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Abstract

We construct a family of affinoids in the Lubin—Tate perfectoid space and their formal
models such that the middle cohomology of their reductions realizes the local Langlands
correspondence and the local Jacquet—Langlands correspondence for the simple super-
cuspidal representations. The reductions of the formal models are isomorphic to the
perfections of some Artin—Schreier varieties, whose cohomology realizes primitive Galois
representations. We show also the Tate conjecture for Artin—Schreier varieties associated
to quadratic forms.

Introduction

Let K be a non-archimedean local field with residue field k. Let p be the characteristic of k. We
write Ok for the ring of integers of K, and p for the maximal ideal of Of. We fix an algebraic
closure £* of k. The Lubin—Tate spaces are deformation spaces of the one-dimensional formal
Ox-module over k¢ of height n with level structures. We take a prime number ¢ that is
different from p. The local Langlands correspondence (LLC) and the local Jacquet—Langlands
correspondence (LJLC) for supercuspidal representations of GL, are realized in the (-adic
cohomology of Lubin—Tate spaces. This is proved in [Boy99] and [HT01] by global automorphic
arguments. On the other hand, the relation between these correspondences and the geometry
of Lubin—Tate spaces is not well understood.

In this direction, Yoshida constructs a semi-stable model of the Lubin—-Tate space with a
full level p-structure, and studies its relation with the LLC in [Yos10]. In this case, the Deligne—
Lusztig varieties appear as open subschemes in the reductions of the semi-stable models, and
their cohomology realizes the LLC for depth zero supercuspidal representations. In [BW16],
Boyarchenko—Weinstein construct a family of affinoids in the Lubin—Tate perfectoid space and
their formal models so that the cohomology of the reductions realizes the LLC and the LJLC
for some representations which are related to unramified extensions of K (cf. [Weil0] for some
special case at a finite level). It generalizes a part of the result in [Yos10] to higher conductor
cases. In the Lubin—Tate perfectoid setting, the authors study the case for the essentially
tame simple supercuspidal representations in [IT13], where simple supercuspidal means that
the exponential Swan conductor is equal to one. See [BHO05] for the notion of essentially tame
representations. The result in [IT13] is generalized to some higher conductor essentially tame
cases by Tokimoto in [Tok20] (cf. [IT17a] for some special case at a finite level).

In all the above cases, Langlands parameters are of the form Ind%f x for a finite separable
extension L over K and a character y of Wy, where Wy and W, denote the Weil groups
of K and L respectively. Further, the construction of affinoids directly involves CM points
which have multiplication by L. In this paper, we study the case for simple supercuspidal
representations which are not essentially tame. In this case, the Langlands parameters can not



be written as inductions of characters. Hence, we have no canonical candidate of CM points
which may be used for constructions of affinoids.

We will explain our main result. All the representation are essentially tame if n is prime to
p. Hence, we assume that p divides n. We say that a representation of GL,(K) is essentially
simple supercuspidal if it is a character twist of a simple supercuspidal representation. Let ¢
be the number of the elements of k and D be the central division algebra over K of invariant
1/n. We write ¢ = p/ and n = p°n’, where n' is prime to p. We put m = ged(e, f). The main
theorem is the following:

Theorem. Forr € p, 1(K), there is an affinoid X, in the Lubin-Tate perfectoid space and its
formal model X, such that

o the special fiber X, of X, is isomorphic to the perfection of the affine smooth variety
defined by

1
p™ _ p¢+l1 : n
2 —z=y Y E yiy; i Agac,
1<i<j<n—2

o the stabilizer H, C GL,(K) x D* x W of X, naturally acts on X,, and

. c—Indgf”(K)XDXXWKHffl(gr,@e) realizes the LLC' and the LJLC' for essentially simple
supercuspidal representations.

See Theorem 2.6 and Theorem 6.5 for precise statements. As we mentioned, we have no
candidate of CM points for the construction of affinoids. First, we consider a CM point & which
has multiplication by a field extension of K obtained by adding an n-th root of a uniformizer of
K. If we imitate the construction of affinoids in [IT13] using the CM point £, we can get a non-
trivial affinoid and its model, but the reduction degenerates in some sense, and the cohomology
of the reduction does not give a supercuspidal representation. What we will do in this paper
is to modify the CM point ¢ using information of field extensions which appear in the study
of our simple supercuspidal Langlands parameter. The modified point, which is constructed
in Proposition 2.2, is no longer a CM point, but we can use this point for a construction of a
desired affinoid. Since the modification comes from the study of the Langlands parameter, we
expect that such constructions work also for other Langlands parameters.

In the above mentioned preceding researches, the Langlands parameters are inductions of
characters, and realized from commutative group actions on varieties. In the case for Deligne—
Lusztig varieties, they come from the natural action of tori. In our simple supercuspidal case,
they come from non-commutative group actions. For example, the restriction to the inertia
subgroup of a simple supercuspidal Langlands parameter factors through a semidirect product
of a cyclic group with a Heisenberg type group, which acts on our Artin—Schreier variety in a
very non-trivial way.

In the following, we briefly explain the content of each section. In Section 1, we collect
known results on the Lubin—Tate perfectoid space, its formal model and group action on it.

In Section 2, we construct a family of affinoids and their formal models. Further we de-
termine the reductions of them. The reduction is isomorphic to the perfection of some Artin—
Schreier variety:.

In Section 3, we describe the group action on the reductions. In Section 4, we show that the
Tate conjecture holds for Artin—Schreier varieties of associated to quadratic forms. Further,
we study the action of some special element on cycle classes in the etale cohomology of the
Artin—Schreier variety. This becomes a key ingredient for the proof of the main theorem.

In Section 5, we give an explicit description of the LLC and the LJLC for essentially simple
supercuspidal representations, which follows from results in [IT15] and [IT18b]. In Section 6,
we give a geometric realization of the LLC and the LJLC in the cohomology of our reduction.
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Notation

For a non-archimedean valuation field F', its valuation ring is denoted by Opg. For a non-
archimedean valuation field F' and an element a € Op, its image in the residue field is denoted
by a. For a € Q and elements f, g with valuation v that takes values in QQ, we write f = ¢
modsa if v(f —¢g) > a,and f =¢ mods aif v(f —g) > a. For a topological field extension
E over F| let Gal(E/F) denote the group of the continuous automorphisms of E over F'. For
an ideal I of a topological ring, let I~ denote the closure of I.

1 Lubin—Tate perfectoid space

1.1 Lubin—Tate perfectoid space and its formal model

Let K be a non-archimedean local field with residue field k of characteristic p. Let ¢ be the
number of the elements of k. We write p for the maximal ideal of Ox. We fix an algebraic
closure K* of K. Let k£* be the residue field of K*®.

Let n be a positive integer. We take a one-dimensional formal Ox-module Gy over k*¢ of
height n, which is unique up to isomorphism. Let K™ be the maximal unramified extension of
K in K*. We write K™ for the completion of K™. Let {Spf A,,},>0 be the tower of Lubin-
Tate formal schemes defined by Drinfeld level p™-structure as explained in [IT13, §1.1]. Note
that the generic fibers of these formal schemes are connected components of usual Lubin-Tate
spaces. Let I the ideal of ligAm generated by the maximal ideal of Ay. Let A be the [-adic
completion of 1i_n>qu. We put Mg, - = Spf A.

Let K* be the maximal abelian extension of K in K*. We write K for the completion
of K®. Let AGy denote the one-dimensional formal Ox-module over k% of height one. Then
we have Mg, .o =~ Spf Oz, by the Lubin-Tate theory. We have a determinant morphism

MQO,OO — M/\go,oo (11)

by [Weil6, 2.5 and 2.7] (c¢f. [Hed10]). Then, we have the ring homomorphism Op., — A
determined by (1.1).

We fix a uniformizer @ of K. Let M, be the open adic subspace of Spa(A, A) defined
by |@(z)] # 0 (¢f. [Hub94, 2]). We regard My, as an adic space over K*. Let C be the
completion of K. For a deformation G of Gy over O¢, we put

V(G) = (ImG(Oc)p™]) @0, K.

where G(O¢)[p™] denotes the Ox-module of the p™-torsion points of G(O¢) and the transition
maps are multiplications by w. By the construction, each point of M, (C) corresponds to a
triple (G, ¢,¢) that consists of a formal Ox-module G over O¢, an isomorphism ¢: K" — V,(G)
and an isomorphism ¢: Gy — G ®og k* (¢f. [BW16, Definition 2.10.1]).

We put n = Spa(f(ab, Ozav). By the ring homomorphism Ogz., — A, we can regard M, as
an adic space over 7, for which we write M, ,,. We put 7 = Spa(C, O¢) and M5 = Mo X0 7).
Then, My 5 is a perfectoid space over C in the sense of [Sch12, Definition 6.15] by [Weil6,
Lemma 2.32]. We call M7 the Lubin-Tate perfectoid space.



In the following, we recall an explicit description of A° = A®O;{ab Oc given in [Weil6, (2.8)].

Let G\o be the formal Og-module over O whose logarithm is

o0 Xqin

= @
(¢f. BW16, 2.3]). Let Gy be the formal Ox-module over k* obtained as the reduction of Gy.
We put Op = End Gy and D = Op ®p, K, which is the central division algebra over K of
invariant 1/n. Let [ - | denote the action of Op on Gy. Let ¢ be the element of D such that
[p](X) = X7 Let K, be the unramified extension of K of degree n. We consider the K-algebra
embedding of K, into D determined by

[C](X) = EX for C € :uq”—l(Kn)'

Then we have " = w and ¢ = (% for ( € pm_1(K,). Let /TQ\O be the one-dimensional
formal Og-module over Ok whose logarithm is

D

ot
=0

We choose a compatible system {¢,, }»>1 such that
tm € K* (m>1), t#0, [w]A/g\o(tl) =0, [w]/@(tm) =tmo1 (m>2). (1.2)

We put
m—1
t = lim (—1)9=Dm=D" " ¢ O,

m—o0

Let v be the normalized valuation of K such that v(w) = 1. The valuation v naturally extends
to a valuation on C, for which we again write v. Note that v(tf) = 1/(¢ — 1). For an integer
1 > 0, we put

qm—i—l

97" = lim (—1)%Dim=1)"

Let Wi be the Weil group of K. Let Artg: K> = W2 be the Artin reciprocity map
normalized such that a uniformizer is sent to a lift of the geometric Frobenius element. We
use similar normalizations also for the Artin reciprocity maps for other non-archimedean local
fields. Let 0 € W. Let n, be the image of ¢ under the composite

—1

Art
Wg — W —5 K* 5 7.

Let ax: Wk — Ok be the homomorphism given by the action of Wx on {t,,},,>1. It induces
an isomorphism ax : Gal(K*/K") ~ O.

For m > 0, we put

Xty Xa) = AGo Y sgn(my,...,mg)X{ T X (1.3)
(ma,...,mn)
in Ok[[X7/", ..., X/"7]], where
e the symbol /TQ\O >~ denotes the sum under the additive operation of /@,
e we take the sum over n-tuples (my, ..., m,) of integers such that m;+- - -+m,, = n(n—1)/2

and m; #m; mod n for ¢ # j,



e sgn(my,...,my) is the sign of the permutation on Z/nZ defined by i — m; .

We put
§ = lim 67" € Oc[[X)/"",... X1/~
m—00
For [ > 1, we put l l
67 = lim 67",

m—r o0

The following theorem follows from [Weil6, (2.8)] and the proof of [BW16, Theorem 2.10.3]
(cf. [SW13, Theorem 6.4.1]).

Theorem 1.1 ([IT13, Theorem 1.3]). Let 0 € Gal(lA(ab/[A(ur). We put A% = A@okabp(’)c.
Then, we have an isomorphism

A% ~ OC[[Xll/qoo, XV (6( X, X)) - ot ) mso- (1.4)

For o € Gal([?ab/[?“r), let My, be the base change of M., by 7 — n = n. For
o € Gal(K*/K™) and a = ax (o) € OF, we write A* for A° and Mgﬂfﬁ,a for Mg’){ﬁ,a. We put

Mo, = [ spfae, MO = J] Mo (1.5)

acO a€0R

Then /\/léo)ﬁ is the generic fiber of Moo)o , and Mff}n( ) = MOO(C).
Let +g- and 435 be the additive operations for Qo and /\QO respectively.

Lemma 1.2 ([IT13, Lemma 1.5]). (1) We have X; +5 Xy = X1+ Xy modulo terms of total
degree q".

(2) We have X, +75, X2 = X1 + Xo modulo terms of total degree q.

Let X; be (Xf_'7 )j>o0 for 1 <i <mn. We write §(Xj,...,X,) for the ¢g-th power compatible
system (6(X1,..., X,)7 ") 0.

For ¢-th power compatible systems X = (X7 ’);50 and Y = (Y4 ’);5¢ that take values in
Oc, we define ¢g-th power compatible systems X +Y, X —Y and XY by the requirement
that their j-th components for j > 0 are

m nL J

lim (X7 " +YT ™) lim (X7

m—0o0 m—o0

m

—Yye™ T and X9y
respectively. For such X = (X97);50, we put v(X) = v(X). We put

6 (Xq,..., X,) = Z sgn(my, ..., my) X0 ... X"

where we take the sum in the above sense and the index set is the same as (1.3).

Lemma 1.3 ([IT13, Lemma 1.6]). Assume that n > 2 and v(X;) > (ng" (¢ — 1))7! for
1 <i<n. Then, we have

1 1
(S(Xh. .. ,Xn) = 56(X1, .. 7Xn) IIlOd> + —1
n q—



1.2 Group action on the formal model
We define a group action on the formal scheme Mg{oc, which is compatible with usual group
actions on Lubin-Tate spaces with finite level (c¢f. [BW16, 2.11]). We put

G = GL,(K) x D* x Wg.
Let G° denote the kernel of the following homomorphism:

G = Z; (g,d,0) — v(det(g)'Nrdp,x(d)Art' (o).

Then, the formal scheme Még),oc admits a right action of G°. We write down the action. In

the sequel, we use the following notation:

For a € pign_1(K,) U {0}, let a? ™ denote the ¢™-th root of a in pum_1(K,) U {0}
for a positive integer m, and we simply write a also for the ¢-th power compatible
system (a? )50

For ¢-th power compatible systems X = (X7’ )j>0 and Y = (Yq_j) ;>0 that take values in
Oc¢, we define a ¢-th power compatible system X +5; Y by the requirement that their j-th
components for j > 0 are

— m—j

lim (X1

m—0o0

n +éa Yq—m )q

The symbol QAO > denotes this summation for g-th power compatible systems.
First, we define a left action of GL,(K) x D* on the ring

B, = Oc[[X}/7", ..., X}

For a =3 " ajw’ € K with | € Z and a; € 1, 1(K) U {0}, we set

la] - X; = gAOZanng'

=l
for 1 <i <n. Let g € GL,(K). We write g = (a;)1<ij<n. Then, let g act on the ring B,, by

g*: By — B X; — Gy Z[aﬂ?i] - X; for1<i<n. (1.6)

j=1

Let d € D*. We write d~' = > °2 d;¢/ € D* with | € Z and d; € pign1(K,) U{0}. Then, let
d act on B, by

d*: By = Bay Xi— Go Y ;X7 for1<i<n. (1.7)

=l
Now, we give a right action of G° on MC(QOC using (1.6) and (1.7). Let (g,d,1) € G°. We set
v(g,d) = det(g)Nrdp,x(d)~" € OF.
We put t = (t7 "),,>0. Let (g,d, 1) act on MfQOC by
AY 5 Ared e X0y (9,d)-X; for1<i<n,
where a € OF. This is well-defined, because the equation

5((gad> X, (gad> ’ Xn) = AI“tK<Oé)(t)

6



is equivalent to §(Xy, ..., X,) = Artg(v(g,d)1a)(t). Let (1,97 ", 0) € G° act on M9, by

00,0¢
A o Ao Xy Xz o(z) for1<i<mnandz e Og,

where a € OF. Thus, we have a right action of G on M, o, which induces a right action on
0

ME,(C) = M (C).

Remark 1.4. For a € K*, the action of (a,a,1) € G on My, o, is trivial by the definition.

1.3 CM points

We recall the notion of CM points from [BW16, 3.1]. Let L be a finite extension of K of degree
n inside C.

Definition 1.5. A deformation G of Gy over Oc has CM by L if there is an isomorphism
L = End(G) ®p, K as K-algebras such that the induced map L — End(LieG) ®o, K ~ C
coincides with the natural embedding L C C.

We say that a point of M, (C) has CM by L if the corresponding deformation over O¢ has
CM by L.

Let £ € M4(C) be a point that has CM by L. Let (G, ¢,¢) be the triple corresponding
to & Then we have embeddings iy e: L — M,(K) and ipg: L — D characterized by the
commutative diagrams

K”LVP(Q) Go —— G ®o,, k*
'ilu,g(a)l J/Vp(a) and Z'D,g(a)l \La@id
Kn&.‘/;a(g) QO*L>Q®OC f2c

in the isogeny category for a € L. We put i¢ = (ipre,ipe): L — M, (K) x D. We put
(GL,(K) x D*)° ={(g,d) € GL,(K) x D* | (g9,d,1) € G°}.

Lemma 1.6 ([BW16, Lemma 3.1.2]). The group (GL,(K) x D*)° acts transitively on the set
of the points of My (C) that have CM by L. For § € M (C) that has CM by L, the stabilizer
of € in (GL,(K) x D*)% 4s ig(L*).

2 Good reduction of affinoids

2.1 Construction of affinoids

We take a uniformizer w of K. Let r € p,—1(K). We put w, = rw. We take ¢, € C such that
©" = w,. We apply results in Section 1 replacing w with w,. We put L, = K(¢,). By the
Ok-algebra embedding Oy, — Op defined by ¢, — ¢, we view Gy as a formal Oy, _-module of
height 1. Let G, be a lift of Gy to Oz, as a formal O, -module. We take a compatible system
{trm}m>1 in C such that '

tr1 7é 0, [SOT]QT (tr,l) =0, [SOT]QT (tr,m) = trm—1

for m > 2. We put

_ 0 ]n—l
S G BT

and pp, =p € D. For { € /\/lgﬁ(C), we write (&, ...,&,) for the coordinate of £ with respect
to (X1,...,X,), where & = (7 ") 50 for 1 <i < n.

7



Lemma 2.1. There exists &, € Mgg{ﬁ(C) such that

—=J . m—i—j
gi = hm t?m
’ m—oo

€ Oc
for 1 <i<mnandj > 0. Further, we have the following:
(1) & has CM by L,.

(2) We have i¢, (pr) = (©rrrs 00r) € Mp(K) x D.
(3) Er,i = Z,i+1 for1<i<n-—1.

(4) v(&.q) = 1/(ng" (g — 1)) for 1 <i <.
Proof. This is proved in the same way as [IT13, Lemma 2.2]. O

We take &, as in Lemma 2.1. We can replace the choice of (1.2) so that §(&,,...,&,) =t.
Then we have & € MY . Let DEP™ be the generic fiber of Spf Ocl[ X1, ..., Xa/"7]). We

00,7,1* .
consider Mgm as a subspace of DEP™ by (1.4). We put 5, = 527_11 and write i, = (n? ) ;>0
Note that v(n,) = 1/n. We write n = p°n’ with ged(p,n’) = 1. We assume that e > 1 in the
sequel, since the case where e = 0 is already studied in [IT13]. We put

__ [ ity =2,
o if pe £ 2.

We take ¢-th power compatible systems 0, = (8% ’);50 and A, = (A\? ’);50 in C satisfying

r

07+l 0, +1) =0, M —n"' (A — 07 (6, +1) +zom,) = 0. (21)
Note that 1 1 1
p°—
07‘ = — s, A'I’ = — 1 - .
U( ) np2e U< ) n( qp5>

We define & € DEP" by

E;,l = Er,l(l +6,), £lm~+1 = E:ﬁl for1 <i<n-—2,

1 _1
5:",71 = 5;_:1”‘71 ((1 + OT)*TL<1 + n/A"')) gn—1 .

Proposition 2.2. There uniquely exists 0 € Mgﬁyl satisfying

2
- 1
€, =€, forl<i<n—1, &, =¢, mod, L1t
| ’ ’ ’ ng" (g —1)
Proof. We have
1
€)=t d l
(€r> mod - - 1 -+ -
Hence, we see the claim by Newton’s method. -

Remark 2.3. The key ingredients for the construction of £° are the elements 0, and X, defined
by (2.1). Up to some difference of normalizations, these elements are analogues of B and ¢
in [IT15, §2.2], which are generators of a field extension used in a construction of a Langlands
parameter there.



We take €Y as in Proposition 2.2. We put x; = Xi/Eg,i for 1 < ¢ <n. Wedefine X, C MY

00,1,1
by
(wz-i-l (
> —

v(xz; — 1)

nl'L 1 )
) > - for1<i1<n-—2,
2nq'

X (2.2)

- forn—1<i<n.
ng1(pe + 1)

The definition of X, is independent of the choice of 8, and \,. We define B, C Dé’perf by the
same condition (2.2).

2.2 Formal models of affinoids

Let (Xi,...,X,) be the coordinate of B,. We put h(X;,...,X,) =[], Xiqifl. Further, we
put

X, X))
FK X = 1 (2.3)
n—1 X. ¢ (g-1) Xq” %1
Xi,..., X)) = ‘ ’ . 24
X =3 (5n) (%) (2.1

We simply write f(X) for f(Xy,..., X,), and f(§,) for f(&,,,...,&,,,). We will use the similar
notations also for other functions. We put

S = fo(X) = fo(&;)- (2.5)

Lemma 2.4. We have

F(X) = fo(X) modsT— and S=f(X)-f(&) mod>%

Proof. We put

H

n—3 n—

_ @M oo \NETHED) oyt T RT3y N e
X)H.,Xn _ J> +< n) ( z+1) .
h(X ) , 2( H—l) (Xj+1 X ; Xit2

1=1 j=i+

We note that (X7, ..., X,) satisfies the assumption of Lemma 1.3 by the definition of B, and
Lemma 2.1 (4). Then we see that

Jo(X)
h(X)

using Lemma 1.3 and the definition of d;. The claims follow from this, because

f(X)=1-

= J(X)~ A(X) mod. T

o) 2 HED and (730 - ple) > XD
hold. O
We put s; = (2;/x:41)7 @D for 1 <i <n—1, and
sis;t =1+Y;, for1<i<n-2, s, ,=1+Y,_,. (2.6)



We put m = ged(e, f) and

i—l OpeY pim 1 %—1 S pim,
n—1
z = e - — — ) (2.7)
; ( 0, ) n' ; (n>
We put f = mg and e = m;. We define ma, ..., my1 by the Euclidean algorithm as follows:

We have

mMi—1 = NyMy; + M4 with n; >0 and 0 < M1 < MMy for 1 <1< N,

my = m, mn+1 = 0.

We put
0, -S
Ty=—"""" T =— (2.8)
n, nn,
and define T, ..., Ty by
ni—1 i +m;
Ti+1=Ti—1+ZT;PJ T for1<i < N — 1.
=0
Then we see that
i+l 4 mi_q
z = Z ™"+ ZTZPII for1<i<N-1
=0 =0
inductively by (2.7). We see also that
m1
(-)N'T = Y TR + Pi(2) (2.9)
=0
with some P;(z) € Z[z] for 0 <i < N — 1. We put
(_1)N77r f=m
Then we have 1
Y=Y, ody — 2.11
1 m > n(pe + 1) ( )

by (2.9) and (2.10). We define a subaffinoid B, C B, by v(z) > 0. We choose a square root
n? = (0 7%) ;50 and a (p° + 1)-st root 0,/ P = (g 7/ PHD) L of m, compatibly. We set

Y, = 0%y, with y, = (¢ )z forl<i<n-—2,

T

e - (2.12)
Y =7/ "y with y=(y’ )0

on B.. Let B be the generic fiber of Spf Oc(y'/a™ y/7™ .. y~9° 21/7) The parameters

Y, Yy, Y, o, 2 give the morphism ©: B/ — B. We simply say an analytic function on B for
a ¢g-th power compatible system of analytic functions on B. We put

n—1

EO q
1460 =(1+6,)"(1+n'X) <£—7>

10



Lemma 2.5. The morphism © is an isomorphism.

Proof. We will construct the inverse morphism of ©@. We can write Y,,_; and S as analytic
functions on B by (2.8), (2.9), (2.10) and (2.12). Then we can write &;/®;;; as an analytic
function on B by (2.6). By (2.4) and (2.5), we have

n, Vs - Sp-1—1 1 D) T

r n— / — —1)(g"— _

(1+6 )(q—l)2 - (si —1) + (1+ 9/)q_1 +(1+ Or)q(q )<m£zq =1 H(mz Ti1) — 1)-
" =1 " i=1

By this equation, we can write x,, as an analytic functions on B. Hence, we have the inverse
morphism of ©. O]

We put
6B(yay1a ceoy Yn—2, Z) = (5’34) © 6_1

equipped with its ¢/-th root 52{3' for 7 > 0. We put
X, = Spf Oc(yM ™ ™,y Y0 1)
Let X, denote the special fiber of X,.

Theorem 2.6. The formal scheme %, is a formal model of X,, and X, is isomorphic to the
perfection of the affine smooth variety defined by

m e 1
Zp — Z = yp +1 — ﬁ Z y’Lyj ZTL AZac‘ (213)

1<i<j<n—2
Proof. Let (X, ...,X,) be the coordinate of 5,. By Lemma 2.4, we have

qg—1

v(f(X)) > ” and v(S) > e (2.14)
We have . .
-GG
h(X) < % 11 X)) (2.15)
We have

(fgql ) T (m.(1+ 6711+ ei)q)q_l (%) " ﬁ s, (2.16)

by (2.15). We put

1-f(&)
R(X) = L (1+8). 2.17
e T ) (2.17)
Then we have v(R(X)) > 1/n by Lemma 2.4 and (2.14). The equation 6(X) = §(£2) is
equivalent to

X"\ 4t -1 el
n — q—1 \q (¢—1) -1
(Xl) - (m(1+er) (1+9,)) (1+ S+ R(X)) ]13 (2.18)
by (2.3), (2.16) and (2.17). We put
) n—1
F(X)=(1+6,)% D (1+8+RX))" [
i=1

11



The equation (2.18) is equivalent to

fo(X)? =n? (1 +6,)@ (Z si + -+ F(X)). (2.19)

(1+ 0’
The equation (2.19) is equivalent to
n—2
ST=ni"'(1+0,) LS Sk F(X)—-F(&) ). (2.20)
' pam (1+6,)! '

We put

i=1

q—1)2 2 Sn,1—1 0
Ri(X)=(1+6,) )< (Si—1)+W+F(X)—F(§T)>

- (S + > Yy - (Y};’i*ll +(1+0,)Y, + egi'eYnl)).

1<i<j<n—2
Then we have v(R;(X)) > 1/n. The equation (2.20) is equivalent to
§1 = nqt! (s + > YY,-n (ijejl +(1+6,)YI + ef;eYn_l) + Rl(X>>. (2.21)
1<i<j<n—2
The equation (2.21) is equivalent to

- . 1 Ri(X
2P — 2z :n;l(ngll - Y Yy, - 172, )). (2.22)

1<i<j<n—2

As a result, 0(X) = 6(&;) is equivalent to (2.22) on B,. By Lemma 2.4 and (2.22), we
have v(z) > 0 on X,. This implies X, C B... We have the first claim by Lemma 2.5 and the
construction of X,. The second claim follows from (2.11) and (2.22). O

Remark 2.7. If n = p = 2, then the smooth compactification of the curve over k defined
by (2.13) is the supersingular elliptic curve, which appears as an irreducible component of a
semi-stable reduction of a one-dimensional Lubin—Tate space in [IT17b] and [IT12].

3 Group action on the reductions

Action of GL, and D* Let 3 C M,(Ok) be the inverse image under the reduction map
M, (Ok) — M, (k) of the ring consisting of upper triangular matrices in M, (k).

Lemma 3.1. Let (g,d, 1) € G°. We take the integer | such that dng{r € OF. Let (Xi,...,X,)

be the coordinate of X,.. Assume v((g,d)-X;) = v(X;) for 1 <i <n at some point of X,.. Then
we have (g,d) € (¢arr, ¢p.r) (T* x OF).

Proof. This is proved in the same way as [IT13, Lemma 3.1]. O
We put
g?" = (()OM,TJ ng,?ﬂ 1) E G (31)
We put
1 ifpt=2
=g P (3.2)
0 if p©# 2.

For a € k*, we simply write a also for the ¢-th power compatible system (a4’ )j>0-

12



Proposition 3.2. (1) The action of g, stabilizes X,, and induces the automorphism of X,
defined by

(Z; Y, (yz‘)lgign—z)

=2 (3.3)
z+e1(Yno +1), Zyz 2y, ot €1, (Yim1 — Ypoo T E1)2<i<n—2 | -

=1

(2) Assume p® # 2. Let g. € GL,_1(k) be the matriz corresponding to the action of g, on
(y7 (yi)1§i§n72) in (33) Then, det(gr) = (_1)77,—1.

Proof. By (1.6) and (1.7), we have

n—1

gX, =X, gX, =X}, for2<i<n. (3.4)
By (3.4), we have g*(h(X)) = h(X). Hence, we have
1
gS8S=S mod. — (3.5)
n

by (2.3), (2.5) and Lemma 2.4. By (2.18) and (3.4), we have

1
* d 3.6
gis = Hs mod. 5 (36)
We have also
gisi =81 for2<i<n—2, g's,.1=s5,1+86)1 (3.7)
by (3.4). We have
n—3
gY =(1+6,)"(1+Y,_5)? H(1 +Y;,) ' —-1 mod. L (3.8)
" 2n

i=1
by (2.6), (3.6) and (3.7). We have also
1
gY, =(1+0,)"01+Y, )1+Y,5) "'—1 mods o for2<i<n-—2,

g:Y'rz—l = (1 + 0,,,>_”(1 + Y'rz—?)(l + Yn—l) —1 IIlOd> an

by (3.7). The claim follows from (3.5), (3.8) and (3.9). O
Let P be the Jacobson radical of the order J, and pp be the maximal ideal of Op. We put

and

(U2 x UBY = {(g,d) € U2 x Ub | det(g)™" Nedpxe(d) = 1}.
Let pro, /x: Ok — k be the reduction map. We put

1 _ _
he(900) = (Tt 0 bro ) (Trdoy i (95 (d = 1) — it (g — 1))
for (g,d) € Uy x U},.

13



Proposition 3.3. The stabilizer of X, in GL,(K) x D* is i¢, (L)) - (Uy x Up)'. Further,
(g,d) € (U3 x Up)* induces the automorphism of X, defined by

(Za Yy, (yi>1§i§n72> = (Z + hr(97 d)a Yy, (yi)1§i§n72>'

Proof. Assume that (g,d) € GL,(K) x D* stabilizes X,. Then we have det(g) = Nrdp,x(d).
We will show that
(g.d) € ig, (L)) - (U3 x Up)".

We have (g,d) € (oarr, ppr) (3% x OF) for some integer | by Lemma 3.1, since (g, d) stabilizes
X, and we have v(X;) = 1/(ng""'(q¢ — 1)) for 1 < i < n at any point of X, by Lemma 2.1
(4) and (2.2). Further, we may assume that (g,d) € 3* x O}, since we already know that

(@arrs p,r) stabilizes X, by Proposition 3.2 (1).

We write g = (a;j)1<ij<n € J and a;; = Y -, agf])-wi with a

"€ g 1(K) U{0}. By (1.6),

Z7J

we have
gX,= aﬂXl + aﬁ)lXﬁln mod » L,
n(qg—1) (3.10)
1 .
gX;,= al(»(?XZ- + al‘.o,)“Xi,l mod, —————— for2<i<n.
’ ’ ng' (g —1)

We write d™' = 377 dily, with d; € pgn_1(K,) U {0}. We set w(d) = di/do. By (1.7), we
have ]
d*X; =dyX; (1 d) X! de———— for1<i<n. 3.11
0 ( +K/( ) i ) mo >nq172(q_1) orls72=n ( )
By (2.2), (3.10) and (3.11), we have (g,d) € i, (OF) - (U3 x U})*. Conversely, any element of
ie, (LX) - (U3 x Up)* stabilizes X, by Remark 1.4, Proposition 3.2 and the above arguments.
Let (g,d) € OxU; x OF. We put

n—1 (0) q (1) 3y n
a; ; X a,1X, i-1 5 g~ (g—1)
Ay (X) = = < ) FRE L AYX) =) k()XY
=2 \xn) T, 2
Then, we acquire
1
Fol(9: ) X) = fo(X) + 2g(X) + Ay(X) mod. (312)
We have 1
(9.d)*'S =S+ Ay(X)+ Ay(X) mod- - (3.13)
by (2.5) and (3.12). We have
1
(9.d)"si =s; mod ~ (3.14)

for 1 <i<n—2. Let (9,d) € (U x Uh)'. We obtain
(9,d)"z = z + (g, d)

by (2.7), (3.13) and (3.14). We can compute the action of (g,d) on y and {y, }1<i<n—2 by (2.6),
(2.11), (2.12) and (3.14). O

14



Action of the Weil group We put ¢, = ¢? and E, = K(¢.). Let ¢ € Wg, in this
paragraph. We put

! —No

ay = Artz'(0) and u, = a9, " € OF .

We take B
b, € pg1(K) such that O =u, € k.
We put
Co = b;n NrET/K(ua) € U}{
Let

9o = (@i ;)1<ij<n € OFUy
be the element defined by a;; = b, for 1 <i<n—1, a,, = b,¢c, and a; ; = 0 if ¢ # j. We put

g = (9o ppy,0) €G. (3.15)

Then g, stabilizes each component in (1.5). We choose elements «., 3,, 7, € K?° such that

e p2° _ -1 pm pe+1
Oé gpr? ﬂr +5T - _ar 9 fyr fy ﬁr +€07
£

. e x . (3.16)
o tnt P = =1, B " =1, 4o Z()\m;l)p =1 mod. 0.
i=0
For 0 € Wg,, we set
(av) =
o(a,
ro — 5 er: r,o r) — Mr ro — r T bro’
a. o o =0,0(8)— B, cn 7+Z (B + b))
Then we have ., b, 4, ¢ o € Oc and
e+1 P 0 0 p°
pe+1 pe+1
A i (3.17)
=1 im <1 im
A\ 0/\r _/\'r P N O'QT —QTO'QTpe P
L () ()
i=0 i=0

by (2.1) and (3.16). Let
Q= {g(a,b,c) ‘ a,bc €k, a” T =1, W +b=0, & —c+ T = O}

be the group whose multiplication is given by
€1
g(ai, by, c1) - glaz, by, cz) = g<a1a2, a1y + by, c1 + o + Z (alblfebz)pm)
i=0

—1

Let @ x Z be the semidirect product, where | € Z acts on Q by g(a,b,c) — g(a‘fl, I ).
Let (g(a,b,c),l) € Q@ X Z act on X, by

l

o hesen) o ( (24 "Z(by)pm Fe) oty + ).

pe4+1 1

2 y? )1<¢<n2>. (3.18)

We have the surjective homomorphism

O,: Wg, > QXZ; 0 (g(dr,g,brva,éﬁa),n(,) ) (3.19)
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Proposition 3.4. Let 0 € Wg.. Then, g, € G stabilizes X, and induces the automorphism

of X, given by ©,(c).
Proof. Let P € X,.(C). We have

Pgo - fO(X Pga ) fO(éE)
= fo(X(Pg,)) — fo(X(P(1,¢5",0))) + 0~ (fo(X(P))) — fo(&)
Ay, (X(P(1,0p%,0))) + 0 (S(P) + fo(&) — fol&)

= 7 (S(P)) + folo ™ (€D) ~ () mod.
by (2.5) and (3.12). We have
Folo™ (€1) ~ fo(€)) =m0 (A) = &) mod
We put s;(X) = (X;/X 1)@V for 1 <i < n—1. We have

Sn_1(€2)Yn_1(ng) = Spn—-1 (X(chr)) - Sn—l(ég)
= 50-1(X(Pg,)) — 501 (X (P(L, 05" ,0))) + 0 (5p-1(X(P))) — sn-1(&})

-1 1
= 5 (50 (€)Y 01 (P) + 07 (50 (€0) — 50-1(€) mod T2
by (2.6) and (3.12). Hence, we have
1
Yn—l(Pga) = 0_1 (Yn—l(P)) + 0_1<9r> - 07" m0d> o
np®

We put 6, , =0(0,) — 0, and A, , = d(A,;) — A,. We have

- (E(E E )

=0

£ . ; ya v
07 Y, (P)—o(07)0,,\"" T AL\
sy (A 0

n:

im

=z(P)+ Z (byoy(P))P" +¢p mods0
by (2.7), (3.17), (3.20), (3.21), (3.22) and (3.23). We see also that

Yn_ Pga’ _pe p% .
U(%) = a5 (Y —blo) = a0 (y +17,) mod 0
0

by (3.17) and (3.23). By the same argument using (3.11), we have
1

Yi(Pg,) =0 *(Y(P)) mods o

n

for 1 <i <n — 1. This implies

1/2
TIT — no'
y(Pe,) = T )iy, (P)) = a2y, (P mmod 0
nr

for 1 <i<n-—1by (3.17).
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Stabilizer We put n; = ged(n,p™ —1). We put
o=@ and F. = K(g]).

Let 0 € Wg,.. We put

(pl
Let ¢+/”" be the p-th root of ¢, in ppm—1(K). We put
Proc = C;/pe(pr-

Let G, , be the one-dimensional formal Op, -module over Oz,. defined similarly to G, changing
©r by . We take a compatible system {¢, ;,};>1 in C such that

O'_1 (tr,l)

t 1 = 1 mOd > 07 [(pryo']gr,o' (tr,l,a) = 07 [(prya']g'r‘,o' (tr7j70'> = tr,j—l,o‘

for j > 2. We construct &, as in Lemma 2.1 using {¢, ;,};>1. Then &, , has CM by L,.

Lemma 3.5. For o € Wy, we have

O-_l(fr,i) — 1

—>72 =1 mods — for1<i<mn,
gr,a,i z qulpefl<p - 1)
1
-19,)=0, ds —.
o (6,) mo gy
Proof. We have
o (o) . 1
—r = (;/p mods ————. 3.24
r “pi(p—1) (3:24)

We obtain the claims by (3.24) and

2

(c7'(0,) —6,)" s " (o7'(0,)—6,)+ (1+07'(8,)(c ()" =21 =0,
which follows from (2.1). O
We define j,.: Wg, — L\(GL,(K) x D*) as follows:

Let o € Wp,. Since &, has CM by L, there exists (g,d) € GL,(K) x D* uniquely
up to left multiplication by LX such that (g,d,1) € G° and &,,(g,d,1) = & by
Lemma 1.6. We put j,(0) = L (g, pp’ d).

For 0 € Wy, , we put a, = Art;'(0) € L and u, = a,¢, " € Or,-
Lemma 3.6. For o € Wy, we have j,(0) = LX(1,a,").

Proof. This follows from [BW16, Lemma 3.1.3]. Note that our action of W is inverse to that
in [BW16]. O

We put
S = {(g7d> 0) €G | o€ W, jr(a) = Lf(g,d)}.

Lemma 3.7. The action of S, on ./\/lgﬁ stabilizes X,., and induces the action on %,.
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Proof. We take an element of S,, and write it as (g, ¢, d, o), where (g,d, 1) € G%and o € Wp,.
Since &,,(g,d, 1) = &, we have (g,d) € (¢, ppr) (3% x OF) by Lemma 3.1 and Lemma 3.5.
To show the claims, we may assume that (g,d) € 3 x Of by Proposition 3.2 (1). We write

9= (ai;)1ijen € T and a;; = 3i%g allwl with af) € pg_1(K) U {0}, and d™' = 3272 diph,

i,

with d; € pgn_1(K,) U{0}. For 1 <i <n—1, we have

a?

o = dit (3.25)
Q141

by &.0(9,d, 1) = & using (3.10), (3.11), &0 = & yiq and & = &5y The condition on the

first line in (2.2) is equivalent to

X X, 1\ 3 )
— > - for1 <1< n—2. 3.26
”(Xi+1 ( X, ) ) = ong o ='=" (3.26)

We see that the condition (3.26) is stable under the action of (g, ¢} 7d, o) using (3.10) and

(3.11), because agg)/aﬁ)ml is independent of 7 by (3.25). We see that the condition on the

second line in (2.2) is stable under the action of (g, ¢’ d, o) by Lemma 3.5 using (3.10) and
(3.11). O

The group S, normalizes i, (L)) - (U3 x Uh)! by Proposition 3.3. We put
H, = (U xUp)'- S, CG.
Then H, acts on X, by Lemma 3.7 and the proof of Proposition 3.3.
Proposition 3.8. The subgroup H, C G° is the stabilizer of X, in Mgﬂ)ﬁ.
Proof. Assume that (g, ¢, d,0) € G" stabilizes X,.. It suffices to show that
(9,¢py d,0) € H,.

By Lemma 3.1, we have (¢,d) € (¢un.r, opr)' (3% x OF). Hence, we may assume that (g,d) €
3% x OF by Proposition 3.2 (1).

First, we shpw that 0 € Wg,. We write g = (@i j)1<ij<n € T%, aij = > 100 al(l])
d=t =377, dih, as in the proof of Lemma 3.7. Since (g, ¢} )7 d, o) stabilizes &, we have

w! and
.

(0)

a:
G = dt for1<i<n-—1, (3.27)
Qi 1i+1
(0) —1(¢0
anndoo ( ) 1

’ =1 mods ————— 3.28
o g+ 1) (3:25)
by (2.2), (3.10), (3.11) and &.; = &/, ;. By taking the p°¢"~*(q — 1)-st power of (3.28), we see

that i (ge) 0__1«0/) 14+ er p°(g—1) pe
dy @ M T = -~ mod > ————. (3.29)

%, L+071(6r) n(p+1)

This implies that the left hand side of (3.29) is equal to 1. Hence we have o (¢).) /@) € py—1(K)
and 0~ (6,) = 0, mod > 1/(n(p° + 1)), since d? " € p,_1(K) by (3.27). These happen only if
o € Wg, by the proof of Lemma 3.5 and pipe_1(K") N pg—1(K) = ppm_1(K). Since o € W,
we may assume that ¢ = 1 by Lemma 3.7. Then (g,d, 1) € H, by Proposition 3.3. [
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4 Artin—Schreier variety

4.1 Tate conjecture

Let m be a positive integer such that F,» C ;. Let N be a positive even integer. We put
no = N/2. We consider the affine smooth variety Xy, over F, defined by

no
m .
2P —z:E Ugi_qUg; 1N AE]{“.
i—1

Let Xy be the base change of Xy, to E. For an integer ¢ > 0, we simply write A’ for the
affine space AL .
q

Remark 4.1. Let Q(_yl, ..., yn) be any non-degenerate quadratic form on AYN. Then the affine
smooth variety over F, defined by

P — 2 =Qyr,...,yy) in AN
is isomorphic to Xy by [SGA7T3, XII, Proposition 1.2].
For each ¢ € F i, we consider the homomorphism
pe: Fpm = Fp; v Term/Fp(C_lx).

Then, we consider the quotient Xy = Xn/kerp.. Note that the quotient Xy . depends only
on the class [¢] € Fm /F) of (. The variety Xy has the defining equation

1o
(g = 2) = Z Ugiqtg;  in ANFY (4.1)
i=1

where the relation between z and z. is given by 2z, = Z?fol(gflz)pi. Let ¢ # p be a prime
number. For a topological abelian group A, let AV denote the set of the smooth characters
A—Q,. Let L, be the Artin-Schreier Q,-sheaf on A! associated to 1 € FY., which is (1)

in the notation of [Del77, Sommes trig. 1.8 (i)]. For a polynomial f € F,[z1,...,x], let L,(f)
denote the pullback of £, under f: Al — Al
Lemma 4.2. We have an isomorphism
@ HY(Xn ¢, Q) =~ HY(Xn, Q)
[CIEF o /S
induced by the pullbacks and dim HY (Xy ¢, Q,) = p — 1.
Proof. For ¢ € F), \ {1}, we have

0 otherwise

He (A, Ly(wy)) = {

by [Lau87, Proposition 1.2.2.2] as in the proof of [IT18a, Lemma 2.1]. Hence, by the Kiinneth
formula, we have isomorphisms

HY( Xy, Q) ~ @ HCN<AN,/3¢ (Zuzi—lum‘))ﬁ @ (G

YEFY \{1} i=1 YEFY \{1}
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as F,m-representations. By Poincaré duality, we have an isomorphism

HY (X, Q) ~ @ (8
IZ)EFZm\{l}

as F,m-representations. Let ¢": [F, — @Z be any non-trivial character. Then, for each ¢ €
[ \ {1}, there exists a unique element ¢ € F,.. such that ¢ = ' o p. Hence, we know that

HN(XN,Ca@z)W/] = HY(Xy,Q)[¢] =
as Fm-representations. Therefore, the required assertion follows. O]

Consider the fibration

mer Xne = A" (2, (ui)1<ien) = ((U2i)1<i<n)-

Let O denote the origin of A™. The inverse image ng(O) has p connected components. For

a € Fp, we define Z¢ to be the connected component of 7 (0) defined by z; = a. We know
that each Z¢ is isomorphic to the affine space of dimension ng. Let

cl: CHpy(Xne) = HY (X, Qu(no))
be the cycle class map.

Lemma 4.3. (1) The fibration w.: Xy — A" is an affine bundle over A™ \ {0}.

(2) The cohomology group HN(Xy¢,Q,(ng)) is generated by the cycle classes cl([Z¢]) for
a € F, with the relation } o cl([Z¢]) = 0.

Proof. For 1 < i < nyg, let U; be the open subscheme of A" defined by the condition that the
i-th coordinate is not zero. Then {U;}1<i<p, is a covering of A™ \ {0}. We can see that 7 is
a trivial affine bundle on each U; by (4.1). Hence the first claim follows.

We set U = 7. '(A™ \ {0}). We have the long exact sequence

HY"Y(U, Q) — er\gl(o)(XN,ca@é) ~ Qy(—n0)®” — HY (Xn¢, Q) — HY(U,Qy)

and HN (U, Q) ~ HN(A™ \ {0},Q,) = 0, which follows from the first claim. Therefore,
HN (X, Qq(no)) is generated by the cycle classes cl([Z¢]) for a € F),. On the other hand, we

have -, cp cl([Z¢]) = 0, since }_ p [Z¢] = 0 in CHpy(Xn). Since dim HN (X, Qung)) =
p — 1 by Lemma 4.2, we obtain the claim. O

Corollary 4.4. The Tate conjecture in [Jan90, 7.13] holds for the variety Xy, .

Proof. By Lemma 4.2, Lemma 4.3 and the commutativity of cycle maps and pullbacks under
Xn — Xn,¢, we have [Jan90, 7.13 Conjecture (A), (B)] for Xy, and the equality

HY (X, Qy(n0)) ¢ F/Fa) = FN (X, Qy(n0)).-

Then the g-th geometric Frobenius in Gal(F,/F,) acts on HY(Xy,Q,) by ¢". Hence [Jan90,
7.13 Conjecture (C)] for Xy, also follows. O
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4.2 Action on cohomology

In this section, we assume that p = 2. Let n > 4 be an even integer. Let m = ged(e, f) as in
Subsection 2.2. We consider the affine smooth variety X of dimension n — 2 defined by

22" — 2= Z yiy; in AL

1<i<j<n—2

We take (3 € F, \ {1} such that ¢§ = 1. Then, we define uy, ...,u, o by

n—2 n—2
-1 -1
Ugipr = G3Yair1 + (3 Yairo + E Vi,  Ugit2 = C3 Yair1 + C3Ysip2 + E Yj,
j=4i+3 j=4i+3
n—2 n—2
Ugi+3 = Yai+3 T E Yjr  Udita = Yai4a T+ E Y-
j=4i+5 j=4i+5

Then the variety X is isomorphic to the affine variety X,,_o defined by
no
Z2m — 2= Zu%,lugi in Anil,
i=1

where ng = (n —2)/2. For ¢ € F3,., we simply write X for the variety X,,_o ¢, which is defined
in Subsection 4.1 where N = n — 2. Recall that X, has the defining equation

1o
C(Zg — Zg) = Z U2;—1U9; n An_l.
=1

For a € Fy, we consider the other ng-dimensional cycle Zé“ in X; defined by
up =0,  Ugi1 = Usigo, Us = Ugiyr for 1< < [(ng —1)/2],
Up—g =Up—o+1 ife=1 2z =a+ciu, o,
where ¢ is defined at (3.2).
Proposition 4.5. For ¢ € F},. and a € Fy, we have
(28] = (~1)" [Z]  in CHa(Xo).

Proof. We show that [Z¢]—(—1)"0[Z[] is rationally equivalent to zero. For 1 <14 < [(ng+1)/2],
let X, be the (ng+ 1)-dimensional closed subvariety of X, defined by

ug; =0 for 1 <j <|[ng/2],

U4j_3:O fOI'lS]SZ—l, U4j_2:0 f0r1+1§]§[<n0+1)/2],
and let ZE, be the no-dimensional cycle on X, ; defined by us4-3 = 0 and z; = a. We put

Z¢y = Z¢. "Then we have
div(z — a) = [Z¢,_)]) + [Z2)]

in CH ,,(X¢;) for 1 < i < [(ng 4 1)/2], since we have (27 — 2¢) = uai—sug;—2 on X¢;. For
1 <i<[(no—1)/2], let X[, be the (ng + 1)-dimensional closed subvariety of X, defined by

up =0, Ugio1 = Usgjpo, Uy = Ugjpr for 1 <5 <o —1, wgy = Uiy,
u; =0 fori+1<j<I[ng/2], usjs1 =0 fori+1<j<[(ng—1)/2],
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el Lot Z(’:“Z be the no-dimensional cycle on X /,z' defined by u4; 1 = u4;12 and z; = a. We put
28 = Z¢ ((ng+1)2- Then we have

div(z¢ —a) = [ngi_l] + [Zéaz]
in CH,, (X-.) for 1 <i<[(ng—1)/2], since we have
0 ()

C(Zg — %) = Ugi(Ugi—1 + Usit2)

on X[, If e > 2, then Zé‘f[(no_l)ﬂ] = Z* and the claim follows. Assume that e = 1. Then
m = 1. Let X/ be the (no + 1)-dimensional closed subvariety of X; defined by

Uy = O, Ugj—1 = U4j542, Ugj = Ug541 for 1 S j S (no — 2)/2

Then we have
div(ze — Uup—2 —a) = [Zg[(no_n/g]] + [Zéa]

in CH,,(X é’ ), since we have
(2 = Up—2)(2 — Up—2 — 1) = Up_2(Up—3 + Up_o + 1)
on X é’ . Therefore, we obtain the claim. ]
Corollary 4.6. Assume that n > 4. Let g be the automorphism of X defined by
n—3
(2, (Yi)1<i<n—2) — (Z +e1(Yn—2 + 1), Z Yi + €1, (Yic1 + Yn—o + 51)2991—2) .
i=1
Then, g* acts on H" *(X,Q,) by —1.
Proof. Note that g induces an automorphism of X.. The condition of Zg C X is equivalent to
Ysiz + G5 Waio + Gyaia =0 for 1 < < [ng/2],

Yai + GYaivr + G a2 =0 for 1 <i < [(ng—1)/2],
Gl'Yn3+tGYno=0 ife>2 y,0=0 ife=1, 2z =0.

For a € Fy, the condition of Zé“ C X¢ is equivalent to

n—2

Gy + G e+ >y =0,

=3
Ysio1 + CGYai + (3 Yaiv1 = 0, Y + G Yaivr + GYaine =0 for 1 < < [(ng —1)/2],
Yn-3=UYn2+1 ife=12z-=a+e1yn_2.

Using the above, we can check that

9 (20 = {

Zél ife=1,

z?  otherwise.
Therefore, we obtain
g*(cl([27]) = (=) (cl([28))) = —el([Z¢))

in H"2(X;,Qy(no)) using Lemma 4.3 and Proposition 4.5. Hence, the claim follows from
Lemma 4.2 and Lemma 4.3. [l
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5 Explicit LLC and LJLC

5.1 Galois representations

Let X be the affine smooth variety over k*® defined by (2.13). We define an action of Q x Z
on X similarly to (3.18).

We choose an isomorphism ¢: Q, ~ C. Let ¢'/? € Q, be the 2-nd root of ¢ such that
(¢"?) > 0. For a rational number r € 27'Z, let Q,(r) be the unramified representation of
Gal(k*/k) of degree 1, on which the geometric Frobenius Frob, acts as scalar multiplication
by ¢~". We simply write @ for the subgroup @ x {0} C @ x Z. We consider the morphisms

1
. An—1 1. +1
DAY = Apacs (U, (Wi)1<icn—2) = ¥7 T — o Z YiYjs
1<i<j<n—2
Bt Agae = Afucs 23 2P — 2,

Then we have a cartesian diagram
X —— AL

1 _hm a1
AkaC — Akac .
Using the proper base change theorem for the above cartesian diagram, we have a decomposition

HNX, Q)= P HI (AR Lu(@)), (5.1)
YEFYm \{1}

since Ay Qp ~ @ yepv Ly and HI7H(ALL', Q) = 0. The decomposition (5.1) is stable under

the action of @ x Z, since Fm =~ {g(1,0,¢) | ¢ € Fym} in the center of Q) X Z acts on each direct
summand H? Y(A}', £,(®)) in (5.1) by 1. We put

n— n— n—1
Tom = HI 7 (AR .cd,(cp))( 5 )

as a Q) x Z-representation for each ¢ € Fy.\{1}. We write 7,0, for the inflation of 7, by ©,
in (3.19).

5.2 Correspondence

Definition 5.1. We say that an irreducible supercuspidal representation of GL,(K) is simple
supercuspidal if its exponential Swan conductor is one.

Remark 5.2. Definition 5.1 is compatible with [IT18b, Definition 1.1] by [IT18b, Proposi-
tion 1.8]. The word “simple supercuspidal” comes from [GR10]. Our “simple supercuspidal”
representations are called “epipelagic” in [BH14] after [RY14].

We define ¢y € Fy by t(¢0(1)) = exp(2myv/—1/p). We put 95 = 9o o Trg,,.jr,. We take
an additive character ¢¥x: K — Q, such that ¢ (2) = ¢}(z) for z € O. In the following,
for each triple (¢, x,¢) € pg—1(K) x (k*)¥ x Q,, we define a GL, (K )-representation Tex.er @
D*-representation p¢ . and a Wy-representation ¢, ..

We use notations in Subsection 2.1, replacing r € p,—1(K) with ¢ € p,—1(K). We have the
K-algebra embeddings

LC — Mn<K), P¢ — PM,Cs LC — D; Y¢ — ¥D.¢-
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Set wen = n'wc. Let Ay o: LEUS — Q, be the character defined by

Acyelpe) = (=1)""e,  Acyelz) = x(Z) for z € OF,
A¢ye(®) = (Wr otr)(pz,(x — 1)) for z € Us.
We put .
GLn (K
Tee = C—IndLCX 0 At e

Then, 7¢ . is a simple supercuspidal representation of GL, (K), and every simple supercuspidal

representation is isomorphic to 7¢ . for a uniquely determined (¢, x, ¢) € prg—1(K) x (E*)Y x Q,
(cf. [BH14, 2.1, 2.2)).
Let Ocy.e: LEUL — @, be the character defined by

Ocxclpe) =¢, Ocyelz) =x(z) for x e O,
‘gC,x,c(d) = (¢K o TrdD/K) ((P;}l(d — 1)) for d € Ull)
We put
Pexe = IndDXX

O+ ..
L} Ul X

The isomorphism class of this representation does not depend on the choice of the embedding

Recall that ¢} = gpge and B¢ = K(pp). Let ¢po: Wg, — @Z be the character defined by

¢c(0) = ™. Let Frob,: k* — k* be the map defined by z 2P for x € k*. We consider
the composite

ab Art;:; X x  can. X Fmbg X
v Wab ——5 BX 5 OF Sy 2 X
E¢ ¢ E¢

where the second homomorphism is given by E — Op; = — rp @) We simply write 7
for 72, We set
10 W 0
Tg%c = TCO R (X o) ® Py, Teye = IndeCTQX’C.
We see that 70 is primitive by [BH14, 3.2 Proposition] and [IT15].
The following theorem follows from [IT15] and [IT18b].

Theorem 5.3. Let LL and JL denote the local Langlands correspondence and the local Jacquet—
Langlands correspondence for GL,,(K) respectively. For ¢ € pu,—1(K), x € (k*)" and c € @Z,
we have LL(7¢ 5 o) = Te e and JL(pey.e) = Te e

Definition 5.4. We say that a smooth irreducible representation of GL,(K) is essentially
simple supercuspidal if it is a character twist of a simple supercuspidal representation.

Let w: K* — @Z be a smooth character. We put
Teew = Texe @ (Wodet),  peyew = Peye ® (WoNIdp/i),  Teyew = Texe ® (wo Art;(l),
and
Acxew = Meye ® (wo det |L<X U:})v Oc xeo = bcxe @ (wo Nrdp i |LZ Ujg)a
TCO,x,c,w - Tgx,c ® (woNrg ko Artf_ECI)-
Then we have

_ GLn(K) _ 1. qD¥ — TnaWk -0
7T<7X7C7w - C_IndLZ U% AC7X7C7W7 p<7X7c7w - IndL? UEGC»(?C?W’ 7-<7X,C7UJ - :[Il(j‘VVEC TC,X,C,L{J'

Corollary 5.5. We have LL(7¢ y cw) = Teyiew 00d JL(p¢ v cw) = Ty

Proof. This follows from Theorem 5.3, because LL and JL are compatible with character twists.
m
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6 Geometric realization

Recall that ny = ged(n, p™ —1). We fix s € a1 (K). We take an element r € p,_1(K) such

p—1

m_1
that r m = s. We put

iy - 1 (%00 ()

as H.-representations.

Lemma 6.1. The isomorphism class of C—Ind%er depends only on s.

Proof. Assume that r, 7" € p,_1(K) satisfy

1 m_1

P 12
rmo=r ™m =S8

Then we have L, = L,». Hence, there is (g,d) € (GL,(K) x D*)? such that &.(g,d) = & by
Lemma 1.6. Then we have X, (g,d) = X,». Threfore we obtain the calim. O

We put
Il, = c-Ind;, Hy,.

For simplicity, we write G; and G for GL,(K) and D* x W respectively, and consider them
as subgroups of G. We put
H = {g € Uy | det(g) = 1}.

We have H = H, N G, by Proposition 3.3. Let H, be the image of H, in G/G| ~ Gb.
Let a € p,1(K). We define a character A%: Ul — Q, by

A (z) = (Vg o tr)((aprn) (= 1))  for x € Us.
Let 7 be a smooth irreducible representation of GL,(K).

Lemma 6.2. If m is not essentially simple supercuspidal, then we have Hompy (A%, ) = 0.
Further, we have
1 if a™r = (,

dim Hom Aaaﬂ- cw) =
H( r TG ) {0 otherwise.

Proof. We assume that Homg (A%, 7) # 0, and show that 7 is essentially simple supercuspidal.
Let w, be the central character of m. Then w;, is trivial on K* N H by Hompg (A%, 7) # 0.
Hence, we may assume that w, is trivial on K* N U3, changing 7 by a character twist. Then,

. X
there is a character A}, : K*U; — Q, such that
Aoploy = A7 A ke = wr.
Then we have

Hom (A2, ) o Homye (A, m) = Homyex s (Indiigﬁl (A%, xecn), 7r> (6.1)

by Frobenius reciprocity, since K*Us /(K> H) is compact. We have the natural isomorphism

det

K*Us [(K*H) = (K*)"Ug/(K*)" = Ug /(Ug)". (6.2)

25



For a smooth character ¢ of Uy /(U )", let ¢/ denote the character of K*U7 obtained by ¢ and
the isomorphism (6.2). We have a natural isomorphism
KXUL 1 q a
Indg.f (A o)~ €D AL, @ (6.3)
€Uk /(Ug)™)V

Let ¢ be a smooth character of g]}(/(U}{)”, and regard it as a character of Ul.. We extend ¢ to
a character ¢ of K* such that ¢(w) = 1 and ¢ is trivial on j,_;(K). We have
Hom w1 (A2, ® ¢',7) ~ Homg, ((C—Ind?X AN ) ® o, 7T> (6.4)
3 sW 3 sWr

by Frobenius reciprocity. We take x' € (k*)Y such that x'(Z) = wx(z) for z € p,1(K). For
¢ € Q,, we define the character Ag oo LYUS — Q, by

Al volon =A% ALy olomy) =¢, ALy o) =X(2) forz € pgi(K).
We put

a — Gy a
7T7’7lec, == C—Inder Ui% AT,X',C’ .

Then we have

eIndi ) ALy, = €D Ty e (6.5)
e,
Note that
Tyt = Tanrx! ' (a)e (6.6)

by the constructions. Then we see that 7 is simple supercuspidal by (6.1), (6.3), (6.4), (6.5),
(6.6) and the assumption Homg (A%, 7) # 0.

Let X' € (k*)¥. We use the same notations as above for such x’. For an irreducible
supercuspidal representation m of Gy, we write a(m) for its Artin conductor exponent as in
[BH14, 1.2]. We have a(7;, ,) =n+ 1 by (6.6). Hence, if ¢ # 1, we have

a(ﬂ-g,x/,c/ @ (5) - na((%) Z 2n

by a(¢) > 2 and [BHK98, 6.5 Theorem (ii)]. Therefore, we obtain

1 if =1, a"r =( and x'(a)d = ¢,

dim Homg, (7%, . @ &, T =
(e @ 0 M) 0 otherwise

by (6.6) and [BH14, 2.2]. To show the second claim, we may assume that w = 1. Hence, we
obtain the second claim by the above discussion, using that wy, _ is trivial on U » ]

Proposition 6.3. (1) If w is not essentially simple supercuspidal, we have Homy(Hy,, ) =
0. Further, we have

p" -1

e . T —

dim Hompy (Hx,, T¢yew) = Py if ¢ ™ s,
0 otherwise.

(2) We have LXU} x Wy, C H, and an injective homomorphism
QT’,X,C,UJ ® T’?,X,C,w — HOHlH('HxT’ 7“—7‘7)(167‘*))

as LXU}, x Wg, -representations.
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Proof. By (5.1), we have a decomposition
Hy,~ B 7w (6.7)

BEF Y, \{1}

as representations of () x Z. By Proposition 3.3 and (6.7), we have

A (63)

as H-representations. By (6.8), we have
HOIHH(HXT, Wg,x,c,w) ~ @ HOIHH(A;Q, 7T<’X7C7w)@pe.
a€ppm_1(K), (—a)r=¢

The cardinality of
{a € pprm 1 (K) | (=a)"r = C}

p =1
equals ny if ( ™ = s and zero otherwise. Hence the first claim follows from Lemma 6.2.
We prove the second claim. We consider the element

(‘PD,ra 1) e LrXU117 X Wg, C Gy

and its lifting g, € G in (3.1) with respect to G — G5. We have g, € H, by Proposition 3.2 (1).
The element (¢p,r, 1) acts on by.y ¢, @7, .., as scalar multiplication by cw((—1)""'ew,), because
Nrdp/k(¢py) = (—1)"'w,. By Proposition 3.2 (2), Corollary 4.6 and [IT13, Proposition
4.2.3], the element g, acts on Homy (Hx,, Tyy.cw) as scalar multiplication by cw((—1)""'e,).

Let zd € OxU}, with z € p,1(K) and d € Uh. Let g = (aij)i<ij<n € U; be the
element defined by a1; = Nrdp/k(d), a;; = 1 for 2 < i < n and a;; = 0if ¢ # j. We
have det(g) = Nrdp,/x(d) and (zg, 2d,1) € H,. The element (zd,1) € LXU}, x W, acts on
Or x.eo @ TE%CM as scalar multiplication by

X(2)0r.c(d)w(Nrdp, (2d)).
We have the subspace
HomH(T%q’n, Trew) C Homp (Hx,, Ty cw) (6.9)

by the decomposition (6.7). By Remark 1.4, Proposition 3.3 and [IT13, Propositions 4.2.1 and
4.5.1], the element (zg, zd, 1) acts on the subspace in (6.9) as scalar multiplication by

X(2)0rx.(d)w(det(zg)).

Let 0 € Wg, such that n, = 1. We take g, as in (3.15). By Proposition 3.4, the element
g, acts on the subspace (6.9) by

¥bo) 7y () det(g,)).

On the other hand, the element (¢}, 0) € LXU}L x W, acts on b,y @ 72, ., by
(x 0 v2) ()77 (0)w(Nrg, /¢ ().
Hence, the required assertion follows from v,(¢0) = b, and Nrg, /x(u,) = det(g,). O
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Proposition 6.4. If 1 is not essentially simple supercuspidal, then we have Homgy, (xy(Is, 7) =
0. Further, we have

p—1

® T Z ny e S,

HOIHGL"(K) (Hs’ WC,XJLW) ~ pCvac,w ¢,x,Cw fC .
0 otherwise

as D* x Wi -representations.

Proof. For g € H,\G/G1, we choose an element g € Gy whose image in H,\G, equals g under
the natural isomorphism H,\G/G; ~ H,\G;. We put HY = g~'Hg. Let Hi denote the
representation of H9 which is the conjugate of Hy, by §. Then, we have

Mo, ~ P cIndiH] ~ @ cIndf Hy, (6.10)
geH\G/G1 H,\G2

as G1-representations by Mackey’s decomposition theorem, since we have H 9=H and Hy, ~
H3 as H-representations. By (6.10) and Frobenius reciprocity, we acquire

Homg, (I, T¢ yew) = @D Homp (Hz,, e ycw). (6.11)
F’I‘\GQ

If ¢ e # s, the required assertion follows from (6.11) and Proposition 6.3 (1). Now,

-1
assume that ¢ i = s. Without loss of generality, we may assume that ¢ equals » by Lemma
6.1. By Proposition 6.3 and Frobenius reciprocity, we obtain a non-zero map

IndngbwaT (Or xcw @ TS’XMJ) — Hompy (Hx,, Try.cw)- (6.12)

By applying Ind%2 to the map (6.12), we acquire a non-zero map
Proew @ Trycw — Ind%2 Hompy(Hz, , Trycw)- (6.13)

We have dim p;y co = (¢" — 1)/(¢ — 1) and dim 7, ., = n. Moreover, we have

n'(q" —1)

(Ga s Hy] = [Py s K)D* £ L7 Up] = T3

by the exact sequence o
1= LUy — H, — Wg, — 1.

Hence, the both sides of (6.13) are n(¢™ —1)/(q — 1)-dimensional by Proposition 6.3 (1). Since
Prxew @ Try.ew 15 an irreducible representation of G, we know that (6.13) is an isomorphism
as Go-representations. On the other hand, we have a non-zero map

Ind% Hompy (Hx, , Ty c) = Home, (I, 7,y c0) (6.14)

induced by a surjective homomorphism Il;| g, — Hy, of H,-representations and Frobenius reci-
procity. Then (6.14) is an isomorphism, since the left hand side is an irreducible representation
of Gy and the both sides have the same dimension by (6.11). Hence, the required assertion
follows from the isomorphisms (6.13) and (6.14). O
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Theorem 6.5. Let LJ be the inverse of JL in Proposition 5.3. We put

Il = @ I,.

S€Hn(g—1) (K)
p—1

Let 7 be a smooth irreducible representation of GL,(K). Then, we have

HOIIlGLn(K)(H, 7T> ~ {

LJ(m) ® LL(w) if m is essentially simple supercuspidal,

0 otherwise

as D* x Wi -representations.

Proof. This follows from Proposition 5.3 and Lemma 6.4, because every essentially simple
supercuspidal representation is isomorphic to m¢ y . for some ¢ € p,—1(K), x € (%)Y, c € @Z

and a smooth character w: K* — @Z O
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