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§ Dirichlet’s integral formula

/ tor O (1=t — - =ty )Pt
t1>0,...,t, >0
14+t <1
1—14 1—t1—--—t,_1
/ t‘fldtl/ to2dts - - / ton(1—t1— - —tp_1—tp)?™ Ldt,,
0
=(1-t1— - —tn_1)s)
1 1— 1
:/ t?ldtl/ tgzdtg / (1 tl— Tt —tn_l)an—i_’usan(l — S)'u_ldS
0 0 0
I (e, + 1 1 l—ti—w—tnz
— (lu‘) (Oé —|_ ) / t?ldtl . / t n— 1(1 tl_ _tn—l)an—i_udtn—l
I'(an +p+1) Jo 0
_ Tl +1)  Tlan +p+ Dl(ap—1 +1)
I, +p+1) I(ap—1 + an + 4+ 2)

9 I'(log + 1)+ +ap +p+n—1)
Nag+---+a,+p+n)
- I'(ag +1)-- Ty, + 1)I'(p)
-~ T(oa+-+an+pu+n)




§ Integral transformation
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Another integral formula
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§ Examples
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Lauricella hypergeometric series
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Horn's series (confluent hypergeometric functions)
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§ More transformations
x — R(x) : a coordinare transformation of C".
(L) (@) 1= B(R(x))
y = (i, ..., x;, ) for a subset {iy,... i} C{1,...,n}
1 € C and X € CF we define
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§ Differential equations
Notation : 9 := L, J:=2d, 0;:= a%,,;’ Vi = x;0;, Wlx]:= Clz] ® C|9]
n=1: KF=g "I} LF=1I "ot (Ijoll =171 1) =id)
Pz,0)lu=0 = 9"P=>¢; ;097 € W[z] ()
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Then KE(O"RP)KFu(z) = 0 with
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§ Knizhnik-Zamolodchikov equation
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Compatibility condition (cf. [Ok]):
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We may assume M is homogeneous :



S,42 acts on the space of KZ systems as the permutaions of the indices
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Rigid irreducible Fuchsian system
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can be extended to a KZ equation M with x = 2y and A; = Ay ; (cf. [Ha])
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g @) = Kty )l g ey K N
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An example (F}:p=qg=r=1)
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o« = ai o, B =85+ B W =k + vk, @) =81 =0
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Riemann scheme of KZ equation : (rank M = pq + qr + rp)

Aol z=y Aozt z=1 Aoz tz=0 A0 z=co A1z 1 y=1
[O]pq+(p+q—1)7’ [O]pr+(p+r—1)q [a;]q—F”’ [@i]g+r [O]qr+(q+r—1)p
[—Oé// . B//]r [—Ot” . 'y//]q 6_] _l_ ,y]; 6; _l_ ’Yk [_/3// _ 'Y//]p
A13 1 y=0 Aas A1s t y=co Aoy Aszy )
[5;]p+7" [Ye]p+q 1B ]p+r [’Yllc]p—Fq [0]pq+qr+7"p—(p+q+r)+1
ai +v;, o+ B ap + Yk o + f; [—a" = B —~"]2 >

[—a’" — /8”]7" 1
[— 5// ’Y ]p 1
[—a” —+"]q—1 /

[dx, M =2-2(q—1)(r—1)(g+r+1) (rigdsqg=r=1)
# solutions up to constant multiple at (0,0) with simple monodromy

— # eigenvalues of Aay4 with free multiplicity (= pq)



Involutive coordinate transformations

(ro, 21, T2, T3, T4) — (x,y,1,0,00)
($0,$1,£U2,.”I)3,ZC4) A (I2,$1,$0,$4,ZC3) — (xay) = (CIZ‘, %)
($0,£IJ1,CIZ2,CB3,CE’4) A (x0,$2,x1,$4,x3) — (x,y) A (%7y)

= blowing up of the singularities of M at the origin:

6593:0H:C1 leZCQ ZCQng :C?)szl y:OO
O O O O \L

y=1
(z,y) < (z.7) /

(ol <e | <Clal} & {2l <e [y >C1} y=0

r=9y=0 < =0

Theorem ([Oi]). {i,j,k,s,t} ={0,1,2,3,4} =

r=0r=1x =

a simple solution at ©; = ©; = ), <> a simple solution along x, = x4

. : def : : : : :
A simple solution < It spans 1-dimenional space under local analytic continuation



spectral type (multiplicities of eigenvalues)

p=q=1r=1:Appell's F; p=q=1r=2

To X1 Xo T3z x4 | 1dx o T T 3 T4 1dx
X 21 21 21 21 2 || xo (10)2 (10)2 441111 441111 -8
x1 | 21 21 21 21 2 || 1 (10)2 (10)2 441111 441111 —8
xo | 21 21 21 21 2 || xo (10)2 (10)2 441111 441111 -8
x3 | 21 21 21 21 2 || x3 | 441111 441111 441111 72111 | —124
ry | 21 21 21 21 2 ry | 441111 441111 441111 72111 —124

p=q=r=3 local solutions at a normally crossing point
To T T T3 T4 idx 2 F1

0 (24)3 (24)3  631° 631° | —54 z;=x;: 21 ) (1)
z1 | (24)3 (24)3 6319 6319 | —54 F
zo | (24)3  (24)3 6319 6319 | —54 p=q=r=1: 2:Fi|3 1:G2
3 | 6319 6319 6319 (19)223 | —730 oh =0 21 ()
gy | 6319 631° 6317 (19)223 —1730 T

3 15 normally crossing singular points : {z; = x,;} A {z = x4}

D 6 points are multiplicity free = 6 sets of natural bases of local solutions

p=qg=r=2: 12112 112 112 112 112 3276 3216 3216 3296 3216 3216 715 715 715
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Thank you for your attention!

[DR] M. Dettweiler and S. Reiter, 30(2000), 761-798.

Ha| Y. Haraoka, Adv. Studies in Pure Math. 62(2012), 109-136.
[Kz] N. M. Katz, Annals of Mathematics Studies 139, 1995.
[Ow| T. Oshima, MSJ Memoirs 28, 2012.

(Ok] , RIMS Koékyiiroku Bessatsu B61(2017), 141-161.

[Oi] —— , Integral transformations of hypergeometric functions with several

variables, preprint, 2023.
[Or]
https://www.ms.u-tokyo.ac.jp/ oshima/

, os_muldif.rr, a library of computer algebra Risa/Asir, 2008~


https://projecteuclid.org/ebooks/mathematical-society-of-japan-memoirs/Fractional-Calculus-of-Weyl-Algebra-and-Fuchsian-Differential-Equations/toc/10.2969/msjmemoirs/028010000
https://www.ms.u-tokyo.ac.jp/~oshima/paper/ihgorg.pdf
https://www.ms.u-tokyo.ac.jp/~oshima/paper/ihgorg.pdf
https://www.ms.u-tokyo.ac.jp/~oshima

