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Abstract

We construct the local Galois representations over the complex field whose Swan
conductors are one by using etale cohomology of Artin—Schreier sheaves on affine lines
over finite fields. Then, we study the Galois representations, and give an explicit
description of the local Langlands correspondences for simple supercuspidal represen-
tations. We discuss also a more natural realization of the Galois representations in
the etale cohomology of Artin—Schreier varieties.

Introduction

Let K be a non-archimedean local field. Let n be a positive integer. The existence of the
local Langlands correspondence for GL,(K), proved in [LRS93] and [HT01], is one of the
fundamental results in the Langlands program. However, even in this fundamental case,
an explicit construction of the local Langlands correspondence has not yet been obtained.
One of the most striking results in this direction is Bushnell-Henniart’s result for essentially
tame representations in [BH05a], [BHO5b] and [BH10]. On the other hand, we don’t know
much about the explicit construction outside essentially tame representations.

We discuss this problem for representations of Swan conductor 1. The irreducible su-
percuspidal representations of GL,(K) of Swan conductor 1 are equivalent to the simple
supercuspidal representations in the sense of [AL16] (¢f. [GR10], [RY14]). Such represen-
tations are called “epipelagic” in [BH14].

Let p be the characteristic of the residue field & of K. If n is prime to p, the simple
supercuspidal representations of GL,(K) are essentially tame. Hence, this case is covered
by Bushnell-Henniart’s work. See also [AL16]. It is discussed in [Kall5] to generalize the
construction of the local Langlands correspondence for essentially tame epipelagic repre-
sentations to other reductive groups.

In this paper, we consider the case where p divides n. In this case, the simple supercusp-
idal representations of GL,(K) are not essentially tame. Moreover, if n is a power of p, the
irreducible representations of the Weil group Wi of Swan conductor 1, which correspond to
the simple supercuspidal representations via the local Langlands correspondence, cannot be
induced from any proper subgroup. Such representations are called primitive (cf. [Koc77]).
For simple supercuspidal representations, we have a straightforward characterization of the
local Langlands correspondence given in [BH14]. Further, Bushnell-Henniart study the
restriction to the wild inertia subgroup of the Langlands parameters for the simple super-
cuspidal representations explicitly. Actually, the restriction to the wild inertia subgroup
already determines the original Langlands parameters up to character twists, but we need
additional data, which appear in Bushnell-Henniart’s characterization, to pin down the
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correct Langlands parameters. On the other hand, the construction of the irreducible rep-
resentations of Wy of Swan conductor 1 is a non-trivial problem. What we will do in this
paper is

e to construct the irreducible representations of Wx of Swan conductor 1 without ap-
pealing to the existence of the local Langlands correspondence, and

e to give a description of the Langlands parameters themselves for the simple super-
cuspidal representations.

Let ¢ be a prime number different from p. For the construction of the irreducible represen-
tations of Wy of Swan conductor 1, we use etale cohomology of an Artin—Schreier /-adic
sheaf on Al.., where k* is an algebraic closure of k. It will be possible to avoid usage of
geometry in the construction of the irreducible representations of Wy of Swan conductor
1. However, we prefer this approach, because

e we can use geometric tools such as the Lefschetz trace formula and the product
formula of Deligne-Laumon to study the constructed representations, and

e the construction works also for f-adic integral coefficients and mod ¢ coefficients.

A description of the local Langlands correspondence for the simple supercuspidal represen-
tations is discussed in [IT22] in the special case where n = p = 2. Even in the special case,
our method in this paper is totally different from that in [IT22].

We explain the main result. We write n = p°n/, where n’ is prime to p. We fix a
uniformizer @ of K and an isomorphism ¢: Q, ~ C.

Let L, be the Artin-Schreier Q,-sheaf on A}.. associated to a non-trivial character v of
F,. Let m: A}.c = A}.c be the morphism defined by m(y) =y ™'. Let ¢ € p,_1(K), where
q = |k|. We put E; = K[X]/(X" — (w). Then we can define a natural action of Wpg,
on H!(Aj..,mLy). Using this action, we can associate a primitive representation 7, ¢ .
of Wi, to ¢ € pg—1(K), a character x of k* and ¢ € C*. We construct an irreducible
representation 7¢ , . of Swan conductor 1 as the induction of 7,, ¢, . to Wik.

We can associate a simple supercuspidal representation ¢, . of GL,(K) to the same
triple ((, x,¢) by type theory. Any simple supercuspidal representation can be written in
this form uniquely (c¢f. [IT18, Proposition 1.3]).

Theorem. The representations 7¢ . and 7¢, . correspond via the local Langlands corre-
spondence.

In Section 1, we recall a general fact on representations of a semi-direct product of a
Heisenberg group with a cyclic group. In Section 2, we give a construction of the irreducible
representations of Wy of Swan conductor 1. To construct a representation of Wy which
naturally fits a description of the local Langlands correspondence, we need a subtle character
twist. Such a twist appears also in the essentially tame case in [BH10], where it is called
a rectifier. Our twist can be considered as an analogue of the rectifier. We construct
the representations of Wy using geometry, but we give also a representation theoretic
characterization of the constructed representations. In Section 3, we give a construction of
the simple supercuspidal representations of GL,(K) using the type theory.

In Section 4, we state the main theorem and recall a characterization of the local Lang-
lands correspondence for simple supercuspidal representations given in [BH14]. The char-
acterization consists of the three equalities of (i) the determinant and the central character,
(ii) the refined Swan conductors, and (iii) the epsilon factors.
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In Section 5, we recall some general facts on epsilon factors. In Section 6, we recall facts
on Stiefel-Whitney classes, multiplicative discriminants and additive discriminants. We
use these facts to calculate Langlands constants of wildly ramified extensions. In Section
7, we recall the product formula of Deligne-Laumon. In Section 8, we show the equality of
the determinant and the central character using the product formula of Deligne-Laumon.

In Section 9, we construct a field extension T3 of E; such that the restriction of 7, ¢ ¢
to Wru is an induction of a character and p { [T} : E¢], which we call an imprimitive field.
In Section 10, we show the equality of the refined Swan conductors. We see also that the
constructed representations of Wy are actually of Swan conductor 1.

In Section 11, we show the equality of the epsilon factors. It is difficult to calculate the
epsilon factors of irreducible representations of Wy of Swan conductor 1 directly, because
primitive representations are involved. However, we know the equality of the epsilon factors
up to p-th roots of unity if n = p®, since we have already checked the conditions (i) and
(ii) in the characterization. Using this fact and p { [T{ : E¢], the problem is reduced to
study an epsilon factor of a character. Next we reduce the problem to the case where the
characteristic of K is p and k = IF,. At this stage, it is possible to calculate the epsilon
factor if p # 2. However, it is still difficult if p = 2, because the direct calculation of the
epsilon factor involves an explicit study of the Artin reciprocity map for a wildly ramified
extension with a non-trivial ramification filtration. This is a special phenomenon in the
case where p = 2. We will avoid this difficulty by reducing the problem to the case where
e = 1. In this case, we have already known the equality up to sign. Hence, it suffices to
show the equality of non-zero real parts. This is easy, because the difficult study of the
Artin reciprocity map involves only the imaginary part of the equality.

In Appendix A, we discuss a construction of irreducible representations of Wy of Swan
conductor 1 in the cohomology of Artin—Schreier varieties. This geometric construction
incorporates a twist by a “rectifier”. We see that the “rectifier” parts come from the
cohomology of Artin—Schreier varieties associated to quadratic forms. The Artin—Schreier
varieties which we use have origins in studies of Lubin-Tate spaces in [IT17] and [IT21].
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Notation

For a finite abelian group A, let AY denote the character group Homgz(A,C*). For a
non-archimedean local field K, let

e Ok denote the ring of integers of K,

e px denote the maximal ideal of Ok,

vk denote the normalized valuation of K which sends a uniformizer of K to 1,

e ch K denote the characteristic of K,

Gk denote the absolute Galois group of K,

Wy denote the Weil group of K,



e [ denote the inertia subgroup of Wy,

e Pk denote the wild inertia subgroup of Wiy,

and we put U} = 1+ p¢ for any positive integer m.

1 Representations of finite groups

First, we recall a fact on representations of Heisenberg groups. Let G be a finite group
with center Z. We assume the following:

1) The group G/Z is an elementary abelian p-group.
(i) group y p-group
(ii) For any g € G\ Z, the map ¢,: G — Z; ¢’ — [g, ¢'] is surjective.

Remark 1.1. The map ¢, in (i) is a group homomorphism. Hence, Z is automatically an
elementary abelian p-group.

Let ¢» € ZV be a non-trivial character.

Proposition 1.2. There is a unique irreducible representation py, of G such that py|z
contains 1. Moreover, we have (dim py)? = [G : Z] and we can construct p, as follow:
Take an abelian subgroup Gy of G such that Z C Gy and 2dimg,(G1/Z) = dimg,(G/Z).
Extend v to a character 11 of Gi. Then py = Indg1 1.

Proof. The claims other than the construction of p, is [BF83, (8.3.3) Proposition|. Note

that if an abelian subgroup G of G satisfies the conditions in the claim, then G;/Z is a
maximal totally isotropic subspace of G/Z under the pairing

(G/2) x (G]Z) — C*; (92,9'Z) = ¥([g, 9'])-
Hence the construction follows from the proof of [BF83, (8.3.3) Proposition]. O

Next, we consider representations of a semi-direct product of a Heisenberg group with a
cyclic group. Let A C Aut(G) be a cyclic subgroup of order p°+1 where e = (log,[G : Z])/2.
We assume the following:

(iii) The group A acts on Z trivially.

(iv) For any non-trivial element a € A, the action of a on G/Z fixes only the unit element.
We consider the semi-direct product A x G by the action of A on G.

Lemma 1.3. There is a unique irreducible representation p, of Ax G such that p;p|G >~ Py
and tr piy(a) = =1 for every non-trivial element a € A.

Proof. The claim is proved in the proof of [BH06, 22.2 Lemma] if Z is cyclic and ¢ is a
faithful character. In fact, the same proof works also in our case. n

Corollary 1.4. There erists a unique representation pl, of A x G such that py|z ~ PoP°
and tr piy(a) = —1 for every non-trivial element a € A. Further, the representation pl|q is
wrreducible.

Proof. First we show the existence. We take the representation p;, in Lemma 1.3. Then
Py has a central character and the central character is equal to ¢ by Proposition 1.2. This
shows the existence.

We show the uniqueness and the irreducibility of pgplg. Assume that pf, satisfies the
condition in the claim. Take an irreducible subrepresentation py, of pug. Then py, satisfies
the condition of Proposition 1.2. Hence, dim p,, = p°®. Then we have p,, = pl;|¢ and p, | is
irreducible. Such p, is unique by Lemma 1.3. [
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2 (alois representations

2.1 Swan conductor

Let K be a non-archimedean local field with residue field k. Let p be the characteristic of
k. Let f be the extension degree of k over F,. We put q = p/.
Let
Arty: K* = W2
be the Artin reciprocity map, which sends a uniformizer to a lift of the geometric Frobenius
element.

Let 7 be a finite dimensional irreducible continuous representation of Wy over C.
Let ¥: K — C* be a non-trivial additive character. Let e(7,s, ¥) denote the Deligne-
Langlands local constant of 7 with respect to ¥. We simply write (7, ¥) for e(7,1/2, V).

We define an unramified character ws: K* — C* by ws(w) = ¢~° for s € R, where @
is a uniformizer of K. We recall that

e(r,s,V) =e(r ®@ws, 0, V) (2.1)

(cf. [Tat79, (3.6.4)]).

We define ¢y € F, by 1o(1) = e2™V=1/P We take an additive character ¢¥x: K — C*
such that Y (z) = 1o(Tryr,(Z)) for € Ok. By [BH06, 29.4 Proposition], there exists an
integer sw(7) such that

€<7_7 S, QpK) = q_SW(T)sg(Tv Oa wK)

We put Sw(7) = max{sw(7),0}, which we call the Swan conductor of 7.

2.2 Construction

In this subsection, we construct a group () which acts on a curve C' over an algebraic closure
of k. By using this action of () and Frobenius action, we construct a representation of a
semi-direct product () x Z in etale cohomology of C'. Then we use the representation of
() X Z to construct a representation of a Weil group.

We fix an algebraic closure K¢ of K. Let k¢ be the residue field of K?°. Let n be a
positive integer. We write n = p®n’ with (p,n’) = 1. Throughout this paper, we assume
that e > 1. Let

Q= {(a.b.0)

be the group whose multiplication is given by

ae/LPeJrl(kac)? b7cekac7 bp2e+b:()7 Cp—C+bpe+1:0}

e—1

(a1,b1,¢1) - (a2, b2, ¢2) = <a1a2, b1 + arby, c1 + o + Z(mbﬁ)ebz)pz).
=0

Remark 2.1. The construction of the group Q) has its origin in a study of the automorphism
of a curve C defined below. We can check that the above multiplication gives a group
structure on @ directly, but it’s also possible to show this by checking that the inclusion from
Q to the automorphism group of C' defined below is compatible with the multiplications.

Note that |Q| = p**™(p° + 1). Let Q x Z be a semidirect product, where m € Z acts
on Q by (a,b,c) — (a? ", 0P ", c* ™). We put

Fr(m) = ((1,0,0),m) € Q X Z (2.2)

bt



for m € Z.
Let C be the smooth affine curve over k¢ defined by

€ .
P —x =y in Al

We define a right action of () x Z on C' by
e—1 ‘
(#0010 = (4 0+ coaly +))
i=0
(z,y) Fr(1) = (2P, 9").
We consider the morphisms
R Ajae = Afuc; x> 2P — 1,
T Agae = Afac; y > yP T

Then we have the fiber product
O éh/' Allgac
I
A]lcac T‘ Allgac

where 7" and b’ are the natural projections to the first and second coordinates respectively.
Let g = ((a,b,¢),m) € Q x Z. We consider the morphism

901 Agac = Apac; y — (aly + bpe))pm.
Let ¢ be a prime number different from p. Then we have a natural isomorphism
Cyg- ggh;@e = hig*@e = h;@e

We take an isomorphism ¢: Q, ~ C. We sometimes view a character over C as a character
over Q, by ¢. Let 1 € Y. We write £y for the Artin-Schreier Q-sheaf on Al.. associated
to v, which is equal to F(¢) in the notation of [Del77, Sommes trig. 1.8 (i)]. Then we have
a decomposition h,Q, = GBWFX L. This decomposition gives a canonical isomorphism

WQ, = hQ, = @ Ly (2.3)
peFy
The isomorphisms ¢, and (2.3) induce ¢y g5m* Ly — 7Ly, We define a left action of
Q X Z on H}(A}..,m™Ly) by
HY (A, L) L5 HY (AL, gim* L) 2% HY(Abue,7°Ly)

for g € Q@ xZ. Let 7y be the representation of () X Z over C defined by H!(A}..,7Ly) and
t. For 0 € pipe1(k*)Y, let Ky be the smooth Kummer Q,-sheaf on Gy, 4 associated to 6.
We view pu,e41(k*¢) x F,, as a subgroup of @ by (a,c) — (a,0,c).

Lemma 2.2. We have a natural isomorphism

Hcl(AllcaCaﬂ'*,Cw) ~ @ Hcl(Gm,k:aCa‘Cd) ®’C9),
0€ppe1(k2)V\{1}
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which is compatible with the actions of piyes1(k*) x F, where (a,c) € ppey1(k*) x F), acts
on HX (G gac, Ly @ Kg) by 0(a)p(c). Further, we have

dlm H(}(Gm’kac, Lw ® ]C@) - 1

Jor any 0 € pya (k)Y \ {1}.

Proof. By the projection formula, we have natural isomorphisms
T Loy =~ T (T Ly @ Q) ~ Ly @ m.Qy

on A}... Further, we have

71'*@@ ~ @ ]Ce

eeﬂpe+1(k‘ac)v
on Gy, jac, since 7 is a finite etale jiyei1(k*®)-covering over Gy, gac. Therefore, we have

nrly~LyomQ~ P Lok (2.4)

O€ppe 1 (k<)Y

on Gy gac. Let {0} denote the origin of Aj... Let i: {0} = Aj.c and j: Gy pae — Ajac be
the natural immersions. From the exact sequence

0= 5" Ly = 7Ly = 1,877 Ly — 0,
we have the exact sequence
0 — H°({0},i*7*Ly) = HAGupac, T Ly) — HE (Ajac, 7 Ly) — 0, (2.5)

since H)(Ajae, 7™Ly) = 0 and H'({0},7*7*L,) = 0. Note that HY({0},i*7*Ly) ~ 1. By
(2.4), we have isomorphisms

H} (Grypoe, T Ly) = H (G, mm™Ly) =~ @ HY(Guupoe, Ly @ Kp). (2.6)

66”1364»1(]{;&(:)\/

We know that
dim HY (G e, Loy @ Kg) =1 (2.7)

for any 0 € ppei1(k*°)Y by the proof of [IT17, Lemma 7.1] (¢f. [IT23, (2.3)]). Since the
composition of

HO({O}, Z*W*£¢) — Hcl (Gm7kac7 ﬂ-*ﬁw)
and (2.6) is compatible with the actions of ji,e1(k*¢) xF,, it factors through an isomorphism

HO({0},i*7*Ly) ~ HY (G pac, L) by (2.7). Then the claim follows from (2.5), (2.6) and
(2.7). O

Let o0: po(k) < C* be the non-trivial group homomorphism, if p # 2. We define a
character Oy € pipet1(k*)Y by

a®P+1)/2 if 2,
() = {Q( ) p#

2.8
1 if p=2 (28)



for a € pipes1(k*). For an integer m and a positive odd integer m/, let (%) denote the
Jacobi symbol. For an odd prime p, we set

) 1 ifp=1 mod 4,
€ =
b v—1 ifp=3 mod 4.

We have €(p)? = (_71) We define a representation 7,, of () X Z as the twist of 7, by the
character

9000"((—f(p)(:%i))"p‘%)"L if p #2,
()™ p=2)" if p=2.

The value of this character is related to a quadratic Gauss sum. A geometric origin of this
character is given in (A.3). Let ((,x,¢) € pg—1(K) x (k)Y x C*. We take a uniformizer
@ of K. We choose an element ¢ € K such that 4,0’(”/ = (w and set B = K(p;). We
choose elements a, B¢, v7c € K such that

QX7 —C* ((a,b,c),m) { (2.9)

2e _
=g, B4 Be=—ag!, 7 =g (2.10)

For o € W, , we set

ag =0o(a¢)/(ac), by =as0(B) — B¢y co =0(7c) %+Z (B (B + b)) (2:11)

Then we have ag,b,,c; € Ogac. For 0 € Wg,, we put n, = vg, (Artgi(a)). We have a
homomorphism

Oc: Wi, — Q XZ; o+ ((ég,l;a,ég),fna). (2.12)
Lemma 2.3. The image of the homomorphism O, is Q x (fZ).

Proof. It suffices to show that the image of Iz, C Wg, under O is equal to Q) C ) X Z, since
the homomorphism Wg, — fZ; o+ fn, is surjective. We put Ny = E¢(ac, B¢, 7¢). Then
the kernel of © is equal to Iy, by the definition. Hence we have an injection I /Iy, — Q.
This injection is actually a bijection, since N is a totally ramified extension over F. of
degree p?*™!(p® + 1), which equals to |Q|. Therefore, we obtain the claim. ]

We write 7, ¢ for the representation of Wg, given by ©; and 7,. Recall that c is an
element of C*. Let ¢.: Wg, — C* be the character defined by ¢.(0) = ¢". We have the
isomorphism @QZ X Ogg ~ E.* given by the multiplication. Let Frob,: £ — £k be the
inverse of the p-th power map. We consider the following composition:

be
. ab pr2 can.
/\C‘WEg_EC _QOC XOEC OX —)kx—p>l€><
We put
Tocoxe = Tt @ (X0 A) ® Qe and ¢y = Indp, /k Tocyer (2.13)
We will see that 7¢, . is an irreducible representation of Swan conductor 1 in Proposition

10.8. This Galois representation 7¢, . is our main object in this paper. We will study
several invariants associated to this, for example its determinant and epsilon factor.



2.3 Characterization

We put
Qo= {(1,b,c) €Q}, F={(1,0,c)€Q|ceF,}.
We identify F, with F' by ¢ — (1,0, ¢).

Lemma 2.4. For any g = (1,b,¢) € Qo with b # 0, the map Qo — F; ¢ — [g,¢] is
surjective.

Proof. For (1,b1,¢1), (1,b2,¢2) € Qo, we have

e—1

[(1,b1,¢1), (1,by,¢0)] = (1,0,2(171;%2 - blbge)pi)

=0

If by # 0, then ,
{beR | +b=0} = Fpe; by — 1} by — bibh

is surjective. The claim follows from the surjectivity of Trg . /p, . O]

By this lemma, we can apply the results from Section 1 to our situation with G = @),
Z = F and A = ppey1(k*), where the action of pipe.1(k*) on @) is given by the embedding

fpet1 (™) — Q; a— (a,0,0)
and the conjugation. Let 7° denote the unique representation of Q) characterized by
Op =9 Tr1%((a,0,0)) = —1 (2.14)

for a € pipe1(k*) \ {1} (¢f. Corollary 1.4).
We have a decomposition
0= ) Ly (2.15)

O€ppey1 (k<) V\{1}
such that a € ppei1(k*) acts on Ly by 6(a), since the both sides of (2.15) have the same
character as representations of fiye;1(k*). For a positive integer m dividing p® + 1, we
consider fi,,,(k*)" as a subset of f1,e41(k*)" by the dual of the surjection

ppes1 () = pm(); & — 250

We simply write @ for the subgroup @ x {0} C Q x Z.
Lemma 2.5. We have 7y,|g ~ 7°.

Proof. The representation 7, |q satisfies the characterization (2.14) by Lemma 2.2. Hence
Tyo | 18 isomorphic to 7. O

Corollary 2.6. The representation Ty,|q, s irreducible.
Proof. This follows from Corollary 1.4, (2.14) and Lemma 2.5. O
For any odd prime p, we have
x
5 e = 3 (2) valo) = o) (2,10
z€Fy z€Fy

by Gauss.



Lemma 2.7. We have
— ' 2
Tr 7y, (Fr(l)) — e(p)vP pr 72,
0 if p=2.
Proof. By the Lefschetz trace formula, we have
2

> Tr(Fry, (7 Lyy)e) = 3 (1) Tr(Fry, Hi(Afee, 7 Ly))

TEAL(Fp) i=0

where Fr, denotes the geometric p-th power Frobenius morphism. Since HE(Aj..,7*Ly)
vanishes for i = 0,2, we have

T () = = Y TP, (w'Ly).)
zEA (Fp)
if 2
== S @) = = Y (a? _{ vp  ip#2
z€lFy z€Fp 1fp =2,
where we use (2.16) in the last equality. O

We assume p = 2 in this paragraph. We take by € Foee such that Trg,, jr,(bo) = 1.

Further, we put o
o=b+ > (2.17)
0<i<j<e—1

Then we have
2 o 2E+1 € : : 26+i+1+2j+1 : : 2e+i+2j

0<i<j<e—1 0<i<j<e—1

e—2 e—1
e+1 e e+i+1 e e ¥i
— b2 + b? + b2 +2 + b2 +2
0 0 0 0
i=0 j=1

=0 B (L b+ 0) = B, (2.18)
where we use Try_,, /r,(bo) = 1 at the third equality. We put
g= ((1760760)7 _]-) S Q X Z.
Lemma 2.8. We assume that p = 2. Then we have Tr 7y, (g™ ') = —2.
Proof. We note that
e—1
g ' =TFr(1) ((1 bo, co + Z(bg”l)?l) : 0). (2.19)
i=0

For y € k* satisfying y*> 4+ b = y, we take x, € k* such that z2 — z, = y* ™. We take
Yo € k* such that 2 + b2" = yo. Then, by the Lefschetz trace formula and (2.19), we have

Trrlg ) =— 3 Trlg™, (7"Ly)y)

y2+b3 =y
e—1 _ e—1 _
= - Z Yo (Iz — Ty + 2(5092)2 +co+ Z(bg h? )
2+b26_y =0 =0
Z—Zd}o(y +22+1+Zb0 Yo + 2)) +co):—2,
z€Fo
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where we change a variable by y = yy + 2z at the second equality, and use

e—1 e—1 e—1 i1
4 S =+ )+ 8 (e )=
=0 =0 =0 j=0
e—1 _ e—1 ) e—1 )
vo + o+ sz = Z(y% +y0)” + Zbg = Trg,,, /r,(bo) = 1
=0 i=0 i=0
at the last equality. O]

Proposition 2.9. The representation Ty, is characterized by TwO‘Q ~ 79 and
Trry, (Fr(1)) = —e(p)yp  ifp#2,
Tr 7y, (g71') = -2 if p=2.

In particular, Ty, does not depend on the choice of ¢ and ¢.

Proof. This follows from Lemma 2.5, Lemma 2.7 and Lemma 2.8. ]

3 Representations of general linear algebraic groups

3.1 Simple supercuspidal representation

Let 7 be an irreducible supercuspidal representation of GL,(K) over C. Let e(m, s, V)
denote the Godement—Jacquet local constant of m with respect to the non-trivial character
U: K — C*. We simply write e(m, V) for (7, 1/2,¥). By [GJ72, Theorem 3.3 (4)], there
exists an integer sw(m) such that

8(7]-7 S, ’l/}K> = qisW(ﬂ-)sg(ﬂ-J 07 2bf()
We put Sw(7) = max{sw(n),0}, which we call the Swan conductor of 7.

Definition 3.1. An irreducible supercuspidal representation m of GL,(K) over C is called
simple supercuspidal if Sw(m) = 1.

This definition is equivalent to [IT18, Definition 1.1} by [IT18, Proposition 1.3].

3.2 Construction

In the following, we construct a smooth representation m¢, . of GL,(K) for each triple
(65 ©) € ptga (K) x (k)Y x C*.

Let B C M, (k) be the subring consisting of upper triangular matrices. Let 3 C M,,(Ok)
be the inverse image of B under the reduction map M, (Og) — M,(k). Then J is a
hereditary Ok-order (cf. [BK93, (1.1)]). Let 8 denote the Jacobson radical of the order J.
We put U; =1+ C GL,(Ok). We set

pc = (C?v I’b—l) € My(K) and L¢ = K(¢).

Then, L. is a totally ramified extension of K of degree n.

11



We put ¢, = n'p¢ and
W12 i =2,

€En =

o if pe £ 2.
We define a character ¢, .: LZUy — C* by

Aield) = (-1 49%e, Mg () = x(7) for z € OF,
A¢pe(®) = (YK o tr)(goc_ﬂll(m —1)) for x € Uy,

where tr means the trace as an element of M, (K). We put

GLn(K)

T x,c = C_IndL? Ul

ACﬂx,C‘

Then, 7. is a simple supercuspidal representation of GL,(K), and every simple su-
percuspidal representation is isomorphic to m¢, . for a uniquely determined ((,x,c) €
pg—1(K) x (k)Y x C* by [IT18, Proposition 1.3]. The representation ¢, . contains the
m-simple stratum [’J, 1,0, @EH in the sense of [BH14, 2.1].

Proposition 3.2. (¢, ., ¥r) = (—1)" 1T x(n')e.

Proof. This follows from [BH99, 6.1 Lemma 2 and 6.3 Proposition 1]. O

4 Local Langlands correspondence

Our main theorem is the following:

Theorem 4.1. The representations m¢ .. and 7¢ . correspond via the local Langlands cor-
respondence.

To prove this theorem, we recall a characterization of the local Langlands correspon-
dence for epipelagic representations due to Bushnell-Henniart. Recall that : K — C* is
a non-trivial character. The following lemma is a special case of [DH81, Théoréme].

Lemma 4.2. ([BH14, 2.3 Lemma]) Let T be an irreducible smooth representation of Wk
such that sw(t) > 1. Then, there exists v, u € K* such that

e(x®71,5,9) = x(yrw) 'e(r,s,0)

for any tamely ramified character x of Wx. This property determines the coset v, gU}
uniquely.

Definition 4.3. Let 7 be an irreducible smooth representation of Wi such that sw(r) > 1.
We take v, w as in Lemma 4.2. We put

rsw(r, V) = v;é, c K*/Uy,
which we call the refined Swan conductor of T with respect to W.

Remark 4.4. By (2.1), we have vk (rsw(T,¢¥x)) = Sw(7) in Definition 4.3.

12



Lemma 4.5. Let m be an irreducible supercuspidal representation of GL,(K) such that
sw(m) > 1.
1. There exists vxw € K™ such that

e(x®m s, 0) = x(Vaw) 'e(m, s, V)

for any tamely ramified character x of K*. This property determines the coset v, gU}j
uniquely.
2. Let [Q[, m, 0, a] be a simple stratum contained in w. Then we have v, ¢ = det @ mod Uj.

Proof. The first statement is [BH99, 1.4 Theorem (i)]. The second statement follows from
[BH99, 1.4 Remark]. O

Definition 4.6. Let 7 be an irreducible supercuspidal representation of GL,(K) such that
sw(m) > 1. We take vz w as in Lemma 4.5. Then we put

rsw(m, W) = 47k € K* /UL,
which we call the refined Swan conductor of m with respect to V.
Remark 4.7. We have vk (rsw(m, k) = Sw(m) in Definition 4.6.

For an irreducible supercuspidal representation 7 of GL,(K), let w, denote the central
character of 7.

Proposition 4.8. ([BH14, 2.3 Proposition]) Let m be a simple supercuspidal representa-
tion of GL,(K). The Langlands parameter for m is characterized as the n-dimensional
wrreducible smooth representation T of Wy satisfying

(i) det T = wy,
(i) rsw(T, Vg ) = rsw(m, ¥k),
(1ii) e(1,vK) = e(m, VYK).

We will show that ¢, . and 7, . satisfy the conditions of Proposition 4.8 in Proposition
8.6, Proposition 10.5, Lemma 10.7 and Proposition 11.6.

5 (General facts on epsilon factors

In this section, we recall some general facts on epsilon factors.

For a finite separable extension L over K, we put ¥y = W o Try /x and let
€(Il'ldL/K1, S, \I})

é‘(17 S, WL)

AL/K,U) =

denote the Langlands constant which is independent of s, where 1 is the trivial representa-
tion of Wy, (cf. [BH06, 30.4]).

Proposition 5.1. Let 7 be a finite dimensional smooth representation of Wy such that
T|py is irreducible and non-trivial. Let L be a tamely ramified finite extension of K. Then
we have

€(T|WL7 qu) - )\(L/K7 \Ij)_dimT(SL/K(I"SW(T, \P))5<77 \I])[LK}
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Proof. This is proved by the same arguments as [BH06, 48.3 Proposition]. O]

Proposition 5.2. Let 7 be a finite dimensional smooth representation of Wy such that
T|p, does not contain the trivial character.

1. If ¢ is a tamely ramified character of W, then we have rsw(17 ® ¢, V) = rsw(r, V).

2. Let L be a tamely ramified finite extension of K. Then we have

rsw(7|w,, V1) = 1sw(7, ¥) mod U;.
Proof. This is [BH06, 48.1 Theorem (2) and (3)]. O

For a non-trivial character £ of K*, the level of £ means the least integer m > 0 such
that ¢ is trivial on Up*,

Proposition 5.3. Let £ be a character of K* of level m > 1. Assume that v € K* satisfies
€1+ ) = W(yo)

forz € p[;?/ﬂ“.
1. We have rsw(&,¥) = ~~1.
2. We have

e, W) = glomtD/A=mEn/2 > E(vy) M ().

yEU%m+l)/2]/U}[;n/2]+l

Proof. The claim 1 follows from [BH06, 23.8 Stability theorem|. The claim 2 follows from
[BHO06, 23.5 Lemma 1, (23.6.2) and 23.6 Proposition]. ]

For a finite Galois extension L of K, let 11,k denote the Herbrand function of L/K and
Gal(L/K); denote the lower numbering i-th ramification subgroup of Gal(L/K) for i > 0
(cf. [Ser68, TV]). We use the following lemmas to calculate the refined Swan conductor of
a character of a Weil group.

Lemma 5.4. Let m be a positive integer dividing f. Let h be a positive integer that is
prime to p and less than p"vk(p)/(p™ — 1). Let L be a Galois extension of K defined by
a?" —x = 1/w". Then we have

Gal(L/K) if i <h,

Gal(L/K)s = {{1} ifi>h

and
v va S h7

Yuyx(v) = {pm(v W +h  ifv>h
Proof. Take an integer [ such that [h =1 mod p™. Then we have

1
VL (xlw(lh—l)/pm> =L

Hence, for 0 € Gal(L/K) and i > 0, we have o € Gal(L/K); if and only if

- 1 1 Ll

Z+1§UL<U(W>—W> =uvp(o(x) — ')+ hl + 1. (5.1)
The right hand side of (5.1) is A + 1 if o # 1. Hence the first claim follows. The second
claim follows from the first claim. ]
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Lemma 5.5. Let L be a totally ramified finite abelian extension of K. Let m > 1.
1. We have

Nryy (U ™)y c U, Nep s (U< c o,
ArtK(U}?) - Gal(L/K)wL/K(m)‘

2. We take o € K and € L such that vg(a) = m and vp(B) = Yr/k(m). We put
P(z) = 2P — z for z € k. Assume that

UzﬁL/K(m) Nrp,/k U}(n
LPL,B ij,a
k P k

18 commutative, where

Pro:Ug — k; 1+oax— 7,

. UfL/K(m)

DL,3 —r k; 14 Bx— .

Let wy, be a uniformizer of L. Then we have

Artg (1 4 ax)(wy)
PLg p—

) = Tr/r, (7)

for x € Ok.

Proof. The first claim follows from [Ser68, V, §3, Proposition 4 and XV, §2, Corollaire 3 of
Théoreme 1]. We note that our normalization of the Artin reciprocity map is inverse to that
in [Ser68, XIII, §4]. Let = € Ok. By [Ser68, XV, §3, Proposition 4] and the construction
of the isomorphism of [Ser68, XV, §2, Proposition 3], we have

pLs (ArtK(l i axﬂwL)) =23 — Za,

wL

where we take z, € k* such that 2P — 2, = Z. Then we have the second claim, since
2l — 2y = Tryp, (28 — 22) = Tryyr, (T)

for such z,. O

6 Stiefel-Whitney class and discriminant

6.1 Stiefel-Whitney class

Let R(Wg,R) be the Grothendieck group of finite-dimensional representations of Wi over
R with finite images. For V € R(Wg,R), we put Vo =V ®g C and define £(V¢, ) by the
additivity using the epsilon factors in subsection 2.1. For V' € R(W,R), we define the
i-th Stiefel-Whitney class w;(V') € H(Gk,Z/2Z) for i > 0 as in [Del76, (1.3)]. Let

cl: H*(Gg,7Z/27) — H*(Gg, K**) & Q/Z,

where the first map is induced by Z/27Z — K?*>*;m +— (—1)™ and the second isomorphism
is the invariant map.
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Theorem 6.1. ([Del76, (1.5) Théoreme]) Assume that V € R(Wk,R) has dimension 0
and determinant 1. Then we have

e(Ve, ¥) = exp(2mv/—1cl(ws(V))).
In particular, we have e(Vg, V) =1 if ch K = 2.

6.2 Discriminant

Let L be a finite separable extension of K. We put

6L/K = det(IndL/K 1)

6.2.1 Multiplicative discriminant

We assume that ch K # 2 in this subsubsection. We define dp/x € K*/(K*)? as the
discriminant of the quadratic form Trp k(2?) on L. For a € K*/(K*)? let {a} €
HY(Gk,Z/2Z) and k, € Hom(Wp,{£1}) be the elements corresponding to a under the
natural isomorphisms

K*/(K*)? ~ H' (G, 7/27) ~ Hom(Wy, {£1}).
We have
5L/K = h:dL/K (6.1)
by [Bou81, V, §10, 2 Example 6)] (cf. [Ser84, 1.4]). For a,b € K*/(K*)?, we put
{a,b} = {a} U {b} € H*(Gk,Z/27).

Proposition 6.2. ([AS10, Proposition 6.5]) Let m be the extension degree of L over K.
We take a generator a of L over K. Let f(z) € K|x] be the minimal polynomial of a. We
put D = f'(a) € L. Then we have

drjx = (=1)(3) Nrp (D) € K% J(K*)?,

wg(lndL/K IiD) = <T){—1, —1} + {dL/K,Q} c HQ(GK,Z/QZ).

6.2.2 Additive discriminant

We put P, (x) = ™ — x for any positive integer m. We assume that ch X' = 2 in this
subsubsection.

Definition 6.3. (/BM85, Définition 2.7]) Let m be the extension degree of L over K.
Let f(x) € Klz]| be the minimal polynomial of a generator of L over K. We have a
decomposition f(z) =[], <;cp(* — a;) over the Galois closure of L over K. We put

a;a;

df . = —2 _— c K/P(K

L/K Z (ai+aj)2 / 2( )7
1<i<j<m

which we call the additive discriminant of L over K.

Theorem 6.4. ([BM85, Théoréme 2.7]) Let L' be the subextension of K* over K corre-
sponding to Kerér . Then the extension L' over K corresponds to dJLr/K € K/Py(K) by
the Artin—Schreier theory.
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7 Product formula of Deligne-Laumon

We recall a statement of the product formula of Deligne-Laumon. In this paper, we need
only the rank one case, which is proved in [Del73, Proposition 10.12.1], but we follow the
notation in [Lau87].

7.1 Local factor

We consider a triple (7', F,w) which consists of the following:

e The affine scheme 7" = Spec Ok, where Oy, is the ring of integers in a local field K
of characteristic p whose residue field contains k.

e A constructible Q-sheaf F on T

e A non-zero meromorphic 1-form w on 7.

Then we can associate ey, (T, F,w) € C* to the triple (T, F,w) as in [Lau87, Théoreme
(3.1.5.4)] using «.

Assume that Ky = k((t)). Let n = Speck((t)) be the generic point of 7" with the
natural inclusion j: n — T. We define a character W, : k((t)) — C* by

U, (a) = (1o o Tryr, ) (Res(aw))

for a € k((t)). Let [(¥,,) be the level of W, in the sense of [BH06, 1.7 Definition]. We fix
an algebraic closure k((t))* of k((t)). For a rank 1 smooth Q,-sheaf V' on 7 corresponding
to a character x: Gy()) — C* via ¢, we have

ego(T, 1V,w) = ¢~ e (xw_y, W) (7.1)

by [Lau87, Théoreme (3.1.5.4)(v)], [Tat79, (3.6.2)] and [BHO6, 23.1 Proposition (3)].

7.2 Product formula

Let X be a geometrically connected proper smooth curve over k of genus g. Let F be a
constructible Q,-sheaf on X. Let Frob, € G be the geometric Frobenius element. We put

2 a
(X, F) =1 (H det (—Frobg; H'(X @y k*, F)) V' ) .
i=0
Let rk(F) be the generic rank of F.

Theorem 7.1. ([Lau87, Théoréme (3.2.1.1)]) Let w be a non-zero meromorphic 1-form on
X. Then we have

5(X7 f) = qu(]:)(l_g) H gwo(X(l’)J‘F|X(gc)7w|X(x))a

z€|X|

where | X| is the set of closed points of X, and Xy is the completion of X at x.
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8 Determinant

In this section, we study det 7y, to show the equality w. . = det7., . of the central
character and the determinant. We use the product formula of Deligne-Laumon to study
det 74, (Fr(1)), where Fr(1) is defined in (2.2).

Lemma 8.1. We have Q*® = Q/Q,.

Proof. By Lemma 2.4, we have Q* = (Q/F)*. For (a,b,c) € Q, let (a,b) be the image of
(a,b,¢) in Q/F. Then we have

(a,0)(a,b)(a,0)" (a,b) ™" = (1, (a = 1)b).
Hence, we obtain the claim. O

We view 6y defined in (2.8) as a character of @ by (a,b,c) + 6y(a). Recall that 7° is
the representation of ) defined in (2.14).

Lemma 8.2. We have det 70 = 6.

Proof. By Lemma 8.1, it suffices to show det 7° = 6y on pye 1(k*). By Lemma 2.2 and
Lemma 2.5, we have

det 7°(a) = H x(a)
XEppe 41 (k) V\{1}

for a € pipe1(k*). Hence, the claim follows. O

For a € k*, let (%) denote the quadratic residue symbol of k defined by

k —1 if a is not square in k.

<a> {1 if a is square in k,

Lemma 8.3. Let m be a positive integer that is prime to p. We take an m-th root w'/™
of @, and put L = K(w'/™).

L. If m is odd, then 0pk is the unramified character satisfying 0p k(@) = (%)

2. If m is even, we have 0k (w) = (’71)? and 61,k () = (%) for x € O.

Proof. These are proved in [BF83, (10.1.6)] if ch K = 0. Actually, the same proof works
also in the positive characteristic case. O

Lemma 8.4. Let m,m’ be positive integers that are prime to p. We take an m-th root
w!/™ of w, and put L = K(w/™). Let ¢}: K — C* be a character such that ¢ (r) =
Yo(Tryr, (m'Z)) for x € Og. Then we have

(%) if m is odd,

ML/K, ) = {_(_E(p)(%f”)(_?l)

|3

71)f if m is even.
Proof. If m is odd, we have

ME/K, i) = e0rme, ) = ()
by [Hen84, Proposition 2] and Lemma 8.3.1.

18



Assume that m is even. Note that p # 2 in this case. Then we have
drsi = (=12 Negye(m(@/™) ") = —(=1)"?w € K> /(K*)? (8.1)
by Proposition 6.2. For x € (Fy)" and ¢ € Fy \ {1}, we set
T ¥) == ) X H@)e()
zeFy

and have the Hasse-Davenport formula

7(X © Nrg_, /5, ¥ 0 Trg o r,) = T(X: )" (8:2)

Let
(0 )r: KXJ(K7)? x KX /(K*)? = {1}

denote the Hilbert symbol. By (6.1) and (8.1), we have

() = ) = (2. i = 2.0 = ()

for x € Oj. By [BH06, 23.5 Theorem|, we have

ey ti) =07 D uml@ic@) = a8 Y () vo(Trs, (m'a))
zeO% /UL ek

By applying (8.2) to the extension k over I, and using (2.16), we have

/

T (2o = (e ()

TELX

Hence, we have

ML/ i) = (61 1) () (_71)?1(6&/10 2 = - (—etp) (2 (2

by [Sai95, Theorem I1.2B] and [Tat79, (3.6.1)]. O
Lemma 8.5. We have

Mg ifp#2,

det 7y, (Fr(l)) = ) fp—2

—
|
a
)
3
N—
~—
N

Proof. Let x be the standard coordinate of Aj. Let j be the open immersion A} < Pj.
We put ¢ = 1/x. As in Subsection 7.1, we put 7' = Spec k[[t]] and n = Spec k((t)) with the
open immersion j: n — 7.

We consider k((s)) as a subfield of k((t)) by s = t*"*1. Let &: Gy — C* be the
Artin—Schreier character associated to y? —y = 1/s and 1y, which means the composite of

Gris)y) — Fp; o= 0(y) —y

and ;" where y is an element of k((¢))* such that y?» —y = 1/s.

19



We use the notation in Lemma 5.5. Note that ¢r((s)))/k(s))(1) = 1 by Lemma 5.4. We
can check that
Nry((s ke (1 + 97 2) =1+ (2’ — z)
for x € k. For € Oy (s)), we have

§(1+ sz) = vy (Artie(1+ s2)(y) — )

g (_ . (Aftk«s))(;j Sl‘)(yl))) — (e, (7)),

where we use Lemma 5.5 with a = s, 8 = wy((s) = y~t. Hence, we have rsw(g, Uoigs) =S
by Proposition 5.3.1.

Let &: Giw) — C* be the restriction of é to Gr(r)- Then { is the Artin-Schreier
character associated to y? —y = 1/t 1 and ).

Let V¢ be the smooth Q-sheaf on 7 corresponding to ¢ via ¢. Then we have Ve > Lol
by [Del77, Définition 1.7 in Sommes trig.]. Let the notation be as in Lemma 2.2. We write
w for the meromorphic 1-form dz on P}. By [Lau87, Théoreme (3.1.5.4)(v)], we have

€0 (X, (17" Loy ) xy» wlx,) =1

for any = € |[A}| with X = P} in the notation of Theorem 7.1. We simply write w for w|r.
Then we have

det 7y, (Fr(1)) = (= 1) e(Pp, i Lyy) = (—1)P gy (T, 5 Ve, w)
by Theorem 7.1. Since £ is a ramified character, we have 51V, ~ j,V;. Hence, we obtain
euo (T, Ve, w) = ey (T, i Ve, w) = ¢ e (§w_1, Vo)

by (7.1). Since w = —t2dt on T, we have

e(bw_1, ) = (Ew_1)(—t e(€w_1, Ti-1a)
by [BHO06, 23.5 Lemma 1]. We have

E(—t7) =¢&(—t") = ¢(-t)" =1,

since N1y () ) /60 (y) = 1/t7" 1. Hence we obtain

(€ 1) (~te(€w 1, Umrar) = 47 (€, Vi1

by Lemma 4.2, since rsw({,W;-14) = s by rsxiv(f, W,-14s) = s and Proposition 5.2.2.
By Proposition 5.3.2, we have (&, Vy-14) = &(s) = 1, since the level of £ is 1 and
Nri(s))/k(s) (¥~ ") = s. Hence, we obtain

e(€ Wimrar) = MR((8))/K((5)), Comras) ™ Orcoy iion (15w (€, W)
by Proposition 5.1. We have

( p°-1n f
ACE((D)/F((5)), Wsra) = ( » () (5) ) if p £ 2,

( ) if p=2,
_1> - if p#2,

Sk /m((s) (15W(E, Wy )) = g |
e +1> ifp=2

by Lemma 8.4 and Lemma 8.3 respectively. The claim follows from the above equalities. [
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We simply write 7, for 7¢ ;1.
Proposition 8.6. We have wy, = det 7, ..

Proof. By (2.13) and [Gal65, (1)], we have
det T¢x,e = 5%6(/K(det Tn,g,x,c) |K>< y (83)

since g,/ = det(Indg,/x 1) and the transfer homomorphism wab — Wg‘g is compatible

with the natural inclusion K* — EX under the Artin reciprocity maps. Hence, we may
assume x = 1 and ¢ = 1 by twist (cf. (2.13)). Then it suffices to show det 7, = 1. We see
that det 7, is unramified by (2.9), Lemma 2.5, Lemma 8.2, Lemma 8.3 and (8.3).

If p and n’ are odd, we have
wter= (2 () (oo () )
(o) ()

by (8.3), Lemma 8.3.1 and Lemma 8.5. We see that det 7.(w) = 1 similarly also in the
other case using (8.3), Lemma 8.3 and Lemma 8.5. O

N

9 Imprimitive field

In this section, we construct a field extension T of E¢ such that 7, ¢|w,. is an induction
5

of a character. We call T an imprimitive field of 7, ¢, since Tn7<|WTg is not primitive.

9.1 Construction of character

In this subsection, we construct subgroups R C @' C @) X Z and a character ¢,, of R. In the
next subsection, we will see that 7, |/ ~ Indg ¢n. Our imprimitive field 7¢* will correspond
to the subgroup @' C @ x Z.

Let eg be the positive integer such that ey € 2N and e/eq is odd.

Lemma 9.1. Assume p # 2. Then we have Tr 7y, (Fr(2e)) = p.

Proof. For a € k* and b € [F,2¢o such that a” —a = b*“*+1 we have that
CLp2€0 —a = TI”F 260/]1:}) (bpe—H). (91)

By (9.1) and the Lefschetz trace formula, we see that

Tr 7, (Fr(2e9)) = — Z (vo © Trr 4 /7,) (Ter%O JF o (b"eo+1))
ber2eO
=-1-(p*+1) Z (¥o 0 Trr o, /m, ) (2) = P
xEIF:eO
using (p®+1,p° — 1) = p* + 1. O

Corollary 9.2. Assume p # 2. Then we have Tr 7, (Fr(2¢o)) = (—1)e@=1/2,
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Proof. This follows from (2.9) and Lemma 9.1. O

Let ng be the biggest integer such that 2" divides p® 4+ 1. We take r € k* such that
r2"% = —1. We define a subgroup R, of Qy by

ROZ{(l,b,C)€Q0|bpe—7’b:0}.

Lemma 9.3. 1. If p # 2, the action of 2eqZ C Z on Q) stabilizes Ry.
2. If p=2, the action of g on QQ X Z by conjugation stabilizes Ry.

Proof. The first claim follows from 7#°°~! = 1. We can see the second claim easily using
(2.19). 0

We put

Q/ . QO X <2€0Z) lfp # 2, R - RO X (2€0Z) lfp # 2,
| QoxZ if p=2, Ry - (g) if p =2

as subgroups of ) x Z, which are well-defined by Lemma 9.3. We are going to construct a
character ¢, of R in this subsection. Then, we will show that 7,|¢g ~ Indg ¢n in the next
subsection.

First, we consider the case where p is odd. We define a homomorphism ¢,,: R — C* by

e—1

1 i
2 (((1,0,¢),0)) = c— = rbzp) for (1,b,¢) € Ry,
onl((15:0,0) =t e~ g SV ) tor (16,0 < R o
p—1
n (Fr(2e0)) = (~1)"7=.
Then ¢,, extends the character vy of F'.
Next, we consider the case where p = 2. We define an abelian group Rj, as
R, = {(b,c) ) beTF,y, c€Fope, ¢ —c= b}
with the multiplication given by
(b1, c1) - (bg,c2) = (b1 + ba, 1 + 2 + biba).
We define ¢: Ry — R{, by
o((1,b,¢)) = (Tr]p2e/]F2(b),c+ Z b2i+2j) for (1,b,¢) € Ry,
0<i<j<e—1
which is a homomorphism by
TrIF2e/IF2 (b) Tnge/Fz (b/) = TrIer/FQ (bb,) + Z (b2ib/2j + leibgj) (93)

0<i<j<e—1

for b,b' € Fye. Let by € Fye be as before Lemma 2.8. Let F’ be the kernel of the
homomorphism
]FQe — FQ, C+— TI']er/]FQ(a)O + bg )C)
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We put R = Rj/F’, where we consider F” as a subgroup of R} by ¢ — (0,¢). Then Ry is
a cyclic group of order 4. We write g(b, ¢) for the image of (b, c) € R, under the projection
Ry — R{. Let ¢': Ry — R{ be the composite of ¢ and the projection Rj — Rj. We put

e—1
S = Z bgl, t = TrFQQG/FQE (bo) (94)
=0

We have s 4 s =t and Trg,. /r, (t) = Trp_,, /5, (b)) = 1. We have

(1,32+ > t“‘i“j) €R),

0<i<j<e—1

which is of order 4. The element g(1,5* + >, ice_ t2'+?) is a generator of Ry, because
29(1, 8% + Y pcicicen t2+2) = §(0,1) # 0. Let ¢)p: Ry — C* be the faithful character

satisfying
&0(@(1782—’— Z t2i+2j>) - _\/—]_.
0<i<j<e—1

We define a homomorphism ¢,,: R — C* by

& (((1,0,¢),0)) = (g 0 ¢)((1,b,¢)) for (1,b,¢) € Ry,
. n(n8—2) —1 —|— \ —1 (95)
%(Q) = (—1) T’

which is a character of order 8. Then ¢, extends the character vy of F'.

9.2 Induction of character

Lemma 9.4. We have 7,|¢ ~ Indg On-

Proof. We write 1), for Gnlr,- We know that 7,,|g, = Ind?zg ¥, by Proposition 1.2, since Ry
is an abelian group such that 2dimg, (Ry/F) = dimg, (Qo/F).

First, we consider the case where p is odd. The claim for general f follows from the
claim for f =1 by the restriction. Hence, we may assume that f = 1.

If ¢ € Ry satisfies Y|r = 1o, then we have Tnlg, = Indgg ¥ by Proposition 1.2, and
obtain an injective homomorphism zﬁ — Ta|r, as representations of Ry by Frobenius reci-
procity. Hence we have a decomposition

= @ . (9.6)

15635,1%?:1#0
since the number of ) € Ry such that 1;] F =1 is p°.

We put Ry = {b € k* | " —rb = 0}. The 1,-component in (9.6) is the unique
component that is stable by the action of ((1,0,0),2eg), since the homomorphism

E0—>E0; b'-)prEO—b

is an isomorphism. Hence, we have a non-trivial homomorphism ¢,, — 7,,|gr by Corollary
9.2. Then we have a non-trivial homomorphism Indg ®n — Tnlg by Frobenius reciprocity.
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The representation 7, ¢ is irreducible by Corollary 2.6. Then we obtain the claim, since
Q' : R] =p°.

Next we consider the case where p = 2. Then it suffices to show that

Te(Ind§ ¢,)(g7") = —(-1) "% V2

by (2.9) and Proposition 2.9. We have a decomposition

(ndf ¢u)ln, = P @ (9.7)

¢€RE)/7 ¢|F:1/J0

Let 12,’1 be the twist of ¢, by the character

RO — @Z7 (L b7 C) — @DO(Tere/le(b))-

Then only the t,,-component and the @E;—Component in (9.6) are stable by the action of
((1, b, cp), 1), since the image of the homomorphism

FQe —>]F26; b|—>b2—b

is equal to KerTrp, »,. The action of Fr(e) permutes the Yp-component and the 12,’1—
component. Hence, g acts on the ¢/ -component by ¢,(g) times

On (Fr(e)_lg Fr(e)9_1> = %(((1, t,co+ g + %_Zl(bowrl + bgeﬂ)w‘)?O)) _ /1

Hence we have
Te(d? ¢,)(g7") = (1= vV=1)én(g™") = —(=1)"5 V2.
O

We use the notations in (2.10). We set Ty = E¢(a¢), My = Te(B¢) and N = M¢(7y¢).
Let fy be the positive integer such that fy € 2% and f/f is odd. We put

N— 2e0/ fo if p £ 2 and fy | 2eo,
)t otherwise.

Let K" be the maximal unramified extension of K in K?°. Let K" C K" be the unramified
extension of degree N over K. Let ky be the residue field of K. For a finite field extension
L of K in K*° we write L" for the composite field of L and K" in K?°. For a € k*, we
write a € Oguw for the Teichmiiller lift of a. We put

A if p#2, 0 ifp+#£2,
52' = /846 /BC e—1 A27l . p f 61 = . p f (98)
B — Be+ 220 b5 if p=2, 1 if p=2.
Then we have 52’)6 — 710 = —ozgl + e mod prus). We take ¢ € T#(6¢) such that
0f =710 = —a + e, 0 =60 mod pragy). (9.9)

We put M = T¢(d¢). The image of O¢lw,,, is contained in R. Let &, : WM&“ — C*
¢
be the composite of the restrictions O¢|w, ., and ¢,|r. By the local class field theory, we
¢

regard &, ¢ as a character of Méux.
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Proposition 9.5. We have TM’WTCH ~ IndMéu/TElgn,g.
Proof. This follows from Lemma 9.4. O]

Remark 9.6. Our imprimitive field is different from that in [BH14, 5.1]. In our case, T
need not be normal over K. This choice is technically tmportant in our proof of the main
result.

9.3 Study of character

In this subsection, we study the character &, ¢ in detail.

Assume that ch K = p and f = 1 in this subsection. We will use results in this
subsection to compute the epsilon factor of &, later after a reduction to the case where
chK =pand f=1 By (2.10), (9.8), (9.9) and ch K = p, we have that ; = J_.

9.3.1 0Odd case
Assume p # 2 in this subsubsection. We put

e—1
1 i
b= +5 ) (B (9.10)
=0

Since 7Pt = —1 and (p° + 1)/(p® + 1) is an odd integer, we have r?"*! = —1. Then we
have

€ ]_ € 1 € € ].
P _ ppe+l 2p 202\ _ 2p pe+1 202\ _ 2
We put N = M{(6;). Let &, . be the twist of £, ¢ by the unramified character
W — C*; o v—1 ng%,
where n, is as before (2.12).

Lemma 9.7. If p # 2, then &, . factors through Gal(N*/M").

Proof. Let 0 € Ker{) .. Recall that a,,bs,c, are defined in (2.11). Then we have
(4, bs, ) € Ry and

(rb3)" =0

by (9.2). Hence, we see that

o(0c) — 0 =co — ' (rbg(ﬁg + bg))pi + % Z(T‘((ﬁ( + by)? — ﬁg))p‘

i=0 =0
1 e—1 )
=c =~ 3 (rb2)” =0 mod Pz
=0
by (2.11). Therefore, we obtain the claim by o(d;) = d, and (9.11). O
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9.3.2 Even case

Assume p = 2 in this subsubsection. Let £, . be the twist of £, by the character

n(n— —1 —1 Mo
Wy — C*; o ((—1)( T +—”) . (9.12)
¢ V2
We take by, by € k?° such that
e—1 ,
Wby =s, b—by= t(b? + Z(bls)T). (9.13)
=0
We put
ne=Y B b, =+ Y, B (9.14)
i=0 0<i<j<e—1
e—1
0= )"+ Y 0m)”+ Y T (bidc+sn)” +binc+ba (9.15)
i=0 0<i<j<e—2 0<j<i<e—1

Lemma 9.8. We have nf —n; = 0¢ and 07 — 0, = (0eme)* .

Proof. We can check the first claim easily. We show the second claim. We use P, in
Subsubsection 6.2.2. We have

e—1
Py(v0) = (B2 = B) D> B 482 = (0 —s)(nc — br) + 5. (9.16)
=0
Hence, we have
e—1 )
Py () = D ((0c = 8)(nc — b)) + (e — bu)™. (9.17)
i=0

(Bime)* + bime = tng + bung + bine = tng + bu( -+ mc) + sme =t + badc + snc.

Hence, by using Zf;ll t* =1 —t and t € Fye, we have

e—1
0F — 0, = tPye(Y.) +t Y _(demc + bide + smc)* + (0¢ne)* ™ +tn? + b3 — by
i=0
e—1 )
—¢ (Z(bls)2’ +g + bf) + (0ene)® HtnE+ b5 — by = (6cmc)”
=0
where we use (9.17) at the second equality and (9.13) at the third one. O

We take 0, € K such that 6, = 62". Then we have 62 — 6, = dcn;. We put
N = M (1¢, 0¢), which is a cyclic extension of M of order 4 by Lemma 9.8.

Lemma 9.9. The character &, - factors through Gal(N{"/M:").
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Proof. Let 0 € Ker¢) .. We take 01,09 € Ker{, - such that o = 010,", 01 € [Méu and
O¢(o9) = ((1,bg, cp), —1). Then we have (d,,,b,,, %) € Ro, Tr]FQE/]FQ(l_)(,l) =0 and

TrFQe/Fz (t (601 + Z b3i1+2j>) =0 (918)
0<i<j<e—1

by (9.5). It suffices to show that o;(n;) = n¢ and o(0;) = 0 for i = 1,2.
We have

e—1
or(ne) —mc =) b2, =0 mod pyn,
=0
e—1 ,
a2(1c) —ne = Zbg +b7—b =0 mod P
=0

by Tr,. /r, (bo,) = 0 and b? — b; = s. By Lemma 9.8, we have o;(n;) — n; € Fy for i = 1,2.
Hence, we have o;(n;) = n¢ for i = 1,2. We have

e—1

() =0 =3 (Hor(7) —7L)”

1=0

i

Further, we have

e—1 e—1
‘71(’72) - ’72 =Coy T Z(bgl)y+1 + Z b ZﬂC + Z b2i1+2j
i=0 i=0

0<i<g<e—1

_ 2 : 20427
= Coy + bcrl+ mod pNé",

0<i<j<e—1

where we use (2.11) and b,, € Fo at the first equality, and use Trg,. g, (by,) = 0 at the
second one. This implies o1 (0;) = 6; mod p Nz by (9.18). By a similar argument as above
using Lemma 9.8, we obtain o,(6;) = 0;.

It remains to show o3(0;) = 6. Using (9.16) and Trg,. /r,(t) = 1, we see that

—_

e—

(02 =i+ > 2 Y (6 - s) e — b)) (9.19)

1<i<j<e—1 0<i<g<e—1

@
Il
o

We put o
w=v+ D, R

1<i<j<e—1

By c2+co =02 and t = by + b2 (cf. (2.18), (9.4)), we have

e—1 e—1
02(70) = e = co+ Y (05 (Be +b0))” = + D ((bo +1)5)*  mod pyp.
=0 =0
Then we have
e—1
oa(7) = = ¢ +s(nc —br) + Z(tﬁc)T + Z by ¥ mod Pz
i=0 0<i<j<e—1
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by (9.4) and (9.14). Hence, we have
()= =) =+ Y T Be+b) = > A

1<i<j<e—1 1<i<j<e—1
e—1
= 02(W) — Vet — b))+ _(tB)T + Y bt
i=0 1<i<j<e
= C(Q)e + SQ(T]C — bl) + Z bgi+2j + Z bgith mod pNé_u
0<i<j<e—1 1<i<j<e

where we use (9.14) and ¢ € Foe at the second equality and s? + s =t at the last equality.

We can check that o o
S Y 0 Y R
0<i<j<e-1 1<i<j<e
by (2.17), (9.4) and Trg ,, /r,(bo) = 1. As a result, we obtain
o2(V) = = $’nc + bys® + st mod Pz

Hence, by (9.15) and (9.19), we have

2e-1 4902
oo(0¢) — 0; = Z dint  mod P
i=0
for some d; € k*°. We have
do = bys* + st + tei(bls)y + blseit?l + b5 — by = 0.
=1 =
This implies o(0;) = 0¢, since we know that o4(0;) — 0 € Fy by Lemma 9.8. O

10 Refined Swan conductor

Let K C K" be the unramified extension of K" generated by fuyae 1 (K ur). For a finite

field extension L of K in K*¢, we write L for the composite field of L and K in K*. We
write M’ for M’u Then NC is a Galois extension of M{. By (9.8) and (9.9), we can take

B e Mc such that
ﬂép - fﬂé - 5Ca 6§ 5{ mod p]'\\/fga (101)

since there is z € Fyse such that 22° —z = Y7 02" if p = 2. Then we have M, = ]\Afé(ﬁé)
by Krasner’s lemma.

Lemma 10.1. 1. We have
v ifv <1,
Ui (0) = P 0= 1) +1 ifl<v<2, (10.2)
p v —2)+p°+1 if 2 <w.
2. We have o
Gal(Ne/M)  ifi<1,
Gal(Ne/Ml); = { Gal(Ne/M)  if 2 <4 <p°+1,
{1} ifpr+2<i.
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Proof. We have
v ifv<1,
—_(p) =
ch/Mc( ) {pe(v—1)+1 ifvo>1,
v ifvo<p°+1,
~ ~ (v) =
wNC/MC() {p(v—pe—l)—i-pe—i-l itv>p°+1

by (2.10), (10.1) and Lemma 5.4 noting that 7 has a (p® — 1)-st root in JT/[Z Hence, the
claim 1 follows from v N/t = P ./, © 1/’1\74 /i The claim 2 follows from the claim 1 and

Gal(Ne/ ML) pe+1 D Gal(Ne/Me)pesr = Gal(Ne/M). O

e—1

We set @ip = 5t Wi = Bgl and Wy, = (%w%g )~!. Then the elements @i Wi,

and w@ X, are uniformizers of Mé, Mc and NC respectively. Let k be the residue field of K.

Lemma 10.2. We have a commutative diagram

N, /M’
c+1 < ¢
prtt 2 S g2
N, M’
[ |
Y » Y

where the map P is given by x — aP — x and the vertical maps are given by
~ N T 1 — 1 =
PRt Uﬁc —r k; 1=y, =7,

IS —>%; 1 + xfw?, — T.

p M o2 Mé Mé

sV
ng

Proof. The norm maps Nr N/, and Nrﬁq /3 induce
P+l /P2 P+l 2. 1 -1 —(uP — P+l
Uﬁg /UNC _>U1\7< /UMC ; l—uy =1 —(u u)wMC :
pe+1 pe+2 2 3 . pe4+1 r—1__ A2
respectively by Lemma 5.5.1 and calculations of the norms. Hence, the claim follows. [

For any finite extension M of K, we write ¢, for the composite ¥x o Tryy k.

Lemma 10.3. We have FSW(fn,dWM,u,l/)Méu) = —n’ég_(peﬂ) mod Uj%u.
¢

Proof. We put EM = fn(’Wﬁé» and regard it as a character of Méx By (2.12), Lemma

5.5.1 and Lemma 10.1, the restriction of En,c to UJ% is given by the composition
¢

Artﬂ/
¢ T o X
U]%é — Gal(Ne/ M) ~F, 25 Q,,
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where the isomorphism Gal(ﬁg / Mc) ~ [, is given by 0 — o(7:) —7c. We define PR, !
as in Lemma 10.2. For u € 01\75’ we put o, = Artﬁé(l + ufw%,) and then have
¢

Gusttruriy) = e (o0 =76) = s, (55))

u( N )
— 4o (pﬁc,_%l (%)) — 0 Trg (1), (10.3)

where we use Lemma 5.5.2 and Lemma 10.2 at the last equality. Since we have

e_1 1
Trﬁé/iwé’ u) = —r '

for u € (9]\75, we obtain
Enc(1+2) = v (—n'~of a)

for x € p%z, by (10.3). This implies
¢

Enc(1+ ) = Yo (—n'"107 ) (10.4)
for z € p?\/léu, because Try Tk k — ky is surjective. The claim follows from (10.4) and
Proposition 5.3.1. 0
Lemma 10.4. We have 1sw(Ty ¢ x.c; ¥5) = n'¢; mod Ug, .

Proof. By Proposition 5.2.1, we may assume that x = 1 and ¢ = 1. By Proposition 9.5 and
Lemma 10.3, we have

I'SVV('Tn’C|V[/T&1 5 ’l/}TCu> = NrMéu/TCu (I‘SW(@L’C, ¢M2u>) = ’n/golc mOd Ujl"gl:l (105)

Since T is a tamely ramified extension of E¢, we have
15W (T, VB, ) = rsw(rn,dWTg,sz&l) mod U}Cu (10.6)
by Proposition 5.2.2. The claim follows from (10.5) and (10.6). O

Proposition 10.5. We have rsw(7¢ y.c, Yk ) = 15W(T¢ y.c, Vi) -

Proof. By ¢ y.c = IndEC/KTn7<7X7C, we have

ISW(T¢ yoer Vi) = Nrg, x (I‘SW(TmC,X’C, ch))' (10.7)
Hence, the claim follows from Lemma 4.5 and Lemma 10.4. O]
Lemma 10.6. We have Sw(r¢,..) = 1.
Proof. This follows from Lemma 10.4 and (10.7). O

Lemma 10.7. The representation ¢ . s irreducible.

Proof. We know that the restriction of 7, ¢y . to the wild inertia subgroup of Wg, is irre-
ducible by Corollary 2.6. Assume that 7¢, . is not irreducible. Then we have an irreducible
factor 7’ of ¢, . such that Sw(7’) = 0, by Lemma 10.6 and the additivity of Sw. Then, the
restriction of 7/ to the wild inertia subgroup of Wy is trivial by Sw(7') = 0. On the other
hand, we have an injective homomorphism 7,, ¢y . — 7’ |WE< by Frobenius reciprocity. This
is a contradiction. O

Proposition 10.8. The representation ¢, . is irreducible of Swan conductor 1.

Proof. This follows from Lemma 10.6 and Lemma 10.7. [
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11 Epsilon factor

11.1 Reduction to special cases

In this subsection, we show the equality £(7¢ ., Vx) = (¢ y.c; Vi) of epsilon factors as-
suming some results in the special case where n = p°, ch K = p and f = 1. The results in
the special case will be proved in the next subsection.

Lemma 11.1. We have

MESE vy = 4 G i’ is odd,
( C/ >¢K)_ ( ( )(_1)%‘1)f if n' is even,
)fN
MIE/Ee ¥m,) = {_< )) Ziii

Proof. We have
MNTE B tom,) = NI EE pm) MEE [ B, op )P = NTE /B bpp).

If p # 2, we have

A(T;/Eg,%g):_(_e(p) (Q?n> (_71) po

by Lemma 8.4, since fN is even. The other assertions immediately follow from Lemma
8.4. O

Lemma 11.2. We have

(—=1)7 ifp=2ande <2,

(ﬁ) otherwise.

ML TE Aory) = {

Proof. Let K and K, be non-archimedean local fields of characteristic 0 and p respec-
tively. Assume that the residue fields of K and K, are isomorphic to k. We take
uniformizers @y and @, of K and K, respectively We define 1¢ o) similarly as T
starting from K ). We use similar notations also for other objects in the characteristic zero
side and the posmve characteristic side. We have the isomorphism

= fo + fle

s S0+ & Lo

¢ (p)

Opu 2 =
¢ ) /pTg",@) T2 0) /P

T o)

of algebras, where &,,&; € k. Hence, it suffices to show the claim in one of the char-
acteristic zero side and the positive characteristic side by [Del84, Proposition 3.7.1], since
Gal(M /T ) ) =1 and C;?aul(]\/[g’.?(o)/TCU’(O))2 = 1, where we use upper numbering filtration
of Galms groups

First, we consider the case where p # 2 and ch K = p. Then, we have dMé“ JTe = 7 by
Proposition 6.2 and the fact that fN is even. Hence, § M/ T is unramified by (6.1). Hence,
we have

n u _ < r
A T2 ) = b i = ()

by [Hen84, Proposition 2], [BH06, 23.5 Proposition] and (6.1).

31



We consider the case where p = 2. Assume that e > 3 and ch K = 0. We have
D= 28525’1 +1 in the notation of Proposition 6.2 with (L, K,a) = (M, T¥, ;). Then, we
have D € (M{*)?. Hence, we have rp = 1, dye/7x = 1 and

wg(IndMéu/T; 1) =1
by Proposition 6.2 and (ZZ ) =0 mod 2. Therefore we have
AMETE bry) = e(Indagpyrp 1, ¢hgp) = e(1%, ) = 1

by Theorem 6.1.

Assume that e = 2 and ch K = 2. Then we see that dXQ“ T = 1 by Definition 6.3.
¢

Hence, Oy is the unramified character satisfying dazm /7y (wrp) = (—1)7 by Theorem
6.4. Then we see that

A(Méu/Tgua ng) = 5(IndMé“/Tcu L, IDTg) = €<5Mé“/Tg 197, ng) = (_1)f7

where we use Theorem 6.1 at the second equality.
Assume that e = 1 and ch K = 2. Let K /T be the quadratic character associated to
the extension Mé“ over T¢. Then we have

AMEJTE bry) = e(knp e, bry)
by Theorem 6.1 similarly as above. We can check that the norm map Nr M /Ty induces
Then, by Lemma 5.5, we have

KM&“/T&J(l + acx) = %Do (Al‘tT&l(l + Oég.’E) (54) — 5C>

Artyu (1 4+ apz) (671
— % <pM€,76<_1( dl ZEIC )0 )>> — Yo(Trgm, () (11.1)

for z € OTc" noting that ky = k. Hence, we have rsw(/@Méu/T;,wT;) = a¢ by Proposition
5.3.1. By Proposition 5.3.2, we have

e(kapmes Urp) = Kagpeyrp(0¢) = Karpyrp(1+ ag) = (=1)7,

where we use Nrpm /TC“(5C) = agl + 1 and (11.1) at the last equality.

O
Lemma 11.3. We have
. 0 fl1<i<pt—2,
TI' /u /u 5Z = - -
MC /TC( C) {7;—1<pe_1) ifz':pe—l.
Proof. Vanishing for 1 <i < p® — 2 follows from (9.9). We have also
TI‘Méu/Tg((Sé)efl) — TrMéu/Tcu (f_l + (551(—Oé51 + 61)) — f-—l(pe . 1)
by (9.9). O
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Lemma 11.4. We have

1 ifp# 2,
(;47) ifp=2.
Proof. If p = 2, the claim follows from Lemma 8.3.1 and Lemma 10.4, since T{" is totally

ramified over E.
Assume that p # 2. Then we have dTC“/EE = (—1)(1’5“)/2@’( by Proposition 6.2. Hence,

we have 6T;/Eg((—1)(p6_1)/230’c) =1 by Lemma 8.3.2. Therefore, we have

5TCH/EC (rSW(Tn,C7 ¢E<)) = {

€1

€

!0 ! p -1 n/__l 92
o1/, (15W(To g, Vi) = O/ (n'0f) = Oppype(n'(=1) 77 ) = (%) =1

by [Gal65, (1)], Lemma 8.3.2, Lemma 10.4 and the fact that fN is even. O
Lemma 11.5. Assume thatn = p°®. Then we have e(T¢ y.c, Vi) = €(T¢ x.e, W) mod e (C).

Proof. Let 7 be the representation of GL, (K) corresponding to 7¢ . by the local Langlands
correspondence. By the proof of [BH14, 2.2 Proposition], Proposition 8.6 and Proposition

LGXL g(lK)A for a character A: LXUj — C* which coincides with A¢
¢ 3

on K*Uj. Then, the claim follows from [BH14, 2.2 Lemma (1)], because Ly Us /(K*Uy) is

the cyclic group of order p°. O]

10.5, we have m ~ c-Ind

Proposition 11.6. We have e(7¢ y e, Vi) = (T y.er Vi) -

Proof. By Proposition 3.2 and 7¢ . =~ Indg /k Ta ¢ y.c, it suffices to show that

MEBe/ K, i) e(Tug e Vi) = (1) x(n)e.

By Lemma 10.4, we may assume y = 1 and ¢ = 1. Hence, it suffices to show

MNE K, k) e(Toc bp,) = (—1)" 1), (11.2)

Assuming that (11.2) is proved for n = p®, we show (11.2) for general n. Let 7, - denote
the representation of W, given by ©, in (2.12) and 7,.. We put wj.zc =n' —HpEC. Applying
the result for n = p° to E¢, ¢ in place of K, @, we have (7, ., ¢ ) = (—1)P"~1*<%f where
ey denote € for n = p°. Since det 7, . is unramified as in the proof of Proposition 8.6, we
have

e(Thc ¥,) = det 7, ((n)e(T ¢, U, ) = (~ 1P 1L, (11.3)
We note that the inflation of the character in (2.9) by © factors through

pe+1

Wg, = {£1} X Z; 0 — (aﬂ,fna) :
If p # 2, we have (n'y;, —p¢ ), = (%,), where

(o )per BEJ(ES)? x B J(EL)* — {1}
denotes the Hilbert symbol. Hence, we have

et [ A RN
5(Tn7C’¢Ec) _ (%) <(%) (—E(p) (%)) > itp#2, (11.4)

/ e e
g(Tn,Q wEC (_1)(71(”8—2)72 (28*2))f lfp —9
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by (2.9), Lemma 4.2 and Lemma 10.4. Then we have (11.2) by Lemma 11.1, (11.3) and
(11.4).
Therefore, we may assume that n = p®. By Lemma 11.1 and Lemma 11.5, it suffices to

show that
. 1 if p # 2
N(p+1) _ ’
€<Tn,§a wEg) - {(_1)1+60f lfp = 2.

By Proposition 5.1, we have

e -1 u e
&(Tacr )V = 0y (15w (T ¥, ) T MIE B ¥m, )P &(Taclwn, Yry).

By this, Lemma 11.1 and Lemma 11.4, it suffices to show that

(aclivny - ¥2) {—(—1)""2“” itp#2
€ Tn,¢|Wpu, YT ) = 6 .
k% ¢ (_1)1+ of (pELH) if p=2.
This follows from Lemma 11.2 and Proposition 11.7. O

We set W = 551.

Proposition 11.7. Assume that n = p¢. Then we have

(=) (L) ifp£2,
E(én,g'awMé“) = {(_1)1+60f (kN) pr = 2.

Proof. First, we reduce the problem to the positive characteristic case. Assume that ch K =
0. Take a positive characteristic local field K, whose residue field is isomorphic to k. We
define M é‘f(p) similarly as M* starting from K(,). We use similar notations also for other
objects in the positive characteristic side. Then we have the isomorphism

OMéu( )/pM/u - OM/U/pM/u 50 + gle/u + gQWMéu( — fo + fleéu + gQWszéu

of algebras, where &1, &5, &3 € k. Hence, the problem is reduced to the positive characteristic
case by [Del84, Proposition 3.7.1].

We may assume K = Fy((t)). We put Ky =F,((¢)). We define M, similarly as M
starting from K. We use similar notations also for other objects in the Kj)-case. We
put f'=[M: M",]. We have

)= (1)

= 1, since the level of z/JMéum is 2 — p® by

5M2U/ng< (rsw(&nc, ¢MC )

by Lemma 10.3. We have A(M{"/M{%y), ¢arz )

Lemma 11.3. Then, we obtain

€(€n,§awMé“) = (- 1)’” e (& wMC (1)) (11.5)
by Proposition 5.1. By (11.5), the problem is reduced to the case where f = 1. In this
case, the claim follows from Lemma 11.11 and Lemma 11.16. O

11.2 Special cases

We assume that n = p°, ch K = p and f =1 in this subsection.
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11.2.1 Odd case
Assume that p # 2 in this subsubsection.
Lemma 11.8. We have @bMéu(—éé’eH(l + .CCWMéu)) =1 forx € ky.
Proof. For x € ky, we have
1/)M(’:" (—(5§E+1(1 + ZL”WM/H)) Q/}M/u( (7”_1(5C — Oégl)(éc + l’)) = l/JMéU(—T_l(S?),

because TI'M/u/Tu((SC) =0 and [M : T = p°. If p° # 3, then we have the claim, because
TI'M/U/TU (6 ) = 0
We assume that p® = 3. Then we have

Var (=r710) = vrp (=2r7) = o (Tream, (=2r7)) = vo (=N Tre o, (r%)) = 1
by TrMéu/TCu((Sg-) =2r~tand r* = —1. O
Let 0; be as in (9.10).

Lemma 11.9. We have
2

p_1 x
Ny jng(1+ 26,2 wyp) =1+ (- 27’) P Jcpréu + =

2 3
w mod
5 @M P

forx € ky.

Proof. Weput T =1 + 33«9 wM/u By 0f — 0 = (—2r)~'6Z in (9.11), we have

0, = —2—r§g<(x_1(T ~1)0)" = 1)

p—1
Substituting this to 2~'(T — 1)d; = 6, , we have

-1

(T? =27 +1 = 2*@3) 7 (T = 1) = (—2r) 2 aPmage = 0.
The claim follows from this. O]

Lemma 11.10. We have
_ p—1 r
S el +ama) = (1) T p) ().
¢ kn
rzekN

Proof. Let &, . be as in subsection 9.3. We note that the left hand side of the claim does
not change even if we replace &, ¢ by &, .. We have

Z 5”( 1+ wa/u Z gnC 1+ ) gpIpréu)

-1

r€kN r€kN
=2 fnc( - —me> =) Y (——51’6—1) (11.6)
z€kn z€kn

where we use Lemma 9.7 and Lemma 11.9 at the second equality and (10.4) at the last
equality. The last expression in (11.6) is equal to

D e (—(20) 0" = 1a) = 3 w(Tou s, (r2) = ~((-1)7'0) (1)

z€kN T€kN

by (2.16), (8.2), Lemma 11.3 and N = 2ey. O
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Lemma 11.11. We have 6<§n7c,¢Méu) = —(—1)(]/)_21)6O (L)
Proof. We have

e(&ncstarn) =P Y Enc (=08 T (1 + wmag)) T Yage (—08 T (1 + zag)

€k

(p—1)eg r et1y—1
_ — —1 2 <—> n _6]7 +
() ()l
by Proposition 5.3.2, Lemma 11.8 and Lemma 11.10. We have

(Y =€ (O ()T TN = (0 =€ (—(—2n) ) = 1

where we use
p=1 1—p
NI‘Néu/Méu (942 wMéu) = (—ZT)?wMéu

at the third equality and ky C Nr /Méu((Né“)X) at the last equality. Thus, we have the
claim. ]

11.2.2 Even case

Assume that p = 2 in this subsubsection.

Lemma 11.12. We have TI‘Méu/K((SEEJrl) =0 and

1 ife=1,

Trap /(%) = {o ife>2.

Proof. These follow from 62" — d¢ = o' + 1. O
Lemma 11.13. We have NrNéu/Méu(Qcégl) =0t

Proof. We have Ny /apm(0¢) = 02 by 07 — 0 = d¢ne and n? — ¢ = d¢. The claim follows
from this. O

Let og € Gal(N/M[") be a generator of Gal(N'/M[") determined by oo(n¢) —n¢ = 1
and o¢(6¢) — 0 = 1.

Lemma 11.14. Let t,,¢: Gal(N'/M[) — C* be the homomorphism induced by &, - (cf.
Lemma 9.9). Then we have i, ¢(0¢) = —v/—1.

Proof. Let s,t be as in (9.4). We take o € Iy such that O¢(o) = ((1,t,5%),0). Recall
that

¢ ((1,t,52) = g (1,52 + ) t2i+2j> € Ry
0<i<j<e—1

is a generator. Then it suffices to show that o(n;) —n. = 1 and o(0;) — 0, = n.. We
can check the first equality easily. To show the second equality, it suffices to show that
o(0) — 0. = 7. By (2.11), we have

e—1

o(1) ==+ (1B +1)* mod pap.

=0
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By t = o(5¢) — B¢, Trr,e yw,(t) = 1 and (9.14), we have

o(V) = =mnc—bi+s+ Z 2+ mod Pz

0<i<j<e—1
Hence, by (9.15) and (9.19), we have
2871
o(0;) — 0 = Z din;  mod Pz
i=0

with some d; € k*°. By (9.19), we have

—_

e—

(o) =) =0l —vb+ Y B > (6 - 9)?.

1<i<j<e—1 0<i<j<e—1

Therefore, again by (9.15) and (9.19), we have

do=bi+s*+ Y 4 > 4 =545+t =0.

0<i<j<e—1 I<i<j<e—1

I
=)

i

This implies o(6;) — 0. = 7", since we know that o(6}) — 6, — 7" " € Fy by Lemma 9.8
and o(n;) —nc = L. O

Lemma 11.15. We have

4+v=1  r
(€ o bym) = i fe=1
n,(> ¢ 1—\/\/5—71 Zfe Z 2

Proof. By Proposition 5.3, (10.4), Lemma 11.3, Lemma 11.12 and Lemma 11.13, we have

(e tarp) =278 3 € (0T (1 a0 ) g (0 (1 4 20 )
T€lF2
o1 -g (140 fe=1,
|2 1+ A+ ifex>2.

First assume that e = 1. Then we know the equality in the claim modulo ps(C) by Lemma
11.5. Hence it suffices to show the equality of the real parts. This follows from (11.7). In
particular, we have & (14 6;') = v—1.

Next, we consider the general case. We put aj = 1/(6 — 6 + 1) and @’ = of®. Let
§51¢ denote & ; in the case where K and @ are replaced by Fy((w’)) and @’. By applying
Lemma 11.14 to &, - and &), ., we have &, . = &, .. We know that &, (1 +6;") = v/—1
by the result in the case e = 1. Hence, we have £ (1 + 651) = /=1, which shows the
claim. =

Lemma 11.16. We have

(11.7)

8(57’%(,¢M€u) = (_1)1"'60.

Proof. The epsilon factor €(&,,¢, @/;Méu) equals (), ¢, wMéu) times

—3(2¢+1)
(H—f> if e 2,
—3(2¢41)
- (=) ife=2
by Lemma 4.2, (9.12), Lemma 10.3. Hence, the claim follows from Lemma 11.15. O
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A Realization in cohomology of Artin—Schreier vari-
ety

We realize 7, in the cohomology of an Artin—Schreier variety. Let v, o be the quadratic
form on A}.* defined by

1
Vn—2((yz‘)1§i§n—2) =—-- Z YilYs-
" <iSien—2
Let X be the smooth affine variety over £*¢ defined by
P —x = ype+1 + Vn—2((yi)1§i§n—2) in AZ,ac.

We define a right action of @) X Z on X by

e—1
(l’, Y, <yi)1§i§n—2)((aa ba 0)7 0) = (ZL‘ + Z(by)pl +c, C(,(y + bpe)a (ap;yi)lﬁiﬁn—2> )

i=0
(1'7 Y, (yi)1§i§n72) Fr(l) = (l.p, yp7 (yf)1§i§n72)-

We consider the morphism
T2t A’ = Apac; (U, Wih1<icn—2) = 7 T 4 v o ((Wi)1<i<n—2)-

Then we have a decomposition

H7'(X,Q) 2 P HI'AL T L) (A.1)
peFy\{1}

as () X Z representations. Let p, be the representation over C of () x Z defined by

n— n— * n—1
H; 1(Ak30177rn—2£1/)0)< B )

and ¢, where (%51) means the twist by the character ((a, b, c), m) — p™"=1/2,

Lemma A.1. If p # 2, then we have det v,,_, = —(=2n')" € F)/(F ).

Proof. This is an easy calculation. O]
Proposition A.2. We have 1, ~ p,.

Proof. Let Y be the smooth affine variety over k* defined by
2’ — & = Vp_o((Yi)1<i<n—2) in Al

We define a right action of @) xZ on Y by

p€+1

(@, (Wi1<isn-2) ((a,b,¢),0) = (z, (¢ yi)i<icn-2),
(2, (i)1<i<n—2) Fr(1) = (2%, (47 )1<i<n—2)-

Using the action of Q x Z on Y, we can define an action of Q x Z on H" 2(A%.2 vF_,Ly0).
Then we have

Hy ™ (A o Lyg) = He (e, ™ Ly, ) @ He 2 (AR, v _5Ly,) (A.2)
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by the Kiinneth formula, where the isomorphism is compatible with the actions of Q) x Z.
By (A.2), it suffices to show the action of  x Z on

n— n— * n—1
HI 2 A2 v L) (") (A.3)
is equal to the character (2.9) via ¢.

First, consider the case where p # 2. The equality of the actions of @ follows from
[DL98, Lemma 2.2.3]. We have

0 Y vl = () (H(50)) v
= (A4)

()

by Lemma A.1. The equality of the actions of Fr(1) € @ x Z follows from [Del77, Sommes
trig. Scholie 1.9] and (A.4).
If p = 2, the equality follows from [IT20, Proposition 4.5] and (%) = (=1)rn=2/8 O
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