A NEW PROOF OF THE LOCAL REGULARITY OF THE ETA
INVARIANT OF A DIRAC OPERATOR

RAPHAEL PONGE

ABSTRACT. In this paper we use the approach of [Pol] to the proof of the
Local Index Theorem to give a new proof of Bismut-Freed’s result on the local
regularity of the eta invariant of a Dirac operator in odd dimension.

1. INTRODUCTION

The eta invariant of a selfadjoint elliptic YDO was introduced by Atiyah-Patodi-
Singer [APSI1] as a boundary correction to their index formula on manifolds with
boundary. It is obtained as the regular value at s = 0 of the eta function,

(1.1) w(Pis) = TePIPI = [ Pis(a).

However, the residue at s = 0 of the local eta function 7(P; s)(z) needs not vanish
(see, e.g., [Gil]), so it is a nontrivial fact that the regular value exists ([APS2],
[Gi2]). Nevertheless, global K-theoretic arguments allows us to reduce the proof to
the case of a Dirac operator on an odd dimensional spin Riemannian manifold with
coefficients in a Hermitian vector bundle, for which the result can be obtained by
using invariant theory (see [APS2], [Gi3]).

Subsequently, Wodzicki ([Wol], [Wo2]) generalized the result of Atiyah-Patodi-
Singer and Gilkey to the nonselfadjoint setting. More precisely, he proved that:

(i) The regular value at s = 0 of the zeta function (¢(P;s) = Tr P, ® of an
elliptic ¥DO is independent of the spectral cutting {arg A = 6} used to define P;
(see [Wol], [Wo2, 1.24]);

(ii) The noncommutative residue of a ¥DO projection is always zero (see [Wo2,
7.12)).

The original proofs of Wodzicki are quite involved, but it follows from an observation
of Briining-Lesch [BL, Lem. 2.6] (see also [Po3, Rmk. 4.5 ]) that Wodzicki’s results
can be deduced from the aforementioned result of Atiyah-Patodi-Singer and Gilkey.

Next, in the case of a Dirac operator ) on a odd spin Riemannian manifold M"
with coefficients in a Hermitian bundle £, Bismut-Freed [BF] proved in a purely
analytic fashion that the local eta function n(P;s)(z) is actually regular at s = 0.
Thanks to the Mellin formula for s > —1 we have

—(s+1) _ s+1 1 X e —UZ)2
(1.2) Dellel —F(72 ) ; t= Pee”Tedt.
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For t > 0 let hy(z,y) € C°(M,|A|(M) @ End€) be the kernel of P e~ Pz,
where |A|(M) denotes the bundle of densities on M. Since by standard heat kernel
asymptotics we have tr hy(z,2) = O(t~%) as t — 0T (see Theorem 2.10 ahead), for
Rs >n—1 we get

S + 1 1 > s—1
(1.3) NDe;s)(x) =T( 5 ) t 2z trh(x,x)dt.
0
Then Bismut-Freed [BF, Thm. 2.4] proved that in the C°-topology we have
(1.4) trhy(z,z) = O(Vt)  ast—0F.

It thus follows that the local eta function n([D;s)(z) is actually holomorphic for
Rs > —2. In particular, we have the formula,

*L - = T 6742)?
(15) We) = = / 2 Tep e Piar,

which, for instance, plays a crucial role in the study of the adiabatic limit of the
eta invariant of a Dirac operator (see [BC], [BF]). Incidentally, Bismut-Freed’s
asymptotics (1.4), which is a purely analytic statement, implies the global regularity
of the eta invariant of any selfadjoint elliptic DO, as well as the aforementioned
generalizations of Wodzicki.

Now, the standard proof of the asymptotics (1.4) is essentially based on a re-
duction to the local index theorem of Patodi, Gilkey, Atiyah-Bott-Patodi ([ABP],
[Gi3]; see also [Ge]), which provides us with a heat kernel proof of the index the-
orem of Atiyah-Singer ([AS1], [AS2]) for Dirac operators. In the original proof
of (1.4) in [BF] the reduction is done by introducing an extra Grassmanian variable
z, 22 = 0, and in [Me, Sect. 8.3] by means of a suspension argument. Moreover,
in [BF] the authors refer to the results of [Gr] to justify the differentiability of the
heat kernel asymptotics.

On the other hand, in [Pol] the approach to the heat kernel asymptotics of [Gr]
was combined with general considerations on Getzler’s order of Volterra YDO’s to
produce a new short proof of the local index theorem which holds in many other
settings. Furthermore, the arguments used in this proof have other applications
such as the computation of the CM cyclic cocycle of [CM] for Dirac operators.

The aim of this paper is to show that we can get a direct proof of Bismut-Freed’s
asymptotics by using the approach of [Pol]. In fact, once the background from [Gr]
and [Pol] is set-up, the proof becomes extremely simple since it is deduced by
combining the considerations on Getzler orders of [Pol] with the observation that
the subleading terms (in the Getzler order sense) of the various asymptotics at
stake vanish at first order.

As in [Pol] the approach of this paper is rather general and should therefore
hold in various other settings. Moreover, it is believed that this approach could
also be useful to study adiabatic-type limits of eta invariants. For instance, it
has been shown by Rumin [Ru2] that, under the so-called subriemannian limit, the
differential form spectrum of the de Rham complex on a contact manifold converges
to that of the contact complex [Rul], so it could be fruitful to use the approach of
this paper to further study the behavior under the subriemannian limit of the eta
invariant on a contact manifold.



This paper is organized as follows. In Section 2 we recall Greiner’s approach
to the heat kernel asymptotics. In Section 3, after having recalled the background
of [Pol], we prove Bismut-Freed’s asymptotics.

2. GREINER’S APPROACH OF THE HEAT KERNEL ASYMPTOTICS

In this section we recall Greiner’s approach of the heat kernel asymptotics as in
[Gr] and [BGS].

Let M™ be a compact Riemannian manifold, let £ a Hermitian vector bundle
over M and let A : C®(M,E) — C*(M,E) be a selfadjoint second order elliptic
differential operator with principal symbol as(z,£) > 0. Then A is bounded from
below on L?(M, ) and by standard functional calculus we can define e *2, ¢ > 0,
as a selfadjoint bounded operator on L?(M, £). In fact, e~*2 is smoothing for ¢ > 0,
so its Schwartz kernel k;(z,y) is in C* (M, £)QC> (M, E* @ |A|(M)), where |A|(M)
denotes the bundle of densities on M.

Recall that the heat semigroup allows us to invert the heat equation, in the sense
that the operator,

(2.1) Qou(z,t) = / e Bz, t — s)ds, u€ CXP(M xR,E),
0

maps continuously into CO(R, L?(M, €)) C D' (M x R, ) and satisfies
(2.2) (A+0)Qou=Qo(A+d)u=u  YueC (M xR,E).

Notice that the operator Qo has the Volterra property in the sense of [Pi]: it is
translation invariant and satisfies the causality principle, i.e., @ has a distribution

kernel of the form Kq,(x,y,t — s) where K¢, (z,y,t) vanishes on the region ¢t < 0.
In fact, we have

| Kk(zyy) if t >0,
(2.3) Kq,(z,y,t) = { 0 if ¢t < 0.

The above equalities lead us to use pseudodifferential techniques to study the
heat kernel k;(x,y). The idea, which goes back to Hadamard, is to consider a class
of ¥DO’s, the Volterra ¥DO’s ([Gr], [Pi], [BGS]), taking into account:

(i) The aforementioned Volterra property;

(ii) The parabolic homogeneity of the heat operator A+ 3y, i.e., the homogeneity
with respect to the dilations,
(2.4) AET)=(NNT), (&) eR™L A#0.

In the sequel for g € S’(R"*!) and \ # 0 we let gx be the tempered distribution
defined by

(25)  (9a€ ), u(€, 7)) = AT (g6, 7). u(ATHEATET)), e SRM).
We then say that g is parabolic homogeneous of degree m, m € Z, when we have
gx = A"g for any A # 0. o

Let C_ denote the complex halfplane {37 > 0} with closure C_ C C. Then:

Lemma 2.1 ([BGS, Prop. 1.9]). Let ¢(¢,7) € C((R™ x R) \ 0) be a parabolic
homogeneous symbol of degree m such that:

(i) q extends to a continuous function on (R™ x C_) \ 0 in such way to be
holomorphic in the last variable when the latter is restricted to C_.
Then there is a unique g € S'(R"*1) agreeing with ¢ on R\ 0 so that:
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(ii) g is parabolic homogeneous of degree m;

(iii) The inverse Fourier transform §(x,t) vanishes for t < 0.
Let U be an open subset of R™. We define Volterra ¥YDO’s on U x R as follows.

Definition 2.2. S™(U x R"™Y), m € Z, consists of smooth functions q(z,&,7) on
U x R™ x R with an asymptotic expansion q ~ Zj>0 Gm—j, where:

- The symbol qi(x,&,7) € C®(U x [(R™ x R) \ 0]) is parabolic homogeneous of
degree | and satisfies the property (i) in Lemma 2.1 with respect to the variables &
and T;

- The sign ~ means that, for any integer N and any compact K C U, there is a
constant Cnxapr > 0 such that, for x € K and |§] + 7|2 > 1, we have

(2:6) 107070 (a =D am—3)(@. &) < Cniapr(€] + |7|/2)m N 10172E,
J<N
Given a symbol g € S™(U x R"*!) we can quantize it as a standard symbol by
associating to it the operator Q(x, D,, D;) from C°(U, x R;) to C*°(U, x R;) such
that, for any u € C(U, x R;), we have

(2.7) Q(z, Dy, Dy)u(a,t) = (2m)~ (") / e @S (. € TYa(E, T)dedr.

This is a continuous operator from C°(U, x R;) to C*(U, x R;) satisfying the
Volterra property and with distribution kernel ¢ ry— () (2, y,t — s).

Definition 2.3. (U x R), m € Z, consists of continuous operators Q from
Ce (U, x Ry) to C(U, x Ry) such that:

(i) Q has the Volterra property;
(#i) Q is of the form Q = q(x, D, Dt) + R for some symbol q in ST*(U x R) and

some smoothing operator R.

In the sequel if Q is a Volterra DO we let K¢(z,y,t—s) denote its distribution
kernel, so that the distribution K¢q(z,y,t) vanishes for ¢ < 0.

Examples of Volterra ¥DO includes differential operators, as well as homoge-
neous operators below.

Definition 2.4. Let g, (x,&,7) € C®(U x (R**1\ 0)) be a homogeneous Volterra
symbol of order m and let g,, € C=(U)RS'(R"*1) denote its unique homogeneous
extension given by Lemma 2.1. Then:

- gm(x,y,t) denotes the inverse Fourier transform (gm)éj)_)(y,t) (z,y,t);

- gm(x, Dy, Dy) denotes the operator with kernel G, (x,y — x,s —t).

Remark 2.5. The above definition makes sense since it follows from the proof of
Lemma 2.1 in [BGS] that the extension process of Lemma 2.1 applied to each
symbol ¢, (x,.,.), x € U, is smooth with respect to x, so really gives rise to an
element of C>(U)®S’(R**1).
Proposition 2.6 ([Gr], [Pi], [BGS]). The following properties hold.

1) Composition. Let Q; € ¥y’ (U x R), j = 1,2, have symbol q; and suppose
that Q1 or Qs is properly supported. Then Q1Q2 belongs to W™ T™2(U x R) and

has symbol 1 #q2 ~ Y é@?qng‘qg.
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2) Parametrices. An operator @ € U'(U x R) has a parametriz in W™ (U x R)
if, and only if, its principal symbol is nowhere vanishing on U x [(R™ x C_ \ 0)].

3) Invariance. Let ¢ : U — V be a diffeomorphism onto another open subset V
of R™ and let Q be a Volterra WDO on U x R of order m. Then Q = (¢ ® idg)+Q
is a Volterra VDO on V x R of order m.

Remark 2.7. The proofs of the first and third properties above follow along the
same lines as that of the corresponding proofs for standard YDO’s. For the second
one we need the Volterra calculus to be asymptotically complete. The latter fact
cannot, however, be reached by means of the standard proof for classical ¥YDQO'’s,
because the cut-off arguments therein are not valid valid anymore with analytic
symbols. Nevertheless, simple proofs can be found in [Po2].

The key property of Volterra ¥DO’s which allows us to derive a differentiable
heat kernel asymptotics is the following.

Lemma 2.8 ([Gr, Chap. I]). Let @ € U7(U x R) have symbol ¢ ~ >4 Gm—;-
Then the following asymptotics holds in C*°(U),
(2.8) Kq(x,2,t) ~mor t G DN "Gy ) o (,0,1),

1>0

where the notation i has the same meaning as in Definition 2.4.

Proof. As the Fourier transform relates the decay at infinity to the behavior at the
origin of the Fourier transform the distribution §—3_, . ; Gm—; is in cN(U, xRy xR;)
as soon as J is large enough. Since @ — ¢(x, D,, D;) is smoothing, we see that
Ry(z,t) = Kq(z,2,t) — > ;<5 Gm—j(x,0,1) is of class CN. As Ry(z,y,t) = 0 for
t <0weget O Rs(z,0) =0forl=0,1,...,N,sothat R;(.,t)isa O(t")in CN(U)
as t — 07, It then follows that in C°°(U) we have
(2.9) Ko(z,z,t) ~ Zt?‘quth) ast— 0.
7>0

Now, using (2.5) we see that for A # 0 we have

(2.10) (@m—s)x = A7 (g jn-1)Y = AI7OFIN T

Setting A = v/t with ¢ > 0 then gives Gp,—;(,0,t) = tj7277n+1qm_j(a;,0, 1). Thus,

(2.11) Ko(z,z,t) Zt’ T g (2,0,1)  ast— 0%,
32>0
On the other hand, setting A = —1 in (2.10) shows that when m — j is odd we
have Gm—;(x,0,1) = —Gm—;(x,0,1) = 0 . Therefore, in (2.11) only the symbols of
even degree contributes to the asymptotics, i.e., we get (2.8). O

The invariance property in Proposition 2.6 allows us to define Volterra WDQO’s on
M x R acting on the sections of the vector bundle £. All the preceding properties
hold werbatim in this context. In particular the heat operator A 4 0; admits a
parametrix @ in U, 2(M, xR, E).

In fact, comparing the operator (2.1) with any Volterra WDO-parametrix for
A + 0; allows us to prove:

Theorem 2.9 ([Gr], [Pi], [BGS, pp. 363-362]). The differential operator A+ 0; has
an inverse Qo € W2(M x R, &), so that Qo(A + ;) = (A + 9;)Qo = 1.
5



We can now get the heat kernel asymptotics in the differentiable version below.

Theorem 2.10 ([Gr, Thm. 1.6.1]). Let P: C*°(M,E) — C*°(M, &) be a differen-
tial operator of order m and let hy(x,y) denote the distribution kernel of Pe™A.
Then in C°(M,|A|(M)®End€&) ast — 0T we have

(212)  hy(z,2) ~ 7575 Y "4y (P A) (), bi(P,A)(2) = dopm)—2-2u(, 0, 1),

1>0
where the equality on the right-hand side gives a formula for computing the densities
bi(P, A)(x)’s in local trivializing coordinates using the symbol ¢ ~ 3 i qm—2—; of
Q=PA+d)!

Proof. As hi(x,y) = Poki(2,y) = PoK(ayo,)-1(2,y,t) = Kpaya,)—1(z,y,t) the
result follows by applying Lemma 2.8 to P(A + 9;)~*. O

3. PROOF OF BISMUT-FREED’S ASYMPTOTICS

In this section we shall show that implementing the rescaling of Getzler [Ge]
into the Volterra calculus allows us to get a new proof of Bismut-Freed’s asymp-
totics (1.4).

Let (M™, g) be a compact Riemannian manifold of odd dimension and let C1(M)
denote its Clifford bundle, so that the fiber Cl, (M) at x € M is the complex algebra
generated by 1 and T,y M with relations,

(3.1) En+né=—-2n), §&meT, M.

For £ € ATEM and [ = 0,...,n we let €W denote component of ¢ in AlTC*M.
Then the quantization map ¢ : ATEM — C1(M) and its inverse 0 = ¢! are such
that for £ and n in ATEM we have

(3.2) o(c(ED)e(n)) = €D Anl) mod NI T2TEM.

Now, let £ be a Clifford bundle over M equipped with a unitary Clifford con-
nection V¢ and let ), be the associated Dirac operator,

(3.3) Pe: CF(M,E) Yo (M, T*M © €) —% C=(M, €),

where ¢ denotes the Clifford action of AT*M on €. Recall that by the Lichnerowicz’s
formula [BGV, Thm. 3.52] we have

(34) D = (VE)'VE + 75/ 4 2

where M denotes the scalar curvature of M and F&/# is the twisted curvature
FE/# acting by Clifford multiplication on &.

For ¢t > 0 let h:(x,y) denote the kernel ofjpge*ﬂpi. The aim of this section is to
prove Bismut-Freed’s asymptotics in the version below.

Theorem 3.1 ([BF, Thm. 2.4]). In C*°(M,|A|(M) ® End &) we have
(3.5) tre he(x, z) = O(V1) ast— 0T,

First, as by Theorem 2.10 we already have an asymptotics in C*° (M, |A|(M))
for trg h(z,x) as t — 0T it is enough to prove (3.5) at a point xo € M. In fact,
proving (3.5) at x is a purely local issue since in local trivializing coordinates near

xo the coefficients of the asymptotics for trg h;(x, z) depend only the homogeneous
6



components of the symbol of ng(lDi + 0;)~ L. In particular, if in local trivializing

coordinates near zo we let ). be a Volterra WDO parametrix for @Z + O; then we
have

(36) h’t(‘rOaxO) = Klps@g (l’o,il?o,t) + O(tOO) ast — 0+'

As usual it will be convenient to use normal coordinates centered at g and
trivializations of T'M and £ by means of synchronous orthogonal frames, assuming
that the synchronous tangent frame e1,...,e, is such that e; = 9; at = 0. This
allows us to:

- Replace D by a Dirac operator [, on R" acting on a trivial twisted bundle
with fiber 8, ® CP, where §, denotes the spinor space of R".

- Have a metric g and coefficients wir; = (VFCey, e;) of the Levi-Civita connec-
tion with behaviors near x = 0 of the form

(B7)  ay(@) =6y +O(aP),  wiale) = —5 R (0027 + O(faf),

where Ri\]/[kl(o) = <RM(O)(6“ 8j)6k761).
Second, let Cl(n) and A(n) respectively denote the Clifford algebra and the
(complexified) exterior algebra of R™. Since the dimension n is odd if we regard

c(dz™) - c(dx'), iy < ... < iy, as an endomorphism of §, then, as pointed out
in [BF, p. 107], we have

. , 2l5] if k=0,
(3.8) trg c(dz')---c(dz'™) =< 0 if 0 <k <n,
’ (—i)EH1208] if k= n.

Next, the Dirac operator [, is obtained by composing the action of Cl(n) on
$ with the Clifford Dirac operator ) = ¢(dz?)V; with coefficients in C1°(n).
Since C1°¥(n) acts on itself by multiplication, any Volterra ¥YDO-parametrix @ for
lD2 + 0; has coefficients in CI®¥(n) up to a smoothing operator. By composing PQ
with the Clifford action we get the operator prpQ, where Q is the Volterra ¥DO-
parametrix of @?C,, + 8, corresponding to Q. Since PQ has coefficients in C1°9%(n)
up to a smoothing operator, using (3.6) and (3.8) we see that as t — 07 we have

(3.9)  trg he(0,0) = trg o Kp_ 5(0,0,6) +O(t™)
= (—i)EH1205) (0 @ tres ) [Kpe (0, 0,4)]™ + O(t>).

Therefore, we are reduced to study the small time behavior of (c®@trer ) [Kpg(0,0,1)] (),
Now, the Getzler’s rescaling [Ge| aims to assign the degrees,

(3.10) degd; = dege(dr?) =1, degd; =2, dega’ = —1,

while deg B = 0 for any B € M,(C). As pointed out in [Pol] this allows us to
define a filtration on Volterra YDO’s with coefficients in Cl(n) as follows.

Let @ € ¥i(R" x R,CP) ® Cl(n) have symbol ¢(z,&,7) ~ >, .. qx(x, &, 7).
Then taking components in each subspace A7(n) and then using Taylor expansions
at « = 0 gives formal expansions
@1 ol &~ Y ola(@ &P ~ Y o

5k Jksa
7
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where the last asymptotic expansion is taken with respect to the filtration of
Sk(R™ x R"*1 CP) ® A(n) by the subspaces ST (R™ X x R"T1 CP) @ A (n).
Motivated by (3.10) we shall say that the symbol Z79%c[qx(0,&, 7)) is Getzler

al Yz
homogeneous of degree k + j — |«|. Thus, we have an asymptotic expansion,
(312) (,C 67 Zq (m— j) z 67 ) q(m) 7é 0,
7>0

where the symbol ¢, ;) is Getzler homogeneous of degree m — j.

We shall call m the Getzler order of (). Moreover, extending the Definition 2.4
to homogeneous symbols with coefficients in (End C?) ® A(n), we define the model
operator of @ as the element of U*(R™ x R,CP) ® A(n) given by

(3.13) Q(m) = q(m) (%, Dy, Dy).

In the sequel we will write Og(m) to denote a Volterra WDO of Getzler order < m
and we will write  Og(m) to denote an element of U (R™ x R, C?) @ Cl(n) of the
form 2'Q; with Q; of Getzler order < m.

Let A = A;dz" be the connection one-form on CP. Then by (3.7) the covariant
derivative V; = 8; + wipi (z)c(e¥)c(e!) + A; on Cl(n) @ CP has Getzler order 1 and
model operator,

(3.14) Viay = 0; — RM() , R (0) = R (0)da™ A da'.

This implies that ) = ¢(dz")V; has Getzler order 2 and can be expanded as
(3.15) D =cly)+206(2), Dy = e(dz")Viq),

where e(dx?) denotes the exterior multiplication by dz’.
The interest to introduce Getzler orders stems from the two lemmas below.

Lemma 3.2 ([Pol, Lem. 3]). Let Q € ¥*(R™ x R,CP) ® Cl(n) have Getzler order
m and model operator Q()-
- If m is odd, then as t — 0% we have

(3.16) o[Kq(0,0,1)]™ = t—(%+1)KQ(m) 0,0,1) + O(t~ %),
- If m is even, then Kq,, (0,0,£)™ =0 and as t — 0F we have
(8:17) o[Kq(0,0,1)]™ = O(r "),

Proof. Let q(xz,&,7) ~ ngm, qj(x,€,7) be the symbol of @ and let q(m)(z,&,7)
be its principal Getzler homogeneous symbol. Then by Lemma 2.8 as t — 0 we
have o[Kg(0,0, )] ~ Djem b = (g;(0,0,1)]™. Notice that o[g;(0,¢,7)]™
is Getzler homogeneous of degree j + n, so it must be zero if j +n > m, since
otherwise @@ would have Getzler order > m. Therefore, we get:

(3.18) a[Kq(0,0,1)]™
=t~ [ (0,0,1)]™ 4t~ [qm ne1(0,0,1)]™ 4+ Ot~ %).

On the other hand, in View of asymptotics (3.11)—(3.12) the symbol g, (0, &, 7))
is equal 10 5, 1 ajm (25050105 (0, &, 7)) a0 = 7l (0,€, 7). Thus,

(3.19) lGm—n(0,0,1)]™ = Gy (0,0,1)" = Kq . (0,0,1)™).
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Finally, as pointed out in the proof of Lemma 2.8 we have §;(0,0,1) = 0 when
j is odd. As n is odd we see that if m odd we have o[Gmn_n_1(0,0,1)] = 0 and
s0 (3.16) holds, while if m even then Kgq, , (0,0, D™ = 6[Gnm-_n(0,0,1)]™ =0 and
we obtain (3.17). O

Lemma 3.3. Forj=1,2 let Q; € U:(R" x R,C?) ® Cl(n) have Getzler order m;
and model operator Q (), and assume that Q1 or Q2 is properly supported. Then
in UE(R™ x R,CP) @ Cl(n) we have
(3.20) Q1Q2 = c[Q(m,)Q(ms)] + Oc(m1 +my — 1),
(3.21) AQ(m))eQms)) = c[Q(m1)Q(ma)| + Oc (m1 +mz = 2).
Proof. The equality (3.20) is the content of Lemma 4 of [Pol], so we need only to
prove (3.21). For for a subset I = {i1,...,ix} of {1,...,n} with i; < ... < we let
dz! = dx' A...Adz™. Since the forms dx! gives rise to a linear basis of A(n) we can
write Q(m,), j = 1,2, in the form Q(,,,) = Y Qj rdx! with Q; 1 in Ui(R™ x R, CP)
of Getzler order m; — |I]. Then we have
(3:22) Qum))c(Qma)) = Y Q11 Q2 pyc(da)e(dz™).

1,1

Thanks to (3.2) we have c(dz’)c(dx!?) = c(dx™) A dz'2) + Og(|I1] + |I2| — 2), so
we obtain

(3:23)  e(Qn)e(Qum) = D Q1,1,Q21,(c(dx™) Ada") + Og(|11] + |15 - 2)
Iy,12
= C[Q(ml)Q(mz)] + OG(ml + mg — 2).
The proof is thus achieved. 0

Now, by the Lichnerowicz’s formula (3.4) we have
Sl Fer,es) + 1,
where the Ff”'j’s are the Christoffel symbols of the metric g. Observe that:

- Thanks to (3.7) we have g;;(z) = §;; + O(|z|?) = §;; + Og(—2);

- Using (3.20) and (3.14), as well as the fact that Ffj(x) = 0(]z|) = Og(-1), we
get vzv] = C(vz(l)vj(l)) + .’EOG(2) + OG(O),

- We have F€(e',e?) = F€(9;,0;)(0) + O(|z|) = F&(8;,0;)(0) + 2 O(0);

- By (3.2) we have c(e)c(e’) = c(e?Ae?)+0¢g(0) = c(dziAdz?)+x Og(2)+O0¢(0).

Moreover, as z° commutes with 2/ and c(dz?) and commutes with Volterra
UDO’s of order m modulo those of order < m — 1, we see that the commutation
with ¢ preserves the Getzler order. In particular, if Q € ¥*(R" x R, CP) ® Cl(n)
has Getzler order < m, then it follows from the equality Qz* = z°'Q + [Q, z°] that
Qz" is of the form x Og(m) + Og(m).

Bearing all this in mind we obtain:

(3.25) D* = (85 + O (—2))(c(ViyVja)) +70a6(2) + Oc(0))
+ 3 (FE(@,0(0) + 2 Og(0)(e(de’ A da’) + 0g(2) + 06 (0)) + O (0),

=c(Dfy) +706(2) + 0c(0), PPy = Hr + F¥(0),
9

(3.24) D? = —g"(V,V; —~TEV,) +



where Hg = — Y11 (0; — $RM (0)27)? and F*(0) = §F® (0, 8;)(0)dz* A da'. In
particular, we see that lD2 has Getzler order 2.

Lemma 3.4. Any Volterra WDO parametriz QQ forD2 + 0 is of the form
(326) Q=¢(Q(-2)) +20a(=2) +O0g(—4), Q2 = (Hr+F(0)+3)~".
In particular @ has Getzler order —2.

Proof. Thanks to [Pol, Lem. 5] we know that @ has Getzler order —2 and model
operator Q(_2y = (Hp + F*(0) 4+ 8;)~'. In order to get (3.26) notice that since Q
is an inverse for > +d; modulo ¥;>°(R" x R, C?) @ Cl(n), hence modulo operators
of Getzler orders —oo, we have

(3.27) QW+ 8)c(Q(-2)) = (1 + Og(—00))c(Q(—2)) = c(Q(—2)) + Og(—0).
On the other hand, from (3.21) and (3.25) we get
(3.28) (Q2)B+8y) = (D) +0) 1) (e + ) + 06 (2) + 0c(0))
=14+204(0) + Og(-2).
Therefore, we also obtain
(329)  Q(e(Dy) + 0) + 0c(0)e((Dfy) + 0)™") = Q + 2 0a(—2) + Oc(—4).

Comparing this to (3.27) gives Q = ¢(Q(—2)) + 2 0g(—2) + Og(—4) as desired. O

Let @ be a Volterra WDO parametrix for P? + 8,. Combining (3.15), (3.21)
and (3.26) we see that PQ is equal to

(3:30) (D)) + 2 0a(2)(e(Q(2) + 7 Oc(~2) + Og(—1))
= c(PQ(-2) +27Q; + R,

with @; of Getzler order < 0 and R of Getzler order < —2. Since Kijj(O, 0,t) =
(27K¢,)(0,0,t) = 0, we obtain

(3.31) o[Kpq(0,0,6)]™ = Kp , o, (0,0,)™ + o [Kr(0,0,1)] ).

On the other hand, as JD(2)Q(_2) is Getzler homogeneous of even degree and
R has Getzler order < —2, Lemma 3.2 shows that KlD(z)sz) (0,0,£)(™ = 0 and
o[KR(0,0,1)]™ = O(v1) as t — 0F. It follows that as t — 01 we have

(332)  o[Ko(0,0.0]™ = Kp, g, (0,0.8) + o[Kr(0,0,)] = O(Vi).
Combining this with (3.9) then gives
(3.33) Tre hy(xo, z0) = O(V1) ast— 0.

This shows that in the asymptotics (2.12) for Tre hy(z, z) all the coefficients of 7
with j < % are in fact zero, that is, we recover Bismut-Freed’s asymptotics (3.5).
10
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