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1. Introduction

Akaike’s information criterion AIC [2, 3] is a model evaluation—selection tool ob-
tained by estimating the expected Kullback—Leibler information of the fitted model
with respect to the true model. It can be derived under the assumptions: (i) the data
are independent random samples from an unknown distribution, (ii) estimation is
done by the maximum likelihood method, and (iii) the parametric family of dis-
tributions includes the true model. Takeuchi [33] derived Takeuchi’s information
criterion TIC from the assumptions (i) and (ii), relaxing the assumption (iii) to
the case where the model class may be misspecified. Konishi and Kitagawa [13]
recently proposed a generalized information criterion GIC under the assumption
(1) and for functional-type estimators instead of the assumption (ii).

In this paper, based on the Kullback-Leibler divergence, we consider informa-
tion criteria, which work for (i') diffusion processes with small noise, (ii") various
estimators including M-estimators, and (iii’) generally misspecified cases. For de-
tails of diffusion models with small noise, see [16, 18]. There are many applications
of diffusion models with small noise to finance, see [12, 14, 31, 36, 41] and ref-
erences therein. In order to treat sampled data, it is the first step for statisticians
to consider continuous-time stochastic models, as it was the case for ergodic
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diffusions. It was after inference for continuous-time was established when several
authors studied sampled data as a modification: see [4, 7-9, 11, 25, 26, 42] for
detailed history of the inference in continuous-time and discrete-time observation
settings. Genon-Catalot [6] and Laredo [19] treated discretely observed diffusion
processes with small noise, and recently, Sgrensen [30] investigated small diffusion
asymptotics for martingale estimating functions from discrete observations.

For the derivation of information criteria, the emphasis is put on the use of the
asymptotic expansion of an estimator of the Kullback-Leibler divergence. From
asymptotic expansion’s point of view, the determination of the existing information
criteria AIC, TIC, GIC and others is nothing but to find the second-order correction
terms so that the estimator of the Kullback—-Leibler divergence becomes expecta-
tion unbiased up to the second order in each setting. That is, in each case, the
validity of the choice of the correction term has been explained by this expectation
unbiasedness. On the other hand, from the decision theoretic point of view, those
choices are based on the quadratic loss, and it may be a natural question how
the correction procedure should change for other loss functions. Besides the tra-
ditional expectation unbiased corrections, in order to show another possibility, we
will present the median unbiased correction, as it corresponds to the absolute loss,
and hence the median unbiased information criterion (MUIC). Though the newly
presented MUIC is just an example of information criteria not based on expectation
unbiasedness, it should be noted that all those corrections are derived in a unified
way from the asymptotic expansion of the estimator of the divergence. In fact, as it
was shown in [34, 35], it is possible to construct f-unbiased information criteria,
that is, the f-bias E[ f (discrepancy)] = O up to the second order, where each f is
a measurable function, for example, f(x) = x, 1(_c0,0(x) — 1/2, etc.

In order to derive asymptotic expansions for diffusion processes with small
noise, we will use the Malliavin calculus. Some fundamentals are summarized
in Section 4. For more details of the Malliavin calculus, see [10, 21-24, 27, 28,
38, 40]. Watanabe [37] presented the concept of the generalized Wiener functional
(i.e. the Schwartz distribution on the probability space), the pull-back of Schwartz
distribution under Wiener mappings, and in his renowned work [39] he formu-
lated the asymptotic expansion of the generalized Wiener functionals in some
Sobolev space. To use this theory, the crucial step is to show the nondegeneracy
of the Malliavin covariance of functionals. However, it is not easy to check this
even for a simple statistical estimator, whose Malliavin covariance is given by an
integration of some nonadaptive process. In addition, as for estimators such as max-
imum likelihood estimators, we cannot ensure their existence on the whole sample
space in general. This difficulties has been solved by Takanobu and Watanabe [32]
and Yoshida [14] in the modification of Watanabe’s theory with truncation. For
more details of asymptotic expansions for diffusion processes with small noise,
see [5, 43, 45, 47].

In the previous papers, Uchida and Yoshida [34, 35] obtained two information
criteria which work for mixing processes including ergodic diffusion processes
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as application, and for (ii’) and (iii"). It took advantage of the valid asymptotic
expansion of the distribution of the estimators of the divergence for e-Markov,
geometric mixing stochastic processes with continuous-time parameter (cf. [15,
29]). Both the present paper and the previous ones are based on the Malliavin
calculus. However, the asymptotics are utterly different; in fact, the former uses
the expansion of generalized Wiener functionals as mentioned above and the lat-
ter used the method called ‘local approach’ [15]. This difference also reflects the
different forms of correction terms: there is no full correspondence between the
correction terms in the present paper and the previous ones in [34, 35].

The organization of the paper is as follows. In Section 2, information criteria
with general estimators are heuristically derived, but for rigorous statements we
will be later given in Section 5. In Section 3, as a special case, the information
criteria which work for M-estimators are obtained. In Section 4, we review the
fundamental results of Malliavin calculus. In Section 5, we state our main results.
By using the asymptotic expansion of the distribution of the estimators for diffusion
processes with small noise, a general theory is developed. Therefore, the results of
previous sections are special cases of the ones in Section 5. Proofs of these results
are given in Section 6.

2. Asymptotic Expansion and Information Criteria

Let X = {X,;t € [0, T]} be a d-dimensional diffusion process defined by the
stochastic differential equation (true model)

dX, = Vp(X,)dt +eV(X;)dw;, te [0,T], € €(0,1], (D)
Xo = xo,
where 7 is a fixed value, xo is a constant, V = (Vi, ..., V,) is an R ® R”-valued

smooth function defined on R?, V; is an R%-valued smooth function defined on R¢
with bounded x-derivative and w is an r-dimensional standard Wiener process.

Consider d-dimensional diffusion process defined by the stochastic differential
equation (statistical model)

dX, = Vo(X,,0)dt +eV(X,)dw,, t€(0,T], ¢€ [0,1], 2
Xo = xo,

where a p-dimensional unknown parameter 6 € ©®: a bounded convex domain of
R¢, \70 is an R%-valued smooth function defined on R? x ®, T, x,, V and w are the
same as (1).

Let X% be the solution of the stochastic differential equation (2) for 6. Let P; g
be the induced measure from P on C([0, T]; R%) by the mapping w — X% (w).
The Radon-Nikodym derivative of P, g with respect to P 4, is given by the formula

(e.g. [20])
A(0; X)Ac(B0; X)7',
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where

T
Ac(0;X) = exp{/ e 2V (VVHT(X,,0)dX,—
0

T
- %/ s‘ZV(;(VV/)J”VO(Xt,Q)dt}. 3)
0

Here A denotes the Moore—Penrose generalized inverse matrix of a matrix A and

A’ indicates the transpose of a matrix A. We assume that Vo(x, 0) — Vo(x, 6p) €

M{V (x)}: the linear manifold generated by column vector of V (x), for x, 8 and 6,.
From (3), the log likelihood function is given by

T T
lg(X;9)=/ 8—2B(X,,0)dx,+/ e28(X,, 0) dt, 4)
0 0

where b(x, 8) = V,(VV)*(x,0), é(x,0) = —(1/2)Vy(VV)FVy(x, 6). From (1)
and (4), the log likelihood function under the true model is given by

T T
[(X;0) = / e7'b(X,, 0) dw, +/ £%c(X,,0)dt, (5)
0 0
where b(x, 0) = b(x, 0)V (x), c(x,0) = &(x, 0) + b(x, 0) Vy(x).
Next, we prepare several notations. Let X° be the solution of the ordinary

differential equation

dx?

o~ =YX, 1€ 0,T], Xy =x.
Let an R? ® R?-valued process Y (w) be the solution of the stochastic differential
equation

Ay = aVo(XD)Y dt + ) aVa(X)Y dwf, t€ [0,T],

a=1
Yy = 1y,
where [0V, ]/ = 3]'VOZ;, 0 = 3/3xj, i,j=1,...,d, 0 = 0,1,...,r. Then,
Y, := Y? is a deterministic R? ® R?-valued process. For a function f(x,6) we
abbreviate

fH0) = f(X[.0), 9; f () = 0; f(X],0)

and similarly &; 17 (0), §;8, f7(0), 9;8; f7(0), ..., where §; = 9/067. It is known
that ¢ — X/ is smooth. In particular, D, := 0X}/0¢|,— satisfies the stochastic
differential equation

dD, = 3V, D, dt + Vdw,, te [0,T], Dy=0.
Then, D, is represented by

t
D,:/ Y, Y7'V0dw,, te [0,T].
0
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E, := 3>X?/9e?|.— satisfies the stochastic differential equation
d d

dE, = Y 8;0;Vy, DD} dt + ) 9, Vy, Ej dt +
i,j=1 i=1
! d
+23 9 V!D]dw,, te [0,T],
i=1
Ey = 0.

Then, E, is represented by

¢ d
E, = / Y,y 9,0,V DiD] ds +
0 A
i,j=1

/ d
+2/ Y,y 9,vODldw,, te [0,T].
0 i=1

First of all, in order to explain the ideas heuristically, we assume the existence
of an estimator 6, which admits the stochastic expansion

0. — 60 = e + Le2t ™ + 0, (%)

for some 6y € © under the true model. Here ¢© = fOT g, dw, for some function
g € L*([0, T1, dt). Let

Sy = s{ls(XS(wxég(w))— / / lg(XS(w/),ég(w»P(dw/)P(dw)} -
wJW
— eb(6.(w)),

where b is an R-valued smooth function defined on R”. As in [34], in order to
derive information criteria, we need the second-order asymptotic expansion of the
distribution of S7. It follows from the formal expansion that

T T T
S = / b(X?,@o)dwt+/ ac(X?,Qo)D,dt—i—{(o)// 8c(XP, 6) dt +
0 0 0

T T
+s/ ab(X?,QO)D,dwt+8§(0)’/ 8b(X?, 60) dw, + ¢’ x
0 0
T 1 T
X / 38c(X?, 6p) D, dr + Ze Py [;“)’]/ 8c(X?, 6p) dr +
0 0

1 (7 I
+ 58/ 3%c(X?, 60) Pg,L[(D,, D))]dt + ng dc(X?, 6p) x
0 0

T
X Ppyi[E/]dt + %sPRlL [@(0))/ (/ 8%c(X, 6o) d;) ;<0>] -
0
—eb(6p) +o0,(¢)

=: fo+ e(F1 —b(6h) +0,(e) (say),
where Py, is the projection to the space orthogonal to the space R1 in L?(P).
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For M > O and y > 0, the set £(M, y) of measurable functions from R — R
is defined by

EM,y)={f:R— R, measurable, |f(x)| <M+ |x|)"}.

Let ¢ (x; ¥) be the probability density function of the one-dimensional normal
distribution with mean 0 and variance ¥ = Var][ fy].

From the viewpoint of the second-order statistical inference, we will use the
following asymptotic expansion

ELf (5] = /Rf(x>¢(x; z)dx—s/Rf(xwx «
% (ELF, — b(@)\ fo = xlp(x: )} dx + oe)
_ /Rf(x>¢>(x; %) dx —S/I;f(x)ax{E[Fﬂfo — ¢ (x: D)} dx +
+ eb(60) /R £ (0 D)) dx + 0(e)

forany f € £(M, y). See Section 5 for technical details. For M > O and y > O,
the set £'(M, y) of measurable functions from R — R is defined by

EWM,y) = {f €eEWM,y)

/Rf(x)qb(x; ) dx =0,
/Rﬂx)ax{qs(x; o)} dr # o}.

Forany f € £'(M, y),let IC;(X;6,) = el.(X, 8.) — eb;(8;), where
Jr FOIAELF| fo = x]p(x; X))} dx
Jo f()d:{p(x: T)} dx '

Then, under certain regularity conditions, I Cy is the f-unbiased information cri-
terion for f € £'(M, y), that is,

by(6y) =

E[f(lcf(x; be) — ¢ / / lg(XS(w’xés(w»P(dw’)P(dw))} =o(e).
wJW

In particular, for f(x) = x, we obtain the asymptotically expectation unbiased
information criterion (EUIC). Moreover, for f(x)=1_x0 — 1/2 and
f(x)=10p) — 1/2, we also have the second-order asymptotically MUIC. For
details of the second-order asymptotically median unbiasedness, see [1].

Information criterion 1 (EUIC). Let I1C(X: 0,) = &l.(X,0,) — eb,(d,), where
b1(6y) = E[F]. Then

E|:IC1(X; ée)—sf f ls(Xg(w’),ég(w))P(dw’)P(dw)]:0(8).
wJW
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Information criterion 2 (MUIC). Let 1C5(X; 0.) = el.(X, 6,) — &by (6,), where
by (6) = E[Fy| fo = 0]. Then

P [ICZ(X; 0,) — s/ f L(XE(w"), 6:(w)) P(dw') P (dw) < 0] = % + o(e),
wJW
and

P [ICZ(X; 0.) — s/ / L(X%(w"), 6. (w)) P(dw') P (dw) > 0] = % + o(¢).
wJW

Remark 1. For the deviation of /C; in the misspecified case, we need to esti-
mate unknown functions V(X ?) and 0 V(X ?) in order to calculate the biased term

b, . Using the kernel-type estimator \7(59 , presented by Kutoyants [17], we can obtain

the estimated biased term b 1. It is also possible to derive I C, for the misspecified
model in a similar way.

3. Information Criteria with M-estimators

In this section, we consider the information criteria which work for an M-estimator
defined as a solution of a given estimating function.
Define a functional W, by

T T
U (X;0) = / e 2B(X,,0)dX, + / e2C(X,,0)dt, (6)
0 0

where B, C are given functions. From (1) and (6), the functional W, under the true
model is given by

T T
V. (X;0) = / e 'B(X,,0)dw, + / e2C(X,,0)dt, (7)
0 0

where B(x,0) = B(x,0)V(x), C(x,0) = C(x,0) + B(x, 0)Vo(x).
Let 6, be the M-estimator, that is,

R argmax W, (X?, #) if maximum exists in ®,
= o )
arbitary, otherwise.

ASSUMPTION 1. V, V;, B and C satisfy the following conditions.

(i) V(x) € C°(R?Y - R?Y ®@ R), that is, V(x) is an RY ® R"-valued smooth
function defined on R? with bounded x-derivatives.
(i) Vo(x) € C,‘jo(Rd — RY).
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(i) B(x,0) € C?O(Rd x ® - R® R"(Z R")), that is, B(x, 6) is an R"-valued
smooth function defined on RY x ® and for any i, j € N there existm;, C; > 0
such that

sup |8'87 B(x, )] < C1(1 + [x])™
0e®
for any x € R,

iv) C(x,0) e C ‘T’O (RY x ® — R). Moreover, there exist 6, € ® and ay > 0 such

that

T
f (CX,0) — C(X°, 60} df < — agl6) — b2
0

Define several functions as follows.
A = Y Y7'V(XD),
A v,y 'vixHy, i=1,....d,
pins = LYW V(XY, i=1,....d,
wl,, = LYTVEOY, i j=1,....4d,
Vijes = VY7190, Vo(X0, i j=1,...,d,
vio= YN, VeXOY, i jl=1,...,d,

i,j,t,s

T
1(6o) =f 8*C (X}, 60) dr,
0

1600)7 = [I6) 1, i,j=1,...,p,

a=1

p d T
by, = — Y 160" {ajB(X?,eo)JrZ/ 38;C (X2, )22, ds
j=1 '
. d T
b{f = SjSkB(X?’90)+Z/ 3a5j8kC(X§?,90)k§", ds,
a=1"Y"1
d T
by, = 8b(X{.00)+ ) / Bu8;c (XY, 0)A%, ds,
a=1"Y"1
|
o= B3 [ dextonarg +
i=1 70

d T d T
1 0 o B 1 0
+ Ea ﬁg_l /0 0, 0pc(X;, 6p)D; D, dt —{—5 ag_l /0 doc(X,, Op) x

o I [T ©0) . (0)
<+ 3 [ aaecxt o are ]

ij=1

d T 14 T
a, = b(X°, 60) +Zf (X2, 6p)12 , ds +Zf 8ic(X?, 6p) dtb},.
a=1"1 i=1 Y0
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Under Assumption 1, ¢! (6, — 6o) has the asymptotic expansion
—1,A i 0 1 1
e 0 —00)" ~ " + eV + -

as ¢ | 0in some sense, where

T
;¥ = / b, dw,, )
0
I CH {22 / 0,8, B(X]. 00) D' dw, +
X 0
j=1 a=1
14 T d T
+2Zf bl dw, - + Zf 3,058,C(X°, 60) DD} dr +
k=170 p=170
d T
+ Z/ 3:8,C(X°, ) EX dr +
a=1 0
P T
+ Z/ ajaka,C(X?,eo)dt-;,f‘”;,“’)}. (10)
0

k=1

For a rigorous statement of the asymptotic expansion of ¢! (9} —6y), see Lemma 4.
Moreover, under Assumption 1, S7 has the asymptotic expansion

St~ fo+e(Fi —bB)) +---

as ¢ | 0in some sense, where

T
Jo :/ a, dw,,
0

d T 14 T
F=>Y /O dub(X?, 60) DY dw; + Y /O b, dwi g +
a=1 i=1

1 T 1 d T
+§Z/ 8ic(XO, eo)dt§i<1>+§ Zf 3,0pc(X°, 00) DY DY dr +
i=1 V0 a,p=170
1 T
+ EZ/ duc(X?, 6)E® dt +
a=1 0
I [ ©) , (0)
+§Z/ 8i8,c(X?, 60) dtg V¢ [” — Co. (11)
0

ij=1

For arigorous and general statement of the asymptotic expansion of S’;‘, see Lemma 5.
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THEOI}EM 1 (EgIC). Suppose that Assumption 1 holds true. Let 1C(X; ég) =
el (X, 0,) — eby(6,), where

14 T
bi(o) = ) / by (8:b(X}, 6p)) dt +
i=1 70

p d T T /
+> ) /O b, ( /t aaaic(xg,eo)xf;{,ds> dr.

i=1 a=1

Then,

E[ICI(X; ég)—s/ / lg(Xs(w’),ég(w))P(dw’)P(dw):| = 0(¢).
wJwW

Remark 2. In particular, in the correctly specified and MLE case, since
8c(X, 69) = 0,

P

by, ==Y _ Io(B0)"8;b(X. o),

j=1
where 1y(6y) = fOT 82C(X?, 6p) dr. We then have AIC:
P T
bi(6y) = — Z Io(6)"’ / 8;b(X?, 60)(8;b(X?, 6y))’ dt
ij=1 0
= p (dimension of parameter space).

ASSUMPTION 2. There exists t € [0, T] such that a; # O.

For R ® R"-valued function #,,

T t
c;(h)Tzf /a,h;)uﬁ’xa;dsdt, i=1,....d.
0 0

For R ® R"-valued functions b, and ¢,, put

1 T T
Cy(b,c)r = —/ f a, [bjcs + c,bsla. ds dt.
2 0 0
Let
Cyl (1) = CoO I <oy M I <o)

For the second-order asymptotically MUIC, it is necessary to calculate
E[Fi|fo = x] explicitly. For this purpose we prepare the following lemma. The
proof is easy and is omitted.
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LEMMA 1. Let w be an r-dimensional Wiener process and let functions a;, b;, ¢,
on [0, T'] be deterministic. Let ¥ = fOT a,a; dt.

(1) Let a;, b; and c; be R ® R"-valued functions. Then
T T
1" (b, c)(x) = E U by dw, f ¢ dw,
0 0

T
f a, dw; = x]
0

1 T T
3 / / a, [¢)bs +blcyla, 2 (x* — ) dsdr +
o Jo

T
+ / th; dt
0
(2) For R @ R"-valued function h;,

T T
J'h)(x) = E [f h,D! dw, f a, dw, :x]
0 0

= [Cy(M)7]Z 2 (x* — ).
(3) For R-valued function h,,
T
f a, dw; = x]
0

T .
T2 (h)(x) = E[/ h,D! D] dt
0
T
= f h [CY (D)]dr=2(x2 — %) +

//hw M) dsdr,

(4) For R-valued function h,,
T T
J2(h)(x) = EU h,E® dt f a, dw, :x]

0 0
T t o
= / ht/ Vs [C/(D]ds 2 (2% — 2) +

/ // it H{()J ) duds dr +

+f h [C5Q2ud, ) ]dtS 72 (x> — ).
0

THEOREM 2 (MUIC). Suppose that Assumptions 1 and 2 hold true. Let
1Cy(X; 0,) =€l (X,0,) — eby(0,), where

d p
by (6y) = Z Ty @ab(X), 00))(0) + Y " 1" (b, b )(0) —

i=1

14 d
- % Z 1(6o)" f Sic(XY, 6o) dt{zzf;(aaa,-B(X?, 00))(0) +
j=1 a=1
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14 d
+2) TG BE)O) + D 2 4(34058,C (XY 60))(0) +
k=1 a,p=1

d
+ D T2 (048,C (X0, 00))(0) +

a=1

p T
+ Zf ajakBZC(X?,Qo)dtlll(b’g’,,bé’,)(O)} +
k=10

1 & 1<
5 D Jap@adpe(X], 00)O0) + 5 3 I3 Buc (X, 00)(0) +

«p=l a=1
1 [7 T . .
+ 5 Z /0 8:8;c(X), 0oy dt 1" (by,, b} )(0) — Co.
ij=1

Then,

P[lcz(x;ég)—s/ / lg(XS(w/),ég(w))P(dw/)P(dw)<0:|
wJW

1
= 5 + o(e),

and
P[lcz(x;ég)—s/ f L(XE (W), 6:(w))P(dw’) P(dw) >0}
wJW

_1
=3 + o(e).

4. Fundamental Results: Malliavin Calculus with Truncation!

Let (W, P) be the r-dimensional Wiener space and let H be the Cameron—Martin
subspace of W endowed with the inner product (h, hy)y = fOT (l’zl,,, fzz,,) dr for
hi, hy € H. For a Hilbert space E, | - ||, denotes the L”(E)-norm of E-valued
Wiener functional, that is, for Wiener functional f : (W, P) — E, | f||§ =
S |f1%P(dw), where | f|z = (f, £);/* and (-, -)g is the inner product of E. For
s € Rand p € (1,00), the norm || - ||, s on the totality of E-valued Wiener
functional f is defined by || fl,s = II(/ — L)‘Y/2f||p, where L is the Ornstein—

N simple exposition of the Malliavin calculus towards statistics may be seen in [46].
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Uhlenbeck operator (see [38]). The Banach space D; (E) is the completion of
the totality P(E) of E-valued polynomials on the Wiener space (W, P) with re-
spect to || - || ,.s- The set of Wiener test functionals of Watanabe [38] is denoted
by DOO(E) = ms>0 m1<p<oo D;)(E) Then’ D_OO(E) = Us>0 Ul<p<oo D;Y(E)
and E_W(E) = U0z p<co D;S(E) are the spaces of generalized Wiener
functionals. We suppress R when E = R. The Fréchet space S(R?) is the to-
tality of rapidly decreasing smooth functions on R and S’(RY) is its dual. Let
A =1+x]>=(1/2)A, where A = 2?21(8/8xi)2, and A~ !is an integral operator.
The space Cy, kK = 0,%1,£2,... is the completion of S (R?) with respect to

the norm ||u|| = supx|Aku(x)|. We owe the following theorem. For details, see
[27, 32, 38, 40].

THEOREM 3 (Yoshida [40]). Let F € D®*(R%) and £ € D*®.Let ¥ : R — R be
a smooth function such that 0 < ¥ (x) <1 forx € R, ¥(x) = 1 for |x| <1/2 and
Y(x) = 0 for |x| = 1. Suppose that for any p € (1, 00), the Malliavin covariance
or of F satisfies

E[l{‘g‘ < 1}(det or) ?] < 0.

Then, there exists a linear mapping T € S'(R?) — T € D™ satisfying the
following conditions:

(1) if T € SRY) then T = ¥ (&)T(F) € D™

(2) fork :AO, 1,...and p € (1, 00) there exists a constant C(p, k) such that

1T p,—2x < C(p, )T || -2k
for T € C_y. This mapping is uniquely determined.

If F is nondegenerate in the usual sense of Malliavin,
p-oo{T', J) pe = p-o(T (F), ¥(&)J) p

for J € D*. Thus T is denoted by ¥ (§)T oF or v (§)T (F) if there is no confusion.
Let us consider a family of E-valued Wiener functionals (or generalized Wiener
functionals) {F,(w)}, e € (0, 1). For k > 0 if

. I Fellp,s
lim sup T < 09,

£l0 &

we say F,(w) = O(¢") in D;‘,(E) as ¢ | 0. Itis said that F,(w) € D°°(E) has the
asymptotic expansion

Fe(w) ~ fot+efi+--

in D*(E) as ¢ | 0 with fy, f1,... € D®(E) if for every p > 1,5 > 0 and
k=1,2,...

Fo(w) — (fo+efi +--+ i) = 0@EH
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in D‘;(E) as ¢ | 0. Similarly, we say that F.(w) € l~)_°°(E) has the asymptotic
expansion

Fe(w) ~ fot+efi+--

in D™®(E) as ¢ | 0 with fo, fi,... € D™®(E) if for every k = 1,2, ... there
exists s > 0 such that for every p > 1 F.(w), fo, fi1,... € D;‘Y(E) and

Fo(w)— (fo+efi +--+ i) = 0(H

in D,*(E) as ¢ | 0. The generalized means of these expansions yield the ordinary
asymptotic expansions.
The following theorem will be our fundamental tool.

THEOREM 4 (Takanobu and Watanabe [32] and Yoshida [41]). Let  be a func-
tion defined in Theorem 3. Let A be an index set. Suppose that families { F.(w); € €
0,11} € D®RY), {&.(w); e € (0,11} C D*® and {Ty; . € A} C S'(R?) satisfy
the following conditions.

(1) Forany p € (1, 00)

sup E[l{‘gg‘ < 1}(det O’FE)_p] < 00.
e€(0,1]

2) {F.(w); ¢ € (0, 1]} has the asymptotic expansion
F.(w)~ fo+¢efi+---inD*RY) ase |0
with f; € D®(RY).
3) {&:(w); e € (0,11} isO)in D®ase | 0.
4) Foranyn=1,2,...,
. —-n 1
181?88 P{|&| > 5} =0.
(5) Foranyn = 1,2, ..., there exists a nonnegative integer m such that A~"T, €
C,’;(Rd)for all X € A and

sup Y [0"A" Ty [l < 00,
rEA In| <n
wheren = (ny, ..., ng) is a multi-index, In| = ny+---+ny, 9" =9, --- 9,
0; =0/0x',i =1, ...,d. Then the composite functional v (£,)T,.(F,) € D~
is well defined and has the asymptotic expansion
YEIT(F) ~ W o+eV 1+ -

in D™ as ¢ 1 O uniformly in A € A with W, o, V5. 1,... € D~ determined
by the formal Taylor expansion

1
T.(fo+lefi+eifat 1) = Z ;3nTx(fo) lefi+efot- 1"

n

= U o+eW +e2Wo 4,



INFORMATION CRITERIA FOR SMALL DIFFUSIONS 49

wheren! =n!---ngl,a" = a\' ---d}’ for a € RY. In particular,

d
Vo = Ti(fo), W= fiaTi(fo),

i=1

d ' 1 d o
Wia = D AT (o) + 5 Y 80T fo).

i=1 ij=1

Remark 3. If we consider the asymptotic expansion of E[ f (F.)] for a particular
measurable function f, there is no need for Theorem 4 to assume condition (5).

LEMMA 2 (Yoshida [40]). Let M,y > 0. Forn = 1,2, ..., there exists a positive
integer m such that

sup Y 0"AT" flleo < 00,
feEM,y) m|<n

where SN(M, v) ={f : RY = R, measurable, | f (x)| < M(1 + |x])” (x € RY)}.

The composite function of a measurable function and a Wiener functional has a
usual meaning.

LEMMA 3 (Yoshida [40]). Let M,y > 0. For ¥, &, F given in Theorem 3 and
any f € E(M, y),

V() foF =vy(E&)f(F)

in D™,

5. Information Criteria with General Estimators

In this and the next sections, we will return to the information criteria for general
estimators given in Section 2, and provide a rigorous mathematical basis for the
heuristic argument there. The proofs will be put in Section 6. The results in Sec-
tion 3 are merely corollaries of the ones in this section, and proved in Section 6.
In order to treat our problem in a rigorous way, we need the so-called truncation
technique explained in Section 4. We will suppose a weak Assumption 3 for the
estimator 6,. It may seem slightly technical, involving the existence of a truncation
functional, however, the following lemma shows that Assumption 3 is satisfied for
the M-estimators.

LEMMA 4. Suppose that Assumption 1 holds true. Then there exists R, = O(1)
in D* such that for every K > 0 and ¢ > 0,

lime X P[|R,| > c] =0,
el0
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and for ¥, = Y (3R,), the functional lﬁgs_l(ég — 6y) is in D*®(RP) and has the
asymptotic expansion

Yee (6 — o) ~ @ + %85(1) +oe

in D*(RP)ase | Owithc @, ¢, ... e D®RP). In particular,

T T
O = —16)7" [/ SB(X?, 90)dwt+/ 88C(X?,60)D,dt},
0 0

T T
(Vo= —1@6)! [2/ 38 B(X°, GO)D,dwt+2/ 82B(X?, 6p) dw, - ¢ O+
0 0

T T
+f aZSC(X?,eo)(Dt,D,)de/ 382C (X%, 0p)D, dr - ¢© +
0 0

T T
- / 38C (X2, 60)E, dr + / 8C (X2, 6y) dt - (g“”)@ﬂ .
0 0
_ Hence, in general, we may suppose the following assumption for the estimator
0.

ASSUMPTION 3. There exists R, = O(1) in D*° such that for every K > 0 and
c >0,

lime X P[|R,| > c] =0,
el0

and for ¥, = Vv (3R,),
Yee (6 — o) ~ ¢ + %85(1) +oe

in D®(R?) as & | 0 with @, ¢, .. in D®(RP), where ¢ = [ ¢, dw, for
some function g € L*([0, T], dz).

We then have the following lemma.

LEMMAS. Lety, = ¥ (9R,). Suppose that Assumption 3 holds true. Then 1, S';k €
D has the asymptotic expansion

VeSE~ fotefi+ -
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in D*® as ¢ | Owith fy, fi,... € D*®. In particular,

T T T
fo = / b(X?,Qo)dw,—l—f Bc(X?,Qo)Dtdt—i—{(o)’f 8c(X0, 0y) dt,
0 0 0

Ji = F1 —b(b),
T T

F =/ ab(X?,Qo)D,dw,+§(°)// 8b(X°, 60) dw, +
0 0

T 1 r
+¢© / 08¢(X}, 00) Di dt + 5 Pryr [¢] / 8e(X}. o) dr +
0 0

1 T
+3 f 92¢(X0. 8) Py [(Dy. D] dr +
0

1 T
+ 5/ dc(X?, 6) Pgy i [E,1dt +
0

T
+% R1L [(;“’))’ (fo 82c(X?, 6p) dt) ;“’)].

Letar = (X%, 60) + X0, [T (X0, 0022, ds + Y0, [l 8ic(X0, 6p) dr gi.
We then have fy = fOT a dw, and oy, = fOT a’(ar) dr.

ASSUMPTION 4. There exists ¢ € [0, T'] such that a # 0.

Under the nondegeneracy of fp, we obtain a stochastic expansion of the
pull-back of a Schwartz distribution under S} in a space of generalized Wiener
functionals.

LEMMA 6. Let & = 2(0’%5; —op)/og and YF = Y(&). Suppose that

Assumptions 3 and 4 hold true. Then for any T (x) € S'(R), l/fs*T(lﬁgS’;‘) € D~
has the asymptotic expansion

w:T(&SS:) ~Pyg+ed;+---

inD®ase | 0 uniformly in every class {T} satisfying the condition (5) of
Theorem 4, and ®, @y, ... in D™ are determined by the formal Taylor expan-
sion. In particular,

Dy = T(fo), ® = fi- 9T (fo).

Finally, we obtain the asymptotic expansion of S.

THEOREM 5. Let M,y > 0. Suppose that Assumptions 3 and 4 hold true. Then
forany f € E(M,y),

E[f(S:>]~/Rf(xmomdx+s/Rf(x>p1(x>dx+---
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as € | Ouniformly in f € E(M, y). In particular,

po(x) = pp(x) = ¢(x; X), p1(x) = =0 AE[f1l fo = x]ps (x)}.

Remark 4. In Theorem 5, if f is a smooth function, there is no need to suppose
Assumption 4.

From Theorem 5, we have the following three theorems.

THEOREM 6 (f-unbiased information criterion). Let M,y > 0. Suppose that
Assumptions 3 and 4 hold true. For any fe&(M,y), let I1C¢(X;0,)=

el.(X,0,) — ebs(6,), where

Jr fQIAELF| fo = x1¢ (x; B)} dx
Jr FO A (x5 T)} dx '

Then, ICy is the f-unbiased information criterion for f € £&'(M, y), that is,

br(6y) =

E[f(lcf(x; be) — ¢ / / lg(XS(w’xés(w»P(dw’)P(dw))} =o(e).
wJW

THEOI}EM 7 (EIAJIC). Suppose that Assumption 3 holds true. Let 1 C{(X; 9;) =
el (X, 0,) — eby(6,), where

T T
bl(eo):E[(g(o))/</ (Sb(X?,@o)dwt—l—/ BSC(X?,QO)D,dt>].
0 0
Then

E[ICI(X; ée)—e?/ / lg(XS(w’),ég(w))P(dw/)P(dw)]:0(8).
wJWw

THEOREM 8 (MUIC). Suppose that Assumptions 3 and 4 hold true. Let
1Cy(X;0.) =€l .(X,0,) — eby(0;), where b,(6y) = E[Fy|fo = 0]. Then

P[lcz(x;ée)—s/ / lg(Xg(w’),és(w))P(dw’)P(dw)<0}
wJW

1
=5 +o(e),

and
P[lcz(x;ée)—s/ / L(XE(w"), 6. (w)) P(dw’) P(dw) >0}
wJW

1
=3 + o(e).
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6. Proofs

To begin with, we will prove the general results of Section 5 because Theorems 1
and 2 of Section 3 are special cases of Section 5.

Proof of Lemma 4. In Section 3, in order to consider the M-estimator, the
functional G(X; ¢,0) = e*{W.(X;60) — W (X; 0p)} is given explicitly. From the
smoothness of G(X; ¢, 0) and coefficients in the stochastic differential equation
(1), we can show that G(X; ¢, 0) satisfies the following conditions:

(C1) The functional G(-;-,-) : W — C([0,1] x ® — R) is smooth, where

G(X;0,0) =1lim, o G(X; ¢, 0).
(C2) Foreach 6 € ®, G(X; 0, 0) is deterministic (G (0, 8), say), and there exists

ap > 0 such that —G(0, 0) > ay|@ — 6y|? for any 6 € O.
(C3) There exist ') € H,i = 1,2, ..., p, such that

o
8:8:G(X;0,60) = f AP - du,
0

fori =1,..., p, where ., = d/0e¢.

See [44] for smoothness in (C1). For M-estimator és, in the same way as [44,
45], it follows from the conditions (C1)—(C3) that there exists R, = O(1) in D*®
such that for every K > 0 and ¢ > 0,

YGR)e™ G —60) ~ £ + 360V 4 -
in D®*R?) as ¢ | 0 with ¢©@,¢D_ _ in D®(RP), where lim, 1o e KP[|R,| >
c]=0.

From (7), we have

T
G(X,e,0) = 8/ {B(X,,0) — B(X,, 6p)}dw, +
0

T
+/ {(C(X,,0) — C(X,,6))dt.
0

From the results in [44, 45], it is enough for the proof of the first statement to show
that it follows from Assumption 1 hat G (X ¢, 0) satisfies the conditions (C1)—(C3).

From Assumption 1, as in the last part of Section 3 of Yoshida [44], we see that
G(X; -, -) is smooth in the sense of Malliavin calculus. G (0, 8) = fOT{C(X?, 0) —
C(XY, 6p)} dt is deterministic. From (iv) in Assumption 1, there exists ag > 0 such
that —G (0, ) > ay|0 — 6|>. It follows from Itd’s formula that

T
8:8;G(X;0,6p) = / A duwy,
0
where
. . T
h =8, B(X?, 90)+f §;dC(X°, 00)Y, Y 'V (X?) du.

We then obtain #¥) € H. This completes the proof of the first statement.
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Next, we compute ¢ @, ¢V in the same way as Lemma 7.3 in [45]. The follow-
ing is formal computation but for details of rigorous proof, see Lemma 7.3 in [45].
Let

F,¢) := 28V, (X,0)

T T
= s/ SB(XI,Q)dwt—i—/ 8C(X,,0)dr.
0 0

Since it follows from the definition of ég that F (ég, ) =0,

0 = 8.F(B,,¢)
= 5F(9,8)|9=é£8808 +88F(0,8)|9=é5,

where
T T
SF,¢) = s/ szB(Xt,e)dthr/ 82C(X,, 0) dr,
0 0

T T
8. F(0,¢e) = / SB(X,,G)dwt+8f 06 B(X;,0)é. X, dw, +
0 0

T
-l—/ 06C(X,,0)8:.X, dt.
0

Since ¢© = lim, |( 8.6;, we obtain the result.
In the same way as above,
0 = 82F (0, ¢)
= 5, (5F(9, &)lp_g,8:0: + 8. F (0, s)|9:ég)
= 82F(0,8)ly_p, (0:0.)% + 28.8F (0, &)|y_;,8:0: +
+8F (0, )ly_4,820: + 82F (6. 8)ls_j,.

where

T T
8’F(0,¢) = s/ 83B(X,,9)dw,+f §C(X,, 0)dr,
0 0

T T
8:8F (0, ¢) :/ szB(Xt,e)dthre/ 38°B(X,, 0)8. X, dw, +
0 0

T
+f 382C(X,,0)8.X, dr,
0
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T
82F (0, e) = 2[ 38 B(X,,0)8. X, dw,
0
T
+sf 328 B(X,, 0)(8:.X,)®? dw, +
0
T
+s/ d8B(X;, 0)82 X, dw, +
0

T T
+f 828C(X,,9)(88X,)®2dt+f 38C(X;,0)82X, dr.
0 0

Thus, we obtain ¢ = lim, 10 8398. This completes the proof. O

Proof of Lemma 5. From Assumption 3, we see that
) o, L m U i e | ket0)
%8 (98_90)=; +§8§ ++E8 é‘ +8§s ’

where {%) = O(1) in D*®(R”). Moreover, in case that |R,| < 1/9, it follows from
the definition of v, that ¥, = Y (3R,) = 1 and

1-e7'6. — ) = Y™ (6. — 6b)
= ;(°)+%s;“)+---+%s"‘1§““”+skggk). (12)

First, expanding Vel (Xe(w), ég(w)) in a Taylor series around 6, and substituting
(12) in the resulting expansion, we obtain the second-order stochastic expansion as
follows:

Vel (X* (w), O(w))
=V, [elg(Xg(w), 00) + £ (81 (XE (w), 60))' (B (w) — 6p) +
1 . .
+ Eg(eg(w) — 6p) (821 (X* (w), 6p)) (B (w) — 6p) +
1 ! R .
+ 3¢ / 8. (X%, 00 + u(@,(w) — 6p))(1 — u)* duB:(w) — 90)@’3}
L .
— y,[/ b(X?, 6) dw, + ¢! / c(X¢,6p) dt +
0 0

T T 4
+ <f 8b(X¢, 6p) dw, +s“/ 8c(XE, 6p) dt) X
0 0



56 MASAYUKI UCHIDA AND NAKAHIRO YOSHIDA

1

X (85(0)(10) + Eszg(l)(w) + 834“8(2)(10)) +

1 T T
+ 5([ 82b(X¢, 6y) dw, +e—1f 82c(XE, 0p) dt) X
0 0

1 ®2

X <8§(0)(w) + 5szg(”(w) - s3<;;2>(w)) +

1 1 T
+ —f / 8b(X¢, 0) dw,
2 0 0

T
+ ¢! f 83e(XE, 0y + u(@ (w) — 90))dt) x
0

_J’_
0=B0-+u (0 (w)—bp)

®3

x (1 — u)2 du (84“(0)(111) + %825(1)(10) + 8358(2)(10)) }

_ T T

— wg[g—lf c(Xf,eo)dt+/ b(X¢, 6p) dw; +
T ’ ’ ’ T ’
+ <f 8c(XF, 6p) dt) O w) +e</ 8b(X?, 6p) dwt) cO@w) +
| 0 , / 0
+ 58(/ Sc(XE, 6p) dt) ¢ (w) +
0

T
+ %s( / 82¢(X?, 6p) dt)(;<°>(w))®2 + &2 1(2)(Xf,90)],
0

where

F2(x2, 60)

T ! T /
:%( / ab(xf,eo)dw,> <;<”(w>+e( / Sb(Xf’e())dwf) G+
0 0

T ! T

+ ( f 8c(XF, 60) dt) P (w) + %( / 8b(X?, 6p) dwt) X
° 1 T ’ T
x (O w))®* + §<s / 8%b(X¢, 6p) dw, + / 8%c(X?, 6p) dt) X
0 0
®2
X s(%;“)(w) + s;é”(w)) + O w)) x
T T

x (s f 8b(X¢, 6p) dw, + f 8%c(X?, 60) dt) X

0 0

X (%g(”(w) + 8{8(2)(10))4-
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+

1! r
Ll o
2 0 0 0=00+u(Bs (w)—6p)

T
+ / 83c(XE, 60 + (0, (w) —00))dt> X
0

®3
x (1 —u)>du <§(0)(w) + %8§(1)(w) + 82;;2>(w)> .

Since 1&8 =1— 0y (X) for any K > 0, where 0 (¢%) means O (eX) in D>, we
(1 —w)’du = Oy(1),

have
. 1 T
A / f 8b(X¢, 0) dw,
o Jo 0=00+u (0 (w)—6p)

1 T
1/_18/ / 83c(XE, 60 + u(@.(w) — 6p)) dr (1 — u)> du = Oy (1).
0 0

Therefore, we obtain 1/_/S fl(z) (X7, 6p) = Op(1) and

Yeels(X*(w), 6, (w))
T T
zw/_fs[e—lf c(X?, 6p) dt+/ b(X?, 6) dw, +
0 0

T / T /
+ <f Sc(XF, 6p) dt) O w) +s</ 8b(X?, 6p) dwt) cO@w) +
0 0

1 ! / 1 !
- §s</ Sc(XE, 6o) dt) ¢ (w) + §s</ 8%c(X?, 6p) dt) X
0 0

x (c“’)(w))@z} + On(e?).
Next, expanding X¢ in a Taylor series around X?, we obtain

Vel (XF (w), 6. (w))
T T
= xﬁg[s—l</ c(X?, 6y) dt+8/ dc(X?, 6p) D, dt +
0 0

1 T 1 T
+ 582/ 3%c(XY, 60)(Dy, D;) dt + 582/ dc(X?, 60)E, dt +
0 0

1 1 T
+§s3f0 fo 82c(X¢, 6y) dt

T T
+ <f b(X?, 6p) dw, +ef db(X?, 60) D, dw,+
0 0

(1 —u)? du) +
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1 T
+ ¢&? / / 82b(X¢, 6p) dw,
0 JO e<ue

T T
+ (/ 5c(X°, 6p) dt—i—e/ 38c(X°, 60) D, dr +
0 0

¢! —u)du) +

1 T
+ &? / 828c(X¢, p) dt
0 JO

(1 —u) du) 5(0)(w) +

E<ue

T 1 pT
+e</ ab(X?,eo)dw,+e// 8:8b(X¢, 6p) dw,
0 0J0

1 T 1 pT
+§s</0 5c(X?,eo)dt+e/O/0 8:8c(X¢, 6p) dt

1 T
+ 58({“”)’([ 82c(X?, 6p) dt +
0

1 T
+& / / 8:8%c(X¢, 6y) dt
0 0
T

- ws[g—lf c(X?, 0p) dr +
0

du) 5(0)(w) +

E<UE

du) g“(l)(w) +

E<UE

du)g“’)(w)} + Op(e?)

T T
+/ b(X?,Go)dw,Jr/ dc(X?, 60) D, dt +
0 0
T ! T
+ <f sc(X?, 6o) dt) §(°>(w)+s/ db(X?, o) D, dw, +
0 0
T / T 1
- s(/ 8b(X?, 6p) dw,) ¢ (w) +s(/ 38c(X?, 6p) D, dt)g‘(o)(w) +
0 0
1 ! 0 / (€3] 1 ! 2 0
+ 3¢ 8e(X;,00)dr ) ¢V(w) + Ze | 9%e(X7, 60)(Dy, Dy dt +
0 0
1 ! 0 1 0) l
+ e | 3c(X0,00)E, dt + —e(cP(w)) x
2" Jo 2
T
x ( / 52¢(X?, 6p) dt>§(0)(w)—|—82 ;2>(Xf,eo)] +
0

+ Op(e?),

where
1 1 T

2xe,6,) = —/ / S3e(Xe, 60y dt| (1 —u)’du+

2 0 0 g<ue

1 T
+ / f 8Zb(XE, 6p) dw,
0 0 £<ue

1 T
+ < / / 828c(XE, 6p) dt
0 JO

(1 —wu)du +

1- u)du) cOw) +

E<UE
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1 T
+ (/ / 5.6b(X°, 6y) dw,
0 0
1 1 T . / (1)
+ = 8:8c(X;, 6p) dt du ) ¢V (w) +
2 0 JO e<ue

1 1 T
+5(¢“’>)’( / / 8:8%c(X?, 0p) dt
0 0

Since ¥, = 1 — Oy (eX) for any K > 0, we have

1 T
Ve / f 8:8b(X?, o) dw,
0 0

1 T

Ve / f 82b(X¢, 6y) dw,
0 0

_plopT

Ve / f 8:8c(X¢E, 0p) dt
0 0

_plopT

Ve / f 8:8%c(X¢, 6p) dt
0 0

_plopT

Ve / / 828c(XE, 6p) dt
0 0

1 T
Ve / / 82c(X?, 6y) dt
0 JO

It then follows that ¥, 3> (X?, 6p) = Oy (1) and

du) ¢ w) +

E<ue

du>;<0>(w).

du = Oyu(1),

E<UE

(I —u)du = Op(1),

E<ue

du = Oyu(1),

E<ue

du = Opu (1),

E<ue

(I —u)du = On(1),

E<UE

(1 —u)?du = 0y (1).

E<ue

Veelo (XE(w), 0, (w))

T T T
= s_lf c(X?, 6) dt+/ b(X?, 6y) dw,—l—f dc(X?, 6p) D, dt +
0 0 0

T ! T
+ (/ 8c(X?, 6p) dt) ¢ O (w) +s/ db(X?, 6p) D, dw, +
0

0

T / T /
+e<f 8b(X?, 6p) dwt)g“(o)(w)—l-e(f 38c(X?, 6p) D, dt);“’)(w) -
0 0

1 T ' 1N
+ 58(/0 8c(X?, 0o) dt) ¢ (w) + 58/0 3%c(X°, 60)(D;, D,) dt +

1 7 1
- 58/0 dc(X?, 60)E, dt + 58(5(0)(10))/ X

T
X < / 8%c(X?, 69) dt);“’)(w) + Oy (e?).

0
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Similarly, we obtain
lﬁs/ / elo (X* ("), 6,(w)) dP(w') dP (w)
wJw
T
= s_lf c(X?, 6p) dr +
0
1 ! 0 / )]
+ -¢€ dc(X,, 0p) dt MV (w)ydP(w) +
2 0 W
1 ! 2 0 1
+ —¢ 07c(X,, 60)(Dy, D;)dt dP(w') +
2 Jwlo
1 ! 0 l
+ =€ de(X,,0p)E, dtdP(w') +
2 Jwlo

T
+ %8/ (g“”(w))/(/ 8%c(X2, 69) dt>§(0)(w)dP(w)+ Ou(e?).
w

0

Since ¥, = 1 — 0y (¢X) forany K > 0 and v, fol 8b(B+uB, —6p)) du = Oy (1),
we see that

1
Veeb(@,) = U.eb(0p) + VYes> f 8b (B + u(d, — 6p)) du x
0

x (;“’) + %84‘(1) + 82;9)
= eb(By) + Oy (£?).

‘We then have

VSt = Yeel (XS (w), O.(w)) —
— Y, / / elo(XE(w"), 0. (w)) dP(w') dP(w) — V&b (8,)
wJW

T T
= / b(X?, 6) dw, +/ dc(X?, 60) D, dt +
0 0

T ! T

+ <f 8c(X?, 6) dt) g(°>(w)+sf db(X?, 60) D, dw, +

0 0
T /

+s</ 8b(X?, 6p) dw,) ¢Ow) +

0

T ’
- e(/ 38c(X?, 60) D, dt) cOw) +
0

T /
- %s(/ 8c(X?, 6) dt) cV(w)—
0
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1 T '
——e</ ac(X?,eo)dt> / ¢V(w)dP(w) +
2 0 w

+ls/ 3%c(X?, 60)(D;, D,) dt —
——g// 3%c(X?, 6)(Dy, D;) dt dP(w') +

+ 28/ ac(Xt,Qo)E,dt— —sf f BC(X 00)E, dr dP(w") +
0

—s@@aw)(/ #dX&a»M)ﬂ“mo—

/@«»(w)) (/ 82¢(X°, 6p) dt);“’)(w)dP(w) -
- sb(eo) + Op(e?).

From the second-order asymptotic expansion of S’;‘ as above, fy and f; are deter-
mined.

In the same way as the second-order asymptotic expansion, we can see that for
any k € N,

VeS: = Vot et oot e ot + 6510,

where £ = 0,(1). Moreover, since ¥, = 1 — Oy (¢X) for any K > 0, we
obtain

VeSE~ fot+efi +
in D* as ¢ |, 0. This completes the proof. a

Proof of Lemma 6. From definition, |§:| > 1if oy, 5 < (1/2)og or 0 5 >

(3/2)0,. In case that (3/2)0 4, > 0y, 5. > (1/2)0 4, we obtain (2/3)0 ;! <o ];15* <

20 f_o ! Therefore, it follows from Assumption 4 that for any p € (1, 00),

sup E[l{‘&‘<1}(0’%5*) p] < OQ.
£€(0,1]

From Lemma 5, ¥, S’;‘ € D has the asymptotic expansion

VeSE~ fo+efi +

in D*® as ¢ | 0 with fy, fi,... € D*™°. We then have 1&85‘ = fo+ ef D, where
foe D=, fV = 0(1) € D*. Since
1/2 1/2

|GI[}£S£ —op | <o

1/2 SR V- S V.
VeSi=fo — Cerl) ol
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we have
. 12 1/2,, 172 1/2 1/2, _1/2 1/2
|Gw£S§‘ - O‘fol = |U¢S§: — 04 ||O']h§: + O | < 80’]{51)(0'%5;5 + O ).
Hence, it follows that there exists C > 0 such that for any p > 1,
log.s: —opllp < Ce. (13)

From definition, £, = O(1) in D*® as ¢ |, 0. It follows from Chebyshev’s inequality
that for any a > 0, K > 0,
d

It follows from (13), Holder’s inequality and Assumption 4 that for any K > 0,

2007 o —
Pt > a] < PHM

O
1 2(c; 5 —op) |IX
_ %Sg fO
ak O fy K.

20,5 —0p) K
o

fo

= 0(eX).
K

We then see that for any a > 0, K > 0,
P&, > a] = O(£5). (14)
From (14), we see that for any p > 1,
1=, =11 =¥ EDp < My -12ll, = OES).
In view of the chain rule for H-derivatives,
D(1 —y;) = =Dy = —y' (&) DE..
Since | (¢, = O (%), we see that for any p > 1,
IDA =y, = O(X).
Similarly, it follows that for any p > 1 and j > 0,
ID/(1 =y, = 0@E").
Therefore, we see that for any K > 0, ¥ = 1 — O(¢X) in D®. By using
Theorem 4,
VITWeS)) ~ YT (fo+efit:)
~ Y (Do +ed;+---)
~ Og+ed;+---

in D~ as ¢ | 0 with @, 1, ...in D~ This completes the proof. a
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Proof of Theorem 5. From Lemmas 2, 3 and 6, we have
E[f(SD] ~ EIY 5]
= E[Y]fo (5]
~ E[E¢] +¢E[E(] + ---

as ¢ | O uniformly in any f € £(M, y). Therefore, the rest is to calculate E[E;],
i =0,1,....From the regularity of f and integration by part formula,

E[Ei] = E[G;(w)f(fo)]
= /Rf(X)E[Gi(w)Ifo=X]Pf0(X)dx

for some smooth functional G;(w). Therefore, each term is represented by an in-
tegration of a smooth function. We will only determine py and p;. It is easy to
show that pg(x) = py,(x) = ¢(x; X). Moreover, we obtain

E[E(] = E[fidf(fo)]
= E[3f (fo)EL[f1l fol]

= —/ F@AELf1]fo = x]pg(x)} dx.
R
We then have p(x) = —9{E[ fil fo = x]p s, (x)}. This completes the proof. O

Proof of Theorem 6. In Theorem 5, for any f € E'(M,y), let b(:) = bs(-).
From the point of view of the second-order statistical inference, it then follows that

ELFS] = fR FEOBG: D) dr —
p / FEELE — b6 fo = x1¢ (x: B} dx + oe)
R
- /Rf(x)d)(x; ) dr — 8/Rf(x)3x{E[F1|fo (e D)) dx +

+8bf(90)/Rf(X)8x{¢(X; X)}dx +o(e)
= o(e).

This completes the proof. a

Proof of Theorem 7. In Theorem 5, putting f(x) = x and b(-) = bi(-), we
obtain

E[S:] = ELfol + €ELfi]l + o(e)

T T
= gE[@(O))’/ 8b(X?, 6p) dw,+(§(0))// 38c(X?, 6p) D, dt} -
0 0

—&b1(6y) + o(e)
= o(e).

This completes the proof. a
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Proof of Theorem 8. In Theorem 5, putting f(x) = 1;0,00)}(x) —1/2and b(-) =
b, (), we obtain

_ 1 > 1 *
PLS; > 01— 5 :fo ¢(x,>:)dx—§—e/0 IAELf1fo = x] X
x ¢(x, X)}dx + o(e)

= ¢E[Fi|fo = 0]¢(0, X) — eb2(60)¢ (0, X) + o(¢)
= o(e).

Similarly, putting f(x) = 1{—e0,00)(x) — 1/2 and b(-) = by(-), we have

P[S; <01 — 3 = —cE[F|fo =01¢(0, £) + £by(6)¢ (0, ) + 0(¢)
= o(e).

This completes the proof. a

Proof of Theorem 1. It follows from Theorem 7 and It6’s formula that we obtain

p T T
ZE[(/ b("),tdwt)(f 8ib(X?, 6) dw, +
i=1 0 0
d
+2
a=1

T
/ du8ic(X?, 6) D* dt)]
— /0

T l
= > [/ b(")’t<8ib(X?, 90)> dr +
. 0

i=1

d T ' T T
+) E bh,, dw, dudic(X2, B)A2 , ds dw,
a=1 0 0 Jt

T /
= Z[ / b{'),t<8ib(X?, 90)> dr +
. 0

i=1

d T ' T 1
+Z/O b{)’t(/t 8a8ic(XS,60))\§",ds> dt],
a=1

by (6y) =

which completes the proof. a
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Proof of Theorem 2. From Theorem 8, we compute b,(6y) = E[Fi|fo = 0].
From (9)—(11) and Lemma 1, we have

- p
E[F|fo=x] = Y Ja(@ub(X),00)(x) + Y _I"(by,. b)) (x) +
o=l i=1
Ly ' (1)
3 Z/o 8ic (X7, 00) dt EL57| fo = x] +
i=1
d

1 2 0
+3 a;l JZ 5 (9dpc(X?, 00))(x) +

1 d
+3 ; T2 (0,c(X°, 60)) (x) +

1 p T ) .
+3 Zf 8;8;¢(X7, 60) dr 1'' (b}, by ) (x) — Co,
0

ij=1

where

14 d
Elg"lfo=x1 = =Y 1E)" {2 D T3 (38 B(XY, 00))(x) +
j=1 a=1
p .
+2) 1G] b)) +
k=1

d
+ ) J2 404958, C (X0, 60) (x) +
o,f=1

d
+) I3 (0.8;C (XY, 00))(x) +

a=1

P T
+Z/ ajakBIC(X?,QO)dtI”(b’(j’,,bé’,)(x)}.
k=170

This completes the proof. a
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