o we have
5;)7(1_5_1 oém = 0, so that we get a chain complex. Notice that this complex depends
on the CR structure of M and on the choice of N.

Assume now that M is endowed with a Hermitian metric A on TcM which com-
mutes with complex conjugation and makes the splitting (4.2) become orthogonal.
The associated Kohn Laplacian is

(4.5) Obg = 5Z,q+15b,q + 5b,q—152,q-

For © € M let 4 (z) (resp. k—(z)) be the number of positive (resp. negative)
eigenvalues of Ly at . We then say that the condition Y'(¢) holds when at every
point z € M we have

(4.6) 0@ {h (@), on— ke (@)} U{ra (@), n — ko (@)}
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For instance, when M is k-strictly pseudoconvex we have k_(z) =n — ky(x) = K,
so the condition Y (¢q) exactly means that we must have g # « and ¢ # n — k.

Proposition 4.1 (see [BG, Sect. 21], [Po3, Sect. 3.5]). The Kohn Laplacian O 4
admits a parametriz in W5 (M, A%9) iff the condition Y (q) is satisfied.

Let Sp,4 be the Szegd projection on (0, ¢)-forms, i.e., the orthogonal projection
onto ker([J, ,. We also consider the orthogonal projections Iy(9p,) and Il (gz’q)
onto ker dy,, and ker 9, , = (im 8y 4—1)*. In fact, as ker 9y q = ker [ 4 @ im y g1
we have Io(9p4) = Sp + 1 — Ho(gz’q), that is,

(4.7) Sb.q = Mo (Db,q) + Mo (Ty,,) — 1.

Let Ny, be the partial inverse of [y 4, so that Ny o[y g = Op gNpg = 1 — Spq-
Then it can be shown (see, e.g., [BG, pp. 170-172]) that we have

(4.8)  To(Dp,q) = 1 — By 4 Nig+1,, Mo(Dyy) =1 — Tpg-1Nog—104 41

By Proposition 4.1 when the condition Y (g) holds at every point the operator
Up,q admits a parametrix in \Ilg2 (M, A%9) and then Sh,q is a smoothing operator
and Ny 4 is a Uy DO of order —2. Therefore, using (4.8) we see that if the condition
Y (g+1) (resp. Y (g—1)) holds everywhere then ITo(dy, 4) (resp. Iy (5;(1)) isa ¥yDO.

Furthermore, in view of (4.7) we also see that if at every point the condition
Y (q) fails, but the conditions Y (¢—1) and Y (¢+1) hold, then the Szegé projection
Sh.q is a zero’th order ¥ DO projection. Notice that this may happen if, and only
if, M is k-strictly pseudoconvex with kK =q or Kk =n — q.

Bearing all this in mind we have:

Theorem 4.2 ([Pod]). 1) The following noncommutative residues are CR diffeo-
morphism invariants of M :

(i) Reso(0p,4) when the condition Y (q + 1) holds everywhere;

(i) Res Ho(gzﬁq) when the condition Y (q — 1) holds everywhere;

(11i) Res Sy .. and Res Sy n—r when M is k-strictly pseudoconvez.

In particular, they depend neither on the choice of the line bundle N, nor on that
of the Hermitian metric h.

2) The noncommutative residues (i)—(iii) are invariant under deformations of
the CR structure coming from deformations of the complex structure of H.
Specializing Theorem 4.2 to the strictly pseudoconvex case we get:
Theorem 4.3 ([Po4]). Suppose that M is a compact strictly pseudoconver CR
manifold. Then:

1) Res Spk, k= 0,n, and ResIly(dy4), ¢=1,...,n—1, are CR diffeomorphism
imwvariants of M. In particular, when M is the boundary of a strictly pseudoconvex
domain D C C™ they give rise to bilholomorphism invariants of D.

2) The above residues are invariant under deformations of the CR structure.

This provides us with an affirmative answer to Fefferman’s question.
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