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COMPLETELY INTEGRABLE SYSTEMS
WITH A SYMMETRY IN COORDINATES*

Tosuio OsHimAl

Abstract. We explicitly construct the integrals of completely integrable quantum or classical
systems whose potential functions are invariant under the action of a classical Weyl group. Our
potential functions and integrals are expressed by the Weierstrass elliptic function.

1. Introduction. Many completely integrable quantum or classical dynamical
systems have been constructed in connection with root systems (cf. [OP1], [OP2],
[In]). Consequently most of them are invariant under the action of the corresponding
Weyl groups. Our study is to determine all the completely integrable systems with
this invariant property.

Let W be the Weyl group of type A, 1 with n > 3 or of type B,, with n > 2 or of
type D,, with n > 4. We identify W with the group of the coordinate transformations

(T1,.. ., 2n) = (51%(1),--- ,Snwa(n))
of R”, where o are the elements of the n-th permutation group &, and

gr=-r=g,=1 if W is of type A,_1,
er==x1,--- ;g ==£1 if W is of type B,
g1 =1, e, =x1 and #{i;e; = —1} iseven if W is of type D,.

We study the Schriodinger operator
1 0?
(1.1) P=—- Z 5z T R(@)
1<j<n

on R" with a W-invariant potential function R(z) which has enough W-invariant
commuting differential operators assuring the complete integrability of P. To be

precise we assume that there exist W-invariant differential operators Py, ... , P, with

(1.2) [P;,P;]=0 for 1<i<j<n

and

(1.3) PeC[Py,...,P)]

such that

(14) P; = Z Oy -+ 0i; + Rj with ordR; <j for1<j<n
1<ii<<ij<n

or

(1.5) Pi= > 90, +R; with ordR; <2j for1<j<n

1<ip <--<i;<n
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2 T. OSHIMA

or

P,=0,---0,+R, with ordR, <mn,
(1.6) pP; = Z o7 32 + R; with ordR; <25 forl<j<mn
1<i1 << <n

if the type of W is A,,_; or B,, or D, respectively. Here C[Py, ..., P,] is the commuta-
tive algebra generated by P, ..., P,, ord R; denote the orders of differential operators
R; and for simplicity we put 9; = 8%1_.

We assume that the coefficients of the differential operators are extended to holo-
morphic functions on a Zariski open subset of an open connected neighborhood of the
origin of the complexification C* of R™.

The main result of our previous paper [OS] is the following:

If W is of type A,,_1 with n > 3, then

(1.7) R(z)= Y ulzi—z;)
1<i<j<n
with
(1.8) u(t) = Crp(t) + Ca.
If W is of type B,, with n > 2, then
(1.9) R)= > (ulwi—z) +ulwi+2)+ Y vlwy).
1<i<j<n 1<j<n

Here if n > 3, we have

u(t) = Cip(t) + Cy,

@' (t)?
or
(1.11) u(t) = C1t 2+ Cot> + Cs and v(t) = Oyt 2 + Cst* + Cp
or
(1.12) u(t) =C, and wv(t) is any even function.

If W is of type D,, with n > 4, then (1.9) holds with v = 0 and u is given by
(1.10) or (1.11).

Here C1, Cs,. .. are complex numbers and p(t) is the Weierstrass elliptic function
p(t|2w1, 2ws) with primitive half-periods wy and ws, which are allowed to be infinity.

The purpose of this paper is to construct the operators Pi,... , P, mentioned
above when u or (u,v) is given by (1.8) or (1.10) for any complex numbers Cy, Cs, ...
and for any periods of the elliptic function (cf. Theorem 7.2, 7.3 and 7.5), which was
announced in [OOS]. Hence we shall have the complete integrability of the correspond-
ing Schrodinger operator (1.1). We remark that if W is of type A,,_1, the complete
integrability and the operators P, ... , P, are already known (cf. [Ca], [Su], [OP2],
[OS], [Et], Theorem 3.2 in this paper).

Taking the “classical limit”, we shall also obtain the integrals of the Hamiltonian
corresponding to the Schrodinger operator (1.1) because of our simple expression of
the operators Py,..., P,.
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When W is of type Bz, our argument in this paper is valid but there exist other
potentials which assure the complete integrability. This is caused by a symmetry
between v and v. We shall treat this case in another paper (cf. [00S], [00], [Oc]).

If w or (u,v) is given by (1.11), the operators Py, ... , P, do not exist in general
and then we need W-invariant operators of higher orders (cf. [OP2]), which will be
discussed in future.

If (u,v) is given by (1.12), the algebra C[Py,..., P,] equals the totality of &,,-
invariants of C[— 507 + v(1),...,—102 + v(zy)].

We note that if 2w; = /=17 and ws = oo, then (1.10) is reduced to

{u(t) = C!sinh ?t 4 C,

1.1
(1.13) v(t) = Chsinh 2t + O sinh ™2 2t + Cf sinh® t + Cf sinh? 2t + C

with complex numbers C7,... ,C}. The system studied by Heckman-Opdam ([Hel],
[He2], [HO], [Opl] and [Op2]) corresponds to this trigonometric case with Cf = C§ = 0
and they proved its complete integrability. When Cf = C§ = 0, an explicit form of
Py, ..., P, is given by [De].

Moreover if w; = wy = 00, then (1.10) is reduced to

(1.14) u(t) = Cit=2 + C,
' v(t) = CLt=2 + Cyt* + Cit* + C§t® + C1.

Here we quote a result in [OS] for the operator which commutes with the Shorédin-
ger operator P:

If there exists a nonzero constant w such that the W -invariant differential op-
erators Py, ..., P, are invariant by the parallel translation r; — x; + w, then any
W -invariant differential operator () that is also invariant by the same parallel trans-
lation is contained in C[Py, ... ,P,] if [P,Q]=0.

After this paper [Os] was written, [Ch] proved the completely integrability of
the Shrodinger operator (1.1) with the elliptic potential function attached to the root
system. If the root system is of type B, in our situation, the potential considered
in [Ch] corresponds to the case where v(t) = Csp(t) + Cy or v(t) = Csp(2t) + Cy
in (1.10). The method is quite interesting but different form this note constructing
explicitly all the integrals.

Lastly we give a brief overview of the following sections.

In §2 preliminary remarks are made and two results employed thoughout are
established.

In §3 the two fundamental operators A and A, for A, and D,, are introduced
and their commutativity is proved by the results in §2. An expansion of A,, gives the
commuting differential operators for A,,.

In §4 the Scrodinger operator is allowed to have a term in the potential only
depending on the particle position through a given function v. A functional differential
equation (4.4) is established that will ensure the commutativity of the fundamental
operators P and P, for B,, given by (4.2).

In §5, using the lemmas in §2, we establish solutions of the functional differential
equation with the assumption v = w which corresponds to the form (1.9).

In §6 we look at various rational and trigonometric degenerations of the solutions
of the functional differential equation.

In §7 we bring the results of the previous sections together and establish the
commuting differential operators Py, ..., P, for B, and D,,.
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2. Preliminaries.

First we introduce some notation used in this paper. For an element w of the
permutation group &, of the set of indices {1, ... ,n}, we define w(i) =i for any i € Z
satisfying ¢ < 1 or ¢ > n and we identify &,, with a subgroup of the group of bijective
transformations of Z. Then we have naturally &, C &, if £ < n.

When we distinguish the Weyl group that we are looking at, we denote it by
W(A,_1), W(B,) or W(D,,) according to its type. Then W(A,_;) ~ &, and
W(An—1) C W(D,) C W(By). We define a homomorphism ¢ of W(B,) to {£1}
by

1 if weW(Dy),

(2.1) w={" (Dn)
-1 if wé¢W(D,).

For the coordinate system (z1,...,x,) of R* we put
a (63 (63 [0
0; = , 09 =007 and |of=a1 +- -+ ap.
61‘,’
Here a = (o, ... , ;) with non-negative integers «;.

Let P =) po(2)0* be a differential operator. Then we put

(2.2) P = (-1)*0"p,(x)

and we say that P is self-adjoint if tP = P and skew self-adjoint if tP = —P. For
w € W and a differential operator P, we denote by w(P) the differential operator
corresponding to P under the coordinate transformation w of R™. In particular we

define P~ =w~ (P) by w~ € W(B,,) with w™ (z1,... ,z5) = (—21,... ,—2,) and we
call P has an even parity if P~ = P and an odd parity if P~ = —P. Then we note
that

"'Py=(P7) =P, "P7)=(P), "(PQ)="Q'P, (PQ)" =P Q.

In general the suffix {1,... , k} of a function or an operator (eg. Qy1,... x}) means
that it is a function or an operator of the variables x1, ...,z invariant under w € Sy.
And for a function or an operator Qg .} and a subset I of {1,...,n}, we define
Qr = w(Qq,... x}) if there exist w € W(A 1) ~ 6, with w({1,... ,k})=1I.

Now we review the Weierstrass elliptic function (cf. [WW]), which is
_ 1
(23) p(z|2w172w2 = 5 + 2#% E s

where the sum ranges over all periods w = 2mwi + 2maows (M1, me € Z) except 0.
We define

(24) w3 = —(w1 +WQ) and w4 =0.
The Weierstrass elliptic function p(t) satisfies the differential equation

(9')° =40 — g2 — g3

(25) — d(p— e1)(p— ea)(p— ca).
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Here
g2=60) w™ g3=140) wC,
wH#0 w#0
(2.6) plwy,) =e, forv=123,
e +ex+e3 = 0, e1ez + eze3 + eze; = —%, €1€2€3 = %

Moreover we have important formulas

p(x) ¢'(z) 1
(2.7) py) ¢ 1]=0 if x+y+2=0,
p(z) ¢'(z) 1
A, (ei —ej)ei—er) i
(2.8) p(z +wi) =€ + o) e f {i,j,k} ={1,2,3}
and
(2.9) 0(22) = (120()° —g2)" _ 20(2).

16¢'(t)?

In this paper the periods are allowed to be infinity and hence g; and g5 or e; and
es take any complex numbers. Then the condition

(2.10) (e1 —e2)(e2 —e3)(es —e1) #0

holds if and only if the both periods are finite. On the other hand, if e; = e; = %)\2
and ez = —§/\2 with A € C, then

~1 2 =2 2
(2.11) p(z|V—=1A""m, 00) = A®sinh™~ Az + %)\ .
In particular, if e; = e3 = e3 = 0, we have
(2.12) o(z]00, 00) = 272

We note that if (2.10) holds, the function v(t) given by (1.10) is rewritten into

4

(2.13) v(t) = Ch+ > Ciplt +w;)
j=1
with suitable complex numbers Cj,...,CL (cf. (2.5) and (2.8)). Moreover for any

complex numbers C{', C¥ and C¥, it follows from (2.9) that
(2.14) v(t) = CYp(t) + CYp(2t) + CY

is a special case of (1.10) and the complete integrability of the corresponding Schrédin-
ger operator was a question in [OP2].

Now we prepare

LEMMA 2.1. Let 9y (t), ;;(t) and w;;(t) be functions with a single variable for
1<i<j<3andl1 <k <3 Putv = ﬁk(l’k), ’U;C = ﬁ;c(l‘k), U5 = ’LNI,ZJ(Z’Z —:L’j),
;i (zi — xj), wij = Wij(z; + x5) and wi; = wi;(z; +x5) for 1 <i <j <3 and

! —
ui; = Uy
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1<k <3. Then we have

(2.15)
o1 ((U12 —wi2)(urz — w13)) +0s ((U12 —wi2)(u23 — w23)) + 03 ((U13 —w3)(u2s — w23))
U2 ’LLI12 1 U2 ’LLI12 1 U23 ’LLI23 1 U3 —’LLI13 1
= | U23 ’U,I23 1 + w13 —w’13 1 + | w2 —w’12 1 + W23 —w’23 1 5
Uu13 —U,Il3 1 W23 w’23 1 w13 w’13 1 w12 w’12 1
(2.16)
01 ((U12 +wiz)(u13 — w13)) + 0o ((Ulz +wiz)(uzs — w23)) + 03 ((UIS +wi3)(uzs + w23))
U2 U,Il2 1 U2 U,Il2 1 Uu23 u123 1 U3 —U,Il3 1
= | U23 U,I23 1|+ |wis —w’13 1| — |wis —w’12 1| — |wo3 —w’23 1
U3 —’LLI13 1 w23 U),23 1 w13 U),13 1 w12 ’U}’12 1

and

(2.17) v} (w12 — wi2) + 201 (ufy — why) + 0o ((vl + va)(ur2 + wi2) — 21}11)2)

vy vy 1 vy —vp 1
=|ve —vh 1|4+|wve —v) 1].
U12 —U’12 1 w12 ’U}’12 1
Proof. If we note that u;j = OQju;; = —0ju;; and ng = Ojw;; = Ojw;j, then
equalities (2.15), (2.16) and (2.17) are clear by direct calculations. g
In the case when u(t) = C1p(t) + Cs, the function u(t) is even and satisfies
u(z) u'(z) 1
(2.18) u(y) u'(y) 1|=0 for +y+2=0,
u(z) w'(z) 1

which is clear from (2.7). Hence we have
COROLLARY 2.2. For given even functions u(t), v(t) and w(t), put

bij = u(z; — ;) + w(x; + ),
(2.19) Vij = u(z; —xj) —w(z; +xj),
vg = v(zk).

Then clearly

(2.20) bji = Gij, Yji =i and  O0ipij + 0jehi; = 0.
i

(2.21) u(t) = w(t) = Crp(t) + Cs

or

(2.22) u(t) = Crp(t) + C2 and w(t) = Cs,

then

(2.23) 0i(Vijibir) + 05 (Vi jn) + Ok (Yirjr) = 0

and

(2.24) 0i(dijrbir) + 05(pijhjk) + Ok (Pikdjr) = 0.
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ii) If
(2.25) u(t) = v(t) = w(t) = Cip(t) + Co
(2.26) u(t) =w(t) = Cipt) +C and v(t) = Cs,
then
(2.27) (6{1)0’4[111 + 2Ui(ai'¢1ij) + 8]' ((Ul + Uj)¢ij — 2’1)in) =0.

Here the indices i, j and k are mutually different and Cv, Cy and Cs are any complex

numbers.

Remark 2.3. The equation (2.18) for u and its generalization are studied by [BP],
[BBy], [OS] in connection with integrable systems and equations similar to those in

Corollary 2.2 are discussed in [BBu]

3. A fundamental integral of type A, and D,.
In this section we use the notation in Corollary 2.2. Put

(3.1) Vi1, 2k = ﬁ Z w(Y12¢34056 - =+ Yar—1,2k)-

weEBoyp

We sometimes denote by ; ; in place of 1;; to distinguish the suffices.
Define

1 n
(3.2) A=)+ > ¢y
j=1 1<i<j<n
and
1
B3 A= Y G X VOO,
0<r<[2] ’ T weG,

Let A and A, be the functions of (z,£) obtained by replacing 9; by &; fori = 1,...

in (3.2) and (3.3), respectively.
The Poisson bracket of functions f(z,¢) and g(z,€) is defined by

~~(0f 89 099 Of
(3.4) {f,g}—;(a_gja_mj_a_ﬁja—%)'

Then we have
PROPOSITION 3.1. Suppose u and w are given by (2.21) or (2.22). Then

[An,A] = {A,, A} =0,

,Nn

Proof. Put Q = [A,, A] and suppose @ # 0. Since ‘A, = (=1)"A,, and tA = A,
tQ =tA,, A] = —[tA,,tA] = (=1)"*1Q. Hence the order of Q) equals n — 2m — 1
with a suitable positive integer m. Then by using (2.20) and (2.23), the coefficient of

Oam+2 - - - Op in the G, -invariant operator @ equals

2m+1

Z Y, 2me1\ir O Z Puv + Z 0j¥q1,... 2m+1,5}
=1

n<lv j=2m+2
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2m+1 n 2m+1
= Z Z Yo, 2me\{i} 0idij + Z Z Vi1, 2mr1 3\ (i) O ¥ij
=1 j#i j=2m+2 i=1
1<j<n
2m+1
== Z Z 1/’{1,...,2m+1}\{i}6j1/1ij
i=1 i
1gj]§2m+1
2m+1
== Z Z Z Vi1, 2ma 1\ {igk} Vik 0P

J#i k#i, k#j
1<j<2m+1 1<k<2m+1
=- > Vi1, om0\ ik} (8 (Vig¥in) + 05 (Vi tjk) + Ok (Wintjk))

1<i<j<k<2m+1
= (),

which contradicts to the fact that the order of ) equals n — 2m — 1. Thus we have
[A,, A] = 0 and by the same calculation we have also {A,,, A} = 0. a
The following theorem is known but we repeat it here for the completeness.
THEOREM 3.2 (Type Ap_1. [OP2], [OS, Theorem 5.2 and Remark 5.3]). Put

u(t) = Cip(t) +C and w(t) =0.

Regard A, as a polynomial function of C, denote it by P,(C) and put P,_1(C) =
[P.(C), 21 + -+ + x,]. Then

(3.5) [Pn(C), Po(C")] = [Pu(C), Pai (C")] = [Pr=1(C), Pa—1 (C")] =0

for any C, C'" € C.
Defining Py, by P,(C) = Eogug[g] P,_2,C" and P,—1(C) = EOSVS[nT—l](QV +
1)Pp—2,-1C", we have

Pk = Z Z .Tl —mg)p($3—£€4)"'
J — !
(36) o<i<is) A 2‘7

- p(T2j—1 — %25)02j41 ak)

and Py, ..., P, are the required operators for the Schréodinger operator (1.1) with (1.7)
and (1.8) when W is of type Ap_1.

By replacing 0; and [, ] by & and { , }, respectively, we have the same claim for
the corresponding Hamiltonian system.

Proof. Put Q = [P,(C), P,(C")] and suppose @ # 0. Since !P,(C) = P,(C)~,
we have —¢Q) = Q. By Jacobi’s identity for [ , ], we have [@Q, A] = 0, which implies
that the coefficients of the terms of highest order in ) are polynomial functions of
z (cf. [Be, Lemma 2.5] or [OS, Lemma 3.1 and Lemma 3.5]). Hence if w; is finite,
the coefficients are constant because of their periodicity. Moreover by the analytic
continuation we can conclude that the coefficients are constant even if w; = oo. This
contradicts to —tQ = Q= # 0. Hence we have [P, (C), P,(C")] = 0.

Note that [P,—1(C),A] = —=[01 + -+ 4 On, Po(C)] + [[Pn(C), A,z + - - - + 2p] =
0. Hence the same argument as above shows (3.5) by replacing (P,(C), P,,(C")) by
(Pa(C), Pa-1(C")) ot (Pu1(C), Pa1(C")).

The remaining part of the theorem is clear from the definition of P,(C). a
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4. A functional differential equation. Retain the notation in Corollary 2.2
and the previous section and put

(4-1) A{l,...,k} = Z ( _ 2’/ 1 Z 1/1{1 2u}32u+1 ak)

0<v<[4] ech

for k=1,...,n (cf. (3.3)). Then we have easily
LEMMA 4.1.

[Aqkbk] = A, ket
Ag oy =An, . k-130k + Z Yok A, k—1}\{v}-

1<v<k—1

Let gq1,... &} be suitable symmetric functions of (z1,... ,xy) for k =1,... ,n and
put g = 1. For even functions v; = v(z;), we examine the condition such that the
operators

P:—%Z@f+ Z ¢ij+ZUj,
o o

1<i<j<n
2
Z Kl(n — k)! Z w(qqa,.. }A{k+1,...,n})

satisfy [P,,P] = 0. We denote by Ay and P and P, the functions of (z,¢)
obtained by replacing 0; by &; in the above definition of the corresponding operators.
We introduce symmetric functions Ty . xy of (#1,...,2%) such that

(4.2)

(4.3) a1, k} = > 1y, --- 11,
LI, ={1,... k}

where the sum runs over all different partitions of {1,... ,k}. For example
9o =T =1, quy =Ty, qu2y = T Ty + Thoys
41,23y = Ty T2y Tiay + Ty Tz ey + Ty Tiaay + Ty Ty + Thu2,sy-

THEOREM 4.2. Retain the above notation. Suppose

T{l} = —21)1,
k=1
(4.4) nT(riy =Y (QT{I,...,kfl}(ajz/}jk) + (8jT{1,...,k71})¢jk)
j=1

for k=2,....,n

Then [Po, P] = {P., P} = 0.
Proof. Tt follows from Proposition 3.1 that

[P, P] = [Zk,n_ ; Z w(gn, . A1, ) Pl
_Zk' ) Z ({q{l,...,k}A%]H_L___m},
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Y R Z u,+Z¢W ])

v=k+1
n n k
Z Kl(n — k)! Z (Q{1,...,k} I:A%k+1,...,n}’ Z (ov + Z‘Zﬁw)}
k=0 weS, v=k+1 p=1
+3 [31 Tt ak?q{l,---,k}]A%k-H,...,n})'
Hence by Lemma 4.1 and (2.20) we have
k
{P, P} = Z R I > (QQ{l } (k1 + D OB
weS, j=1

“Afpyo,... ,n}A{kJrl,... ,n})

+ ]; —1)!l(n—k)! Z ( 8kq{1~~~7k})A%k+1,...,n}fk)

weS,

n k—1
Z )! > (2‘1{1,--- o1y (v + D Okdie)
k:l T weS, j=1

A{Iﬁ-l ..,n}A{k n})
- 1 o 2 w((Oud(1,. ) (Ao )

weG,

P ]
- Z rs B et N (1) Bt )
j=k+1

ﬁ 2. ((2q{1,-..7k—1}vk

weG,

M:

k

-
|
i

(2451, k=130505k + (Djag1,... k—1})Vjk)
1

J
+ k... ,k}) Afpit, n} A, ,n}> :

Here the last equality follows from

n 1 n _ _
Zm Z w((akQ{L...,k}) Z 1/kaA{k+1,...,n}\{j}A{k+1,...,n})

k=1 " weG, j=k+1
n —1
= Z ] Z (Z Zq{l,...,Z*l})¢ifA{l+l,...,n}A{Z,...,n})'
T weS, i=1

Hence if g, ) satisfy

Oksa,... by = —211{1 — 1}V

4.5
(4.5) —{—Z (Qq{l ke 1} ﬂ/}jk) (0 749{1,.. kfl})z/}jk)
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for k =1,...,n, then {P,, P} = 0. Under the assumption of the theorem, the right
hand side of (4.5) equals

Z <TI1 < T, Ok Ty

11111, —{1 k—1}

+ Z (2T11 (05hjn) + (05 (T1, - V))‘ﬁjk))
= Z Ok <T11 T, Ty + ZTh T, uky ‘TI.,>a

LTI, ={1,... k—1} p=1

which equals the left hand side of (4.5) and hence we have {P,, P} = 0.
Thus we have

Pn,P Zk'n— , Z (‘Z{l k} Z 8UV+ Z 8¢uu

v=k+1 1<u<k
k

1
At a0y T 3 > @2agu,.. k) Akss.. ,n}>

v=1

and therefore [P, P] is clearly self-adjoint. Since P and P, are self-adjoint, [P,, P] is
skew self-adjoint. Hence we can conclude [P,, P] = 0. O

REMARK 4.3. Let T{117___7k} and T{1 k) be solutions of (4.4) for (u,v,w) =
(f,91,h) and (f,gs,h), respectively. Then Ck’lC’T{117___7k} + Ck’lC”TfL___,k} are
solutions for (u,v,w) = (Cf,C'g1 + C"g2,Ch). Here C, C' and C" are any complex
numbers and k=1,... ,n.

5. Solutions of the functional differential equation.
In this section we shall construct elliptic solutions of (4.4) in the case when

(5.1) u(t) = w(t) = Cp(t) + C"
with C, €' € C (cf. (2.19)).

Retain the notation in the previous section and assume (5.1).
LeEMMA 5.1. Under the notation in Corollary 2.2, the functions

By =1,
& = (-1)" Z w(Po1d12 - Pn1n) for n>1
weS,
satisfy
n—1
(5.2) Dy = 00(nithon) + > (2q>n_1(aj¢jn) + (ajq>n_1)¢jn).

j=1
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Proof. For j=1,...,n—1

(=" (2201 (D) + (0 n-1)n )
= Z (05¢jn)w(do1 12 -+ Pr—2,n—1)

WES,_1

w(n—1)=j

+ Z (0 (Duw(n—2)jVin))w(Po1 P12 - Pn-3,n—2)
WES,_1

w(n—1)=j

+ Z (05 (Dw(w-1(j)=1)5¥in)) H w(pi—1,:)
wWES,_1 iZw ()
w(n—1)#j 1<i<n—1

+ Y 0iBjuw-r+ntin) [ w(@iin)-
wWES,_1 iZw ()
w(n—1)#j 1<i<n—1

Hence it follows from (2.20) and (2.24) that the right hand side of (5.2) equals

n—1

(—1)n<nz_:1 Z 8n(¢jnHw(¢i—1,i))

=l wes, g i=1
w(n—1)=j

_ Z nX:Iw(@k(QSk1,k1/1k,n)+5k1(¢k1,k¢k1,n)) H w(¢i1,i)>

WEG, 1 k=1 i£k
1<i<n—1

n

=(—1)"< > on(Iw6i1)

wEG, i=1
w(n)=n

+ Z nzjlw(an@kl,n(f)n,k) H ¢i1’i)>

weG, -1 k=1 i#k
1<i<n-—1

= 0,®,.

Thus we have the lemma. O
LEMMA 5.2. Suppose there exist a symmetric function g(s,t) of (s,t) such that

(5.3) 201(01¢12) + (O1v1)Y12 = 02 (2912 — (v + U2)¢12)

by denoting gi; = g(x;,x;). Put

Sgl} = —2111,
(5-4) Stk = 2(-1)* Z w(vigrades - rp—1k) for k>1.

wWEGS
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Then
(St m—(=D" > dw(giediatas - Gro2k 1))
WEGK_1
(5.5) k1
=3 (281, a1y Ostoin) + (O3S, ia))oin).
j=1
i) If
(56) 2u1 (81¢12) + (81’1}1)1/}12 =0y (2)\’1}11)2 — (’1}1 + UQ)¢12)
with a complex number X\, then
S{l} = —2’[)1,
(5.7) -
OkSg1,.. k= Z (25{1,...,k—1}(3j1/1jk) + (5j5{1,...,k—1})1/1jk)
j=1
by putting
(5.8) S, m = > (=N v - 118 ---S7 for k>1.

LT I00,={1,... .k}

ii) If there exist even functions f(t) and h(t) and complex numbers A, X' and X"
such that
201 (01912) + (O1v1)h12 = 02 (2N fifo + 2X"(hy + ha) — (v1 + v2)d12),
(5.9)

(
2f1(01¢12) + (D1 fr)b12 = O2( = (f1 + f2)¢12),
2h1(01912) + (O1h1)h12 = 0o (2>\ fi+ f2) — (b1 + h2)¢12),
(

the following functions Sgy . xy satisfy (5.7).

St by =Sy~ D, (NS,SL, + NS}, Dp, + X'Dy, S7,)
LIL={1,... k}
+ > 20X"(S}, Dy, Dy, + Dy, Sy, Dy, + Dy, Dy, S}),

LTLIT={1,... k}

Stk = 2(-1)" Z w(fidr12¢23 - Pr—1,k)s

weES

Stk =2(= 1)* Z w(h1grados - r_1,k),

weS

Dy,oy = 2(—1)* Z w(prades - Pr—1,k)-
weS
Here we put f; = f(x;) and h; = h(z;) for j > 1 and 5{1} = -2f1, Sﬁ} = —2hy and
Proof. Owing to (5.3) and (2.20) and Lemma 5.1, the right hand side of (5.5)
equals

k-1
ICS V) w(QZm(f)m"'¢k—2,k—1(8j¢jk)
=1

weESK_1
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k-1
+ (O1v1) 12+ p—2 k—1V1k + Z v1 (0 (12 -+ ¢k—2,k—1))1/1jk)
j=1

=2(-1)* Z w(ak(vk¢k1¢12 o Pr—2 k=1 — 291kP12 - Pr—2,k—1)

WESK_1
k-1
— U112 Prp—2,k—1(O11k) — 2 Z V112 - Pr—2,k—1(0j9jk)
=2
k—1
- Z v1 (9;(¢ra - - ¢k72,k71))¢jk)
=1
=2(-1)* Z w <3k (Uk¢k1¢12 C k-2 k=1 — 201k P12 Pk—2 k-1
WESK_1
+ % _1 1! Z w' (v1gragas - ¢k1,k))>
w' €Sy
w'(1)=1
=0 (Sti, 4y — (—1)* Z 4w (girpr2d2s - Pr—2,k-1))-

wWESK_1

Hence we have (5.5) and if (5.6) holds, we have

(-1)* Z dw(girdradas - Pr—2k-1) = ASP1 ko 1357ky

wESK_1

and therefore the right hand side of the second equation of (5.7) equals

k—1

> > N w0287 57, 0r)

j=1 LIT..IT1, ={1,... k—1}

+ (0,87, -+ S7. )i )

- > N =D 0(Sh St SE

nLo.-I11,={1,... k—1} p=1

_/\SZ...S?H...S;’VS“{’,C})
=o( Y (NS st)

LI--T={1,... .k}

= OkS(1,... k)
Now suppose (5.9). Then by denoting

S%l,...,k} = Sf1,...,k}v

Sflv"'vk} = Z 5}1552’
LO={1,...,k}
S?l,...,k} = Z (S}Ith + DhS};)v

LII={1,... .k}
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S«Z{ll,...,k} = Z (S}lszDls + DI1S}2D13 + DI1D125}3)
LITLTI={1,... .k}
and
k—1
FY = (1S5 ay = 2 (25 scyitoin + 058 imay)n))
j=1

forv=1,...,4, it follows from (5.5) that

Fp = 0,(N'S{y o1y Stey + AN'S{L -1y Dy + X' Dy k-13S(ky)s

FkQ = ak(sil,...,kfl}sik})v

F = 0 (5?1,... -1y Dy + Dy, k-13 57k

A 3 (S}, Dixy + D1, Siuy) D, + D1, (Si, Dyay + D sgk}))),
LTL={1,... k—1}
Fit = ok ( > (S7, D1, Dy + D1, Si, Dyiy + D1, D1, Siyy)-
LTL={1,... k—1}
Since 9 ((S}, D1, + D1, S7,)Dyyy) = 0 in the above, we have
Ef = NFE2 - XN'F} +2)\\"F =0,

which implies (5.7). Thus we have completed the proof of the lemma. O
DEFINITION 5.3. For given even functions f and g of ¢, we define

o n(f9) = D w(flm)gler —z2)g(zs — x3) -+ glwe_1 — 1)),
weW (By)

9{1,...,k}(fag) = Z (_l)y_l(’/_1)!¢I1(fvg)"'q)ly(fag)

nLO.--I001,={1,... .k}

for £ > 1. Here we note that ©71}(f,9) = ®113(f,9) = 2f(1) and Ox(f,g9) =

(Pz(fa g) =0.
PROPOSITION 5.4. Suppose

4
ult) = wlt) = Coplt), o) = 3. Cyplt +5) — 2

j=1
with Cy, ... ,C5 € C. Then (4.4) holds by putting

/G !
T,y = (G5 (00, i (L o() = 3 GO,y (9t +wy), 9(1) ).
j=1

Proof. Suppose C5 = 1. If v(t) = p(t + w,) with v = 1,... ,4, the assumption
(5.3) in Lemma 5.2 holds with ¢g12 = v1v2. In fact (2.27) means (5.3) if v(t) = p(?)

and then the coordinate transformation z; — z; + w, for j = 1,... ,n implies the
case when v(t) = p(t + w,). If v is constant, then (5.3) is also valid with g2 = vivs.
Hence the proposition follows from Lemma 5.2 and Remark 4.3. 0

Remark 5.5. Since we may put g15 = 0 in the above proof when v is constant, we
may replace Oy 43(1, () by &1,k (1, p()) in Proposition 5.4.
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6. Degenerate solutions of the functional differential equation.
We give trigonometric and rational solutions of (4.4):
PROPOSITION 6.1. For complex numbers A, Cy, ... ,Cs with A # 0, put

u(t) = w(t) = Cs sinh ™2 M,
> Ci . 0o Co
v(t) = Cy sinh™ 2\t 4+ Cs cosh™2 At + O3 sinh® Mt + — 1 sinh® 2\t — 5
g(s,8) = Cs (01 sinh =2 As - sinh 2 A\ — C5 cosh™2 As - cosh™2 At
+ C4(sinh?® \s + sinh® A\t + 2sinh® As - sinh® )\t)).
Then (5.3) holds. Moreover we have (4.4) with

T = (—05)#’*1(00 T?(1) — CLT¢(sinh ™2 \t) — CoT7 (cosh™ At)
— C5TY(sinh® M) — C,T? (L sinh? 2/\t))
by putting

T7(1)
T¢ (sinh ™2 \t)
T?(cosh ™2 \t)
)
) =

®;(1,p),

O;(sinh % \t, p),
—0;(—cosh ™2 \t, p),
®;(sinh? \t, p),

T? (sinh? \t

T? (3 sinh? 2\t ®r(% sinh? 2\t, p) — Z (2¢I>11 (sinh? At, p) - ® 1, (sinh? At, p)

I/ IIx=1

+ (Ph (Sinh2 At, P) : (ﬁfz(l) P) + (Ph (1) P) ’ (I>I2 (Sinh2 At, p)):

where I C {1,...,n}, p= sinh 2 X\t and the last sum runs over different partitions.

Proof. We can prove (5.3) by direct calculations but here we do it in a different
way. First note that we may assume that Cj5 and one of the numbers C1, ... ,Cy equal
1 and that the other 4 numbers are 0. Also by a simple change of coordinates we may
assume A = 1.

Now put u(t) = p(t) — e1. Then if v(t) = p(t + wj) — e; we have (5.3) with
gio =vvg for j =1,...,4. If e; = ey = % and e3 = —%, then p(t) —e; = sinh 2 ¢
and

(e3 —e1)(e3 —e2)
p(t) —es

ot +ws) —e =e3 —e +

1
=14+ ——=- cosh™? ¢
sinh ™ “t+1

Hence if u(t) = sinh 2 ¢ and v(t) = sinh 2 ¢ or — cosh 2 ¢, we have (5.3) with gi» =
V10U3.

Put e; = %, ey = % —¢,e3 = —% + ¢ with 0 < |e] << 1. Then it follows from
(2.8) that

(e1 —e2)(er —e3)

= esinh®t + o(e).
o(t) — o1 ©

p(t—l—wl) — €1 =
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Hence putting v(t) = p(t + w1) — ey, the coefficients of ¢ in (5.3) proves (5.3) for
(u,v) = (sinh~? t,sinh? t) with g(s,t) = 0.
Next suppose v(t) = (p(t + w1) —e1) + (p(t + w2) — e1) + (e1 — e2). Then

_ €1 —e3 _ €2 — €3 _ 9 p(t)—€3
= e " —a) " GO Gl =)
= EZM +o0(e?) = % sinh® 2t + o(£?)

sinh™* ¢
and (5.3) holds with
9(s,t) = (p(s + wi) —e1)(p(t +wi) —e1) + (p(s +w2) —e1)(p(t +w2) —e€1)
= (esinh® s) (e sinh® t) 4 (—e sinh® s — &)(—e sinh® t — €) + o(£?)
= 2(1 4 sinh? s 4 sinh? t + 2sinh? s - sinh? t) + o(g?).
Hence we have (5.3) if
g(s,t) = sinh® s + sinh® ¢ + 2sinh® s - sinh?® ¢,
(u,v) = (sinh™?¢, 1 sinh” 2¢)

The remaining part of the proposition is clear from Lemma 5.2 and Remark 4.3. We
can also get it from Proposition 5.4 by considering the limit as above. |
Remark 6.2. Since

sinh”® As+ sinh? At + 2sinh” As - sinh® A¢
= sinh? As - sinh?® At + cosh? s - cosh? A\t — 1,
we may put
T7(Lsinh® 2Xt) = &;(% sinh® 2X¢, p)
- Z (<I>11 (sinh® Mt, p) - @, (sinh® At, p) + @, (cosh® At, p) - @y, (cosh® At, p))
NTL=T

in Proposition 6.1.

PROPOSITION 6.3. For complex numbers Cy, ... ,Cs, put

u(t) = w(t) = Cst 2,

v(t) = C1t72 4 Cot® 4 COst* 4+ Oyt — %,
g(s,t) = C5(Crs72t72 + C3(s® + 12) + Cu(s* +t* + 35%%)).

Then (5.3) holds. Moreover we have (4.4) with
C
Ty = (=Co)# L (ST7(1) = CuTF () = CTF (1) = CT7 () — ChTF (1))

by putting

TPy =artt ) - Y. (2n (%) Pn(l,p) + @1, (1) @1, (2, ),
LIL={1,... .k}
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T7(t%) = (1%, p) — > (381, (t°,p) - @1, (1, p)
LIL={1,... k}

+ @, (t1,p) - @1, (1, p) + @1, (1, p) - @1, (1, p))
+ > 6(®1, (t%,p) - ®1,(1,p) - B, (1, p)
NTLTI={1,... k}
+@5,(1,p) - @5(t%,p) - 1, (1,p) + @1,(1,p) - @1,(1,p) - D1, (£, ),
where I C {1,...,n}, p=1t"2 and the sums run over different partitions.

Proof. Note that the proof proceeds in the same way as in the proof of Proposi-
tion 6.1. Put u(t) = A2 sinh % At. Then for

v(t) = Asinh™% A,
g(s,t) = A sinh™2 \s - sinh ™2 At

or

v(t) = A"2Zsinh? A,

9(s,) =0
or

v(t) = A"*(4sinh®2)¢t — sinh® \¢),

g(s,t) = A~2(sinh® As + sinh® At 4 2sinh® \s - sinh? \t)
or

v(t) = A7%(1 - 2sinh® Mt + % sinh® 2\t — cosh™ > \¢),
g(s,t) = A~*(cosh® As - cosh? At + sinh® As - sinh® A\t
+ cosh™ \s - cosh™2 At — 2),

we have (5.3). By the analytic continuation of these u(t), v(t) and g(s,t) to A = 0, we
have (5.3) for u(t) =t 2 and v(t) =t 2 or t? or t* or 8 with g(s,t) = s 2t 2 or 0 or
52 + 1% or s* + t* 4 352t2, respectively. In fact, for example, we have
1
A76(1 — 2sinh? Mt + 1 sinh? 2\t — cosh ™% \t)
= A"9(1 —sinh® M + sinh* Mt — (1 + sinh® A¢) 1)
= A"%sinh® At + o(X) = 15 + o(N),
A~%4(cosh? s - cosh? At 4 sinh? \s - sinh? Mt + cosh™2 s - cosh™2 \t — 2)
=1 ((1 + sinh® As)(1 + sinh® At) + (1 + sinh? As) (1 + sinh? \¢)
+sinh? As - sinh? Xt — 2)
=\ ((sinh2 s + sinh? Af)? + sinh? As - sinh? At) +o())
=s* + 1 4+ 3577 + o(\).

The remaining part of the proposition is clear from Lemma 5.2 and Remark 4.3. We
can also get it from Proposition 6.1 by taking the limit at A = 0. a

7. Integrals of type B, and D,.
The argument in the preceding sections gives the integrals when W is of type B,,
or D,,.
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DEFINITION 7.1. For given even function u(t) and symmetric functions T, ok}
of (z1,...,zx) for k=1,... ,n, define W(B,,)-invariant differential operator

i 1
P(’LL,T) = Z m Z w(Q{l,... ,k}A%k-H,... ,n})
k=0 weS,

by
1
A{1,... kY = Z m Z E(w)w(u(wl — .TQ)U(J;;; — 564) cee
0<i<[E] T " weW (By)
cu(j-1 — T25)02j11 02542 - 3k),
a,. ky = Z 7, ---Tr,,
NI-II,={1,... .k}
where

9o =1, qp1y =Ty, qp2y = Ty Ty + Thaeys - -
Twit, ey =0T, k1) Aw,. k) = WAn,.xy) for we6,.
Replacing 9; by & fori = 1,... ,n in the definition of Ay and P(u,T), we

define functions 5{17___7,9} and P(u,T) of (z,£), respectively.
THEOREM 7.2 (Elliptic Potentials: Generic cases of Type B,,). Put

ult) = Cas(o),
(r1) o) =3 ot + ) -

j=1
and define P,(Cy) = P(u,T) and P,(Co) = P(u,T) by
k—1 Co 0 ! 0
Tq,..ky = (=C5) (TT{I,...,k}(l) - ZCjT{l,...,k}(P(t + wj)))a
j=1
T{,.. () = > (=)= (v = OIS, (¢) -+ 81, (¥),
LT, ={1,... .k}

St @ = Y w(v@)p —w)ple: —2) - plary ).

weW (By)
Then
(7.2) [P (C), Pa(C")] = {Pu(C), Pa(C")} = 0
for C, C" e C.

Let P; be the coefficient of C’g_j in Py(Co). Then Pi,...,P, are the required
commuting differential operators (1.5) for the Schrédinger operator

(7.3) P:—%Z%-{— Z (U(mi—xj)“‘u(fl}i“‘xj))+Z'U(.’Ek)

1<i<j<n k=1

in the case when W is of type B,,.
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By using P,,(Cy) in place of P,(Cy), we have integrals P; of the Hamiltonian

(7.4) P:—%Zf?—l— Z (u(z; — ;) + u(z; + z;)) +Zv
j=1

1<i<j<n k=1

where Py, ..., P, are functionally independent and satisfy {Pi,Pj} =0.
Proof. Theorem 4.2 and Proposition 5.4 imply

(7.5) [P,.(Co), P] = 0.

Fix C, C' € C and put @ = [P,(C), P,(C")]. Then we have [Q,P] = 0 and @~ =
—t@Q = @ and therefore we have Q = 0 as in the proof of Theorem 3.2.
Since gq1,... k) is a monic polynomial of Cy with degree k, it is clear that P; for
j=1,...,n satisfy (1.5). The remaining part of the theorem is also clear. O
THEOREM 7.3 (Type D,,). Suppose W is of type D,,. Then by puiting C, =
Cy = C3 = Cy = 0, the operators Py,..., P,y in Theorem 7.2 and P, = Ay n)
are the required commuting differential operators (1.6) for the Schrédinger operator

(7.6) P:—%' %+ > (ulei —z5) +ulwi + )

J1<i<j<n

with the function u(t) given by (7.1). Here the periods of (t) are allowed to be
infinity.

Proof. Theorem 7.2 and Proposition 3.1 prove [P;, P] =0for j =1,...,n. Then
the commutators Q; = [P;, P,] satisfy Q; = —'Q; = (-1)"Q; and [Q;, P] = 0 and
hence ); = 0 as in the proof of Theorem 3.2. O

Remark 7.4. i) In Theorem 7.2 we have P, = P, (0) and

PnkaZZm > >

(7.7) i=k j=i ) WEG, I IL.II,={1,... i}
w((=C5)i=*27FT2 (1) -+ T (D qiss, . J}A{m,... )

for k=1,...,n—1, where q(;41, .. j; are defined by putting Cp = 0.

ii) Because of the uniqueness of C[P;, ..., P,] in terms of (u,v) (cf. [OS, Theo-
rem 6.5]), the existence of the commuting differential operators P, ..., P, for (1.10)
which satisfy (1.5) is guaranteed by the analytic continuation of the parameters go
and g3 of p(t) even if wy or we is infinite. We have explicitly given the analytic con-
tinuation. In fact Theorem 4.2, Proposition 6.1, Proposition 6.3 and the proof of
Theorem 7.2 imply the following theorem.

THEOREM 7.5 (Degenerate cases of Type B,,). Suppose

i) Trigonometric Potentials:

u(t) = Cssinh 2 \t,
(7.8) C Co

v(t) = Cysinh™ 2 M\t + Cy cosh 2 X\t 4 Cj sinh? A\t + f sinh? 2\t — >

with a non-zero complexr number A\ or
ii) Rational Potentials:

u(t) = Cst 2,
(7.9) { Co

v(t) = C1t 2 + Cot? + Cst* + Cyt® — 5
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Then for the function Ty, . ) defined in Proposition 6.1 or Proposition 6.3, we
have the same statements as in Theorem 7.2.
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