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1 Introduction

Consider a family of d-dimensional diffusion processes defined by the stochastic
differential equation

(1.1) dX>0 =V, (X2, 0)dt+:V (X5 dw,,
Xu0=x,, te[0,T], &e(0,1],

where w is an r-dimensional standard Wiener process, V, and V=(V,, ..., V)
are R%valued and R®R’-valued smooth functions with (bounded) derivatives
defined on R?x @ (O is a bounded convex domain of R¥) and R¢ respectively.
T and x; are constants and ¢€(0, 1] is a parameter. The parameter 6 requires
to be estimated from the observation {X%?;te[0, T]}. It is known that the
maximum likelihood estimator and Bayes estimator have consistency, asymptot-
ic normality and first-order optimality when ¢|0. See Kutoyants [6]. To refine
the normal approximation and to examine higher order properties of these
estimators it is necessary to derive their asymptotic expansions. The asymptotic
expansion for the distribution of the maximum likelihood estimator and its
second order optimal property were proved in [21, 22]. It this paper, we show
the asymptotic expansion for the Bayes estimator, from which we prove that
it is optimal in the second order if its bias is appropriately corrected.

The underlying mathematical tool used here is the Malliavin calculus
advanced by Watanabe [20]. This theory has been proved to be successfully
applicable to the problems of the higher order statistical inference, [21, 22,
23]. Namely, it enables us to obtain asymptotic expansion of distributions of
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various statistics quite easily and intuitively by simple computation with the
Taylor formula if some regularity condition is verified. When we use this theory,
the crucial step is to show the nondegeneracy of the Malliavin covariance of
Wiener functionals. However, it does not seem easy to do this even for a simple
statistical estimator, whose Malliavin covariance is given by an integration of
some anticipative process, cf. [21]. The Malliavin covariance corresponding to
the Bayes estimator is also written in a similar manner. Moreover, as for estima-
tors appearing in parameter estimation, such as maximum likelihood estimators,
we can not ensure their existence on the whole sample space, in general. So
we will need a modification of this theory with truncation on the Wiener space.

This paper is organized as follows. In Sect. 2, we state our main results.
The second order efficiency of a bias corrected Bayes estimator is proved in
Sect. 3. There we adopt the criterion by probability of concentration of estima-
tors introduced and established by Takeuchi, Akahira and Pfanzagl. In Sect. 4,
for convenience of reference, we prepare several notation and results about
the above mentioned modification of the Malliavin calculus used later to prove
the asymptotic expansions. Finally, Sect. 5 presents the proof of the results stated
in Sect. 2.

2 Main results: the asymptotic expansions of Bayes estimators

Consider a parametric model of the d-dimensional small diffusions defined by
(1.1). Let B4 be the distribution on C([0, T1,R% of X*? the solution of (1.1)
for ¢ and 6. The Radon-Nikodym derivative of F, , with respect to P, 4 is given
by the formula (Liptser and Shiryayev [7])

Ae(ga X) Ae(003 X)_ 13
where

T T
AS(G;X)=CXP{I e 2 V(W) (X, 0)dX,—3 [ 72 V(WP Vo(X,, 9)dt}-
0 [}

Here A" denotes the Moore-Penrose generalized inverse matrix of matrix 4
and we assume that Vg (x, ) — V,(x, 0o)e M {V(x)}: the linear manifold generated
by column vectors of V(x), for each x and 6.

Let 8,e@ denote the true value of the unknown parameter 6. For heR¥,
the log likelihood ratio is defined by

le,w(w; Oo)=log A4,(0o+eh; X?)—log 4,(6,; X*)

e [Vo(XE, Bo+eh)— Vo(XE, 01 (W) V(X7) dw,

O iy

T
=3 [ e 2 [Vo(X3, 0o +eh)— Vo (X7, 00)] (V)" (XD [Vo(X:, 0o +h)
]

—Vo(X7,60)] dt,
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where X? is the solution of the stochastic differential equation (1.1) for 6=4,.
The function X? is defined by the ordinary differential equation (1.1) for =0
and 6=0,.

Let 6;=0/0¢". The Fisher information matrix I(8o)=(I;;(6,)) is defined by

T
I;;(00)= j 8; Vo(X7, 8,y WV H(XD) 0; Vo(X?,00)dt
0

for i, j=1, ..., k. From now, for simplicity, denote I(8,) by I=(I;)) and I(6,)~"
by I~ =(I%).
For function f(x, 6) of x and 0, f(0) denotes f(X},0). For n=(n,, ..., n,),

let °=07...044, where 0;=——, and let |nj]=n,+...+n,;. Moreover, for v

oxt
=V, ..., V), let 6*=07'...8;x and let [v|=v +... + .
In this article we assume the following conditions.

(1) ¥, Vand (V)" are smooth in (x, )eR? x 6.
(2) For jn|=1, F=V,, V, (VW) sup|0™F| < oo.

x,0
(3) For [v| =1 and |n|=0, a constant C, , exists and

sup|0" 8" Vol < Cy (1 + [x])"
0

for all x.
(4) For any 0, @, there exits a positive constant a, such that

T
J DV O0) = V5. 00)] (VW) ° [V5.(0)— V5., (B0)] dt 2 |0 — 0|
0

for fe®.

Let an R‘@R*valued process Y#(w) be the solution of the stochastic differen-
tial equation

dYP=0Vo(X,) Yo dt+e ), oV, (X)) Yedwi, te[0,T],

a=1
Y(;::Id,
where [0V,]7=0;V},i,j=1,...,d, =0, 1, ...,r. Then ¥,:=Y,° is a nonsingular

deterministic R‘@R%valued process. For function g%, g denotes its j-th deriva-
tive in ¢ at ¢=0. We write D,=X{"). Then D, is represented by

t
D,=[ %Y, ' V0dw, te[0,T].
o]

We will use Einstein’s rule for repeated indices. For matrix 4, [A]Y denotes
its (i, j)-element. For vector a, &' is its i-th element.
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Let

T ¢t
w=3 | [[0{6; Vo(VV)T 8, Vo} 1P (0o) [ Y1 ™ [gJ™" dsdt
00
and
T
Bi,j,l: f [5i5j Vé(W')+ 51 Vo]?(eo)dt
0

where
g= Y [V (W) 8V,12(00)= Y, ' 6V o(B).

Here we consider Bayes estimators with respect to the quadratic loss function
and derive asymptotic expansions for their distributions. Let

G, (w)= | exp(l, ,(w; 0,) m(0,+ch)dh
Be
and
G,w)= | hexp(l,,(w;00) n(8,+ch)dh,

B

where n denotes the Bayes prior which is a smooth positive function on @

whose derivatives are bounded and inf 7(6)>0, and B,={heR*; 0,+cheO}.
ge®

The Bayes estimator under § =0, is denoted by 0,(w; 8,) and defined by

3“ 0.4,(0; X*) n(6) d0

0.(w: 60)= jA 0; X)n(0)d0

For Borel set A<B,, let

exp(l,, ,(w; 90) m(0o +2h)

ﬁs(h;A)z j exp(le,h(W;go)) 7'5(90—{—811)(1’1‘
A
Then
o 0wi00)—80)= | hp.fh B dh=g: EX)

In the context of the higher order statistical asymptotic theory we need to
modify the Bayes estimator to obtain an efficient estimator. We call an estimator
0% a bias corrected Bayes estimator if

g% =0,—2b(0,),
where 5(0) is a bounded smooth function with bounded derivatives. Let ¢ (x; p, X)

denote the density of the normal distribution N (g, ) on R*, The Borel s-field
of R¥ is denoted by B*. Now, we have the following result.
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Theorem 2.1 The probability distribution of the bias corrected Bayes estimator
8% (w; 6,) has the asymptotic expansion

g% (v _
P[e_s(w’zo_)eoeA]~jﬁo(x)dx+s [ Pi(x)dx+ ...
A 4

as £,0, AcB¥, where p,, p;, ... are smooth functions. The expansion is uniform
in Borel sets AcB*. In particular,

Po(¥)=0(x;0,1" 1),
pi(x)= [Iij Ai,j,l xl—%lij B; ;. xl_g(go)j I; x’+n(90)'1 0, (6) x!
— A XX X =1 B, x X X o(x;0,17).

More generally, we can show the asymptotic expansion of distribution of the
bias corrected Bayes estimator under the contiguous alternative 6, +&h, heR*.
This is important from a statistical point of view.

Theorem 2.2 The probability distribution of the bias corrected Bayes estimator
0% (w; 6o+ ¢h) under the contiguous alternative F, 4, .., has the asymptotic expan-
sion

P[é‘f(w;90+sh)—(90+sh)€A

; ]~§ﬁo(y)dy+6fﬁi(y)dy+---
A A

as €0, AcB¥, heR*, where B, 5, ... are smooth functions. The expansion is
uniform in AeB* and he K, where K is any compact set in R*. In particular,

ﬁo()’)zd)(%oa 1_1)5

B =A; [V Yy =Ry y+ 17y + I ¢(y; 0,171
+B, =3V YV —hyy =3Iy + TR ¢ (y; 0,171
_E(OO)jIjl Vo; 0,1 Y +7(00) 1 8, m(00) y' d(y;0,171).

3 Application: second order efficiency of a Bayes estimator

It is known that maximum likelihood estimators and Bayes estimators are
asymptotically efficient for regular statistical experiments induced mainly from
independent observations. As for the small diffusions, they have consistency
and asymptotic normality and are efficient in the first order. See, e.g., Kutoyants
[6]. Here we are interested in their second order efficiency. The notions of
the second order efficiency of estimators have been introduced by Fisher, Rao
[12, 13], Takeuchi, Akahira, Pfanzagl and others. Here we adopt the criterion
by probability of concentration of estimators introduced and established by
Pfanzagl, Takeuchi and Akahira. It is possible to show that these estimators
are optimal in the second order in this criterion in various cases. See for example
Akahira and Takeuchi [1], Pfanzagl [10, 11]. For time series see Taniguchi
[15, 16, 17], Swe and Taniguchi [14]. The second order efficiency of the maxi-
mum likelthood estimator was proved in [22].
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To avoid meaningless super-efficiency, an invariant condition is imposed on
estimators in question. For simplicity we consider the case k=1.

Definition 3.1 An estimator T, is second order asymptotically median unbiased
(second order AMU) if for any 6,€® and any ¢>0

lim  sup & M BH[T,—0=<0]—%|=
el 09e@:|0—0g| <ec

and
lim  sup “HB[T,—0=0]—4|=0

el 09c@:]0— 0| <ec

Then we have the following theorem from Neyman-Pearson’s fundamental lem-
ma. See [22, 23] for details. For heR, let J=1Ih% The distribution function
of the normal distribution N (g, 62) is denoted by ®(x; y, ¢2).

Theorem 3.1 For any second order AMU estimator T,, for h>0

liminfe™ {®(J;0,J)+e[Ay 1 h*+3B, . h*] $(J;0,7)
el

— P, g,[eT (T,—00)<h]} 20,
and for h<0
limsupe™ ' {@(—J;0,J)—e[A; P +31 By 1.1 h*]9(J;0,J)

€l 0

—E,eo[e_l(ﬂ—ﬁo)éh]} =0.

Definition 3.2

@(J;0, J)+3[A1,1,1 h3+% By i1 h3] ¢(J;0,J)
and
@(-J;0, J)_S[A1,1,1 h3+%B1,1,1 hs] ¢(J;0,J)

are called the bounds of second order distributions. A second order AMU estima-
tor is said to be second order efficient if it attains these bounds for any A>0
and any h<0.

From Theorems 2.1, 2.2 and 3.1, we obtain

Corollary 3.1 The Bayes estimator is second order AMU and second order efficient
if its bias is corrected by

5(90): _1(00)_2 1‘11,1,1“%1(90)_2 B1,1,1‘|'I(90)_1 7Z(6'0)_1 om(t)-

4 Preparations: the Malliavin calculus with truncation

We begin with preparing notations used in the Malliavin calculus. For details
see Malliavin [8, 9], Watanabe [18, 19, 20], Ikeda and Watanabe [3, 4], and
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Kusuoka and Stroock [5]. Let (W, P) be the r-dimensional Wiener space and
let H be the Cameron-Martin subspace of W endowed with the norm

T
|hlz= | 1h)* dt
0

for he H. For Hilbert space E, | -||, denotes the I¥(E)-norm of E-valued Wiener
functional. Define || f ||, ; for E-valued Wiener functional f, seR, pe(l1, «), by

1 F = I —L)21 |,

where L is the Ornstein-Uhlenbeck operator. The Banach space D;(E) is the
completion of the totality of E-valued polynomials on the Wiener space (W, P)
with respect to ||- |, .. The space D*(E)= () () D5(E) is the set of Wiener

s>0 1<p<w
test functionals and D™ ®(E)= U (\ D, *(E)is a space of generalized Wiener
s>01<p<w
functionals. See Watanabe [19]. We suppress R when E=R. The Fréchet space
S(RY is the totality of rapidly decreasing smooth functions on R? and S'(R%
is its dual. Let A=1+|x|>*—1 4.

In order to apply the ideas of Malliavin and Watanabe to statistical problems,
we need a version of their theory with truncation. Let FeD®(R%), GeD*® and
teD®, Let y: R—R be a smooth function such that 0=y (x)<1 for x€R,
Y(x)=1 for [x{=1 and (x)=0 for |x{|=1. Suppose that for any pe(l, «0), the
Malliavin covariance oy of F satisfies

(41) E[1{|§|§1)(det O'F)—p]<00.

Then the composite functional y (¢) GT> Fe D~ is well-defined for any TeS'(R?).
The composite function of a measurable function and a Wiener functional in
this sense has a usual meaning. For i, &, F, G given as above and any measurable
function f'(x) of polynomial growth order,

Y(&) Gf-F=y(5) Gf(F)
in D™,
Let us consider a family of E-valued Wiener functionals (or gencralized
Wiener functionals) {F,(w)}, ¢€(0, 1]. For k>0 if

. F
lim sup 1Elp.s ‘;QF’S <0,

gl0

we say F,(w)=0(¢") in D(E) as ¢ | 0. It is said that F,(w)e D* (E) has the asymptot-
ic expansion

Ew)~fo+efi+...
in D®(E) as ¢} 0 with f;,, f1, ...e D®(E), if for every p>1,s>0and k=1, 2,...

EwW—(fo+efi+.. .+ fi_)=0("
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in D%(E) as ¢ 0. Similarly, we say that F,(w)e D~ *(E) has the asymptotic expan-
sion

FE(w)~fo+efi+...

in D™®(E) as ¢}0 with f;, f;, ...eD~®(E), if for every k=1, 2, ... there exists
s>0 such that, for every p>1, F,(W), fy, f1,...€ D, *(E) and

FwW)—(fotefi+...+e 7 f_)=0("
in D, *(E) as ¢]0. The generalized means of these expansions yield the ordinary

asymptotic expansions.
The following theorem is a version of Theorem 2.3 of Watanabe [20].

Theorem 4.1 Let A be an index set. Suppose that families {F/(w);
£€(0, 17} = D™ (RY), {&,(w); £€(0, 1]} =D and {T,; AeA}=S'(RY satisfy the fol-
lowing conditions.

(1) For any pe(l1, )

sup E[lye, <yy(detop) Pl<oo.
ee(0,1]

(2) {F.(w); e€(0, 11} has the asymptotic expansion
EW)~fo+efi+...inD*RYase |0
with f;e D® (RY.
(3) &, w)=0(1)in D* as e 0.
4) Foranyn=1,2, ...,
lime " P{|&,|>4}=0.
¢l 0
(5) For any n=0, 1, 2, ..., there exists a nonnegative integer m such that

A" T,e Cu(RY for all AcA and

sup T 0" A" T < 0.

Aed in|<n

Let {G,.(w); ueM, ec(0,1]} be a family of Wiener functionals, where peM is
an index set, and suppose that G, .(w) has the asymptotic expansion

Gu,a(w)Ngﬂ,0+8gu,l +...

in D* as ¢| 0 uniformly in peM with g, 4., 8,,,.--€D®. Then the composite func-
tional Y (&) G, , T,oF,e D™= is well-defined and has the asymptotic expansion

W) G, o F,~ @, 0+eD, 1+ ... inD ®asel0
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uniformly in (2, p)e A x M with @, , o, D; . 1, ...eD™* determined by the formal
Taylor expansion

G, T,(fo+[efi +e2fot . D=8y 0+68u1+ ) > % " T(folefi+ o+

n

=¢laﬂ,0+8¢ﬂ;ﬂa1+ ceey

where n=(ny, ..., ny) is a multi-index, n!=n,!...n,!, a"=ad%'...a% for aeR% In
particular,

(pz,u,ozgu,o T,(fo)>

d
¢2,u,1 =gu,0 Z fll ai T’).(f0)+gu,1 rTl(fO):

i=1

d ) d o
Bipa=tnod LT X S 00T

hi=1

d
+8u1 Z f1l 0; Tz(fo)‘l‘gu,z T,(fo)s ----

For n=0, 1, 2, ..., there exists a positive integer m such that

sup ), 0" A" Iyl <0,

BeB4 |n|<n

5 Proof of the main results

Let
m((y, ..., i,)/0)= j [6:, ... 85, Va(WV)* V12 (8o) dw,,
m((y, ..., 1,)/1)= j [8,{5,,...8:, Va(WV")* V}12(6,) D} dw,,
1((iys - 1) r» ...,jq)/O)zg"T[éil 8y VSV 65,5, Vol2(80) dit,
and

T
n((iy, s ip)Gis s j)/ V)= § 0,[6;,...8,, Vo(W) " 4;,...8;, Vo17 (00) Dt dt.
0
We know that for any a,>0, there exist positive constants a;, i=1, 2, inde-
pendent of ¢ such that

P[ sup |Xi—X?>ag]l<a, exp{—a,e ?}

0=t=T



438 N. Yoshida

for €e(0,1]. Therefore the Bayes estimator obtained from the stopped data
(X .; 0Zt< T}, where t=inf{r20; |V(X)|>20} AT, a= sup |[V(X?)], has

0StsT
the same asymptotic expansion as J,(w; 6,). So to show Theorems 2.1 and 2.2
we may assume that V is bounded without loss of generality.

Lemma 5.1 There exists g,>0 such that for any p=0

sup E[ { |h|? p,(h; B,)dh]<co.

e’ <gg B,

Proof. Let ¢(x): R?— [0, 1] be a smooth function such that ¢(x)=1 for |x|<2a
and ¢(x)=0 for |x|=3a, where a= sup |X?|. Let W(x)=¢(x)(VW')* (x). Then

we see that osr=T
T
Jih)= [ [V5,.(80+eh)— V5 (00)] (VV'),° [ V5 (0 +eh)— V5 ,(05)] dt
0
T
> [ 4°(0 + e, 00) (V)70 4%(0o +2h, Oo) dt
0

{148y + ek, Oy [T W) 4°(0y + ch, Bo)l dt
0
T
—2 f [{A°(0g+h, 8g)— A° (8o +ch, 00)} Wi A% (0, +eh, 0,) dt,
0

where 4%(0, 6,) = Vo (X:, 0)— Vo (X3, 0,). We can find, by a representation theorem
for continuous martingales, Brownian motions w}, i=1, 2, ..., d, for some f{iltra-
tions, and a positive constant C independent of ¢ such that

sup |X;—X7|SCew*,

0=t=T

a
where w*= Y sup |wi(t)|. Since sup|4°(6, 6,)| < o,

i=1 0=5:tsT fc®@
T
— [ 14%(0o+¢h, Oo) {WF—W,°} A%(0g+eh, Bp) dt= — C, &> w*|h|
0 .

for some C, >0. From condition (4) we obtain
JE(h)=C, &2 |h)?> — Cy &> w* b

for some C,, C3;>0. Then we can show the large deviation inequality

E[CXP{—S%JS(h)HéC‘;e_c5|"|2, heB,, £€(0,1]
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for some constants p, C,,Cs>0. See p. 91 of Kutoyants [6]. Then we have
in standard argument

Plexp(l, 4(w; 00)>exp(—Cs|h)]1=C; exp(—Cglh|?), heB,, &e(0,1]

for some Cq4, C,>0. Following the proof of Lemma 5.2 of Chap. 1 of Ibragimov
and Has’'minskii [2], we obtain the result. [

G,(w)
G, (w)

Lemma 5.2 is well-defined on W and in D® (R") for each e<¢,.

Proof. For any p>1,

G.w)|P\ . P
Ton )_E([B{ hp,(h: B,) dh|?)

g

<E({ |nl” p,(h; B,) dh)< o0

B,
by Lemma 5.1. For yeH, we have

Dn GE(W): j exp(ls,h(W; 00)) TE(HO +6h) Drl ls,h(W; 90) dh

Be

- exp(ls,h<w;90))n(90+ah)(§T Y f;‘,h(zm:dz)dh

e 0 i=1

=[] 2 [] exp(nw; 00) m(00+eh) & (1) dR 17 dt,

i=1 B

where &L, (1) is an anticipative process for which there exist m>0 and a random
variable Q,(w) such that

sup & (Ol (1+[A") Q.(w)

0<t<T

and sup E[QF]< oo for any p>1. Here we used the moment inequalitites for

£

random fields (or Sobolev’s inequality and Burkholder-Davis-Gundy’s inequali-
ty) to estimate the moments of the form
)

jtf(w,s,s, 0) dw,

0

E( sup
fec®
te[0,T]

Then

G 2 T .
1DGEE£VV;) H=G;2 IS LT exp(l, ,(w; 00) m(0o+2h) & () dh]? dt.

0 i Bg
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Therefore we have E DG, (w) 7
G.(w)

DG,(w)
G

&

]<oo for p>1 from Lemma 5.1. We obtain
H.

similar estimates for and hence E [D

G.(w) P:l .
< oo for p>1. In a similar
G.(%)|n P

way we can estimate higher order H-derivatives, which completes the proof. []

The log likelihood ratio I, ,(w; @) is in D® and has the asymptotic expansion
Low(W; 00) ~fo +eff +
in D® as £} 0 with fF, f{, ...eD*. In particular,

fo=WB—31 W10k, B'=m((i)0),
fE=Hm@/1)+3 K m((ij)/0)
— h Wn((@)()/1)— 3 b B B n((if) (m)/0).

The following lemma gives an expansion formula for the bias corrected Bayes
estimator.

Lemma 5.3 There exist Wiener functionals yr,(w)eD® satisfying the following
conditions.

D 0Ly, (w1 and Y, (wy=1—0(") in D* as £ | 0 for any neN.

(2) Y. (w) e~ 1 (8% (w; 0p) — 0,)e D™ (R¥) has the asymptotic expansion

g% (w; 00

V. (w) ~f0 +efi+...inD*(R¥ase|0

with fy, Ty, ... DZ(R¥). In particular,

fozI(eo)*l
Fi=3100) ' T +31(6o)" " QI(0,)" ' B—b(B,)
+7(0) " 1(00) " 0m(BoY +41(6)"' R

where B=(B'), I'=(I'""), 0 =(Q, ;) and R=(R,) are defined as follows.

=m(()/0), i=1,...,k,
=2m(()/1), i=1,..,k,

k
=Y [U0o) 'BI"Njm+24;; ij=1,..k
m=1
k .
Ri= Y B0 "P"Nijm i=1,...,k,

jm=1
where

N jm=— (Dm0 +n((m)()/0)+n(m)@/0), ijm=1, ...k,
=m(()/0)—n(@/D, iLj=1,.... k.
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Proof. For Borel set A< B,, let

Ule; A)= [ hp,(h; A)dh.
A

For each ¢ <¢,, the function ¢ — U (e; B,/) is smooth in [0, ¢']. Here we consider
the right derivatives and left derivatives at ¢=0 and &=¢', respectively. It is
possible to show that for j=0, 1, ... and ¢<g, there exist nonnegative random
variables Q; .(w) which satisfy the following two conditions.

(1) For each j and any p>1, sup E[Q; .(w)’]< 0.

j e<é&p
Q) Ife<e <y, aaTlJ] (¢; B,) is dominated by a polynomial in Q; ,(w) and | |h/?
B,

ﬁs(h;Bg')dk> p=0, 1,

Therefore, by Lemma 5.1, we have

U
T &)

sup E[

£Ze' <egp

4
<00

for p>1. From the Taylor formula, for IeN and 0 <& <e,,

‘e dU ¢ i 0'U
U(SaBs’)—jgoﬁﬁ(oa Ba)+m£(1_u) el (ugaBs')du'

Hence we can show that for [eN, p>1 and s=0 there exists C;, , >0 such
that

2l eiu
(5.1 HU(&;BE)— Y '_'W(O;BS) <Cp s
j=0] . P,s

if e<éqy, and also, as in the proof of Lemma 5.2 using Lemma 5.1, that (5.1)

j
holds for ieN, p>1 and s>0. For j=0, 1, ..., define %g (0; R® by

&MU
o¢

. oU
(O;Rk)=1{115rioﬁ(0;{h;lh|§R})-

Let ¢ (wy=yr{(c,|eI ' B|?), where ¢, is any positive constant. Then ¥ (w)=1
—0(&") in D* as |0 for any neN. For any p>1 there exist positive numbers
b, and b, such that

E[Yy.w( [ Bolh;B)dhy¥]<b, e b

LES:
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k
for H=0 and e<¢g,. Indeed, with c,=(27) 2(det I)?,

E[{({exp(h’B—%h’Ih)dh)_1 j exp(W B—%h Ih)dh}?]
=RE[{co f exp(_%(h_,f'l'f;,(h_l_13))dh}p]
gpaz—l";f;mwmw-m«%m
co | exp(=1(h—I"'BYI(h—I""B)dh]
P

H =0, for some positive numbers b’ and b} ; and we can find 6 >0 for which

Yy W{[ [ exp(WB—$ W Ihydh]™" | exp(W B—%h'Ih)dh}?
B, Rk

W, (w) [2—2 [} exp(—%sz(t—sl_lB)’[(t—al_1B))dt]p

@ —8g

lIA

5_17

for e<egg, where @ —0,={0—6,; 0 O@}. We can show that,forj=0,1,2, ..., p>1
and s=0, there exist positive constants a;(p, s) and c;(p, s) such that

(5-2) Vo (w) (%g (©; Bg)—%jg—? ©; R*‘)) Mé c;(p, sy e 2P’
for e <eq. In fact, since
U0;B)—UO;RY)=— [ hpo(h;B,)dh
Rk —B,
+ [ hpo(h; R dh- | po(h; B)dh,
R R<- B,

it follows that, for p>1 and s=0, there exist positive constants aq(p, s) and
co(p, ) such that (5.2) holds true for j=0. In a similar manner, we can show
(5.2) for j=1, 2, .... From (5.1) and (5.2), it follows that, for [eN, p>1 and
520, there exists positive c(l, p, s) such that

E e gU ,
l//a(w) U(SaBE)ﬁ Z m 5£j (OaR) éC(l, ps S)S
j=0~1‘ p.s

for e<eg,. Therefore i, (w) U(e; B)=w,(w) e~ 1(0,(w; 8,)—B,) has an asymptotic
expansion

Y (w)e™ 10, (w; 00)— o)~ go+eg, + -
in D*(R¥ as ¢)0 with gg,g,,...€D®(R¥. In particular, the first two terms
aUu
are given by g,=U(0; R¥) and g, :53_(05 R").
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Next, we determine these two terms. Put
k
p==Q2n)2 det I(0,)"* exp(3 B'I(6,)" ' B)

and
Bigiyeniy= | nivh heefbdh,

Rk

where f&=h B—1h I(0)h. Define g(e, h) by q(s, hy=exp(l, ,(w; 0,)) n(6, +h).
Then we have Egs. (5.3):

lim | gk dh==nB)pu,

R |h|<R

tim § 990, dh=n(00) L (/1) 4 5 sy @O~ 1y (DG
R~ < p Oe 2

— 3 b () O)0) + 7(00) " 3, 7(00) i),
lim | K q0,h)dh=n(00)wm,

R—cc |h| <R

lim h’

R_'OO]h|<R 8

10, hydh= 7I(90)[uum((l)/1)+ 5 tam(i)/0) — 2#1,,71((1 Gy

3 i YO+ 7(00) ™ 5, 7m(6) ],

Let u=1(0,)~ ' B. Then we can obtain
(54) uil :u[u](il)v
Hiyi,= 'u([u u](ili2) + T iz))’
Hiyigis= #([uuu](hizis) + [Iu](ili2i3)),
Biyiyinia= ([uuuu](il ixisia) + [qu](il izizia) + [II:I(il iz isiq)),
where [ ]%» denotes the sum of the terms corresponding to all partitions
of (iy ...ip), e.g., [Tu]®Pi) =2 yis 4 [R5 yit 4[4y From (5.3) and (5.4),
go=U(0;RY' = 5 h* Bo(h; RY) dh

—tm [ | q(Ohdh]l [ Hq(,hdh

R=>® p<r In <R

=u'=[1(0,)" ' B]".
We note that
(5.5 "W+ 1Y u) A, ;=[21"1 41" ' BY,
where 4 =(4; ;), and that

(5.6) 3P w4 T by 4 T gt [T n (i) (m)/0)
=3 WU N+ L TN
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Since

1
8= (0; RY

= lim (aa) (L | qemdr]™ | K h)dh}

R= o Bl <R |h|<R

—lim[ | qOhdh]™" | h’ (Oh)dh

R=>® nzr Al <R

—lm [ [ qOkdh]™2 | hqOhdh | a 99 0, by dh

RZ® =k I <R lh <R
if follows, from (5.3) and (5.4), that the right-hand side equals

! Dy m(@)/ 1)+ F i m(E)/0) — § s n((D()/1)
-3 Hiijm n((ij)(m)/0) +n (00}~ ! 0; w(6o) ;]
— 1”2 gy L m(@)/1) + % i m{(E7)/0) — 3 ps; n((DG)/ 1)
— % i (i) (M)/0) +7(8) ™' 8; (Bo) ;]
=Mm(G)/)+3I" w + 1Y u) 4, ;
— LI ™+ 1Yyt ™ 4 19t d 4 [TT]1Y™) n((i5)(m)/0)
+7(0,) "t 8; () I'.

Therefore, by (5.5) and (5.6), we obtain

gi=I"m(@)/ )+ A" B +F "W wm+4 IV ™) N, ;
“'73(90)_1 0; 7(6) It
=3[ ' TP+ [ AT ' B+ 3 I"W/(Q; ;— 24, )
+3 1PN, 7(00) " 0;m(0,) I
=4[ TT+ 47 QI Bl + 4 [I ' R +m(8) ' [T~ " 67(0o) T

Since fo =g, and f; =g, —b(8,), we have completed the proof of Lemma 5.3. []

Lemma 5.4 (1) For 0,€0 and heR¥*, there exist functionals ¢!, £€(0,1), on
C([0, T1, R?) satisfying the following conditions for any compact set K = R¥,

() 0= ¢y (X)=1, XeC([0, T], RY.

(i1) p*(X>P (W))=1—0(e") in D* as &) 0 uniformly in heK for n=1, 2,....

(iii) P (X=% (W) =1—0(c") in D* as &} 0 uniformly in heK forn=1,2,....

(iv) Forall p>1,

sup E[1pxes0mm >0y €XP{PL,n(W; 00)}]1< 0.
ee(0,1)
heK

(2) Let 0, @ and let K be any compact set of R*. Then ¢"(X>%) exp{l, ,(w; 60)}
has the asymptotic expansion

dM(X=%) exp (I, »(w; 00)} ~e/0(1+ 6P +e* Py +...)
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inD® ase |0 with ¥, ¥,, ...eD™ determined by the formal Tayler expansion
exp{eff+e?fi+. }=1+eP +e* ¥yt ...

This expansion is uniform in heK.

For the proof of this lemma see Lemma 4.5 of [22]. Let A+ h={zeR*; z—he A}
for A=R* and heR*.

Lemma 5.5 (1) Define RY(w) by the equation
(&7 DY, (w) (B (w; 00)— 001, &~ 1 D[y, (w) (B (w; 00) — 01 > e = I + R (w).

Let
&, () =cz LRV (w)?

Jor ¢>0. Then, for large ¢ >0, the conditions (1), (3), (4) of Theorem 4.1 are satisfied
Jor E=,(w) e~ (0F (w; 8o)— 0o) and &,(w).
(2) Let 0, ® and let K be any compact set of R¥. Then, for AeB",

P2 (X7 %) exp {I,n(W; 00)} ¥ () Lyvno W (W) ™" (B (w; 05)— )

~ (ph,A-i»h,O +8Dy 4pn1t -

-~

in D™= as ¢ 0 uniformly in AeB* and heK with @, 414 0» Ppssn 1> €D 2.
In particular,

40
Dy sino0=4" Py asn0s
— 40 0 4L
Py asn1=A" Do arn1+A°f1 Po avno0s

where

QO,A+h,0:IA+h(.TO):
@0,A+h,1 =71l 0i IA+h(]O);

A0=ef5,

fo=h'B—3KI1(0c)h,

fE=hm(@)/1)+4 k' W m(()/0)

~ 3 1 W n(@)G)/1)— % b B B n((i)(m)/0).
Proof. (1) From Lemma 5.3 we have
™" D[y (w) % (w; 00)— 051 ~DJ§+eDfi + ...
in D*(H) as £ 0 and hence
(e ™ DL (w) (FF (w3 00) ~ 001", 6" D[, (w) (B (w3 00)— 0o 1y
=(DJ§, Df>u+eR(w),

where
RY(w)=(DJ4, Dfi>u+<{DFi, Df>u+0(s)



446 N. Yoshida

in D® as £]0. It is then easy to show (1), because {DJ¢,Dfi>y=1I" and
sup E(JRY(w)[") < oo for any neN.

(2) From Theorem 4.1, Lemmas 5.3, 5.4 and (1), we obtain (2). []
Let

T t
Afin= [ 100 Vo) VIR @) [V (W) 8, VoI (Bo) [ Y1 [g.]™" ds dt.
00

Lemma 5.6 Let w be an r-dimensional Wiener process and let functions a,, b,,
T

¢, on [0, T] be deterministic. Let = | a, a,dt. Then
4]

(1) Let a, be R*®R"-valued and let b, be R'-valued. Then

T

T
{ atdw,=x:|=x’2?_1 {abdt.
0

[

T
E[jb;dw,
0

(2) Let a,, b, and ¢, be R*QR’", R"®@R" and R"® R’-valued, respectively. Then

T
j"a[dwt=x]

0

E[fT(f bsdws>, ¢ dw,

0 O

=Tr X a, ¢ ba, Xy (xx'—X)dsdt.

© e iy
SRV

Here Tr stands for the trace.

)
E[m((i)/1)|]o =Xx] =A;‘jj’,(xf xl—lﬂ),
E[m(()/0)| fo=x]1=B, ;'
and
E[n(@)G) DI fo=x1=24; ;, x".
4
E[fifo=x]=—I" A%, X' x'—L '™ B, ; , x/ X'
—b(Oo) —I™ I A%, +7(00) "1 1V 6;1(6,)
—I'™['B; ,.,—3I" B, .
(5)

ELfEfo=x] =A¥;, hi(xjxl_lﬂ)+%3i,j,z i X!
— A WHX'—1 B, W R

Proof. It is easy to show (1) and (2). Using (1) and (2) we obtain (3) and hence
(4) and (5) in view of the definition of 7, and fL, respectively. []
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Proof of Theorems 2.1 and 2.2 It suffices to show Theorem 2.2 only. Since
Y& w)=1-0(" in D= as ¢|0 for any neN, from Lemma 5.4 and Lemma 5.5
(2) we have

P(e 2 (G (w; 0o +eh)— 0, —eh)e A)
~E[¢(X% "M Ly, (w) e (B (w; 05+ eh)—0,))]
= E[¢(X>%) exp (L 4(w; 00)} Ly +nWre(w) 8™ (BF (w3 00)— 0o))]
~E[¢(X>%) exp{l, 5 (w; 00)} () I 441 (P, (W) e (0% (w; 60)—0,))]
=E[$3(X>%) exp{L, 4(w; 00)} Y (&) Lasno(W.(w) ™" (B (w; 00) —Bo))]
~E[Py sn,0]+eELPy s 1]+ -

as £ 0 uniformly in AeB* and heK. Each &, ,.,, is represented by a sum
of the terms of the form gé® I ,.,(f,), geD*. Hence, we see that

E[(®Dy gsnil= f pily)dy
A

for some smooth function p{(y) depending on h from the integration-by-parts
formula in the Malliavin calculus. We shall find p§ and p9. First, we have
by definition

E[®y 441,0] =E[A° Do, 44n,0] :E[ef"L IA+h(J70):|
= | exp(WIx—%NIh}$(x;0,1" ") dx

A+h

= | ¢x—h;0,I""dx

A+h

=[¢@;0,I7Ydy.

Therefore
()= (;0,171).

We note that for any Wiener functional GeD® and any nondegenerate Wicner
functional feD*® (R,

5.7 E[G3; 1,(f)1= | p(x)dx,

A
where

p(x)=—0{E[G|f=x]p,(x)}.

Here py(x) denotes the density of f. In fact, we know the existence of p(x)
satisfying (5.7) from the integration-by-parts formula. If we take A=A,
=[xy, 00) X ... X [x,, 00), we have

p(x)=(—=1)08,...0, E[Gd; 1, (f)]
=—0; E[Go,(f)]
= —ai{E[G!f:x] Pf(x)}-
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From this fact, it follows that

E[AO@0,A+h,1]:E[ef{"ffaiIAm(fo)]= j P x) dx,

where
P (x)= _ai{E [efgfl"|f0=x] Pfo(x)}
=—0;{exp(W Ix—% W Ih) E[f| fo=x] Py, (%)}
= —0{E[J{|fo=x]¢(x—h;0,1"")}.

By Lemma 5.6 (4), we obtain

(5.8) pl(x)={I"™ A%, , x'+ 1™ A%

jom,i

X' +3 "B, X'+ 3™ B, X
+(—I" A X X' =3I By ;X X =B (0o +1(00) ™ I 6, 7(0,)
I:m IJIA* i Ilm Ijl
-1 I””If’Bl]m)Ilp(x" h” } ¢(x—h;0,171),
On the other hand, by Lemma 5.6 (5), we have
E[A°f @0,A+h,0]:E[ef€f1L1A+h(f0)]: I P (x)dx,
A+h

where

(5.9) Pr)=E[fE fo=x]d(x—h;0,17Y)
={A}; FOI X' =) +1 B, ; h W X
— Ay b B X~ L B W B G (x—h; 0,17,

From (5.8), (5.9) and the facts that A4, ; ,=4(A¥; ,+ A%, ) and that B, ;,=B,,,,
we obtain by tedious calculation

(5100  px)+5?%(x)
{1 X — W X 21T = T ]
B [—3 I x L R X!
FAH X — 3 xt o XUk I 4 19 B — 1 b W B
—I;; B(80)' () =)+ 1(06) ™" &; m(Bo) (X' —h)} d(x—h; 0,17 1).

Since
y)dy= E[(ph A+h, 1]

m..,

=E[A° Dy 411 1] +E[A°fF Do, 4150l
= | [FF')+p2(x)]dx

A+h

—f[ pFry+h)+ 2 (y+h)]dy,

it follows that
FLO)=F+n+F2+h).
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Then we obtain the desired form of p{(y) by substituting y+ h for x in (5.10).
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