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1 Introduction 

Let X be a diffusion process defined by the stochastic differential equation 

dXt = Vo( Xt, O)dt + eV( Xt)dwt, t E [0, T] ,  e~ (0, 1] 
(1.1) 

X 0 = X 0 , 

where a k-dimensional unknown parameter 0 e O: a bounded convex domain of 
R k, T is a fixed value, Xo is a constant, V = ( V 1 , . . . ,  V,.) is an Rd| 
smooth function defined on R e, V0 is an R<valued smooth function defined on 
Rdx O with bounded x-derivatives and w is an r-dimensional standard Wiener 
process. The unknown parameter 0 requires to be estimated from the observation 
{ X~; 0 < t < T}. We are interested in the asymptotic properties of the maximum 
likelihood estimator 0~ of 0 when e--* 0. The maximum likelihood estimator is 
consistent, asymptotically normal and efficient in the first order, see Kutoyants [6]. 

The notions of the second order efficiency of estimators were introduced by 
R.A. Fisher, C.R. Rao [11], [12], Takeuchi-Akahira, and Ghosh-Subramanyam 
[2] mainly for independent observations. Akahir~Takeuchi  [1] mentions to  an 
autoregressive process. Taniguchi [13], [14] studied for Gaussian ARMA pro- 
cesses. When we consider Takeuchi-Akahira's criterion of the second order effici- 
ency of estimators, the required mathematical tools are the asymptotic expansions 
of the probability distributions of the estimators and some related statistics. 

For  the small diffusion we will prove the asymptotic expansions of probability 
distributions by means of the Malliavin calculus, extending Yoshida [18]. For  this 
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theory see Malliavin [9], [10], Watanabe [16], Kusuoka-Strook [5], Ikeda and 
Watanabe [3], [4]. Watanabe [15] introduced the notion of the generalized 
Wiener functional, the pull-back of Schwartz distribution under Wiener mappings, 
and in his celebrated work [17] he exploited the asymptotic expansion of the 
generalized Wiener functionals in some Sobolev space and derived from this 
various expansion formulas for heat kernels. In the present paper this method will 
prove to be useful to show quite directly the asymptotic expansions for statistical 
estimators. 

In the next section, we present the results used later on. Section 3 gives 
expansion formulas for the bias corrected maximum likelihood estimator and the 
likelihood ratio statistic. In Section 4 we present non-degeneracy of the Wiener 
functionals and we will derive the asymptotic expansions of the probability distri- 
butions of statistics considering the composite functions of the indicator functions 
together with those statistical Wiener functionals. In the last section the second 
order efficiency of the maximum likelihood estimator is proved. 

2 Fundamental results 

Let ( W, P) be the r-dimensional Wiener space and let H be the Cameron-Martin 
subspace of W endowed with the inner product 

T 

(hi ,  h2) = ~/~1,t"/~2.t dt 
0 

for hi, h2~H. For a Hilbert space E, I[' lip denotes the LV(E)-norm of E-valued 
Wiener functional, i.e., for Wiener functional f : (  W, P) ~ E 

Ihfl[~= ~ ]flf~P(dw). 
W 

Let L be the Ornstein-Uhlenbeck operator and define II f Ilp,s for E-valued Wiener 
functional f, s e R, p e (1, oe ) by 

[l/lip,, = H(I - L)S/2f[lp. 

The Banach space D;(E) is the completion of the totality P(E) of E-valued 
polynomials on the Wiener space ( W, P) with respect to II" Ilp,s. Let D~(E) be the 
set of Wiener test functionals of Watanabe [-16]: 

Then, 

and 

s > 0  l < p < m  

E)=U U 
s > O  l < p <  cc 

0 
s > O  l < p < ~  
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are the spaces of generalized Wiener functionals. Moreover, let 

N U D;(E). 
s > 0  l < p <  co 

We suppress R when E = R. The Fr6chet space S(R e) is the totality of rapidly 
decreasing smooth functions on R e and S'(R e) is its dual. The space Cak, 
k = 0 ,  __1, + 2 , . . . i s  the completion of S(R e) with respect to the norm 
It u ll2k =supx I Aku(x)l, where A = 1 + I xl 2 - � 8 9  We owe the following theorem 
to S. Watanabe. 

Theorem 2.1 Let F e D ~ ( R  a) and ~eD ~. Let t~: R ~ R be a smooth function such 
that 0 < O(x) < l for x e R ,  O(x) = l for Ixl _-< �89 O(x) = O for Ixl _-> 1. Suppose 
that for any p e(1, oo ), the Malliavin covariance ae o fF  satisfies 

(2.1) E[I{Ir __< 1} (detov) -p] < o0. 
A 

Then, there exists a linear mapping TeS ' (R  e) --+ TED-~176 satisfying the following 
conditions: 
(1) /f TeS(R e ) then T = tfl(~)T(F)eD ~~ 
(2) for k = O, 1, . . .  and pe(1, go) there exists a constant C(p, k) such that 

II Tllp,-2k < C(p, k) II T[1-2k 

for Te  C_ 2k. This mapping is uniquely determined. 

Proof. Let Te S(Ra). Using integration by parts formula, which is applicable by the 
condition (2.1), we see that for J e D  ~~ 

[( O(~)T(F) , J ) I  = I ( tP(~)AkA-kT(F) ,J ) I  

= ] (A-kT(F) ,  e (w;J ) ) l  < C][ Tll-2kllJllq.2k 

for a smooth functional 4~(w;J), any q > 1 and some C > 0 .  So that for 
k = 0, 1 , . . .  and p > 1 there exists C(p, k) > 0 such that 

II ~'(~) T( F ) li p. - 2k <---- C (p, k)II TI1-2k 

for TeS(Re). Defining ;r as the continuous extension of O(~)T(F) we have the 
result. [] 

If F is nondegenerate in the usual sense of Malliavin, 

D-~ ( ?, J )D ~ = D-~ (T(F) ,  O( { )J  )D ~ 

for J e D ~~ Thus 7 ~ is denoted by ~(~)To F or ~({) T(F) if there is no confusion. 
Let us consider a family of E-valued Wiener functionals (or generalized Wiener 

functionals) {F~(w)}, ge(0, 1). For k > 0 if 

lim ]lF, llv,s < go 
~SoUP ~ 

we say f~(w)= O(e k) in D~(E) as aS0. It is said that F~(w)eD~(E) has the 
asymptotic expansion 

F,(w) ~ fo  + ef, + ' "  
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in D ~(E) as e ~ 0 with f0, f l  . . . .  ~ D ~ (E) if for every p > 1, s > 0 and k = 1, 2 . . . .  

F~(w) - (fo + ~f~ + " "  + ~-~A-~)  = 0(~ ~) 

in O~p(E) as e $ 0. We say that F~(w)~ D~(E) has the asymptotic expansion 

F,(w) ~ fo  + 8f~ + . . .  

in/)~~ as e ~ 0 withfo, f~ . . . .  ~/)~176 if for every s > 0 and k = 1, 2 . . . .  there 
exists p > 1 such that F~(w), fo, f l  . . . .  ~D~(E) and 

F~(w) - (fo + efl + " "  + ~ k - l f k - 1 )  = 0(~ k) 

in D~p(E) as e J, 0. Moreover, we say that F~(w)eD-~(E)  has the asymptotic 
expansion 

F~(w) ~ fo  + efl + " "  

in D-~ as e+0 withfo, f ~ , . . ,  eD-~176 if for every k = 1 , 2 , . . .  there exist 
p > 1 and  s > 0 such that F~(w), fo, f~ . . . .  e D ~ ( E )  and 

F~(w) - (fo + efl + " "  + ~k-l fk-1) = 0(~ k) 

in D ~ ( E )  as e+0. Similarly, we say that F~(w)eD-~(E)  has the asymptotic 
expansion 

F~(w) ~ fo  + ef~ + " "  

in /)-~176 as e$0 with f 0 , f ~ , . . . e / ) - ~ ( E )  if for every k = 1,2 . . . .  there exists 
s > 0 such that for every p > 1 F~(w),fo,fl, �9 �9 .~D;~(E)  and 

F~(w) -  (fo + efa + " "  + ek-l fk-1) = O(e k) 

in DpS(E) as e $ 0. The generalized means of these expansions yield the ordinary 
asymptotic expansions. 

The following theorem will be our fundamental tool. 

Theorem 2.2 Let ~b be a function defined in Theorem 2.1. Let A be an index set. 
Suppose that families {F~(w); eE(0, 11} c D~(Rd), {~(w); ~6(0, 11} ~ D ~~ and 
{ Tz; 2 E A } ~ S'(R d) satisfy the following conditions. 
1) For any p ~ (1, oo ) 

sup E[l{l: j_<l)(deta~) -p] < Go . 
~ ( 0 ,  1] 

2) {F~(w); e~(0, 13 } has the asymptotic expansion 

F~(w)~ fo  + ~j'z + ' ' "  in D~(R d) ase,LO 

with f~ ~ D 0o (Rd). 
3) {~(w); e6(0, 1]} has the asymptotic expansion in D ~ as e,~ O. 
4) For any n = l , 2  . . . . .  

lira s-~ P{'~.~] > ~} = 0 �9 
~$0 
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5) For any n = 1, 2 , . . . ,  there exists a nonnegative integer m such that A -m Tz e 
C~(Ra) for all )oeA and 

sup Y' IIO"A-mT~II~o < 00 ,  
~A In/ < n 

where n = (na . . . . .  nd) is a multi-index, ]hi = nl + " ' " + na, c ~n = 0 1 1 . . .  c~ d, c~i = 
O/~x ~, i =  1 , . . .  , d. Then the composite functional r ~ )  T~(F~) ~ D - ~  is well- 
defined and has the asymptotic expansion 

r ~ '~ ,o  + e,~,~ + " "  in ~ - ~  as ~ 0  

uniformly in 2 ~ A with Cz, o, r a . . . .  e / ~ -  ~ determined by the formal Taylor 
expansion 

1 
Tz(fo + [sfa + e2f2 + ' "  "]) = ~ ~. r Tz ( fo ) [ s f a  + e2f2 + ' "  "]" 

n 

= r + ~r + " ' ' ,  

where n! = nl ! . . .  he!, a n = a] ~ . . .  a"J for  a s R  d. In particular, 

cP~,o = T~( fo) ,  

d 

�9 ~,~ -- ~ f ~  8~T~(fo),  
i = 1  

4~, 2 = f ~  ~?~ Ta(fo) + ~ f ~  f {  0~ Oj Tz(fo), . . . . 
i = a  i , j=a  

Proof  We follow the p roof  of Theorem 2.3 of W a t a n a b e  [17]. Fix 
k = 1, 2 . . . .  arbitrarily.  Fo r  Tz ~ S'(Rd), there exists a positive integer m = re(A, k) 
and r  C~(R ~) such that  T~ = A ~ Cz for all 2~A.  Fo r  J ~ D  ~, 

D ~ ( ~ ( ~ )  Tz(F~), J>D ~ = E [  O;~(F,)l~(J)3 

by the integrat ion by parts  formula,  where 

2 m  

l~(J) = ~ <P~ , i ,D ' J )H |  | 
i = 0  

and P~,i is a po lynomia l  in F~, ~ ( ~ ) ,  7(~) = ~/7~ ~, L-derivat ives of F,  and their 
H-derivat ives.  Here  we used the condi t ion 1). F r o m  the regulari ty of q~, 

0z(F~) = ~ _1 an r [F~ - f o ] " +  Vkz~ ,  
Inl _-< k 1 n !  ' ' 

then for p '~(1 ,  oo), there exists a constant  ca independent  of 2 ~ A  and ~ ( 0 ,  1] 
such that  

II V~.~,~ll~,-5 c ~  ~ 

for e e (0, 1]. Let  q' satisfy lip' + 1/q' = 1 and let q > q'. Then 

Ill~(J)llq, <: c2ll J Ilq,2m 
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for all e~(0, lJ, J e D  ~, where c 2 is a constant independent of 2EA, e6(0, lJ and 
J ~ D ~. Therefore, 

Ig[vk ,  Z,~l~( J)]l  < II gk,~,zllp,]ll~( J)lla, 

<-_ cl c2 [I J Ilq, zme k 

for at(0, 1] and J f fD  ~176 
On the other hand, as [F~ - f o ]n l~ (J )  has the asymptotic expansion, 

2 -1 ~ " r  = Z ~ o + e Z ~ , ~ +  �9 �9 �9 + ~ - I Z ~ , ~ _ , + U ~ ,  
In[ _-< k - 1 n !  ' ' ' 

where 
2m 

Zx, i =  ~ (Qx, l,j, O J J ) u | 1 7 4  i = O , . . . , k -  1 ,  
)=o 

Q~,i,j is a H |  |  polynomial in c~n~z(fo),fo, f l  . . . . .  ~Po, ~ i , . . .  
( O ( ~ ) - O o + e O , + ' " ) ,  V o , ? ~ , - - . ( 7 ( e ) ~ ? o + e T ~ + ' " ) ,  L-derivatives of 
F~ and their H-derivatives; and 

Ig[u~.,~,~] I = c ~  ~ II J I1~, 2m, 

where c3 is a constant independent of 2, e and J. Let 

(2.2) eb~,i = ~ D *~ Qx, l , j ,  
J 

then 

By the duality, 

k - 1  ID-~( O( ~ )  Tz( F~), J )D ~ -- D ~(~i=0 ei ebz, i, J )D~I 

_-< IE[U~,~,k31 + IE[ V~,~,~t~(J)]l 

< (CLC2 + c3)~ll J IIq,2m. 

k - 1  

]I ~P(~)Tz(F~)- ~ ei~z,i]jp,-2,, < (clc2 + c3)e k �9 
i = 0  

Here we take p such that l ip  + 1/q = 1. p ~ (1, oo ) is arbitrary, so that 

tp(~)T~(F~) ~ rbz, o + eebz, 1 + . . .  in D - ~  

with ~bz, o,~z, 1 . . . .  ~/~-~o uniformly in 2~A. Define the mapping T~ 
S'(R d) ~ cbi(T)ED - ~  as in (2.2). Again by the argument of duality, we see that 
for positive integer m', there exist s > 0, p~(1, oo) and C > 0 such that 
II ~i(T) Ilp,-s _-< c IT TII- 2m' for Te C_ 2 m "  For r s S(R a) let 4~, ~ ,  . . . be the coef- 
ficients defined by the (formal) Taylor expansion of r  + [F~ - f o ] ) .  Then, 

O(~)~(F~) 0( )~ + + ) 

0 5 ;  + e , P i  + - .  �9 

in D ~. The last equivalence is by the fact that for any pe(1, oo ) and any s > 0, 

FI 1 - 0 ( ~ ) I 1 ~ , ~  = o ( e " )  
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for n = 1, 2 , . . . .  Therefore, cb~(qS) = ~b~, i = 0, 1 , . . . .  By continuity we have the 
result. [] 

Lemma 2.1 For n = 1, 2 , . . . ,  there exists a positive integer m such that 

sup ~ II~"A-mlBllo~ < ~ ,  
B e B  d Inl _-< n 

where B d denotes the Borel a-field of R a. 

Proof The operator A-a  is an integral operator 

A - i f ( x )  = ~ A(x, y ) f ( y ) d y ,  

R a with kernel 

A(x, y) = ~ e- 'pl( t ,  x, y)dt , 
0 

where pl(t, x, y) is the transition density of a Brownian motion corresponding to 
the forward equation 

0pl _ 1 
c?~- - ~ Apl - l Y l 2 p l  , 

see pp. 474-475 of Ikeda and Watanabe [4]. We note that for B s B d 

~"A-"IB(x) = ~ 3~A-"6r(x)dy .  
B 

Integrability of O~A " 6y(x) follows from a direct estimate using above representa- 
tion of A-1.  Then, we see that 

C 
S I ~ A - " 6 y ( x ) l d y  < (1 + Ixl) p 

R a 

for some m and p > 0, which completes the proof. [] 

The composite function of a measurable function and a Wiener functional has 
a usual meaning. 

Lemma 2.2 For O, 4, F given in Theorem 2.1 and any measurable function f (x)  of 
polynomial growth order, 

~ (~ ) foF  = O(~.)f(F) 

in D-~ .  

Proof For  simplicity let d = 1. For  any measurable function f (x)  of polynomial 
growth order and any e > 0, there exist k e N  and ~beS(R 1) such that 

and hence 

sup [A-kf (x)  -- q~(x)] < e 
x ~ R  1 

I l f -  AkqS]l-2k < ~. 
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In fact, this follows from the inequality 

I A - l  f (x ) l  < e-tdt  pl( t ,x ,  y)dy 
0 --cO 

I -]1/2 
x Ye-tdto -co~ Pl ( t ' x ' y ) f2 (y )dyJ  

- - e -  - y)dy . 
- co , , /2 

Therefore, there exist a sequence ~b,(x)~ S(R 1) and some k > 0 such that q~, ~ f i n  
C_2k. So we have 

O(~)foV = O(~)f(F) 

i n / ) - ~  by definition of composite functionals. D 

3 Expansion of statistics 

Let X ~' 0 be the solution of the stochastic differential equation (1.1) for 0. Let P~, 0 be 
the induced measure from P on C([0, T], R d) by the mapping w -+ X!'~ The 
Radon-Nikodym derivative of P~, 0 with respect to P~, 0o is given by the formula (e.g., 
Liptser and Shiryayev [8]) 

A~(O; X ) & ( 0 o ;  x )  -~ , 

where 

A~(O; X) = exp e -2 V'o(VV') + (X,, O)dX, 

201i~.-2V~o(gV')+ Vo(X,,O)dt} 

Here A § denotes the Moore-Penrose generalized inverse matrix of matrix A. We 
assume that Vo(x, O) - Vo(x, 0o)~M{ V(x)}: the linear manifold generated by 
column vectors of V(x), for each x, 0 and 0o. When 0o e O is true, the maximum 
likelihood estimator O~(w; 0o) is defined by 

A~(J~(w; 0o); X~'~176 = max A~(O; X~'~176 
0~0 

Xt denotes Xc . Let X ~ be Next, we prepare several notations. Fix any 0o ~ O and ~ ~.0o 
the solution of the ordinary differential equation 

d X ~  Vo(X~ t~EO, T] 
dt 

X 0 = x 0 . 
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Let an Ra| process Y~(w) be the solution of the stochastic differential 
equation 

d Y~ ~ 0o ~ =0Vo(Xt' , O o ) Y f d t + e  c3V~(X~'~176 dw~, te[0, T ] ,  
c~=l 

Y~o = Ia , 

where [~?V~] ij = ~ j V  i, Oj = ~?/c3x j, i , j  = 1 , . . . ,  d, ~ = O, 1 . . . .  r. Then, Yt:= yO is 
a deterministic Re| process. For a function f ( x ,  O) we abbreviate 

f~(O) = f (X~,  0 ) ,  

a~f~(O) = a~f (X~,  O) 

and similarly (Sift ,  6/Stf~(O), c3~6jf~(O) . . . .  , where 6j = ~?/c?O ~. It is known that 
,,~ 0o ~X~' 0o 

~ a t '  is smooth. In particular, Dr.- ~ ~=o satisfies the stochastic differen- 

tial equation 

dDr = c3V~ t(Oo)Drdt + V~  dwt, te l0,  T l ,  

Do = O. 

Then, Dt is represented by 

t 

D r = ~  Y t Y s  odw~, t e [ O , T ] .  
0 

Put 
O" 0 as = y;1 vo vs (vs v~ ~v~ 

= Y21 ~ v%(Oo), 

where Ira(O)-] jl = ~3aJ(O)/OOl, j = 1, . . . ,  d, 1 = 1 , . . .  , k, for a(O) = (al(O) . . . . .  a~(O)) '. 
The Fisher information matrix I(0o) = (Iij(Oo)) is defined by 

T 

I~i(0o ) = ~ 6~ V~ t(Oo)' ( V V ' )  +~ f j  V~ 
0 

for i , j  = 1 , . . .  ,k.  Let 

T 

m ( ( i i , . . . ,  ip)/O) = ~ [~il . . . ~ip g ' o ( g g ' )  + g]~ 
0 
T d 

m((i l  . . . . .  iv)~1 ) = 5 ~ [~,{6~1... 6~, V 'o (VV ' )  + V}]~  
0 1 = 1  

T 

n((i~ . . . . .  ip) (j~ . . . . .  jq)/O) = S [ ~  . .  �9 6~, V 'o (V V ' )  + g)J, " "  6J, Vol~ d r ,  
0 

and 
T d 

n ( ( i  1 . . . . .  ip) ( j l , . . .  , jq) /1)  = ~ E 1 - ~ / { 6 t l " ' '  (~ip Vto( V V t )  4r 
0 / = 1  

~Jl... ~Jo Vo}] ~ at- 
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Let  6 ~ = 6 p  a~ ~ . . . 6~ ~ and let Ivl = v~ + Y 2  -~- " " " + Yk  for v = ( v 1 ,  Y 2 ,  �9 �9 �9 , Y k ) .  In 
this article we assume the following conditions. 
(1) Vo, V a n d  ( V V ' )  + are smooth in (x, 0). 
(2) There exists a constant  C such that 

I No(x, 0)1 ~ c 0  + Ixl) 

for all x and 0. 
(3) For  Inl >= 1, F = Vo, V , (VV ' )+,sup~ ,o tO"FI  < co. 
(4) For  Ivl _>- 1 and Inl _-> 0, a constant  C~,. exists and 

sup 10"6 ~ gol ~ C~,.(1 + Ixl)Q.,  
0 

for all x. 
(5) I(O), 0 s O, are positive definite. For  0o e O, there exists ao > 0 such that 

T 
[V~ - V~ VV')+~176 - V~ dt > ao[O - 0ol 2 

0 

for 0 s O .  

R e m a r k  3.1. To derive the results in this article, we can relax the above conditions. 
By large-deviation argument,  they can be replaced by a certain set of regularity 
conditions about  V0 and V near the ne ighborhood of the path of X ~ 

Let  
1~(0; 0o) = logAn(0; X ~'~176 . 

For  matrix A = (AU), let lA 12 = 521,~1A ulz. Choose 7 so that 0 < ~ < �89 Let  too, no s 
N satisfy rno > ~ + 2. The Sobolev space wm~176 is the Banach space en- 
dowed with the norm 

)l/2no 
2no 

II u II rv . . . . . .  (o) = Y~ II 6 " u  II L2,o(O) , 
Inl < mo 

where Lp(O) denotes the Lp space on O with respect to the Lebesgue measure. 
Then, by Sobolev's lemma, the inclusion W"~176 c C 2 ( 0 )  is continuous,  that 
is, there exists a positive constant  C (mo, 2no, 2, O) such that  

It u [I c;(•) < C(mo, 2no ,  2, O)II u II w . . . . . .  (0) 

for u s  Wm~176 where 

]lullEd(O) = ~ sup la"u(0)l. 
Inr _-< 2 0so  

For  0o s O let 
T 

Q-ilz(W, e, O) = ~ &j ~'~o,t(O)'( V V ' )  +~ &z IPf),,(0)dt, 
0 

j, l = 1 . . . . .  k, where 1 
6PS,,(o) = .[ 6vM(Oo + u ( O  - Oo))du 

o 
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and let Ql(w, e, 0) = (Q{l(w, ~, 0)). Moreover ,  let 

T 

Q . ~ ( w ,  ~, o )  = ~ E W o , , ( o )  - ~ ' ' +~ Vo,t(Oo) ] ( V V  )t [ V~o, t(O) - Veo,t(Oo) "] dt  . 
o 

When ~ = 0, QI(W, O, O) and Qz(w, O, O) are deterministic and denoted by Qt(0, 0) 
and Q2(0, 0), respectively. For  ~/e(0, 1), define 

and 

f {t(w, e, r h O) = Q~(w, ~le, O) - Q{t(O, 0 ) ,  

f 2 (w ,  e, rl, O) = Q2(w,  ~ ,  O) - (22(0, O) 

T 

f3(w, ~, tl, O) = ~i -  2~ ~ [ V"o~t(O) - Vno~t(Oo)]' ( VV ' )  +~ V"t"dwt . 
0 

For  0o ~ O and c > 0 let 

k 3 
c W 2no r, , ,(  ) = c  ~ Ilf{Z(w,~,tl, ') w ...... ( o ) + c  ~ IIf~(w,~,r/,') 2~o W,.O,2~ . 

j , l=l i = 2  

For  each es(0 ,  1], c > 0 and w~ W, the function ~ /~  r~,,(w), t /s(0,  1), is smooth.  
Let 

Rg(w) IlrL(w) 2 = II w i ,~ ( (o , I ) )  �9 

There exists a positive constant  C(1, 2, 0,(0, 1)) such that 

II U IlCt,((O, 1)) ~ C(1, 2, 0,(0, 1))II u I} wl.~I(oA)) 

for ue  W1'2((0, 1)), where Ilullc~,o,l~ = sup,~(O,l~ lu@l.  Let 

Co = C(mo, 2no, 2, O) C(1, 2, 0,(0, 1)) 1/2"~ . 

There exists dl > 0 such that {0; l0 - 0ol < dl } c O ,  

1 
sup IQl(O,O)- I (Oo) l  < ~ 2 1  

10-0ol=<dl  
and 

I(0o) 1 sup 62Q2(0, O) - < ~ 21 , 
IO-Ool <dx 

where 21 = inflr I = 1 ~'1(0o)~, the minimum eigenvalue of 1(0o). 

Lemma 3.1 Let  Co satisfy Coco p~ < m i n { ~  21, �88 aod2}, where Pl = 2@o. Suppose 
c > Co. Then, 
(1) I f  e ~ < dl and R~(w) < 1, a maximum likelihood estimate 0~,(w; 0o ) exists and is in 
(0; 10 - 0o1 < e'~}for e' < e. 
(2) I re  ~ < dl and R~(w) < 1, 

sup ~'~2z'2le'(O; 0o)~ < 1 
[ r  = - ~ 2 1  ' 

I0--0o1 _-<d~ 
for ~' < ~. 
(3) I f  e ~ < dl and R~(w) < 1, the maximum likelihood estimate O~,(w; 0o) is a unique 
solution in {0; 10 - 0o1 < dr} of the equation cSl~,(O; 0o) = O for e' < e. 
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(4) Le t  Of(w) = O(Ra~(w)) i f  ~ < dl and let O~(w) = 0 if  e ~ > dl .  Then, 
0 < O~(w) < 1 and ~ ( w ) 6 D  ~176 

(5) 0~(w; 0o) can be ex tended  to a funct ional  on W and O~(w)0~(w; 0o)~D~(Rk). 
(6) For any n = l, 2, . . . ,O~(w) = l - O(e ") in D ~ as e $ O. 

Proof. (1) Suppose e ~ < dl and R~(w) < 1. By definition of RC(w) and Sobolev's 
inequality, we have 

sup [I QJll( w, e', ") - Q{l(O, )llc~(o~ <= Coe - ~  , 

and 

sup 1] Q2(w, e', " ) -  Q2(O, ')]lc~(ot <= Coc-p~ 

W 
e ' I - 2 ' ~  ~ [" # ' V~'dwt Vo,~(Oo)3 ( v v ' ) ?  ~' < Vo,~( ) -  ~' ' = Coc -~'  s u p  D 

e'<=~ o C~(O) 

Since c > Co, from Condit ion (5), we see that 

inf e'- 2~ Q2(w, e', O) > inf 
da<10-0ol  d l<10-0o[  

~'-~'[Q2(O, 0) - Coc - ~ ]  

> e-2~[aod 2 _ Coc-P~] 

= > ~ aod~ 

and 

inf 
#~<[O-Oo[<dl 

e'-zr Q2(w, e', 0) = inf 
~'~<_lO-Ool <_dl 

~" << g 

8 ' - 2 7 ( 0  - -  O0)' Q I ( W  , F/, O) (0 --  00) 

> inf 
Ir 

g'<=lO-Ool<=d~ 

~'Ql(w, e', 0)~ 

> inf 
I~1=1 

e ~< 0 -0o  <d '=1  I = 1  

~' QI(O, 0)3 - kCoc  -p~ 

1 
>-_ ~ it1 - kCoc  -p~ 

3 

Therefore, 

inf 
e',__< [0-0o I 

e ' -2~Q2(w,  e', O) > min aod2, g q =:C1 �9 
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Then, 

sup 
~'"_-<- 10- 0ol 
0 e O , g < ~  

1 
e'2(~-~)l-l~,(O; 0 o ) -  I~,(0o; 0o)3 ~ Co c-p~ - ~  Ca 

1 2 < m a x { - g a o d l ,  1 ), 
- 16  ~ j < 0 .  

Therefore, if s < d~ and R~(w) < 1, there exists a maximum likelihood estimate 
O~,(w; 0o)e{0; 10 - 0o1 < e '7} for e' < e. This proves (1). 
(2) If e 7 < dl and R~(w) < 1, 

Consequently, 

sup ]~'zo21~,(0; 0o) + I(0o)l 
10-0ol  <d~ 

1 I(0o) <=2Coc-V*+ sup - ~62Q2(0, 0) + 
[O-Oo]<=a~ 

1 
<= ~ ,h 

1 
sup ~' (~2~'21e'(0; 00)~ ~ -- ~ ~i �9 

IO-Ool <dt 

(3) Since 0 ~ l~,(O; 0o) is smooth, 0~,(w; 0o) is a root of the estimating equation 
6I~,(0;0o)=0. From (2) we see that this root is a unique solution in 
{Io - Ooi =< dl} .  
(4) is easy. 
(5) Let 0~(W;0o)=0o if s or s  and R~(w)>l .  Suppose e y < d l .  
For h e H ,  if R~(w) <1 ,  there exists to(w,h) > 0 such that R~(w + th) < 1 for 
Itl < to(W, h). Then, IO~(w + th; 0o) - 0ol < e ~ and 

(~l~(O~(w + th; 0o); 0o) [w + th] = O . 

By the uniform non-degeneracy of the bilinear forms e262l~(0; 0o) and the Taylor 
formula, we have 

10~(w + th; 0o) - 0~(w; 0o)l < 22111e281~(O~(w + th; 0o); 0o) [w]l 

= 22;ZleZ61~(O~(w + th; 0o); 0o) [w] 

- e261~(O~(w + th; 0o); 0o)[w + th][ 

(3.1) 
< 22i -1 sup]e2(~/~(0; Oo)[W] - eZc~le(0; 0o)[-w + th]l . 

0~O 

Let H1 be any bounded set in (H, H " Iln). We define the process X* = supu_<s[Xul for 
process X. From the stochastic differential equation (1.1), we have for h e Ha, 

t 

X ; ( w  + h) - X ~ = i ~V(X~  ds + S { [ Vo(X](w + h), 0o) - Vo(X ~ 0o)] 
0 0 

+ ~[ v(X~(w + h ) ) -  v(x~ ds 
t 

+ ~ eV(X•(w + hl)dws.  
0 
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By Lemma 3.2 (1) below we have 

(3.2) sup IIX~*(w + h)llzp< oo 
~ ( 0 ,  1) 

h e l l 1  

for p__> 1. 
Next, let Z~(t, 7, h) = X~(w + t~h) - X~(w) for se [0 ,  T], ee(0, 1), t, t/e(0, 1) 

and hel l .  Then, Z~(t, tl, h) satisfies 

Z~(t, tl, h) = i et~V(X~(w + t~h))t~,du 
0 

+ i [ Vo(X~,( w + ttlh), 0o) - Vo(X~(w), 0o)3 du 
0 

+ e i [ V(X~.( w + trlh)) - V(X~(w))] dw. .  
0 

Using Lemma 3.2 (1) below we have for p e N ,  > 2, 

H Z•(t, tl, h)[Iv =< C1 l tgt/[ 

for some C1 > 0 depending on Conditions (2), (3), d, r, p, Xo, T and II h [[•. More- 
over let 

0 
W:(t, 1"1, h) = ~ X:(w + t~h) , 

se[0 ,  T], ee(0, 1), t, t/e(0, 1) and hel l .  Then, W~(t, tl, h) satisfies the stochastic 
integral equation 

W~(t, rl, h) = i teV(X~(w + trlh))h, du 
0 

+ i [ ~ ~i Vo(X~u(W + trlh), Oo) [ W~(t, rl, h)-]i 

+ terl ~ ai V(X~(w + trlh)) [ W~(t, rl, h)]ih.1 du 
i A 

+ e i ~ ai V(X~(w + tqh)) [ W~(t, 7, h) f  dw, .  
0 i 

Again by Lemma 3.2 (1) and (3.2) we have 

I1W~*(t, tt, h) llp < C2te 

for p e N ,  p > 2, where Cz depends on Conditions (2), (3), d, r, p, x0, T and I[ h [[n, 
After all we obtain 

sup E sup (X](w + tqh) - X](w)) ~ 0 as t ~ 0 
tie(0, 1) O < s < T  
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for I = 0, 1, h e H, each e and all p > 2. From this we obtain, using the Burkh61der- 
Davis-Gundy inequality and (4), 

sup E ( ~ o  6~(6/~(0; 0o)[w + trlh] - 61~(0; 0o)[w]) p-~ 0 
~o,~) \ a ~ j  

as t --* 0 for Vo, v~ . . . .  , Vk > O, Vo + V~ + �9 �9 �9 + Vk < 1, h e H ,  each e and all p > 1. 
Consequently, 

E 6~(6/,(0; 0o)[w + trlh] - 61~(0; 0o)[W]) dr/d0 --*0 
,o, • V , /  

a s t ~ 0 f o r % , v ~  . . . .  , Vk > O, vo 4- vl + " " " + vk < l, h~HH, each e and  all p > l. 
By Sobolev's lemma, we see that there exists a sequence (tq} ~ 0, q = 1, 2 , . . . ,  such 
that 

sup 161~(0; 0o)[W + tqrlh] - 61~(0; 0o)[W]l ~ 0 ,  a.s. 
tt~ (0 ,1)  

0~O 

as q ~ ~ for hsHH, each e. Consequently, we see that the right hand side of (3.1) 
tends to zero a.s. as t ~ 0 and obtain 

lim O~(w + th; 0o) = 0~(w; 0o), a.s. 
t ~ 0  

if R~(w) < 1. 
If R ~ ( w ) >  1, R~C(w)> 1 and hence for any heI - I  and some h ( w , h ) >  O, 

O,(w -I- th) = 0 if [tl < tl(W, h). Therefore, limt-.o0~(w + th)O,(w + th; 0o) = 
O~(w) O~(w; 0o) for h e l l ,  we W, ee(0, 1). Functionals O,(w)O~(w; 0o) are bounded 
and in (~p> 1Lp( W, P). Next, we calculate H-derivatives of these functionals. For 
R~(w) < 1, h e H  and It[ < to(W, h), 

e261~(O~(w + th; Oo ); 0o) [w + th] - e261~(O~(w; 0o); 0o) [-w 4- th] 

= -ez61~(O~(w; 0o); 0o)[w + th] + ez61~(O~(w; 0o); Oo)[W]. 

For i = 1 . . . . .  k, there exist 0 and ~" such that 

1 5 -  O~(w; 0o)1 < IO~(w + th; 0o) - 0~(w; 0o)1, 

[~[ < ]t[ and 

e266il~(0; 00) [w + th] (O~(w + th; 00) - 0,(w; 00)) 

= --t(Dhe26il~)(O~(w; 00); 00) [W + ~h] . 

Dividing both sides by t and t --* 0 we have 

DhO~(w; 00) = -- Ee2621~(O~(w; 00); 00)Ew]-l-1(Dhe261~)(O~(w; 00); 00)[w] 

for h s I - I  if ~ < dl and R~(w) < 1. Then H-derivative of O~(w)0,(w; 00) exists and 

DhE~k~(w)O~(w; 0o)] = EDhO~(w)]O~(w; 0o) + O~(w)DhO,(w; 0o) .  
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When R~(w) > 1, R~C(w) > 1 and O,(w + th) = 0 if It[ < tl(w,h). Therefore, 
Dh[#Ie(w)O~(w; 00) ] exists and equals zero. Thus we see that ~(w)0~(w; 0o) is 
//-differentiable on whole W. The//-derivative is in Lp( W, P), p > 1. In fact, this 
follows from uniform non-degeneracy of ~2621~(0; 0o) and the integrability of 
sup0~o I De261~(O; Oo)lus, which is obtained by estimating the Sobolev norm 

E[  l[ [DeZ61~('; 0o) [w] 12s I[p ~,~(o)] �9 

For a representation of Dale(O; 0o) see Section 4. Similarly we can verify existence 
and integrability of higher order H-derivatives, which completes the proof of (5). 
(6) From the following Lemma 3.2 (3) for any n e N  and cz >0 ,  
P(R~(w) > Cl) = O(e ") as e $ 0. From this fact we can show (6) in view of the chain 
rule for H-derivatives. This completes the proof. [] 

Lemma 3.2. (1) Let ~(t) ,  t e  [0, T], e~(O, 1), 0e  O (an index set), be d-dimensional 
nonanticipative processes given by 

~o(t) = q~o(t) + ~ :do(S)~(s)ds + ~ fl~o(s)dws , 
0 0 

where tfo is an Rd-valued continuous nonanticipative process, Cdo is an R d | Rm-valued 
nonanticipative process, fi~o is an Rd | Rr-valued nonanticipative process, ~ is an 
Rm-valued function satisfying 

T 

j i~(s)12 ds < oo 
0 

and w is an r-dimensional Wiener process. Suppose that there exist positive constants 
Ki, i = 1, 2, 3, such that 

and 

Ifi~(s)l ~ K2(l~g~(s)[ + K3),  

a.s. for any ee(0, 1), 0 ~ 0 ,  0 <_ s <_ T. Assume that for all neN,  e~(0, 1) and O~O, 

[_O<=t<=T 

Then, for any n >= 2, there exists positive constant Cn = Cn(T, d, r, K1, KE) such that 

n 

supE sup r~g(t)[" < C~exp Cn tO(s)12ds 
0 ~ 0  O<--t<-T 0 

for ~c(O, 1). 
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(2) Under Conditions (1), (2) and (3), for hEN there exist positive constants cl, c2 
independent of e such that 

and 

sup E (  sup IX"~"-X~ 
q ~ ( O ,  1) O<-t<-T 

/ sup E sup Xy ~ ~ C2 8n 
q e ( O ,  1) \O<=t<-T  

for se(0 ,  1). 
(3) ForneN, c>Oanda>O, 

Proof (1) Let  

P(R~(w) > a) = O(&) . 

aN = inf{t  > 0; [~(t)] > N} A T 

for N 8 N. For  some Co > 0 

I~g(t)l 2 < Co ]r/~(t)] 2 + K 2 I~g(s)] 2 ds + fi~o(s)dws , 
0 0 

where Ko = (~ ]0 ( s ) [2  ds)l/2. By the Burkh61der-Davis-Gundy inequality 

E fl~o(s) <Cl(n,T, K2,d,r) K~+ El~g(sAaN)l"ds , 
0 aN 0 

t ~ [-0, T] ,  ~ ~ (0, 1), 0 E O, for some C1 (n, T, K2, d, r) > 0. Using assumptions we 
have 

g , n  z ~ , t l  E(I~oI,A~N) < C2(1 + g ~ )  g(l~gl:*") + E(l~ol . . . .  )d s  + g ~ "  , 
0 / 

r e [0 ,  T] ,  es(0 ,  1), 0 ~ O ,  for some C2 = C2(n, T, Kt, K2, d, r) > 0. By Gronwall 's  
lemma we have 

E( ~ *~ = e c~(I +K'~T I~o]r~, , )  < C2(1 + /g )EE( I t /~ l*" )  + K ~ e " ] ,  

e ~ (0, 1), 0 ~ O. Lett ing N ~ oo we have the result. 

(2) Weknowthat(XT~-X~ 

f d(X] ~ - X ~ = [ Vo(X] ~, 00) - Vo(X ~ 00)] dt + tl~V(X]~)dwt 

d OT-X]~=c~Vo(Xnt~,Oo) OT-X't~dt +e~tlc?V(X~) OT-Xnt~+ V(Xnt~)ldwt 
o~l o~l L o~ j 

X,o~ _ X O  = O 

~ X ~ z O .  



292 N. Yoshida 

Since 0Vo(', 0o) and ~V are bounded and Vo(', 0o) and V are of linear growth 
order, we can apply (1) to this case and obtain the result. 
(3) It suffices to show that for any m ~ N there exists n ~ N such that E [IR~(w) l"] = 
O(e m) as e ~ 0. We can estimate the norms of the parts of R~(w) corresponding to 
f i  t and f2 by (2). For the part corresponding to f3, we obtain a similar estimate 
using (2) and the Burkh61der-Davis-Gundy inequality, which completes the 
proof. [] 

In the context of the higher order statistical asymptotic theory we need to 
modify the maximum likelihood estimators to get efficient estimators. We call an 
estimator 0* a bias corrected maximum likelihood estimator if 

where b(O) is a bounded smooth function. Then, O~(w)@ is well-defined. The 
following lemma gives its expansion formula. 

Lemma 3.3 O~(w) e- t (@ (w; 0o) - 0o) e D oo (R k) has the asymptotic expansion 

~*(w; 0o) - 0o 
O~(w) "~ fo + efl  + " " in D ~ ( R  k) as e $ O 

with fo, f l . . . .  ~ D ~~ (Rk). In particular, 

fo = I(0o) -~B  , 

f l  = -b(Oo)  + �89 - l (Oo)F + ) I - l (Oo)QI - l (Oo)B  . . . . .  

where B = (Bi), F = (F i) and Q = (Qf, j) are defined as follows. 

B ~=m((i) /O),  i = l  . . . .  , k ,  

r ~=2m(( i ) /1 ) ,  i = l , . . . , k ,  

k 
1Blm N. . Qi, j =  ~ [I(0o)- ~ ,,a,~+2Ai.j, i , j = l , . . . , k ,  

m=l  

w h e r e  

N,,j.,, = - [n((j i)(m)/O) + n((im)( j)/O) + n((mj)(i)/O)], i,j, m = 1 . . . . .  k ,  

A ~ . j = m ( ( j i ) / O ) -  n( ( j ) ( i ) /1) ,  i,j--= 1,. . . , k .  

Proof  Suppose e~ < dl and R~o(W) < 1. Let F(O, 8, w) = eZal~(O; 0o) [w]. The map- 
ping (e, 0)--+ F(O, e, w) is smooth and A(O, e, w):= 6F(O, e, w) is non-singular for 
e < eo and 0 satisfying 10 - 0ol < da uniformly. Moreover, by Lemma 3.2 (1), it can 
be proved that for a.s. w e W and e > 0, 

lim sup IF(O, 8 + u, w) - F(O, e, w)l = 0 .  
u--+0 0~O 

Therefore, the mapping e --+ 6~(w; 0o) is continuous. Hence, we have 

OF (O~(w; 0o), 8, w) a ~ (w; 0o) = -A(J~(w; 0o), ~, w) -1 (3.3) t?-~ 
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for s < So. In particular, 

fo = lira ~ O*(w; 0o) = I(Oo)-lB 

Differentiate (3.3) once more  we get ~ 0*(w; 0o) and f l .  Similarly, we have 

@ (w; 0o), i = 3, 4 , . . .  and their limits in terms of A, F, B, their derivatives 

with respect to 0 and s, and 0jw;  0o). Therefore,  @(w; 0o) is smooth  on [0, so). 
Then we have the expansion 

S S 2 
6*~(w; Oo) = Oo + ~ (ao)o6.*(w; Oo) + ~ (ao)o:&(w; Oo) + . . .  

S j - 1  
+ - -  (ao){ &(w; Oo) 

( j  -- 1)[ 

I 1 (1 -- S) j-  1 (150)i~ 6*(W; 0 0 ) d s  ~J + 
~9 ( j  -- 1)! 

for s _<_ So, where (6o)~ denotes the s-derivative at s. Hence, 

S 2 
O~(w)6*~ (w; Oo) = ~,~(w)Oo + O~(w) ~ (ao)o&(w; Oo) + O~(w) ~. (ao)o~&(w; Oo) 

1 1 
+ " "  + ~kjw)s j ! ~ (1 - s) j-~ (5o)i~&(w; 0o )ds .  

This expansion holds on W. The H-derivatives of the integrands of the residual 
term take the form of (1 - s) i -  1 G(0~jw; 0o), w), where G(O, w) is an H |  �9 �9 �9 | 
/-/-valued random field on O. Estimating the norm 

E[  II I G(' w) l~s " , , Ilw~o,~.o(o)] 
p > 1, before substituting 0~jw; 0o) for 0, we can show 

Oe(W)S-1(6~(W; 00) --  00) "~ ~r 1 ((~0)0 6.~(W; 00) § @~(W)~ ((~0)g6:l:(W; 00) 
1 !  A! 

1 
(ao)o&(W; Oo) + ~~(ao),~6*(w; Oo) + . . .  

+ . . . .  1-~ 

in D~(R k) as e $ 0 since ~kjw) = 1 - O(e') in D ~~ as e $ 0 for n~N.  This completes 
the proof. [] 

Remarks 3.2. (1) Formally,  we may write 

Bi OF i =l im-- (0 , (W;0o) , e ,w) ,  i =  1 , . . .  k, 
~; o (~ 

02F ~ 
F ~ -= lim ~T-e2 (0jw; 0o), e, w), i = 1 . . . . .  k, 
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Qi,j = lim d [A(0~(w; 0o), e, w)] i'i 
~+ode 

0 2 F  i 
+ l i m Z ~ ( 0 ~ ( W ; 0 o ) , e , w ) ,  i , j = l , . . . , k ,  

e,ko 

N~,j,m = lira 6~ 61F~(O~(w; 0o), e, w), i, j, m = 1 . . . .  , k ,  
~,L0 

CZ F i 
Ai, j - -  lim m (O~(w; 0o), ~, w), i ,j  = 1, k 

~ o CeCOJ " " '  " 

(2) Ku toyan t s  [7] proved  an expansion formula  for the m a x i m u m  likelihood 
es t imator  of one dimension. We will need a smooth  t runcat ion to apply  Mall iavin 's  
calculus. 
For  h ~ R e we denote the log likelihood ratio 

Then, 

l~,h(w; 0o) = l~(Oo + eh; 0o) - l~(Oo; 0o) .  

T 

l~,h(w; 0o) = ~ e-t[V~o,t(Oo + eh) ~ ' ' +~ - Vo,t(0o)] ( V V ) t  V~dwt 
0 

1 r 
v v  )3 [ Vo,,(0o + ~h) - vk~(0o ) ]d t  2 e-Z[v~~176 + eh) - Vf~,~(0o)]'( ' +~ ~ 

The  following l emma gives the expansion of the likelihood ratio, which is ra ther  
easy to show and the p roof  is omitted.  

L e m m a  3.4 The log likelihood ratio l~,h(w;Oo)~D ~~ and has the asymptotic 
expansion 

l~,h(W; 00) ~ f ~  + e f  L + ' ' "  in D ~ as e ,L O, 

with f ~, f ~, . . . ~ D ~~ In particular, 

f ~  = h'B - �89 

f ~  = ~ h~m((i)/1) + ~ h~hJm((iJ)/O) 
i = 1  i , j = l  

k 
k 1 ~ hihJhmn((ij)(m)/O) . . . . .  1 ~, h i h J n ( ( i ) ( j ) / 1 ) _ ~ i , j , m = l  

2 i ,  j = l  

This expansion holds uniformly in any compact set of  R e. 

4 Asymptotic expansions of  probability 

First, we know that  for h ~ H 

i w w - 1  V~l~sds DhX~ "~176 = e ~ t ~  
0 
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For h ~ H, the H-derivative of F(O, e, w) in the direction of h is 

T 

DhF(O, e, w) = e ~ [6V'o(VV' )  + V];(O)t~tdt 
0 

T 

+ ~ I Y. [~{6V 'o (VV ' )  + ~ ~,oo,~ V}],(O)DhXt dwt 
0 l 

T 

-- ~ ~, [ ~{6V 'o(VV' )+  (Vo( �9 , O) - Vo(', Oo)) } ];(O)DhX;'~176 dt 
0 1 

T T 

= e ~ [6V'o(VV')  + V];(O)htdt + ~2 ~ K],~(O)hsds 
0 0 

T 

-- e Z (O -- Oo)J ~ K~,;, ,(O)h~ds , 
j o 

where 

and 

T 

K],s(O) = 2 ~ [ ~I{(~V~o(VV') + V}]~(0) [ Y;] lm dwt[ ys e- 1 V~s]m. 
m , I  S 

T 1 

/<~,j,~(0) = g ~ [e~{6yo(., o) ' ( vv ' )  + S 6jVo 
l s 0 

( ' ,  Oo + u(O - 0o))du}]~[Y~]t'dt y]-1  V] . 

Let ~(w) = O(R3~(w)) for some fixed c > Co. Then, if ~(w) > 0, 

Dh)~(w)O~(w; 0o) = --A(0~(w; 0o), e, W)- ' DhF(d~(W; 0o), e, W) . 

Therefore, the Malliavin covariance of O~(w) e- 1 ((~(w; 0o) - 0o) is 

T 

= A(O~(w; 0o), e, w) -~ ~ { [aV'o (VV' )  + V]~(d~(w; 0o)) 
0 

+ ~:~,~(d~(w; Oo)) - Y [~(w; Oo) - Oo]J/~,j,s(6~(w; Oo))} 
J 

{ . . .  }' dsA(O~(w; 0o), e, w) -1 , 

and this can be denoted by 

A (0~(w; 0o), e, w)-i { I~(w) + eR] (w) + R~ (w) (0~(w; 0o) -- 0o) } A (0~(w; 0o),e, w)-i , 

where 
T 

U(w) = ~ [6V 'o (VV ' )  + 6Vo]](J~(w; 0o))ds, 
0 

R~z(W) is a 3-liner form and R"z(W)(X) = R~(w) Ix , . ,  .]. 
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The Malliavin covariance of ~ 5 - l ( 0 * ( w ;  0o) - 0o) is given by 

~rO,,-q*(w; oo) = (Ik -- 525b(0e(w; 0o)))%, 8 ~g,(w; Oo)(Ik -- 5Z(~b(Oe( w; 0o))) '  

if Ct(w) > 0. 
Let 

fo(w, 5, O) = Qo(w, 5, O) - Qo(O, 0) ,  

where 

Define 

T 

Qo(W, 5, o) = S [6V'o(VV')+ ~Vo]:(o) ds . 
0 

R~o"t(w) = c ' l l  I f o ( w ,  e, " )[ 2 2.~ W,~, 2n~(O) 

k 
for c' > 0, m~, n I E N ,  m I > - -  

2n1" 
Let  

~(w) = ]51/2R] (w)[ 2 + ]57/2R~z(W)]2 + R~o"t(w) + R~(w)  . 

Then, ~t(w)eD ~, since we can replace 0t(w; 0o) in the right hand side of the 
representat ion of %,~ %(w; 0o) by r 00). 

Lemma 4.1 For some eo > 0 and c' > O, 

sup E[I{I~I __< 1} (det aO, ~ 'g*(w; Oo)) -p]  < oe 
t<gO 

for all p > 1. 

Proof  If [~t[ < 1, 10t(w; 0o) - 0o1 < e' and 

lit(w) - I(0o)t < [No(w, ~, 0~(w; 0o))l + ]Qo(0, 0~(w; 0o)) - I(0o)1 

5~ C; r + sup IQ0(0, 0) - Q0(0, 00)l, 
IO - 0 o l  < ~ 

where C~ stems from the Sobolev inequality for O. Moreover ,  if [~t[ -<_ 1, 

leR~ (w)l < ~:/2 

and 
IR~(w)(6~(w; 0o) - 0o)l < eVlR%(w)l < 52 . 

F rom  the proof  of Lemma 3.1 (2), we see that  if 5 ~ < dl and R~(w) < 1, the opera tor  
norm of A(O~(w; 0o), e, w) < 2k + �89 where Zk is the maximum eigenvalue of I(0o). 
Thus there exist small 5o, large c' and some c" > 0 such that 

det o -~-  %.(w; 0o) > c" 

for e < 5o if ~t(w) < 1. This completes the proof. [] 
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Lemma 4.2 ~(w) has an asymptotic expansion in D + and for h e N  and c 1 > 0, 

P [ I ~ I  > c l ]  = 0 (59  

as~J,O. 

Proof. From Lemma 3.2 (2) we see that for n e N  and ca > 0 

P[R~o"~(w) > cl] = 0(5") 

as e J, 0. Applying Lemma 3.2 (1) to Y~ - Yt and Yf-1 _ y;-1 we have 

L O < t < T  I L O<t<=T 

for all n e N .  For  n e N ,  ca > 0 and c~ > 0 

P i e  ~ sup ,K~z,j,s(O), > c a ] = O ( ~ " )  
i s t [0 ,  T] 

0cO 

as e ~ 0 for j = 1, . . ,  k. Applying the Burkh61der-Davis-Gundy inequality to 

T T 

S [a,{6V'o(VV') + v}] ; (0)  [ ~ '~ Y,] dw, = ~ [~3,{6V'o(VV') + ~ ~ ' '  V}]t(O)[Y,]  dw, 
s 0 

- i [O,{6V'o(VV') + V}]~(0)[ Y~]' 'dw, 
0 

and its derivatives in 0, we have 

I , ] sup g sup liKe,s()llw',='-<o) < 
ee(O, 1) L se[O, T] 

for l, m, n e N .  By Sobolev's lemma we see that for any ~ > O, h e N  and cl > 0 

P [ ~  sup sup,K] ,s(0) ,  >Cl]=O(e ' )  
se[O,T] OeO 

as ~ J, O. Since 

P [ I~ I  > ca] < P[ I~I  > c~, R~(w) < 1] + P[R~(w) > 1] 

and I O~(w; 0o) - 0ol < e ~ if R~(w) < 1, it is not difficult to show this lemma by 
Lemma 3.2 (3). [] 

Let qS(x;/~, S) be the probability density function of the k-dimensional normal 
distribution with mean /~ and covariance matrix S. Let I -a (Oo)= I - l =  (IU). 
Then, we have the following theorem. 

Theorem 4.1 The probability distribution of the bias corrected maximum likelihood 
estimator @(w; 0o) has the asymptotic expansion 

0o ] 
e A  ~ ~ po(x)dx + e ~ pa(x)dx + " "  as s ~ O, A e B  k 

A A 
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The expansion is uniform in Borel sets A E B k. In particular, 

po(x) = O(x; O, I - i ) ,  

Pl(X) = I 2 IiJAi,j, lxl-{- S IiJBi, l,J x l -  S bJ(Oo)lj tXl 
, , j , l  i , j , l  j , I  

- ~, Ai,j, t x ixJx  l -  ~ ~Bi, j ,  tx~xJx ~ ~b(x;0, I 1 ) , . . . ,  
i , j , l  i , j , l  

where 

and 

Ai, j,,  2 o o l,~=1 

Proof  Let 

T t  d 
= Z 

0 0 1, m = $  

and 

T t  d 

B,,j ,~ = n ( ( i j )  ( l ) / O )  . 

[ a , { 6 , V , o ( V V , ) +  v } ] O ( O o ) [  , , + -  o ,~ ~~ V ( V V )  OsVo],(Oo)Y , g, dsdt 

A**n = ~ ~ 2 [(~i V~o(VV') + Vl~ [O,{V'(VV')+ c~j Vo}]~ y~mg~nn dsdt .  
0 0 l , m = l  

Then, A-*- = A-*.* and 

, , = ~(Ai,j, n + ,,j, Ai j , 1 . A.**. ,) . 

It suffices to verify the conditions of Theorem 2.2 for 

= ~ $ 1 ( 6 " ( w ;  0o) - 0o) 

and ~ given above. The condit ion 2) is presented by Lemma 3.3. The condit ion 1) 
follows from Lemma 4.1. Condit ions 3) and 4) are by Lemma 4.2. Lemma 2.1 gave 
5). Therefore, for A e B k, we have the asymptot ic  expansion 

O(~)IA(O~e-l(0*(w; 0o) - 0o)) ~ (iDa, o -'~ ~(~a,1 ~ - ' ' '  i n / 5  -~~ as e ~ 0 

uniformly in A ~ B k, where 

(])A,O = I A(fO), 
k 

~ a , ~  = ~ f l a ,  I A ( f o ) , .  . .  . 
, =1  

Hence, by Lemmas 4.2, and 2.2, 

E[-qSA, 0] + eE[~/'A, 1] + �9 " " 
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as e $ 0, uniformly in A e B  k. Therefore, the rest is to calculate E [ ~ A , i ]  , 

i = 0, 1 , . . . .  F rom the regularity of fo and integration by parts formula, 

E[Cl)A,~] = E[Gi(W)IA ~ = E[Gi(W)IA(fo)-I  

= J E[Gi (w) l fo  = x ] P f o ( x ) d x  
A 

for some smooth functional G~(w). Therefore, each term is represented by an 
integration of a smooth function. We will only determine Po and pl .  Po is trivial. 
Considering A = {y = (y~); y~ > x i, i = 1 , . . . ,  k}, x = (x~)~R k, we see 

(4.1) = (-1) k ~ 0~'0~ " "  ~i_1~i+1 ' ' "  O k E [ f i l H ~ l ( f ~ )  " ' "  6 ~ ( f ~ ) . . .  H ~ ( f ~ ) ]  
i 

= - ~_, a , E [ f ] , S x ( f o ) ]  = - ~ ar { E [ f ]  Ifo = x ] p f o ( X ) } ,  
i i 

where Hx(y)  = lrx,~o)(y) for x, y e R .  Let 

a, = I ' , ~ v ~  ~ v ~ 

and 
~i,, = [~{6,  V ' o ( V V ' )  + v}]~ 

Then, by Lemma 4.3 below we have 

i l g [ m ( ( i ) / 1 ) l f o  = x] = g ~ 7~,tD~dwtlfo = x 
l 

= ~ E [ i Y i ' t i [ Y ~ l ~ ' Y s l V ~  o o 

= ~' Tr S S [6V 'o (VV ' )  + V]~ 
l o o  

[c3~ { V ' ( V V ' )  + c5~ Vo } ]o (0o) [ Yt] 1 g~dsdt (xx '  - I - 1)~ 
/ 

= ~ A*j , I (x  Jxl - I~il), 
j , l  

E [m((j i) /O)l  fo = x] = E [6j6i at dw~ = x 
0 

T 

= ~ [. [ 6 j 6 1 V ' o ( V V ' ) + , ~  Vo3 ~ (Oo)dtx  ~ 
l 0 

= 2 B i ,  j ,  I X l  
1 
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and 

1 E[n(( i ) ( j ) /1 ) l fo  = x] = E [c~{6~ g 'o(gg ' )+6jVo}]~ = x 

= E [a,{6~ v ; ( v w ) + 6 j  Vo}]~ Y,y �9 

( i Y [ 1 V ~  dt ia tdw~ = x ]  

T t 

= ~ ~ ,  [~?~{c~z V'o(VV')+F)j Vo}]~ 
o o ~  

= ~ 2Az, j , f .  
l 

Hence, the conditional expectations appearing in the right hand side of (4.1) are 

Er  f i l  fo = x] = -b~(Oo) + � 8 9  o = x] + 1 E [ U I - I Q I - ~ B ] ~ I I o  = x] 

= -bi(Oo) + ~ I i JE[m(( j ) /1 ) l fo  = x] 
1 

(4.2) - �89 ~, IiJxmxl[n((jl)(m)/O) + n((lm)(j)/O) + n((jm)(I)/O)] 
j , l , m  

+ ~', I i2xlE[m((j l ) /O) - n((j)(1)/1)l fo = x] 
j , l  

= - E r~A*~3 S x ' -  E 1_ j , l , m  ' ' j , l ,m  2 I i m  B l ' j ' r n x j X l  

- b ' ( O o ) -  ~ I i " I i ' A * * , .  
j , l ,m  

Then, the function pl(x) can be derived from (4.1) and (4.2). This completes the 
proof. [] 

Lemma 4.3 Let w be an r-dimensional Wiener process and let functions at, bt, ct on 

[0, T] be deterministic. Let  Z = ~T ata; dt. 

(1) Let  at be R k |  and let b, be Rr-valued. Then, 

E b'tdwt atdwt = x = x'12 -1 ~ atbtdt . 
0 

(2) Let a,, b, and c, be R k | R' ,  R ~ | R ~ and R m | R~-valued, respectively. Then, 

[i(i ) i I E bsdws ctdwt atdwt x Tr I2-1 , , - 1  = = atctbsasZ (xx' - Z)dsd t  
oo 

Here Tr stands for the trace. 



Asymptotic expansion for small diffusion 301 

To prove the optimality of the maximum likelihood estimator we need the asymp- 
totic expansion of the likelihood ratio process. As the maximum likelihood es- 
timator we can show the non-degeneracy of the Malliavin covariance of the log 
likelihood ratio and obtain the following theorem. 

Theorem 4.2 Let h ~ R k and h r O. The probability distribution of the log likelihood 
ratio l~,h(W; 0o) has the asymptotic expansion 

P[I,,h(w;Oo) 6 A ] "  ~pL(x)dx + e~pL(x)dx + ' ' ' ,  ase  ~, O, A 6 B  1. 
A A 

The expansion is uniform in A ~ B ~. In particular, 

pL(x) = 0(.~; O, J ) ,  

p/(x) = [ ~, Ai, j, thihJh;]J-3[x 3 -  Jfc 2 -  3dx + JZ]q~(x; 0, J )  
L. i , j , l  ..J 

+ 2. i , j ,  ~ Bi, j,lhihJhllj_2[fc2_3 J ~ -  J] qS(~; 0, J)  , 

where J = h'I(Oo)h and 2 = x + �89 The probability distribution function of  
l~,h(W; 0o) has the asymptotic expansion 

i , j , l  

+ ~ I  ~, Bi, j, thihJhl]J- l [x  - J] }~(x;  O, J) -t- " " " , 
i , j , l  

where 4~(x; #, a 2) is the probability distribution function of the one-dimensional 
normal distribution with mean # and variance a 2. 

Proof. Constructing an appropriate smooth truncation functional the non- 
degeneracy of the Malliavin covariance is proved in the sense of Theorem 2.2 and 
we have the composite functional with a tempered distribution Ia, the asymptotic 
expansion of the generalized functional and the expansion for distribution 

P[l~,h(W; 0o) ~ A] ~ E[~bLA, 0] + eE[~bL, 1] + '" �9 

a s e $ 0 ,  A ~ B l ,  where L = I a (  L _ c L o [  tcL~ f0),  ~] ,  1 The expectation (~A,O - - J 1  A~,JOJ~ . . . .  

E[~bL, 1] = ~ pL(x)dx ,  
A 

where 

Let 

pL(x) = -- ~ {E [ f L  I f L  = X] pf~(X)} . 

4, = h'6 V~  V V ' ) ,  +~ V ~ . 
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Then, by Lemma 4.3 we have 

[ i  d w t i  1 E[m((i) /1) l f  L = x] = E ~[O{ghV'o(VV')+V}]~ atdw t = 2 
l 0 

T t  

= ~ ~ h'[SV'o(VV') + V]~ [~?{ V'(VV')+g)~ Vo}]~ 
O0 

. j - 2  [-)~2 __ j ]  

~'A* hJh 11-2lc'2 J) = / ' ,  i , j , l  a ~.~ - -  , 
j , l  

g[m((ij)/O)l fL  = X] = E [c~SjV'o(VV')+V]~ 8,dw~ = 2 
0 

T 

= ~ h'[SV'o(VV') + V]t~ [5~5j V'o(VV') + V]t~ ' dtJ  - t2 
0 

T 

= ~ h'[c~V'o(VV')+6~6jVo]~ 
0 

= ~Bi , j ,  lhlJ tX 
I 

and 

E[n((i)(j)/1)l fL  = X] = E [~,{5~V; (VV')+6jVo}]~ a, dw, = 
k_O 

T t  

= ~ ~ [e{ai v ; (  v v ' ) + a j  Vo }]O(0o) Y, Os dsdtJ  -~h2 
O 0  

Then, from Lemma 

E [ f L ] f  L = x] = 
i 

= ~ 2Ai,j, zh tJ -12 .  
1 

3.4 we have the conditional expectation 

1_~ h,hJE[m((ij)/O)lf~ = x] hiE[m((i)/1)l f~ = x] + 2 i j  

21,j hlhJE[n((i)(j)/1)]f~ = x] 

1 
2. ~. hihJhmn((ij)(m)/O) 

t , j ,m 

= I ~  Ai, j, t h l h Y h l l j - 2 [ f c 2 - J 2 - J - [  
i , j , l  

+ 1F ~ B i j  zhihJhZlJ-l[2 - J ] .  
2L,,j,~ ' , 

From this equation we obtain p~(x), which completes the proof. [] 
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The statistical theory of the asymptotic efficiency is deeply related to the 
problem of testing statistical hypotheses. To calculate the power of test statistics 
requires the asymptotic expansions of distribution functions under contiguous 
alternatives. The following lemma enables us to transform the expansion of the 
composite functional into those under contiguous alternatives in the space of the 
generalized Wiener functionals. 

Lemma 4.4 Let  r be the generalized Wiener functional given in Theorem 

2.2. Suppose that A~(w) ~ ~ o  has the asymptotic expansion 

A ~ ~ A~ + s~l(w) + 8 2 t / ] 2 ( w  ) -Jr- ' ' "  ) i n D  ~ as s + O, 

with A ~ 1 7 6  e / 5  ~ Then, A~(w)r has the asymptotic 
expansion 

A~(w)r ~ A~ + e~;.,1 + "" �9 ], in D -~176 as e $ O, 

uniformly in 2 ~ A with A ~ 1 7 6  ~ D -~ determined by the formal 
Taylor expansion 

(1 + 8( / ' /1  -[- 8 2 ~ r J  2 JI- " ' ' ) ( (JT)~,o -F- ~ ] ~ ) . , 1  + " " " ) = ~ 2 , 0  "4- 8(]~.~,1 JI- ' ' " , 

In particular, 

~ ,0  = ( ~ 2 , 0  , 

~ 1  = ~ , 1  + ~ , o ~ 1 , . . . .  

Proof  We can show this temma by Theorem 2.2 (ii) of Watanabe [17]. [] 

Lemma 4.5. (1) For Oo ~ 0 and h E R k, there exist functionals (o), s s (0, 1), on 
C([0, T], R d) satisfying the following conditions for any compact set K c R k. 

(i) o __< (o~(x) < 1, x ~ C(EO, T] ,  R~). 
(ii) (o~(X~'~176 = 1 - O(s") in D ~176 as s $ 0 uniformly in h ~ K for n = 1, 2 . . . . .  

(iii) (o~(X~'~176 ) = 1 - O(s") in D ~ as s ~ 0 uniformly in h ~ K for  n = 1, 2, . . . . 
(iv) For all p > 1, 

sup E [ 1 {~2(x,,,o(w}) > 0} exp { ply, h(w; 0o) } ] < oo.  
e~(O, 1) 

heK 

(2) Let  Oo ~ 6) and let K be any compact set o f R  k. Then, (o~(X ~'~176 exp{l~,h(W; 0o)} 
has the asymptotic expansion 

(o)(X~'~176 0o)} ~ ef~o(1 + s7'1 + Sz~P2 + " '"  ) 

in D ~176 are $ 0 with 7Jl, 7*2 . . . .  E D ~176 determined by the formal Taylor expansion 

exp{ef} + e2f L d- " ' '  } = 1 + sTJl + g2 ~tr-/2 -4- ' ' ' .  

This expansion is uniform in h ~ K. 

Proof  (1) For X ~ C([0, T-l, Ra), let 

(oh(X) = O(Q)(X)  - h'I(Oo)h) , 



304 N. Yoshida 

where 

T 

Qf(x) = a-21 [ Vo(X,, Oo + ah) - Vo(X,, 0o)]' (VV')+ (X,) 
0 

�9 [ V o ( X , ,  Oo + ~h) - Vo(Xt, 0o)] d t .  

Using Lemma 3.2 (1) for ~.Y"'0~ -- xO'0~ we have 

sup P (  sup , X ~ ' ~ 1 7 6 1 7 6 1 7 6 1 7 6  n) 
hEK \ O < t < T  

as e $ 0 for any n ~ N and al > O. Then, it is easy to show (i), (ii) and (iii). Let  p > 1. 
Then, 

E[l{4,~(x~,oo)>o}exp{pl~,h(w;Oo)}]< E exp p q e - l S  ~,Oo eh) 
0 

_ _  T Z  { ",,Z e, Oo 
v O ~ X t  , 0 0 )  ] '  

) -15:/" 

�9 (E [ 1 {4):(x"' % > o} exp { �89 rq' Q h(x"'  Oo) } ] )1/q" 

< (exp{�89 + 1]}) 1/r 

where q > 1, q' > 1, ~ + ~ = 1 and r = p2q. This proves (iv). 
(2) Let  G~ =/~,h(w; 0o). Then, from Lemma 3.4 

G~ ~f~d + ef~ + " "  

in D ~ uniformly in h e K. We have the expansion 

(G~ - f ~ ) "  = eg,,1 + " ' "  + eZ-lg,,,t-1 + etr,,(w,e) 

with 9,,,1 . . . . .  g,,,~-i e D ~, r,,(w, e) = O(1) in D ~ as e $ 0. Using the formula 

1 1 
e ~ =  1 + ~ x .  + --"  + - - x  t - l ( l _  1)! + R l ( x ) '  

where ]Rl(x)[ < • = =z! t  + l ) l x l  l , f o r x  G ~ - f o  L w e o b t a i n  

e Q - f ~  : 1 + e7~1 + �9 �9 �9 + e l - l ~ l - 1  + err(w, e) + Rz(G~ - f x d ) ,  

where r(w, e) = r,(w, e). Then, 
n = l  

II d?h(X~'~176 eG -- ef~o( 1 + ~7~1 + " ' "  + d-~7',-~)ll~,o 

<11 4~( x h  .,Oo)efo[e~ G~-fo1" _ (1 + eTtl + " ' '  + e l -17t l -1) ]  I[p,O 

+ 11(4)h(x *,~176 -- 1)ef~o(1 + eTq + . . .  + ,~'-1'./',_1) It,,,o 

c~.(X )efoR,(G~--foL)llp, o + e'l[ q'~t j ~o-t~,e)llp.o 

+ II(~b)(X ~'~176 - 1)e/o~(1 + e7~1 + " ' "  + e~-~%-~)ll,,o 
<= I] Oh(x"'~176 L --fo) I1~,o + oC)  
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uniformly in h e K. The first term in the right hand side is 

N dP~(X*'~176 -f~d)Ilp, o 

<= ~i. II dkh(x~>~176 f~)' IIv, o + ~l I! +h(x~'~176 --fo)L' I1,,0 

1 
_-< ~ II l{,,o(x<,oo)> o)e~:ll 2.,o IIIG. --fLo I' 112.,o + o@ ~) 

= O(J)  

as e ], 0 by (1). We can show that  a similar estimation holds for H" Np,s-norms, 
p > 1, s > 0. This proves (2). [] 

Using Lemma 4.4 for 

A~:= (ah(x*'~176 0o)} 
(4.3) 

--~ A~ + eTJa + e 2 ~ T / 2  -[- �9 �9 �9 ) in D ~176 ase ,~ O, 

where Ah ~ = exp{ f~},  we see 

A~O(~)Tx(F~) , . ~  AO[t~h,,~,O - } -  ~h,;~,t + " "  "] in D-~~ as e ,~ 0 

uniformly in 2 ~ A with qSh, ~, o, 4Sh, z, 1, �9 �9 �9 ~ D - c ~  determined by the formal Taylor 
expansion 

exp{ef} + e2f~ + ' .  "}(45a, o + ecb~,~ + , . . )  = ~h,*,O + e6h, a,, + " " .  

In particular, 

~h,~,,0 m_ ~2,0~ 

~[~h,2 ,1  = ( / ) 2 , 1  +flL#~.,O �9 

For  statistic S(X) and a measurable function f 

Eoo+~h[f(S(X))] = ~ f(S(x))P~,oo+~h(dX) 
c([o, T],R d ) 

= C([0flr],a,)f (S(x)) d ~ h  (x)P~,oo(dx) 

= E~176176176 (X) f (S(X) )  1 

Let K be any compact set of R k. Since (4.3) is uniform in h e K, 

P~,oo+~h[F~[X ] ~ A] = E[IA(F~[X~'~176 
h e O0+eh ~ e O0+eh E[qS~(X ' )IA(F I X '  ] ) ]  

= E[Oh(x ~'~176 exp{l~,h(W; 0o)}" IA(F~[X"'~176 

E[4)h(x~'O~ Oo)}tp(~)IA(U[X~'~176 

= E[Oh(x~'~176 Oo)}O(~)IAo(F~[X~'~176 

E[A~ + ~E[A~ 1] + . . .  
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uniformly in K for k-dimensional regular statistic F~[X] with some truncation 
~p({~) and A e B k, where ~h,a,i are corresponding to IAoF ~ for TzoU,  i.e., 

~)h,A,O ~ (I)A,O 

~ h , A ,  1 = ~ A , I  + f L q ~ A , O ,  " " " , 

where ~bA, 0, ~bA, 1 . . . .  e /5-  ~ are coefficients of the expansion 

tP(~)IA~176176 ~ ~A,O + e~A,~ + "'" 

in/5-~176 as ~ { O. From this argument we can obtain the asymptotic expansions of 
distributions of the bias corrected maximum likelihood estimator and the log 
likelihood ratio under the contiguous alternative without expanding them again. 

Theorem 4.3 The probability distribution of the bias corrected maximum likelihood 
estimator O* (w; Oo + ~h) under the contiguous alternative P~, Oo +~h has the asymptotic 
expansion 

P I  ~ * ( w ; O ~ 1 7 6  ] 
~ A  ~ p~o(y)dy + e ~ p](y)dy + ' '  ", 

A A 

ase $ O,A ~Bk, h ~ R  k, 

where pCo, p~ . . . .  are smooth functions. The expansion is uniform in A ~ B k and 
h ~ K. In particular, 

P~o(Y) = qb(y; O, 1-1), 

p~(y)= ~, i j z " " Ai, j,~[--y y y - h~yiS + I ' J f  + liJh~]O(y; O, 1-1) 
i , j , l  

+ ~ Bi,j,~ _~y ,yJy  _ h i y @ ~ + p l y + i U h  j O(y;0, 
i , j , l  

I - 1 )  

- ~ b~(Oo)Ijzf4)(y; O, I - 1 ) .  
j , l  

Proof First, we note that 

P I O * ( w ; O ~ 1 7 6  ] f o* (w;O~176  ] ~ A  = P  ~ A + h  , 

w h e r e A + h = { x E R k ; x - h ~ A } .  Let y = x - h .  All what to do is to f indp~ 
and p]. 

E[A~ = ~ A~ d x =  ~ O(Y;O,I -~)dx ,  
A + h  A + h  

where A~ = exp{h'Ix - �89 and 45h,A, o = IA. We see that 

E [ A ~  L IA+h(f0)] = E[A~ L[fo]] 

= ~ E [ f L l [ f o = x ] O ( Y ; O , I - i ) d x  
A + h  
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and for a smooth  f u n c t i o n / ~  (x), 

k 

3" e [ A ~  = 
i = 1  

By L emm a  4.3, we have 

(4.4) 

j /5~ (x )dx .  
A+h 

~ 1  i j l  
E [ f ~ l f o  x] y .  * ' j ' L - B , ~ z h h x  = = Ai,j, lh (x x - I jl) + 

i,j, 1 i,j,l 2 ' ' 

1 ~  i j z .  
- ~ Ai, j, lhihJx I - - )_[. Bi j zh h h 

i,j,l 2i ,  j,l ' " 

On the other  hand, for B = {z; z ~ > x i, i = 1, . . . , k}, 

(4.5) 

/54 (x) = ( -  1)kOl . . .  ~ k ~  E [A~  f~  OilB(fo)] 
i 

= - ~ O , E [ A ~  
i 

= - v J [ ~ i { A ~  [fo = x]Pfo(x)}  
i 

Since 

= A~  - ~ [ h ' I ] * A ~  Ifo x]pzo(X).  
i 

p~(y) = ~)](y + h) + E [ f L l f o  = y + h]q~(y;0, I - 1 ) ,  

(4.4), (4.5), Theorem 4.1 and (4.2) lead to 

p~l(y) = I ~ Ai, j , l [ -  xixJx I + 2hlxJx z - hihJx I + Ii~x 1] 
l i,j,l 

- [ E B i ' j ' l [  l l  l l i  ~hihJxl I i l x J - -  1 i,j,1 k - ~ x ' x j x  + 2 h x x ~  + + ~hihJhl 

- ~b i I~ j (x  ~ - M)14(y ;  0, I 
i,j ) 

Substituting y + h for x we obtain the result. [] 

For  the l ikelihood ratio statistic we obtain the following theorem. 

Theorem 4.4 Let  h e R k and h r O. The probability distribution o f  the log likelihood 
ratio le, h(W; 0 0 + eh) has the asymptotic expansion 

P[l~,h(W; Oo + eh) ~ A]  ~ SpL~(x)dx + eSpLC(x)dx + "" ", ase  .~ O,A ~ B 1 . 

A A 



308 N. Yoshida 

The expansion is uniform in A ~ B 1. In particular, 

po~(x) = r o, s) ,  

PLY(x) = I 2 Aij, 'hihJhtlJ-3[x-3 + 2J_x; - (3J  - JZ)_x - 2JZ]q~(_x; O, J )  
Li,  j , l  _] 

+ ~ _ ~ B i j l h i M h  J - 2 [ _ x 2 + j x - J ] q ~ ( x ; 0 ,  J ) ,  
ZL~,j,~ . . . .  

where x_ = x - � 8 9  The probability distribution function of I~,h(W; Oo + eh) has the 
asymptotic expansion 

P[/,,h(w; 0o + e h ) < x ]  - ~b(_x; 0, J ) +  e f I~Ai j , , h ihJh t l J -2  [ - x_ E -  2Jx_+J _ j 2 ]  
LLi, j , l  l 

+ 1F E B, j , h i h J h l - ] J - l [ - x  - J ] }0 ( x_ ;  0, J )  
2 L ~ , j , z  ' ' I - 

Proof. W i t h  s o m e  t r u n c a t i o n  func t iona l  q/~(w) ~ D | we have  

O#(W)Ia(l~,h(W; 0o)) ~ ~)h ,A ,  _~_ ~ L , A , 1  _~_ . . . 

i n / ~ -  a s e $ O w i t h  L L 5 - o0  oo ~ h , A , O ,  C h , A ,  1 . . . .  ~ In  pa r t i cu la r ,  

L 
#h,A,O = lA(f~) 

L L ~L,A, 1 = f l al A( f  O) . 

By the a b o v e  a r g u m e n t ,  we o b t a i n  the  e x p a n s i o n  

where  

Then ,  

P(l~,h(w; Oo + eh) ~ A) ~ E[A~162 ] + ~E[AO~L,A, 1 ] + " ' ' ,  

- L  qbh,A, 0 = IA( f  L) 
--L L L Cl)h,a, 1 = f i OI A( f  o ) + f~  I a(f~) . 

L L 
E [ A  h 0 •L,A ' O] = E [mh  0 IA(f0L)] = E [efolA(fo)l 

= SeXr J)dx  = S r J ) d x .  
A A 

+ �9 . . . 

whe re  

= [Ah f l  3x(fo)] ql(x)  -- ~E o L L 

= - O{eXE[f~;lf~d = x ] r  0, J )}  

= - , ~ { E [ f ~ l f ' d  = x ]  4,(_x; 0, J ) }  

Hence ,  p~dC(x) = qS(x_; 0, J) .  O n  the  o the r  hand ,  

E [ A ~  = ~ q l (x)dx ,  
A 



A s y m p t o t i c  e x p a n s i o n  fo r  s m a l l  d i f f u s i o n  

= { I 2  Ai,j, lhihJhllj-3(x3 + jx_2- 3Jx_- j2 ) 
l_i,j,l A 

+~ ~ B~,j,~h~hJh~]J _ - J) qS(x_;0, J) 
t_i,j,l A 

Moreover, 

where 

Since 

E o L L [Ahf l la( fo)]  = ~ q2(x)dx, 
A 

q2(x) = e~E[QIftd = x] ~b(2; 0, J) 

= E[f~lf*6 = x]qS(_x; 0, J) 

={[i,j~,zAi, j, lhihJhtl j-3(jx_2+j2x_-j2) 

+ 2 L_i,j,~ 

we obtain p}~(x). [] 

p}C(X) = q l ( X )  + q 2 ( x )  , 
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5 Second-order asymptotic efficiency of the maximum likelihood estimator 

The notion of second order efficiency of statistical estimators has been introduced 
by Fisher, Rao [11], [12], Takeuchi-Akahira, Ghosh-Subramanyam [2] and 
other authors. Here, as an example of statistical applications of our expansion 
formulas, we adopt Takeuchi-Akahira's criterion by probability of concentration 
and show that a bias corrected maximum likelihood estimator is second order 
asymptotically efficient. For simplicity, we only treat a one dimensional parameter 
0, though all is ready for the multiparameter case. 

Definition 5.1. An estimator T~ is second order asymptotically median unbiased 
(second order AMU) if for any 0o ~ O and any c > 0 

and 

lim sup e-llP~,o[T~-O<~O] - �89  = 0  
~ $ o  0~O:kO - 0ol < ec 

lim sup e-a[p~,o[T~ - 0 > 0 ]  -�89 = 0 .  
~$o 0~O:10 = 0ol < ~c 

Given a second order AMU estimator T~, if 

i p __ __ __ l ime-  j ~,oo[~-i(T~ 0o)_-< hi Go(h, 0o) eG~(h, Oo)l = 0 ,  
~.L0 
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then Go(h, 0o) + eG1 (h, 0o) is called a second order asymptotic distribution of T~. 
Consider testing hypothesis H+: 0 = 0o + eh against K: 0 = 0o, where h is any 

positive number. 
Let c, = �89 + ep + q~, where q~ = o(e) is a sequence. From Theorem 4.4, we see 

P [ l ~ h ( w ; O o + e h ) < c , ] ,  = = � 8 9  l h3 [ J  -1 - 1] -~gB~, 1, 1 h3} ~b(0; 0, J) 

If we take 

+ q~q~(0; 0, J) + O(~2). 

i h 3 p = - A l , l , l h 3 [ J  -1 - 1] + ~B1,1,1 

and 

q~ = e 3/2 + O(O;O,J)-llP~,oo+~h[e-l(T~ -- Oo -- eh) <= 0] - � 8 9  

then we see by Neyman-Pearson's  lemma 

P[l~,h(w; 0o) <= c~] > P,,oo[e-i(T~ - 0o) <= h] 

for small e. Therefore, by Theorem 4.2, for h > 0, 

1 lim inf e-  1 {@(j; O, J)  + e[A1, ~, 1 h 3 + ~B1,1,1 h3] ~b(J; 0, J) 
~+o 

- e~ ,0o [~ -  I(T~ - 0o)  < h ] }  _>_ 0 .  

Similarly, for h < 0 we have 

limsup e - l { ~ ( - J ; 0 ,  J ) -  e [ A l , l , l h  3 + �89 lh3]~(J ;  O, J) 
e$0 

- e ~ , 0 o E ~ - ' ( r ~  - 0o)  _-< h ] }  _%< 0 .  

In this sense 

and 

�9 (J; O, J) + e[A~,l ,ah 3 + �89 O, J) 

_ h 3 t �9 ( - -J ;  0, J) e[Ai,a,~ + ~ B l , l ,  lh3jd2(J; O,J) 

are called the bounds of second order distributions. An AMU estimator attaining 
these bounds for any h > 0 and h < 0 is called to be second order efficient. 
The bias corrected maximum likelihood estimator O*(w; 0o) with 

b(Oo) = -A1 ,1 ,1 I (0o )  -a 

is second order AMU by Theorem 4.3 and it is seen that @(w; 0o) attains the 
bounds of the second order distributions. Therefore, the bias corrected maximum 
likelihood estimator is second order efficient. 

In conclusion, we note that we have already got the asymptotic expansions for 
various risk functions, e.g., g [ l O * ( w ; O o ) -  0olP], p >^1 if we take a tempered 
distribution T(x) = Ix iv and notice that for any p > 1, 0* (w; 0o) has LP-moments, 
see Chap. 3 of Kutoyants [6]. 
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