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A Microlocal Approach to Fefferman’s Program in
Conformal and CR Geometry

Raphaél Ponge

Motivated by the analysis of the singularity of the Bergman kernel of a strictly
pseudoconvex domain D C C"*L, Fefferman [Fe2] launched the program of deter-
mining all local invariants of a strictly pseudoconvex CR, structure. This program
was subsequently extended to deal with local invariants of other parabolic geome-
tries, including conformal geometry (see [FG1]). Since Fefferman’s seminal paper
further progress has been made, especially recently (see, e.g., [Al2], [BEG], [GH],
[Hil], [Hi2]). In addition, there is a very recent upsurge of new conformally in-
variant Riemannian differential operators (see [Al2], [Ju]).

In this article we present the results of [Po4] on the logarithmic singularities
of the Schwartz kernels and Green kernels of general invariant pseudodifferential
operators in conformal and CR geometry. This connects nicely with results of
Hirachi ([Hil], [Hi2]) on the logarithmic singularities of the Bergman and Szegd
kernels on boundaries of strictly pseudoconvex domains.

The main result in the conformal case (Theorem 3) asserts that in odd di-
mension, as well as in even dimension below the critical weight (i.e. half of the
dimension), the logarithmic singularities of Schwartz kernels and Green kernels of
conformally invariant Riemannian WDOs are linear combinations of Weyl confor-
mal invariants, that is, of local conformal invariants arising from complete tensorial
contractions of covariant derivatives of the ambient Lorentz metric of Fefferman-
Graham ([FG1], [FG2]). Above the critical weight the description in even dimen-
sion involves the ambiguity-independent Weyl conformal invariants recently defined
by Graham-Hirachi [GH], as well as the exceptional local conformal invariants of
Bailey-Gover [BG]. In particular, by specializing this result to the GJMS opera-
tors of [GIMS], including the Yamabe and Paneitz operators, we obtain invariant
expressions for the logarithmic singularities of the Green kernels of these operators
(see Theorem 4).

In the CR setting the relevant class of pseudodifferential operators is the class
of U DOs introduced by Beals-Greiner [BGr| and Taylor [Tay]. In this context
the main result (Theorem 6) asserts that the logarithmic singularities of Schwartz
kernels and Green kernels of CR invariant W5 DOs are local CR invariants, and
below the critical weight are linear combinations of complete tensorial contractions
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of covariant derivatives of the curvature of the ambient Kahler-Lorentz metric of
Fefferman [Fe2]. As a consequence this allows us to get invariant expressions for the
logarithmic singularities of the Green kernels of the CR GJMS operators of [GG]
(see Theorem 7).

The setup of the the first part of the paper, Sections 1-5, is conformal geom-
etry. The main results on the logarithmic singularities of conformally invariant
WDOs are presented in Section 5. In the previous sections, we review the main
definitions and examples concerning local conformal invariants and conformally in-
variant differential operators (Section 1), conformally invariant ¥DOs (Section 2),
the logarithmic singularity of the Schwartz kernel of a WDO (Section 3) and the
program of Fefferman in conformal geometry (Section 4).

The setup of the second part, Sections 6-10, is pseudo-Hermitian and CR ge-
ometry. In Section 6, we review the motivating example of the Bergman kernel of
a strictly pseudoconvex domain. Section 7 is an overview of the main facts about
the Heisenberg calculus. In Section 8, we present important definitions and proper-
ties concerning pseudo-Hermitian geometry, local pseudo-Hermitian invariants and
pseudo-Hermitian invariant Wy DOs. In Section 9, we review the main facts about
local CR invariants, CR invariant operators and the program of Fefferman in CR
geometry. In Section 10, we present the main results concerning the logarithmic
singularities of CR invariant operators.

This proceeding is a survey of the main results of [Po4].

1. Conformal Invariants

Up to Section 5, we denote by M a Riemannian manifold of dimension n and
we denote by g;; and R;jk its metric and curvature tensors. As usual we shall use
the metric and its inverse g% to lower and raise indices. For instance, the Ricci
tensor is pjr = R, ;' = g”Rijkl and the scalar curvature is k4 = pj'7 = g7 pij.

1.1. Local conformal invariants. In the sequel we denote by M, (R) the
open subset of M, (R) consisting of positive definite matrices.
DEFINITION 1. A local Riemannian invariant of weight w is the datum on each
Riemannian manifold (M™, g) of a function T, € C*°(M) such that:
(i) There exist finitely many functions aag i C*° (M, (R)4) such that, in any
local coordinates,
(1) Ty(2) =Y aap(g(x))(0%g(x))”.
(ii) For allt >0,
(2) Lig(z) = t7"Iy().
Using Weyl’s invariant theory for O(n) (see, e.g, [Gi]) we obtain the following

determination of local Riemannian invariants.

THEOREM 1 (Weyl, Cartan). Any local Riemannian invariant is a linear com-
bination of Weyl Riemannian invariants, that is, of complete contractions of the
curvature tensor and its covariant derivatives.

For instance, the only Weyl Riemannian invariant of weight 1 is the scalar
curvature k4. In weight 2 the Weyl Riemannian invariants are

(3) kg, Ipl? = pYpi. IR =R Ry, Aghg,



where Ay denotes the Laplace operator of (M, g). In weight 3 there are 17 Weyl
invariants (see [Gi]).

DEFINITION 2. A local conformal invariant of weight w is a local Riemannian
invariant I, such that

(4) Torg(2) = e IO (x)  Vfe C®(M,R).

The most fundamental conformally invariant tensor is the Weyl curvature ten-
sor Wi Using complete contractions of k-fold tensor powers of W we get local
conformal invariants of various weights. For instance, the following are local con-
formal invariants

(5) |W\2 = Wijleijkla
Kl ij kit l
(6) Wi "Wy PIW, Wijleququ'
Here |W|? has weight 2, while the other two invariants have weight 3.

Other local conformal invariants can be obtained in terms of the ambient metric
of Fefferman-Graham ([FG1], [FG2]; see Section 4 below).

1.2. Conformally invariant operators.

DEFINITION 3. A Riemannian invariant differential operator of weight w is the
datum on each Riemannian manifold (M™,g) of a differential operator P, on M
such that:

(i) There exist finitely many functions anpgy in C*°(M,(R)y) such that, in
any local coordinates,

(7) Py =" aas(9(2))(0%9(x))" Dy.
(ii) We have
(8) Py =t""P, vt > 0.

DEFINITION 4. A conformally invariant differential operator of biweight (w,w’)
is a Riemannian invariant differential operator Py such that

(9) Py, =e"TPe ™ VfeC®(M,R).

An important example of a conformally invariant differential operator is the
Yamabe operator,

n—2
10 O, =47+ ——
( ) g g+4(n_1)/€g7
where A, denotes the Laplace operator. In particular,
(11) Oeery = e~ ETIOEDS v e 0%(M,R).

A generalization of the Yamabe operator is provided by the GJMS operators
of Graham-Jenne-Mason-Sparling [GJMS]. For k = 1,..., 4 when n is even, and
for all non-negative integers k when n is odd, the GJMS operator of order k is a
differential operator ng) such that

(12) D!(]k) = Agk) + lower order terms,
and which satisfies
(13) O — e GHRIOWG-Rf  vfe c™(M,R).

e2fg — g



For k£ = 1 this operator agrees with the Yamabe operator, while for £ = 2 we
recover the Paneitz operator.

Recently, Alexakis ([Al2], [Al1l]) and Juhl [Ju] constructed new families of
conformally invariant operators. Furthermore, Alexakis proved that, under some
restrictions, his family of operators exhausts all conformally invariant differential
operators.

2. Conformally Invariant YDOs

Let U be an open subset of R™. The (classical) symbols on U x R™ are defined
as follows.

DEFINITION 5. 1) Sp(U x R™), m € C, is the space of functions p(x,§) con-
tained in C°°(U x (R™\ {0})) such that p(z,t&) = t"p(x, &) for any t > 0.

2) S™(U x R™), m € C, consists of functions p € C>°(U x R™) with an as-
ymptotic expansion p ~ Ej>0pm,j, pr € Sp(U x R™), in the sense that, for any
integer N, any compact K C U and any multi-orders o, (3, there exists a constant
CNKap > 0 such that, for any * € K and any ¢ € R so that |£] > 1, we have

(14) 0202 (p— > prm—i) (@, €)| < Cvicaplé ™ 1PI7N.
<N
Given a symbol p € S (U xR"™) we let p(z, D) be the continuous linear operator
from C°(U) to C*°(U) such that

(15 pDula) = @n)" [Tl Vue 2.
We define YDOs on the manifold M™ as follows.

DEFINITION 6. "™ (M), m € C, consists of continuous operators P from
C(M) to C°(M) such that:
(i) The Schwartz kernel of P is smooth off the diagonal;

(i1) In any local coordinates the operator P can be written as
(16) P =p(z,D)+ R,
where p is a symbol of order m and R is a smoothing operator.

Recall that the principal symbol of a DO makes sense intrinsically as a func-
tion py,(x,&) € C(T*M \ {0}) such that

(17) P (2, A8) = A"pm (2,€)  V(z,§) € T"M \ {0} VA >0.

Recall also that P is said to be elliptic if p,, (x, &) # 0 for all (z,€) € T*M\ {0}.
This is equivalent to the existence of a parametrix in W~ (M), i.e., an inverse
modulo smoothing operators.

This said, in order to define Riemannian and conformally invariant WDOs, we
need to consider the following class of symbols.

DEFINITION 7. S, (M,(R)4+ x R™), m € C, consists of functions a(g,&) in
C®(M,(R); x (R"\ {0})) such that a(g,t&) =t"a(g,&) ¥Vt > 0.

In the sequel we let W~°°(M) denote the space of smoothing operators on M.



DEFINITION 8. A Riemannian invariant W DO of order m and weight w is the
datum for every Riemannian manifold (M™, g) of an operator P, € U™ (M) in such
a way that:

(i) For j=0,1,... there are finitely many a;jos € Sm—;(My(R)+ x R™) such
that, in any local coordinates, Py has symbol

(18) o(Py)(x,6) ~ Y Y (0%9(x)) ajas(g(), €).

Jj20 a,p
(ii) For allt > 0 we have
(19) Py =t""PF, mod U™ (M).

REMARK. For differential operators this definition is equivalent to Definition 3,
because two differential operators differing by a smoothing operator must agree.

DEFINITION 9. A conformally invariant ¥ DO of order m and biweight (w, w’)
is a Riemannian invariant DO of order m such that, for all f € C°(M,R),

(20) Py ="t Pe ™ mod U~=(M).

In the sequel we say that a Riemannian invariant is admissible if its principal
symbol does not depend on the derivatives of the metric (i.e. in (18) we can take

apap = 0 for (o, B) # 0).

PRroproOSITION 1. Let Py be a conformally invariant W DO of order m and bi-
weight (w,w’).
(1) Let Qg be a conformally invariant W DO of order m’ and biweight (w, w"),
and assume that Py or Qg4 is properly supported. Then Q,P, is a confor-
mally invariant WDO of order m +m' and biweight (w,w").

(2) Assume that P, is elliptic and admissible. Then the datum on every Rie-
mannian manifold (M™,g) of a parametriz Q, € ¥~ (M) for P, gives
rise to a conformally invariant ¥ DO of biweight (w', w).

For instance, if ng) is a parametrix for the kth order GJMS operator Dék),

then Q_,(,k) is a conformally invariant YDO of biweight (%2’“7 %) By multiplying
these operators with the operators of Alexakis and Juhl we obtain various examples
of conformally invariant WDOs that are not differential operators or parametrices

of elliptic differential operators

3. The Logarithmic Singularity of a YDO

We can give a precise description of the singularity of the Schwartz kernel
of a DO near the diagonal and, in fact, the general form of these singularities
can be used to characterize ¥DOs (see, e.g., [H8], [Me], [BGr]). In particular, if
P:C>®(M)— C*(M) if a UDO of integer order m > —n, then in local coordinates
its Schwartz kernel kp(z,y) has a behavior near the diagonal y = = of the form

(21) kp(wy)= Y aj(w,z—y) —cp(x)log|z —y| + O(1),
—(m4n)<j<—1
where a;(z,y) € C>®(U x (R™\ {0})) is homogeneous of degree j in y and we have

(271r)" /Sn_lp*n(%i)da(g),

(22) epl) =



where p_,,(z,£) is the symbol of degree —n of P and we have denoted by do () is
the surface measure of S?~1.

It seems to have been first observed by Connes-Moscovici [CMo] (see also [GVF],
[Po5]) that the coefficient c¢p(x) makes sense globally on M as a 1-density.

In the sequel we refer to the density cp(x) as the logarithmic singularity of the
Schwartz kernel of P.

If P is elliptic, then we shall call a Green kernel for P the Schwartz kernel of
any parametrix Q € W= (M, ) for P. Such a parametrix is uniquely defined only
modulo smoothing operators, but the singularity near the diagonal of the Schwartz
kernel of @, including the logarithmic singularity cg(z), does not depend on the
choice of Q.

DEFINITION 10. If P € V™(M), m € Z, is elliptic, then the Green kernel
logarithmic singularity of P is the density

(23) Tp(x) = cq(z),
where @ € W™ (M) is any given parametrixz for P.

Next, because of (22) the density cp(z) is related to the noncommutative
residue trace of Wodzicki ([Wo1l], [Wo3|) and Guillemin [Gul] as follows.

Let U<7"(M) = Upme_n ¥™(M) denote the class of ¥DOs whose symbols
are integrable with respect to the &-variable. If P is a YDO in this class then the
restriction to the diagonal of its Schwartz kernel kp(x,y) defines a smooth density
kp(x,z). Therefore, if M is compact then P is trace-class on L?(M) and we have

(24) Trace P = /M kp(z,x).

In fact, the map P — kp(x,z) admits an analytic continuation P — tp(z) to
the class WC\Z(M) of non-integer WDOs, where analyticity is meant with respect to
holomorphic families of ¥DOs as in [Gu2] and [K'V]. Furthermore, if P € WZ(M)
and if (P(2)).ec is a holomorphic family of ¥DOs such that ord P(z) = ord P + 2
and P(0) = P. Then, at z = 0, the map z — tp(.)(x) has at worst a simple pole
singularity with residue given by

(25) Res.—otp()(x) = —cp(x).

Suppose now that M is compact. Then the noncommutative residue is the
linear functional on W%(M) defined by

(26) Res P := / cp(x) VP e U\ ().
M

Thanks to (22) this definition agrees with the usual definition of the noncommu-
tative residue. Moreover, by using (25) we see that if (P(z)).ec is a holomorphic
family of YDOs such that ord P(z) = ord P 4+ z and P(0) = P, then the map
z — Trace P(z) has an analytic extension to C\ Z and, at z = 0, it has at worst a
simple pole singularity with residue given by

(27) Res P = — Res,— Trace P(z).

Using this it is not difficult to see that the noncommutative residue is a trace on
WZ(M). Wodzicki [Wo2] even proved that his is the unique trace up to constant
multiple when M is connected and has dimension > 2.



Finally, let P : C*°(M) — C*°(M) be a ¥DO of integer order m > 0 with a
positive principal symbol. For ¢ > 0 let k;(x,y) denote the Schwartz kernel of e ~*7.
Then k;(z,y) is a smooth kernel and, as t — 0%,

(2%) o) ~ 5 S 90y (P)(a) +logt 3 Pby(P)(a),
Jj=0 J=0
where we further have asji1(P)(x) = bj(P)(xz) = 0 for all j € Ny when P is a
differential operator (see, e.g., [Gi], [Gr]).
Using the Mellin Formula, we can explicitly relate the coefficients of the above
heat kernel asymptotics to the singularities of the local zeta function tp-s(x) (see,
e.g., [Wo3, 3.23]). In particular, if for j =0,...,n — 1 we set 0, = %j, then

(20) mep-a; (2) = T(o;) " a;(P)(a).

The above equalities provide us with an immediate connection between the
Green kernel logarithmic singularity of P and the heat kernel asymptotics (28).
Indeed, as the partial inverse P! is a parametrix for P in ¥ =™ (M), setting j =
n —m in (29) gives

(30) an—m(P)(x) = mep-1(z) = myp(x).

4. Fefferman’s Program in Conformal Geometry

In the sequel by Green kernel of an elliptic YDO we shall mean the Schwartz
kernel of a parametrix, and by null kernel of a selfadjoint DO we shall mean the
Schwartz kernel of the orthogonal projection onto its null space.

The program of Fefferman in conformal geometry can be described as follows.

FEFFERMAN’S PROGRAM (Analytic Aspect). Give a precise geometric descrip-
tion of the singularities of the Schwartz, Green and null kernels of conformally
invariant operators in terms of local conformal invariants.

As stated by Theorem 1, any local Riemannian invariant is a linear combination
of Weyl Riemannian invariants. Is there a similar description for local conformal
invariants? Establishing such a description is the aim of the geometric aspect of
Fefferman’s program:

FEFFERMAN’S PROGRAM (Geometric Aspect). Determine all local invariants
of a conformal structure.

4.1. Ambient metric and Weyl conformal invariants. The analogues
in conformal geometry of the Weyl Riemannian invariants are obtained via the
ambient metric construction of Fefferman-Graham ([FG1]|, [FG2]).

In this section we denote by (M™, g) a general Riemannian manifold of dimen-
sion n. Consider the metric ray-bundle,

(31) G :={t?g(z);x € M, t >0} C S*’T*M -~ M.
It carries the family of dilations,

(32) 8s(x,9) == 57 Vee M VYgeG, Vs>D0,
It also carries the (degenerate) tautological metric,

(33) g0(w,9) = (dr(x))"g  V(z,9) €G.



Thus, if {7} are local coordinates with respect to which g(z) = g;jdz’ @ da’ and if
we denote by ¢ the fiber coordinate on G defined by the metric g, then in the local
coordinates {z7,t} we have

The ambient space is defined to be
(35) G:=Gx(-1,1).

In the sequel we shall use the letter p to denote the variable with values in
(—1,1). Then G can be identified with the hypersurface Gy := {p = 0} C G.

THEOREM 2 ([FG1], [FG2]). There exists a unique Lorentzian metric § on G
defined formally near p =0 such that:

(36) 535 = s>go, J1p=0 = Yo,
. O(p™) ifn is odd,
(37) Ric(g) = { O(p?) ifn is even.

The ambient metric depends only on the conformal class of g, so any local
Riemannian invariant of (G, g) gives rise to a local conformal invariant of (M™, g).

DEFINITION 11. The Weyl conformal invariants are the local conformal invari-
ants arising from the Weyl Riemannian invariants of (G, g).

For instance, the Weyl tensor is obtained by pushing down to M the curvature
tensor R of G. Therefore, the invariants in (5)-(6) are Weyl conformal invariants.

In fact, if we use the Ricci-flatness of the ambient metric, then we see that there
is no Weyl conformal invariant of weight 1 and the only of these invariants in weight
2 is [WW]2. In addition, in weight 3 we only have the invariants in (6) together with
the invariant arising from \@R\Q, namely, the Fefferman-Graham invariant,

(38) D, = V|2 + 16(W,U) + 16|C?,

where Cji; = Vi Aji, — Vi Aj; is the Cotton tensor and V' and U are the tensors
(39) Vsijkt = VsWiint — 9isCirt + 9jsCikt — 9rsClij + 91sChij,

(40) Usjri = VsCja + gPT"Asp Wk

Next, a very important result is the following.

ProrosITION 2 ([BEG]).

(1) If n is odd, then any local conformal invariant is a linear combination of
Weyl conformal invariants.
(2) If n is even, the same holds in weight < 3.

In even dimension a description of the scalar local conformal invariants of weight
w > 5 4 1 was recently presented by Graham-Hirachi [GH]. More precisely, they
modified the construction of the ambient metric in such way as to obtain a metric on
the ambient space G which is smooth of any order near Gy. There is an ambiguity on
the choice of a smooth ambient metric, but such a metric agrees with the ambient
metric of Fefferman-Graham up to order < § near Go.

Using a smooth ambient metric we can construct Weyl conformal invariants
in the same way as we do by using the ambient metric of Fefferman-Graham. If
such an invariant does not depend on the choice of the smooth ambient metric we



then say that it is an ambiguity-independent Weyl conformal invariant. Not every
conformal invariant arises this way, since in dimension n = 4m this construction
does not encapsulate the exceptional local conformal invariants of [BG].

PROPOSITION 3 (Graham-Hirachi [GH]). Let w be an integer > 5.

1) Ifn=2 mod4, orifn=0 mod4 and w is even, then every scalar local
conformal invariant of weight w is a linear combination of ambiguity-independent
Weyl conformal invariants.

2) If n =0 mod4 and w is odd, then every scalar local conformal invari-

ant of weight w is a linear combination of ambiguity-independent Weyl conformal
invariants and of exceptional conformal invariants.

5. Logarithmic Singularities of Conformally Invariant Operators

One aim of this paper is to look at the logarithmic singularities (as defined
in (21)-(22)) of conformally invariant ¥DOs.

In the sequel we denote by |vg(x)| the volume density of (M™,g), i.e., in local
coordinates |vy(z)| = \/g(z)|dz|, where |dz| is the Lebesgue density. We also denote
by [g] the conformal class of g.

PROPOSITION 4. Consider a family (Pj)zerq C Y™ (M) for which there are
real numbers w and w' such that, for all f € C*°(M,R), we have

(41) P, = ew'ngefwf mod ¥~ (M).
Then, at the level of the logarithmic singularities,
(42) cp, (@)= Wep (@) Vf e C®(M,R).

This result generalizes a well-known result of Parker-Rosenberg [PR] about
the logarithmic singularity of the Green kernel of the Yamabe operator. Moreover,
using (22) and (30) this also allows us to recover and extend results of Gilkey [Gi]
and Paycha-Rosenberg [PRo] on the noncommutative residue densities of elliptic
UDOs satisfying (41). In particular, all the assumptions on the compactness of M
or on the invertibility and the values of the principal symbol of P, can be removed
from those statements.

PROPOSITION 5 (sec [Pod]). Let P, be a Riemannian invariant ¥ DO of weight w
and integer order. Then
(43) cp,(x) = Ip, ()|vy ()|
where Ip,(x) is a local Riemannian invariant of weight w.

Combining this with Proposition 4 allows us to prove the following.

THEOREM 3 ([Pod]). Let P, be a conformally invariant Riemannian YDO of
integer order and biweight (w,w’). In odd dimension, as well as in even dimension
when w' > w, the logarithmic singularity cp,(x) is of the form
(44) cp,(x) = Ip, ()[vg(2)],
where Ip,(x) is a universal linear combination of Weyl conformal invariants of
weight § 4w —w'. Ifn is even and we have w' < w, then cp,(x) still is of a similar

form, but in this case Ip,(x) is a local conformal invariant of weight § +w —w' of
the type described in Proposition 3.



As an application of this result we can obtain a precise description of the
logarithmic singularities of the Green kernels of the GJMS operators.

THEOREM 4. 1) In odd dimension the Green kernel logarithmic singularity
vm(k)(x) s always zero.
3

2) In even dimension and for k=1,...,% we have

(45) WDék) (1’) = cék) ({E)dUg (x)a

where cgk) (v) is a linear combination of Weyl conformal invariants of weight 5 —k.

In particular, we have
46) @) =@n 2L V@ =0, V@) = an|W(a)]?
g (n 2)‘7 g ) g n g’

n_g3 i . i
(47) 5 (@) = LWy MW PIW, Y 4 W RW WP 46,8,

where W is the Weyl curvature tensor, ®g4 is the Fefferman-Graham invariant (38)
and Qu,, Bn, Yn and 6, are universal constants depending only on n.

Finally, we can get an explicit expression for c(gl)(x) in dimensions 6 and 8

by making use of the computations by Parker-Rosenberg [PR] of the coefficient
an—2(0,)(z) of t7! in the heat kernel asymptotics (28) for the Yamabe operator.
Indeed, as by (30) we have 2o, (z) = a,—2(0y)(x), using [PR, Prop. 4.2] we see
that, in dimension 6,
1

1 _ 2
(18) () = = W (@),
and, in dimension 8,
(49) M (x

g9

(81(1)9 + 352Wij lelkqupqij + 64Wi j];Wipqujplq).

)= Go720
In order to use the results of [PR] the manifold M has to be compact. How-
ever, as cél)(x) is a local Riemannian invariant which makes sense independently

of whether M is compact or not, the above formulas for cgl)(ac) remain valid when
M is non-compact.

6. The Bergman Kernel of a Strictly Pseudoconvex Domain

Let D = {r(z) < 0} C C"*! be a strictly pseudoconvex domain with boundary
0D = {r(z) = 0}. The fact that D is strictly pseudoconvex means that the defining
function 7(z) can be chosen so that d9r defines a positive definite Hermitian form
on the holomorphic tangent space T1°D.

Let O(D) denote the space of holomorphic functions on D. The Bergman
projection,

(50) B:L*(D) — O(D)N L*(D),

is the orthogonal projection of L?(D) onto the space of holomorphic L2-functions
on D. The Bergman kernel, denoted B(z,w), is the Schwartz kernel of B defined
so that

(51) Bu(z) = /B(z,w)u(w)dw Vu € L*(D).

Equivalently, B(z,w) is the reproducing kernel of the Hilbert space O(D) N L?(D).
In the analysis of the Bergman kernel an important result is the following.



THEOREM 5 (Fefferman [Fel]). Near 0D we have

(52) B(z,2) = @(2)r(z)" "V = 4(2) log r(2),
where @(z) and (z) are smooth up to the boundary.

The original motivation for the program of Fefferman [Fe2] was to give a precise
description of the singularity of the Bergman kernel near 0D in terms of local
geometric invariants of dD. In this case the complex structure of D induces on
0D a CR structure and, as D is strictly pseudoconvex, the CR structure of 9D is
strictly pseudoconvex. Thus, the original goals of Fefferman were the following:

(i) Express the singularity in terms of local invariants of the strictly pseudo-
convex CR structure of 0D.

(ii) Determine all local invariants of a strictly pseudoconvex CR structure.

We refer to Section 9 for the precise definition of a local invariant of a strictly
pseudoconvex CR structure. For now let us recall that, in general, a CR structure
on an oriented manifold M?"*+! is given by the datum of a hyperplane bundle
H C TM equipped with an (integrable) complex structure Jy. For instance, the
CR structure on the boundary dD above is given by the complex hyperplane bundle

(53) H :=T(dD) NiT(dD) C T(dD).

Let (M, H,J) be a CR manifold. Set Ty 9 = ker(J — i) C TcM and Tp; =
ker(J +4), so that H ® C = T19 ® Tp1. Since M is orientable there is a non-
vanishing 1-form € on M annihilating H. The Levi form is the Hermitian form Lg
on Ti o defined by

(54) Lo(Z,W) = —id§(Z,W)  VZ,W € C®(M,Ty,).

When we can choose 6 so that Ly is positive definite we say that M is strictly
pseudoconver. Notice that this implies that 0 is a contact form.
Examples of CR manifolds include:

e Boundaries of complex domains in C"*!, e.g., the sphere §?"+! c C"*!
and the hyperquadric Q*" ™! := {z € C"*1; Sz, 41 = |12 + - + |20 |?}.

e The Heisenberg group H?"*! and its quotients I'\H?"*! by discrete co-
compact subgroups.

e Circle bundles over complex manifolds.

Recall that the Heisenberg group H?"*! can be realized as R"*! equipped with
the group law and dilations,

(55) z.Yy = (ZEO + Yo + Z(‘rn+jyj - xjyn+j>7x1 + Y1, .-, T2n + y2n>7
j=1

(56) t‘(xo,...,xgn) = (tgxo,tiﬂl,...,t{ﬂgn), teR.

Notice that the group-law (55) is homogeneous with respect to the anisotropic
dilations (56).
The Lie algebra h27+! of H?"t! is spanned by the left-invariant vector fields,

0 0 0 0 0

57)  Xo= —, X;= 2 dapi— Xpp =
( ) 0 81’07 J al’j e + 8130 +

[
8xn+j Jafﬂo’



where j ranges over 1,...,n. Notice that, with respect to the dilations (56), the
vector field X is homogeneous of degree —2, while Xy, ....X5, are homogeneous
of degree —1. Moreover, for j,k =1,...,n, we have the Heisenberg relations,

(58) (X, Xnvr] = =206 X0, [Xj, Xi] = [Xn4j, Xngr] = 0.
The CR structure of H?"*! is defined by the hyperplane bundle

(59) H = Span{Xy,...,Xo,}

equipped with the complex structure J defined by

(60) JX; = Xntjs JXnt+j = —Xj, ji=1,...,n.

The hyperplane H is the annihilator of the 1-form,

n

(61) 00 = diCO - Z(xn+]—dxj — xjdxn+j).

Jj=1

One can check that the associated Levi form is positive definite, so H?"*! is a strictly
pseudoconvex CR manifold. This is in fact the local model of such a manifold.

7. Heisenberg Calculus

In this section, we briefly recall the main facts about the Heisenberg calcu-
lus. This calculus was introduced by Beals-Greiner [BGr] and Taylor [Tay] (see
also [EM], [Po3]). This is the most relevant calculus to study the main geometric
operators on CR manifolds.

7.1. Overview of the Heisenberg calculus. The Heisenberg calculus holds
in full generality for Heisenberg manifolds, that is, manifolds M9+! together with a
distinguished hyperplane bundle H C T'M. This terminology stems from the fact
that, for a Heisenberg manifold, the relevant notion of tangent bundle is that of a
bundle of 2-step nilpotent Lie groups whose fibers are isomorphic to H?"*! x R¢
for some k and n such that 2n + k = d (see, e.g., [BGr], [Pol]). This tangent Lie
group bundle can be described as follows.

First, there is an intrinsic Levi form obtained as the 2-form £ : HxH — TM/H
such that, for any point a € M and any sections X and Y of H near a, we have

(62) Lo(X(a),Y(a)) =[X,Y](a) mod H,.

In other words the class of [X,Y](a) modulo H, depends only on X(a) and Y (a),
not on the germs of X and Y near a (see [Pol]).

We define the tangent Lie algebra bundle gM as the graded Lie algebra bundle
consisting of (T'M/H)® H together with the fields of Lie bracket and dilations such
that, for sections Xg, Yy of TM/H and X', Y’ of H and for t € R, we have

(63) [Xo+ X', Yo +Y']=L(X',Y), t(Xo+ X)) =1?Xo +tX'.

Each fiber g, M is a two-step nilpotent Lie algebra so, by requiring the exponen-
tial map to be the identity, the associated tangent Lie group bundle GM appears
as (TM/H) @ H together with the grading above and the product law such that,
for sections Xg, Yy of TM/H and X', Y’ of H, we have

1
(64) (X0+X’).(YO+Y’):X0+Y0+§E(X’,Y’)+X’+Y’.



A motivating example for the Heisenberg calculus is the horizontal sub-Laplacian
Ay on a Heisenberg manifold (M*!, H) equipped with a Riemannian metric. This
is the operator Ay : C*°(M) — C*°(M) defined by

(65) Ab = dZdb, db =T o d,

where 7 is the orthogonal projection onto H* (identified with a subbundle of T*M
using the Riemannian metric).
An H-frame of TM is a frame X, X1, ..., X4 of TM such that X1, ..., X4 span
H. Locally, we always can find an H-frame Xg, X1,..., Xy such that A, takes the
form
d
(66) Ap=—(X7 4+ X3,)+ > a;(2)X;.

j=1

As the differentiation along Xy is missing we see that A, is not elliptic. How-
ever, whenever the Levi form (62) is everywhere non-zero, a celebrated theorem
of Hormander [H62] ensures us that A is hypoelliptic with gain of one derivative
(i.e., if Apu is in L2 then u must be in the Sobolev space W120C1)

In the case of the Heisenberg group, we can explicitly construct a fundamental
solution for Ay (see [BGr], [FS1]). This fundamental solution comes from a symbol
of type (3,3) in the sense of Hérmander [H&]. As the usual symbolic calculus
does not hold anymore for ¥YDOs of type (%, %), the full strength of the classical
pseudodifferential calculus cannot be used to study natural operators on Heisenberg
manifolds such as the horizontal sub-Laplacian Ay.

The relevant substitute for the classical pseudodifferential calculus is precisely
provided by the Heisenberg calculus. The idea is to construct a class of pseudodif-
ferential operators, called ¥ DOs, which near each point a € M are approximated
(in a suitable sense) by left-invariant convolution operators on G, M. This allows
us to get a pseudodifferential calculus with a full symbolic calculus with inverses
and which is invariant under changes of charts preserving the hyperplane bundle H.

The symbols that we consider in the Heisenberg calculus are the following.

DEFINITION 12. 1) S,,,(U x R41) m € C, is the space of functions p(x,£) in
C>=(U x (R41\ {0})) such that p(x,t.£) = t™p(x,£) for any t > 0.

2) S™(U x R, m € C, consists of functions p € C®(U x R with an
asymptotic expansion p ~ Zj>0 Pm—js Pk € Sk(U x R4TY), in the sense that, for
any integer N, any compact K C U and any multi-orders o, 3, there exists a
constant Cxxap > 0 such that, for any x € K and any £ € R¥*! so that ||| > 1,
we have

(67) 0202 (p = > Pm—)(,8)| < Cvkasllé| "™~ @7N,
J<N
where we have set ) =200+ 1+ ...+ Ba.

Next, for j = 0,...,d let o;(z,&) denote the symbol (in the classical sense) of
the vector field 1 X; and set o = (0, ...,04). Then for p € S™(U x R41) we let
p(x, —iX) be the continuous linear operator from C°(U) to C*°(U) such that

(68)  plw, ~iX)u(x) = (2m)~(@+D / e Ep(z, (e, £)AE)dE  Yu e CX().



Let (M1 H) be a Heisenberg manifold. We define the ¥z DOs on M as
follows.

DEFINITION 13. U7 (M), m € C, consists of continuous operators P from
C®(M) to C°(M) such that:
(i) The Schwartz kernel of P is smooth off the diagonal;

(i1) In any local coordinates equipped with an H-frame X, ..., X4 the operator
P can be written as

(69) P =p(x,—iX) + R,
where p(x,§) is a Heisenberg symbol of order m and R is a smoothing operator.

For any a € M the convolution on G, M gives rise under the (linear) Fourier
transform to a bilinear product for homogeneous symbols,

(70) 2 Sy (8 M) X Sy (80) — Smiy+mo (82 M).
This product depends smoothly on a, so it gives rise to the product,
(71) * Sml (Q*M) X sz (g*M) - mi+ma (g*M)v
(72) p1*p2(a,§) = [pi(a,-) = p2(a,)](£).

This provides us with the right composition for principal symbols, since for any
operators P; € Ut (M) and P, € U2 (M) such that Py or P, is properly supported
we have

(73) Omy+ma (PlPQ) = Om, (Pl) * Omgy (PQ)

Notice that when G, M is not commutative, i.e., when £, # 0, the product % is
no longer the pointwise product of symbols and, in particular, it is not commutative.
As a consequence, unless H is integrable, the product for Heisenberg symbols, while
local, is not microlocal (see [BGr]).

When the principal symbol of P € ¥ (M) is invertible with respect to the
product x, the symbolic calculus of [BGr] allows us to construct a parametrix
for P in W™ (M). In particular, although not elliptic, P is hypoelliptic with a
controlled loss/gain of derivatives (see [BGr]).

In general, it may be difficult to determine whether the principal symbol of a
given operator P € U (M) is invertible with respect to the product *, but this can
be completely determined in terms of a representation theoretic criterion on each
tangent group G, M, the so-called Rockland condition (see [Po3], Thm. 3.3.19). In
particular, if o,,,(P)(a,-) is pointwise invertible with respect to the product ** for
all a € M.

7.2. The logarithmic singularity of a Uz DO. It is possible to characterize
the Uy DOs in terms of their Schwartz kernels (see [BGr]). As a consequence we
get the following description of the singularity near the diagonal of the Schwartz
kernel of a W xDO.

In the sequel, given an open subset of local coordinates U C R¥*! equipped
with an H-frame Xy, ..., Xq of TU, for any a € U we let ¢, denote the unique affine
change of variables such that ¥, (a) = 0 and (¢4+X;)(0) = 3%1 forj =0,1,...,d+1.

DEFINITION 14. The local coordinates provided by v, are called privileged co-
ordinates centered at a.



Throughout the rest of the paper the notion of homogeneity refers to homo-
geneity with respect to the anisotropic dilations (63).

PROPOSITION 6 ([Po2, Prop. 3.11]). Let U (M), m € Z.

1) In local coordinates equipped with an H-frame the kernel kp(xz,y) has a
behavior near the diagonal y = x of the form

(74)  kp(a,y) = > a;j(z, —u(y)) — cp(x)log [¥. ()l + O(1),
—(m+d+2)<j<—1

where aj(xz,y) € C°(U x (R™\ {0})) is homogeneous of degree j in y, and we have

(75) cp(z) = (2m) (@D /| o P (@O,

where p_(442)(x,§) is the symbol of degree —(d + 2) of P and E denotes the
anisotropic radial vector 22°0,0 + £'0,1 4 -+ - 4+ £%0,4.

2) The coefficient cp(x) makes sense globally on M as a 1-density.

Let P € ¥7}(M) be such that its principal symbol is invertible in the Heisenberg
calculus sense and let @ € V(M) be a parametrix for P. Then @ is uniquely
defined modulo smoothing operators, so the logarithmic singularity cg(z) does not
depend on the particular choice of ().

DEFINITION 15. If P € U7 (M), m € Z, has an invertible principal symbol,
then its Green kernel logarithmic singularity is the density

(76) Tp(x) = cq(z),
where Q € V" (M) is any given parametriz for P.
In the same way as for classical ¥DOs, the logarithmic singularity densities are

related to the construction of the noncommutative residue trace for the Heisenberg
calculus (see [Po2]).

8. pseudo-Hermitian Invariants

8.1. pseudo-Hermitian geometry. Let (M?"+1 H, J) be a strictly pseudo-
convex CR manifold. In the terminology of [We] a pseudo-Hermitian structure on
M is given by the datum of real 1-form on M such that 6 annihilates H and the as-
sociated Levi form (62) is positive definite. Notice that 8 is uniquely determined up
to a conformal factor. Conversely, the conformal class of 8 is uniquely determined
by the strictly pseudoconvex CR structure of M.

Since 6 is a contact form there exists a unique vector field Xy on M, called the
Reeb field, such that 1x,0 =1 and tx,df = 0. Let N' C Tg M be the complex line
bundle spanned by Xy. We then have the splitting

(77) TeM =N &Tio® T

The Levi metric hy is the unique Hermitian metric on Te M such that:
- The splitting (77) is orthogonal with respect to hg;
- hy commutes with complex conjugation;
- We have h(Xo, Xo) = 1 and hg agrees with Ly on T o.

Notice that the volume form of hg is 2 (d6)™ A 6.



As proved by Tanaka [Ta] and Webster [We], the datum of the pseudo-Hermitian
contact form 6 uniquely defines a connection, the Tanaka-Webster connection,
which preserves the pseudo-Hermitian structure of M, i.e., such that V6 = 0 and
VJ = 0. It can be defined as follows.

Let {Z;} be a frame of T . We set Z; = = Z;. Then {Xo, Z;, Z; 5} forms a frame
of Tc M. In the sequel such a frame w111 be called an admzsszble frame of Te M.
Let {0,67,67} be the coframe of T M dual to {Xo, Z;, Z3}. With respect to this

coframe we can write df = ih ;367 A 6%

Using the matrix (h;;) and its inverse (hi¥) to lower and raise indices, the

connection 1-form w = (wjk) and the torsion form 7; = A;;0% of the Tanaka-
Webster connection are uniquely determined by the relations
(78) doF =07 AwF+ONTF, wiptwg =dhy, A= Ay

In addition, we have the structure equations
(79) dw® —w! Aw® = R} 00 NO™ + Wi, 00 NO— Wi ;10" NO+i0; ATy —imj A
The pseudo-Hermitian curvature tensor of the Tanaka-Webster connection is
the tensor with components R;p;y, its Ricci tensor is p;j := Rllj}} and its scalar
curvature is kg := p;’.
8.2. Local pseudo-Hermitian invariants. Let us now define local pseudo-

Hermitian invariants. The definition is more involved than that of local Riemannian
invariants, because:

- The components of the Tanaka-Webster connection and its curvature and

torsion tensors are defined with respect to the datum of a local frame Z1,..., 72,
which never is a frame %, .. 3% associated to local coordinates z!,. .., 2"

- In order to get local pseudo-Hermitian invariants from pseudo-Hermitian in-
variant W5 DOs it is important to take into account the tangent group bundle of a
CR manifold, in which the Heisenberg group comes into play.

Before defining local pseudo-Hermitian invariants, some notation needs to be
introduced.

Let U C R™ be an open subset of local coordinates equipped with a frame
21y Ly of Ty g. Write Z; = X; — X, 44, where X; and X,,4; are real vector
fields. Then X, ..., Xo, is a local H-frame of TM. We shall call this frame the
H-frame associated to Z, ..., Z,.

Let n°,...,n?" be the coframe of T*M dual to X, ..., X2, (so that n° = 6).
We write X; = X,;%0,. and 9 = 1/ dz*. We also write Z; = Z;50,x. Tt will
be convenient to identify Xo(z) with the vector (X*(z)) € R*"*! and Z(z) :=
(Z1(x), ..., Zn(z)) with the matrix (ij(x)) in My, 2,41(C)*, where the latter de-
notes the open subset of M, 2,41(C) consisting of regular matrices.

For j,k = 1,...,n we set h;z = hy(Z;, Z) = i0(|Z;, Zz]), and for j,k =
1,...,2n we set L, = 0([X;, Xi]). Let M, (C)+ denote the open cone of positive
definite Hermitian n x n matrices. In the sequel it will also be convenient to identify
hg with the matrix hg(z) := (h;z(z)) € M, (C)4

Thanks to the integrability of Ti, we have 0([Z;, Z;]) = 0. As we have
(Z, Zk] = [ X5, Xi] = [ X, Xnar] — i([Xngj, Xi] + [Xj, Xnpi]) we see that

(80) Ln+j,n+k = Lj7k and Lj,n+k = *Ln—i-j,k'



Since [Z;, Zg] = [Xj, Xp] + [Xntj, Xnr] + i([ X, X — [ X, Xogr]) we get
(81) hjfc = ig([Zj, Z}ED = QiLj,k + 2Ln+j,k-
In other words, we have
1/ h —Rh
(82) (Ljw) = 2< Rh - Sh >
For any a € U we let ¢, be the affine change of variables to the privileged

coordinates centered at a (cf. Definition 14). One checks that v, (z)’ = njk(xkfak),
so we have

(83) Yar Xj = X (Wa (@)1 (@)00.
Given a vector field X defined near x = 0 let us denote by X(0); the vector field
obtained as the part in the Taylor expansion at x = 0 of X which is homogeneous of

degree [ with respect to the Heisenberg dilations (63). Then the Taylor expansions
at x = 0 of the vector fields 1.+ Xo, ..., ¥ex X2, take the form

(84) Xo = X(ga) + Xo(0) =1y +--+

(85) X=X+ X;(0) o)+, 1<j<2n,

with

(86) X(ga) = 00, X](a) =0, + bjk(a):cké)zo, 1 <5< 2n,

where we have set b, (a) := Ok [le(wa(x))hm:onol(a). Notice that X(ga) is homoge-
neous of degree —2, while Xl(a), e ,XQ(Z) are homogeneous of degree —1.

The linear span of the vector fields X(ga), . ,XQ(Z) is a 2-step nilpotent Lie
algebra under the Lie bracket of vector fields. Therefore, this is the Lie algebra of
left-invariant vector fields on a 2-step nilpotent Lie group G . The latter can be
realized as R?"*1 equipped with the product

(87) vy = (2% + ¢ + bkj(a)zjyk, R VL SN R TR B

Notice that [X;a),Xlga)] = (bgj(a) — bjk(a))X(()a). In addition, we can check that
[Vasx X, Vax Xi](0) = (bgj(a) — bjk(a))0r0 mod Hy. Thus,

(88) ij(a) = H(vaXk)(a) = (¢a*0)([¢a*Xj7wu*Xk])(O)
= (da®, [as X, YaxX1] (0)) = brj(a) — bji(a).

This shows that G(®) has the same structure constants as the tangent group G, M,
hence is isomorphic to it (see [Pol]). This also implies that (—3 L;x(a)) is the skew-
symmetric part of (bj(a)). For j,k =1,...,2n set y;i(a) = bjr(a) + 2 L;x(a). The
matrix (p;5(a)) is the symmetric part of (bjr(a)), so it belongs to the space Sz, (R)
of symmetric 2n x 2n matrices with real coeflicients.

In the sequel we set

(89) Q= M,(C)y x R*" ! x M, 2,11(C)* x Sa,(R).

This is a manifold, and for any = € U the quadruple (h(x), Xo(z), Z(x), u(x)) is an
element of € depending smoothly on x.

In addition, we let P be the set of monomials in the indeterminate variables
X", ao‘ij and 8°‘ﬁ7 where the integer j ranges over {1,...,n}, the integer
k ranges over {0,...,2n}, and a ranges over all multi-orders in NZ". Given the



Reeb field Xo and a local frame Zy, ..., Z, of T1 ¢ by plugging 99 X" (x), 99 Z;* (x)
and 8“?(3:) into a monomial p € P we get a function which we shall denote by
p(Xo, Z,Z)(l‘)

Bearing all this mind we define local pseudo-Hermitian invariants as follows.

DEFINITION 16. A local pseudo-Hermitian invariant of weight w is the datum
on each pseudo-Hermitian manifold (M*"*1,0) of a function Iy € C>®(M) such
that:

(i) There exists a finite family (ap)pep C C*°(R) such that, in any local coor-
dinates equipped with a frame Z, ..., Zy, of T, we have

(90) Ty(z) =Y ap(h(x), Xo(x), Z(x), u(@))p(Xo0, Z, Z) ().
peP

(1) We have Tyg(x) =t~ *ZIy(x) for any t > 0.

Any local Riemannian invariant of hy is a local pseudo-Hermitian invariant.
However, the above notion of weight for pseudo-Hermitian invariant is anisotropic
with respect to hg. For instance if we replace 6 by tf then hy is rescaled by ¢ on
T1,0 @ Tp,1 and by t2 on the vertical line bundle N’ ® C.

On the other hand, as shown in [JL2, Prop. 2.3], by means of parallel trans-
lation along parabolic geodesics any orthonormal frame Z;(a), ..., Z,(a) of Ty o at
a point @ € M can be extended to a local frame 71, ..., Z, of T} o near a. Such a
frame is called a special orthonormal frame.

Furthermore, as also shown in [JL2, Prop. 2.3] any special orthonormal frame
Z1,...,2Z, near a allows us to construct pseudo-Hermitian normal coordinates
xo, 20 = x' +ix™T, ..., 2" = 2™ + izo, centered at a in such way that in the
notation of (84)—(85) we have

(O Xo(0)z) =dao,  Z(0)n) = Dos + 5700, wyp(0) = 0.

Write Z; = X;—iX,,4;, where X; and X, ; are real vector fields. Then we have
X;(0)(—1) = 0y — 32" 050 and Xy,45(0)(—1) = Opn+s + 327050 In particular, we
have X;(0) = 0, for j =0,...,2n. This implies that the affine change of variables
g to the privileged coordinates at 0 is just the identity. Moreover, in the notation
of (86) for j =1,...,n we have

1 A 1 .
(92) X](O) =0, — il'nJrjawo, X(O) = Ogn+i + ixjamo.

n+j
Incidentally, this shows that the matrix (b;(0)) is skew-symmetric, so its symmetric
part vanishes, i.e., u(0) = 0.

PROPOSITION 7 ([Pod]). Assume each pseudo-Hermitian manifold (M?"+1,6)
gifted with a function Ty € C°°(M) in such a way that Tig(x) =t~ Zy(x) for any
t > 0. Then the following are equivalent:

(i) Ty(x) is a local pseudo-Hermitian invariant;

(11) There exists a finite family (ap)pep C C such that, for any pseudo-Hermitian
manifold (M?"*1 0) and any point a € M, in any pseudo-Hermitian normal coor-
dinates centered at a associated to any given special orthonormal frame Zy, ..., Z,



of Th,0 near a, we have

(93) Ty(a) = > app(X0, Z, Z)(2) =0
peP
(iti) Ty(x) is a universal linear combination of complete tensorial contractions
of covariant derivatives of the pseudo-Hermitian curvature tensor and of the torsion
tensor of the Tanaka-Webster connection.

8.3. pseudo-Hermitian invariant ¥y DOs. We define homogeneous sym-
bols on Q x R?**+1 as follows.

DEFINITION 17. S,,(Q2 x R?"F1) 'm € C, consists of functions a(h, Xg, Z,€) in
C>(Q x (R?"*1\ {0})) such that a(0, Z,t&) = t™a(0, Z,£) Vt > 0.

In addition, recall that if Z1,..., Z, is a local frame of T} o then its associated
H-frame is the frame Xy,..., Xg, of T'M such that Z; = X; —iX,; for j =
1,...,n.

DEFINITION 18. A pseudo-Hermitian invariant ¥ g DO of order m and weight
w is the datum on each pseudo-Hermitian manifold (M?"*1,0) of an operator Py
in U (M) such that:

(i) For j = 0,1,... there exists a finite family (ajp)pep C Sm—;(Q x R#T1)
such that, in any local coordinates equipped with the H-frame associated to a frame
Zv, ..., Zy of Th o, the operator Py has symbol pg ~ > pg.m—; with

(94) Po,mfj(x, 5) = Z p(XOa Z, 7)(x)ajp (h(x)? XO(I')? Z(x)v ;L(:L’), f)
peEP

(i) For all t > 0 we have Py =t~ Py modulo ¥~>°(M).
In addition, we will say that Py is admissible if in (94) we can take aop (h, Xo, Z, 1, €)
to be zero for p # 1.

For instance, the horizontal sub-Laplacian A is an admissible pseudo-Hermitian
invariant differential operator of weight 1.

We gather the main properties of pseudo-Hermitian invariant ¥y DOs in the
following.

PROPOSITION 8 ([Po4]). Let Py be a pseudo-Hermitian invariant Uy DO of
order m and weight w.

(1) Let Qg be a pseudo-Hermitian invariant ¥ g DO of order m' and weight w’,

and assume that Py or Qg is uniformly properly supported. Then PyQy is
a pseudo-Hermitian invariant Wg DO of order m+m’ and weight w+w’.

(2) Assume that Py is admissible and its principal symbol is invertible in the
Heisenberg calculus sense. Then the datum on every pseudo-Hermitian
manifold (M?"*1,0) of a parametriz Qg € W~ (M) gives rise to a pseudo-
Hermitian invariant ¥y DO of order —m and weight —w.

Finally, concerning the logarithmic singularities of pseudo-Hermitian invariant
U DOs the following holds.

PROPOSITION 9 ([Po4]). Let Py be a pseudo-Hermitian invariant Wiy DO of
order m and weight w. Then the logarithmic singularity cp, () takes the form

(95) cpy () = Ip,()[(d0)" N 0],

where Ty(x) is a local pseudo-Hermitian invariant of weight n + 1 4+ w.



9. CR Invariants and Fefferman’s Program

9.1. Local CR Invariants. The local CR invariants can be defined as follows.

DEFINITION 19. A local scalar CR invariant of weight w is a local scalar pseudo-
Hermitian invariant Zg(x) such that

(96) Torg(x) = e W@ Ty(x)  Vf e C®(M,R).

When M is a real hypersurface the above definition of a local CR invariant
agrees with the definition in [Fe2] in terms of Chern-Moser invariants (with our
convention about weight a local CR invariant that has weight w in the sense of (96)
has weight 2w in [Fe2]).

The analogue of the Weyl curvature in CR geometry is the Chern-Moser ten-
sor ([CM], [We]). Its components with respect to any local frame Zi,...,Z, of
T1,0 are

(97) Sitim = Rjgim — (Piphim + Pihjm + Pinhji + Pimhig),

where P = %H(pj,; - mhﬂ;) is the CR Schouten tensor. The Chern-Moser
tensor is a CR invariant tensor of weight 1, so we get scalar local CR invariants by
taking complete tensorial contractions. For instance, as a scalar invariant of weight
2 we have
(98) |S15 = $7" S um
and as scalar invariants of weight 3 we get

klg Pag ij jkgi agb 1
(99) S50 Spgw and S8 i STk -

More generally, the Weyl CR invariants are obtained as follows. Let K be the
canonical line bundle of M, i.e., the annihilator of Ty o A A"TEM in A"TTEM.
The Fefferman bundle is the total space of the circle bundle,

(100) Fi= (KA A{0})/RE.

It carries a natural S'-invariant Lorentzian metric gs whose conformal class depends
only the CR structure of M, for we have g.ry = efgy for any f € C(M,R)
(see [Fel], [Le]). Notice also that the Levi metric defines a Hermitian metric hj on
K, so we have a natural isomorphism of circle bundles g : F — 3y, where Yy C K
denotes the unit sphere bundle of .

LEMMA 1 ([Fe2]; see also [Pod4]). Any local scalar conformal invariant Z,(x)
of weight w uniquely defines a local scalar CR invariant of weight w.

9.2. CR invariant operators.

DEFINITION 20. A CR invariant g DO of order m and biweight (w,w’) is a
pseudo-Hermitian invariant Vg DO Py such that

(101) P.g=e"IPe "  VfeC®M,R).
We summarize the algebraic properties of CR invariant W5 DOs in the following.

PRrROPOSITION 10 ([Pod4]). Let Py be a CR invariant Uy DO of order m and
biweight (w,w’).



(1) Let Qg be a CR invariant ¥y DO of order m’ and biweight (v, w), and
assume that Py or Qg is uniformly properly supported. Then PyQg is a
CR invariant ¥ DO of order m +m’ and biweight (w”, w').

(2) Assume that Py is admissible and its principal symbol is invertible in the
Heisenberg calculus sense. Then the datum on every pseudo-Hermitian
manifold (M>*"*1,0) of a parametriz Qg € W~ (M) gives rise to a CR
invariant W DO of order —m and biweight (w', w).

Next, we have plenty of CR invariant operators thanks to the following result.

ProproSITION 11 ([JL1], [GG]; see also [Pod4]). Any conformally invariant
Riemannian differential operator Ly of weight w uniquely defines a CR invariant
differential operator Lo of the same weight.

When L, is the Yamabe operator the corresponding CR invariant operator is
the CR Yamabe operator introduced by Jerison-Lee [JL1] in their solution of the
Yamabe problem on CR manifolds. Namely,

n
102 Clg = Ay + ——
( ) 0 b + "+ 2 Rg,
where k¢ is the Tanaka-Webster scalar curvature. This is a CR invariant differential
operator of biweight (52, —2£2).

More generally, Gover-Graham [GG] proved that for k¥ = 1,...,n + 1 the

GJMS operator Dék) on the Fefferman bundle gives rise to a selfadjoint differential
operator,

(103) ) oo (M) — C*(M).

and it has the same

This is a CR invariant operator of biweight (k_(;+1), — k""QLH)

principal symbol as
(104) (Ap 4+ i(k — 1) Xo)(Ap +i(k — 3)Xo) -+ - (Ap — i(k — 1) Xp).

In particular, except for the critical value k = n+ 1, the principal symbol of Dék) is
invertible in the Heisenberg calculus sense (see [Po3, Prop. 3.5.7]). The operator
ng) is called the CR GJMS operator of order k. For k& = 1 we recover the CR
Yamabe operator. Notice that by making use of the CR tractor calculus we also
can define CR GJMS operators of order & > n+2 (see [GG]). These operators can
also be obtained by means of geometric scattering theory (see [HPT]).

9.3. Fefferman’s program. In the same way as in conformal geometry, in
the setting of CR geometry the program of Fefferman has two main aspects:

FEFFERMAN’S PROGRAM (Analytic Aspect). Give a precise geometric descrip-
tion of the singularities of the Schwartz, Green and null kernels of CR invariant
operators in terms of local conformal invariants.

FEFFERMAN’S PROGRAM (Geometric Aspect). Determine all local invariants
of a strictly pseudoconver CR structure.

Concerning the latter aspect, the analogues of the Weyl conformal invariants
are the Weyl CR invariants which are the local CR invariants arising from the
Weyl conformal invariants of the Fefferman as described by Lemma 1. Notice that,
for the Fefferman bundle, the ambient metric was constructed by Fefferman [Fe2]
as a Kéhler-Lorentz metric. Therefore, the Weyl CR invariants are the local CR



invariants that arise from complete tensorial contractions of covariant derivatives
of the curvature tensor of Fefferman’s ambient Kéahler-Lorentz metric.
Bearing this in mind the CR analogue of Proposition 2 is given by the following.

PROPOSITION 12 ([Fe2, Thm. 2], [BEG, Thm. 10.1]). Every local CR invariant
of weight < n+1 is a linear combination of local Weyl CR invariants.

In particular, we recover the fact that there is no local CR invariant of weight 1.
Furthermore, we see that every local CR invariant of weight 2 is a constant multiple
of |S]p. Similarly, the local CR invariants of weight 3 are linear combinations of
the invariants (99) and of the invariant ®y that arises from the Fefferman-Graham
invariant ®4, of the Fefferman Lorentzian space F.

10. Logarithmic singularities of CR invariant ¥;DOs

Let us now look at the logarithmic singularities of CR invariant WyDOs. To
this end let us denote by [f] the conformal class of 6.

PROPOSITION 13. Consider a family (Py)gc C W™ (M) such that

(105) Po=eYTPe "  VfeC®M,R).
Then
(106) cp,, (@) =W @ep (x)  Vf e C®(M,R).

This result generalizes a previous result of N.K. Stanton [St]. Combining it
with Proposition 9, and using Proposition 12 , we obtain the following.

THEOREM 6 ([Po4]). Let Py be a CR invariant ¥ DO of order m and biweight
(w,w"). Then the logarithmic singularity cp,(x) takes the form

(107) cpy (2) = Ip,()[(d0)" N 0],

where Zy(x) is a scalar local CR invariant of weight n + 1+ w —w'. If we further
have w < w', then Zy(x) is a linear combination of Weyl CR invariants of weight
n+1l+w-—w'.

We can make use of this result to study the logarithmic singularities of the
Green kernels of the CR GJMS operators.

THEOREM 7. For k=1,...,n we have

(108) Yo (z) = ck(x)|do™ A0,

where ck(x) is a linear combination of scalar Weyl CR invariants of weight n+1—k.
In particular,

(109) (@) =0, " V(@)= aalS3
(10) 6" @) = BuS5"8, 780" + 1S 18T, 5 + 6no,

where S is the Chern-Moser curvature tensor, ®y is the CR Fefferman-Graham
imwvariant, and the constants o, Bn, Yn and 6, depend only on n.
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