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Asymptotic expansion and information criteria

Masayuki Uchida and Nakahiro Yoshida

Abstract. For statistical models including continuous time stochastic pro-
cesses, two types of information criteria based on the expected Kullback-Leibler
information are proposed. The information criteria are applied to the evaluation
of various types of statistical models and they are generally different from the
results proposed in Uchida and Yoshida [33], which are based on the estimated
Kullback-Leibler information. As an example, we present two information cri-
teria for ergodic diffusion processes.
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§1. Introduction

AIC is a criterion for statistical model selection proposed by Akaike [2, 3] from
aspects of prediction. It evaluates the goodness of fit of a statistical model
by the expected Kullback-Leibler divergence between the predicted distribu-
tion and the true distribution. The expected Kullback-Leibler divergence is,
however, unobservable, and we need to estimate it from the data. In i.i.d.
case, it is natural to replace this expected value by the sample mean of the
log-likelihood function with the maximum likelihood estimator plugged in the
unknown parameter, that is, the maximum log-likelihood divided by the total
number of the data. Akaike observed that this intuitive estimator had a bias
and proposed that it be corrected by the dimension of the parameter in the
same asymptotic argument as in testing hypotheses. His derivation relied on
the first order asymptotic theory, and required assumptions: (i) the data are
independent random samples from an unknown distribution, (ii) estimation is
done by the maximum likelihood method, and (iii) the parametric family of
distributions includes the true model. A generalization was soon later done
by Takeuchi [32]. He considered a possibly misspecified case instead of the
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assumption (iii), and obtained a modified criterion called TIC (Takeuchi’s in-
formation criterion) under the assumptions (i) and (ii). Also, Konishi and
Kitagawa [15] recently proposed generalized information criteria GIC under
the assumption (i), replacing the assumption (ii) by functional-type estima-
tors. We should note that the correction term in each information criterion is
determined so as to adjust the expectation-bias between the estimator-plugged
log-likelihood and the expected Kullback-Leibler divergence. For more details
of the information criteria and related topics, see Barron et al. [4], Burman
and Nolan [6], Burnham and Anderson [7], Hall [11], Hurvich and Tsai [12, 13],
Konishi and Kitagawa [16], Knight [14], Laud and Ibrahim [19], Portnoy [23],
Shibata [28, 29], Shimodaira [30, 31], Yang and Barron [35].

Though it is true that the expectation-unbiasedness is an easily tractable
unbiasedness, from decision theoretic aspects, it does not seem to have a firm
ground for selecting only it. The mean unbiasedness corresponds to a quadratic
loss, and it can be extended in a natural way to other loss functions, such as
absolute loss, LP-loss, etc. In fact, as we will discuss it later as an illustrative
example, it is possible to construct a median-unbiased information criterion;
more generally, we will obtain f-unbiased’ information criterion. All exist-
ing criteria including AIC, TIC and GIC modify an estimator of the expected
Kullback-Leibler divergence to cancel the expectation-bias in the second order.
This fact implies that the higher order asymptotic theory (asymptotic expan-
sion) can clarify such phenomena as it was successfully applied to prove the
advantages of the bootstrap method. The first order asymptotic theory to the
second order terms in our language was sufficient to obtain the expectation-
unbiased criteria because of a particular cancellation. However, we will treat
a general unbiasedness, and in this situation, it is necessary to consider the
second order approximation to the distribution of the error of an estimator of
the expected Kullback-Leibler divergence. The first aim of this paper is to for-
mulate the model selection problem in the light of the higher order asymptotic
theory in a unified way, and to show several possibilities other than the usual
expectation-unbiased criteria, with the median-unbiased information criterion
(MUIC) as a byproduct.

It is well known that the asymptotic expansion is an indispensable tool to
develop the higher order statistical inference theory. For functionals of inde-
pendent observations, Bhattacharya and Ghosh [5] guaranteed the validity of
the expansion, and for dependent data, Gotze and Hipp [9, 10] gave a valid
asymptotic expansion of the distribution of an additive functional of a discrete-
time process under the geometrically strong mixing condition and a conditional
type of Cramér’s condition. Recently, with the Malliavin calculus, under geo-
metrically strong mixing condition, Kusuoka and Yoshida [18] studied a valid
asymptotic expansion of the distribution of an additive functional of a contin-
uous time e-Markov process with finite autoregression including Markov type
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semimartingales and time series models with discrete time parameter embed-
ded in continuous time. Sakamoto and Yoshida [25, 27] applied this result to
asymptotic expansions of estimators for diffusion processes. Celebrated Myk-
land’s work [20, 21, 22| also treated higher order statistical inference from a
martingale approach.

Recently, with the development of the statistical inference for stochastic
processes, the problem of the model selection for stochastic processes has been
becoming important both in theory and in applications to neural networks,
engineering, economics and mathematical finance, etc. Thus, the second aim
of this paper is to provide information criteria for stochastic processes: e-
Markov mixing processes with continuous time parameter including diffusion
processes with jumps and also nonlinear time series models with a discrete time
parameter. Consequently, our result validates the use of traditional informa-
tion criteria even for stochastic processes for which mathematical validation
did not necessarily exist. Moreover, it enables us to extend familiar criteria to
more general criteria, such as MUIC, which are applied to stochastic processes.

The organization of this paper is as follows. In Section 2, we derive asymp-
totic expansions of distributions of estimators for mixing processes with a
continuous time parameter under the geometrically strong mixing condition.
Our main results are stated in Section 3. Two kinds of information criteria are
proposed. The general results for M-estimators are also presented. In Section
4, the proposed information criteria are applied to diffusion processes. Section
5 is devoted to prove the results in Sections 2 and 3.

82. Asymptotic expansion
2.1. Preliminaries

Let (Q,F, P) be a probability space and (X7, A7) be a measurable space for
each T > 0. Let X1 denote a Xp-valued random variable with an unknown
distribution Qr(-) = P(X;'(-)) having a probability density function gr(-)
with respect to a reference measure. Let éT : (X7, Ar) — O be a measurable
function, where ® C RP. The Borel o-field of R? is denoted by BP. Esti-
mation is done within a parametric family of distributions {Pryg(-);6 € O}
with densities {fr(-,0);0 € ©}, which may or may not contain gr(-). The
predictive density function fr(z,07) for a future observation X (@) = z (for
@ € Q) can be constructed by replacing the unknown parameter vector 6 by
Or.

As a model selection criterion, it is possible to use the concept of selecting
a model based on minimizing the Kullback-Leibler information, where the
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Kullback-Leibler information is defined by
1) HQriPpy}

[ oaar(Xr(@)P(2) - [ 1r(Xr(@),0r(X1(w)) P(d2).
Q Q

and lp(z,0) = logfr(xz,0). The first term on the right-hand side of (2.1)
does not depend on the statistical model and only the second term may
be taken into account. Uchida and Yoshida [33] proposed two information
criteria as asymptotically unbiased estimators of the expected log likelihood
Jolr(X7(@), 0r(X7(w)))P(do).

In this paper, we consider information criteria as asymptotically unbi-
ased estimators of the mean of the expected log likelihood, which means
Jo Jolr(Xr(@), 07(X 1(w)))P(do)P(dw), from the point of view of selecting
a statistical model based on minimizing the expected Kullback-Leibler infor-
mation, which is [, I{Qr; PTﬂAT(w)}dP(w), over a set of competing models.
A simple estimator of the mean of the expected log likelihood is given by
lT(XT(w),GT(XT(w))). Let

St = r(Xr(@),0r(Xr(@) ~ [ [ 10(Xr(@),6r(Xr (@) P2)P(d),
Sko= rpSp—rrb(p(X7(w))),

where rp = 1/v/T and b is an R-valued function defined on R?.
In order to obtain the second order asymptotic expansion of the distribution
of ST heuristically, we assume that there exists a parameter 6y € © such that

(2.2) rr (07 — 00) = (0 + 7@ (E2, EV) 1 0, (r7)

for functionals E}O), 5;1) satisfying conditions put later and ()1 is a polynomial
with coefficient bounded as T' — oo. Set Zi(po) = TTZ:(FO), Z;l) = rTZ:(Fl), where

2 = p(Xr(w), ) — /Q I (X (&), 60) P(d),
72 = 9ylr(X1(w), ) — /Q Ol (X (&), 00)P(dD), O = %.
We expand Ip(X 1(w), 0r(X7(w))) and /Q /Q L (X (&), (X (w))) P(de) P(dw)

in a Taylor series around 6y and substitute (2.2) in the resulting expansion.
Under regularity conditions, by a central limit theorem and a law of large
numbers, one has stochastic expansion as follows:



ASYMPTOTIC EXPANSION AND INFORMATION CRITERIA 5

+{7«T /Q 89lT(XT(aD),90)P(ch)}/
A+ rr (@@ - [ @8 p(n) |
+1<¥”’{7~% | @0 1(Xr@),00)P(a) | &

5 [t [ @0 (0@, 00 P(a) | & P(d) + 0y(1),

where A’ indicates the transpose of A. Thus we may define the random variable
R, by

(2.3) Sk
= Z(O) TCT
m( ‘SO 4 P ahQi(E, )] + PRH[*O)’ch(O)] <eo>)
+RTa

where ar = TTfang(XT( ) 90) (d&)), bT = ’I”%f(ag) ZT(XT( ) 90) (d )
and Pg,1 is the prOJec‘mon to the space orthogonal to the space R1 in L?(P),

e.g, Pryslar@i(CY ¢ = ahp @i (&Y, &) = Jo @ (¢, &) P(dw).

Remark 1. (i) For an M-estimator HT, as in Sakamoto and Yoshida [24, 25,
27], we can show that for some Ey > 1, 0 < g9 < 1 and random variables EZ(FO)
and C}l),

(24) rr (Br — 00) = & + Qa6 &) + Br,

where P [HT exists uniquely in U(6p,r5") and |Ry| < T‘T] =1-o go) and
U(6y,r7°) is the closed ball of radius r7° centered at 6p.

(i) Moreover, by (i) and some regularity conditions, there exist constants
E >1 and e > 1 such that

Spo= 2+ arGy)
1y, oy 1 _
+rr (Z}”’céo) + Py [0 Qi (G G )] + 5 Py 670G («%))
R,
where P[|Ry| <r7] =1 - o(r¥).
(iii) When 01 is the mazimum likelihood estimator, it follows from ar = 0

and some regularity conditions that there exist constants E > 1 and € > 1
such that

_ _ PN 1 _ _
Sio= 294 (Z&”’g;o) + §PR1L[g$)’ng$>] _ b(&o)) + R,

where P[|Ry| <15 =1 — o(rk).
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2.2. e-Markov process

We introduce the underlying probabilistic structure of the random variables
Z:(FO), Zj(}), E:(FO) and C_:(Fl) in (2.3). For a probability space (2, F, P), let Y =
(Y;)ier, be an R%valued cadlag process defined on €, and X = (Xt)er,

an R"-valued cadlag process defined on 2. Assume that BXY s independent

[0, t]
of B[mo] for any ¢ € R4, where B[O,t] = o[Xy, Yy :u € [0,t]] VN, B[too

o[Xs — Xy : s,u € [t,00]], and N is the o-field generated by null sets. For an
interval I C R, sub o-fields B¢X, BY and By are defined by B = o[X; — X :
s,t e INRL|VN,BY =o[Y;:te INR4]VN, and By = U[Xt X, Y;:s,t€
INR4] VN, respectively. Suppose that there exists a constant e > 0 such that
Y; e F (B[};E’S] Y Bﬁf;]) for any s > 0 and ¢t > 0 satisfying ¢ < s < t, where
for any sub o-field of F, F(A) denotes the set of all A-measurable functions.
When a process Y meets the above condition, we call Y an e-Markov process
driven by X. Here, we assume that for any 7 > 0, Zr = (Z(O) Zq(q), 7(9), _él))
in (2.3) is a normalized functional of an additive functionalZy, i.e., Zp = rpZyp
for an R"-valued process Z = (Z;)icr, satisfying Zy € ]:B[o] and Z} =
Zy — Zs € FBsy, for every s,t € Ry,0 < s <t. Note that the dimensions of

Zq@, Z;l), f}o) and 5;1) are 1, p, p and ¢, respectively, i.e., n =2p+q+ 1.

2.3. Asymptotic expansion of a functional of (2.3)

Let Z3 = (2%, 2%, &% %), where Z* = 2 + ¢, Z00* = Zz(,
O = ¢ and ¢tV = ¢ 1t follows from (2.3) that S = S + RT, where

Sto= 2y e (277G Pyl @i (G G )
P 652 - ) )

In order to obtain the asymptotic expansion of (2.3), we make the same as-
sumptions as in Kusuoka and Yoshida [18]. [Al] is a mixing condition and
[A2] is a moment condition. For details, we can refer [18] and [27].

[A1] There exists a positive constant a such that

|EUBE o) = BUA < @7t e

LY(P)

for any s,t € R4, s <t, and for any bounded B[t 00" -measurable function

f

[A2] For any S > 0, supser, o<n<sllZiiplle(py < oo for any p > 1, and
P[Z{, ] = 0. Moreover, Zy € (5, LP(P) and P[Z] = 0.
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In addition to [A1] — [A2], we make another condition of the regularity of
the distribution, which is also assumed in [18]. For each T' > 0, [u(i),v(7)],
j = 1,...n(T) are sub-intervals of [0,7] such that 0 < ¢ < u(1) < v(1) <
u(2) <v(2) < - <un(T)) <on(T)) <T and that sup,; r{v(j) —u(j)} <
oo and inf;r{v(j) — u(j)} > 7, where 7 is a fixed constant such that 7 >
€. Suppose that for each interval J; = [v(j) — €,v(j)], there exists a finite
number of functionals ); = {yj,k}kzl,__,Mj such that o[Y;] C By, and that
for any bounded Bj,(j) o0)-measurable function F', E[F|Bjg ;] = E[F|o[V)]],
a.s. For each j = 1,...,n(T), a linear operator L; on D(L;) C (1,51 LP(P)
is a Malliavin operator over the probability space (€2, Bjy(j)—ev(j), ). The
Banach space Dé;, p > 1, denotes the completion of D(L;) with respect

1/2
t0 ]+l where [Pl s, = [l + |5 Fly + [T B F)lp, T, (F.G) =

Lj(FG) — FL;G — GL;F, and Dy J = MNp>2 DQL’;. Suppose that for any
[ € C‘X’(R(”d) ) and any ug, ug, . . ., Up, satisfying u(j)—e <wup <wup <--- <
Um < u(j), the functional F = f( w = Xup ,Yu, 1<k <m)e D2L,J§o—

and L;F = 0. Let op = (O‘F ) = (FL (F', F*)) be the Malliavin covariance

op of F' € DQL’]'Oof(Rd) = (DZOO?) , and Sp the determinant of op. Let v,
be a truncation functional such that 1); : (€, B[u(]) (i) — ([0, 1], B([0,1])).

Assume that sup; p M; < co. Set Z; = (Z, u] Vi), Silv; 25 = {O’Z ik =
1,....n+ Mj, (Szj)fl(Syj)f(nfl)wj}, and
Siyo= {(S2)7M(Sy) " V0¥ 1,25,
T, (08, Z5m),Tr, ((S2,) " (S,)” "*%,Zj,o}.

We make the following condition of the regularity of the distribution. For
details, see [18] and [27].

[A3] (i) For each j = 1,...,n(T), there exists a truncation functional 1;
defined on (€2, B[u(j),gv(j)], P) such that infij[wj] > 0;

(74) lim infr_on(T)/T > 0;

(iii) For each j = 1,...,n(T), Z; € Dy’ )™M, Si[v;; Z;] C Dy’
and for any p > 1, Uj—1,__n(r) 150 51,5 is bounded in LP(P).

2,00—

Here we make the first assumption on Zp.
Assumption 1. Zr = (Z;O), Zg),fi(po),fg)) satisfies [A1]-[A3].
Define the k-th cumulant A7 7% of Z% by

)\%1“-0%* _ Z-—kaal .. .80% log E[ w27, ”u 0, Oa= 8/aua,
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and the Hermite polynomial hq, ..., by

—1)k
NV
¢(Z, erﬁ)

where ¢(2;043) is the density function of the normal distribution with mean
0 and covariance matrix (04,3). Let X% be the covariance matrices Cov(Z}).
Then the asymptotic expansions up to the second order of the density of Z}
itself are formally given by

pro(z) = &(z;57),
pra(x) = $(=%3) (1+ Aaﬁ”*hmz;zm),

hay oy, (25 003) = “Oa, #(2;048), Oa =0/027,

where we adopt the Einstein summation convention, and «, 3,7 are indices
running from 0 to 2p+¢. Divide Cov(Z}) corresponding to the four subvectors

27" 2y, G and &) of Zi. e,

E(OO* ((10)*)/ (2520)*), (2(30)*)

)
T
(10)= (11)* (12)= ( 3)x*
_ _ - pM by
Y5 = Co Z(O)*,Z(l)*, (0)*7 =(1)* = T T
T v[Zy T T 7] Eggoi* (s E )*), E(TzQ)* (2(3 )*)

30)* 32)* 33)x*
mE =gy =P =@

Moreover, we set A0 = E[(Z\V*)3] »* = (2L, (220, 250y,
b = ((2&“’)*) s (Y by = () (5 b = <2§_?‘1>*>, 5 =
Cov[Z*, 0% e, 57 = Cov[Z* %), 85 = Covct*, ¢V, s5 =

(22) . For M > 0 and v > 0, the set 5 (M,~) of measurable functions from
R — R is defined by

E(M,v)={f:R — R, measurable, |f(z)] < M(1+|z])” (x € R)}.

For any f € £(M,~) and r > 0 and 2(0* > 0 satisfying S(00* > limp_,o 2590)*,
let

w(f,r) = /R sup{|f(z +y) — ()] : |y] < r}o(w; 500)da.

We make another assumption.

Assumption 2. There exist constants K' > 0 and o > 0 such that

fefftl]\l/)[ﬁ) ‘E[(f(g;’) - f(g;))l{\R;quff’}]‘ — 0(7”%)7

where 14 is the indicator function of a set A.
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Remark 2. Suppose that there exist constants K' > 1 and m > 1 such that
P[|R%| < 751 = 1—o(r}). Moreover, suppose that supps ||[r7S%]| 1 < oo for
some p > 1, and that m(p—1)/p—~ > 1. Then, we can show that there exists a
constant o > 1 such that sup peg(as4) ’E[(f(S}) — f(S;))l{IR*Tbrgf’}]‘ = o(rg).

The second order asymptotic expansion of a functional of (2.3) is as follows.
Theorem 1. Let M,y > 0. Suppose that Assumptions 1 and 2 hold true.

Then there exist constants 6 > 0 and ¢ > 0 such that for any function f €
E(M, ),

BUGSH] = [ 5000 s00)d0
+6)\000*/Rf( 2O ps(20); E(TOO) )¢(z(0);2$0)*)d2(0)
_TT/Rf(Z(O))aZ(O) [{Cg)(z(o))Jng)(z(o))

1 *
500 E0) ~ b6 f 6z =) d:0

+ pT(f)7
where
pr(f) = @w(f,2rk) + o(rH TNy,
(10)%/«(20)*
by by % %
o) - B fzm)o)*; ()2 = 3] s,
C:(FQ)(Z(O)) _ / Q1 (22, 200
Rp+q
><¢( 62(2(00) ) (0),5’; —53(2590)*)_1(b;),)dZ(Q)dZ(?’)
- /Q aTQ1<<T * V) Pdw),
(20)*y/ (20)x*
(3,0 _ (X7 )'brXy (0)\2 _ $(00)%
Cr (z7) E0)2 [(209)% — 2527.

Remark 3. From Theorem 1 with some K' > 1 and o > 1, it follows that for
adequate measurable functions f satisfying that f € E(M,~),

E[f(5p) = / F(O)(20; 5%

Q00 / (= ), 58005 5,0, £00%) ,(0)
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—?"T/ o <o> 1)(2(0)) + R (2O
+508 (0 >>} ¢<z<°>; =) =

+r2b(00) [ 70,0 [0 200)] a0
R
+o(rr).

For M > 0 and v > 0, the set &'(M,~) of measurable functions R — R is
defined by

/ . . v (00)* _
) = {feer) | [ f@ow s d=o
[ £@0{o(zs =)}z 20}
R
For suitable measurable functions f satisfying that f € E'(M,~), let
ICH(X 1 (w)) = rrle(X 1 (@), 00(X (@) = robs (0 (X1 (w))),
where
byo0) = = | [ 700 {¢<z<°>;z$°)*>}dz<0>}
R
[ =y 1 \00« / (2 0), 500 5(5(0); £00%) 7(0)
/f (=)0,0 [{ >< <>>+0<T2><z<°>>

+2c§3)(z<o>)}¢( o), 2“30)*)} dz(o)}.

-1

Then, ICy is the f-unbiased information criterion. In particular, for f(z) =
x, we obtain the asymptotically expectation-unbiased information criterion.
Moreover, for f(x) = 1(_u0)(7) — 1 and f(z) = L(0,00) () — %, we also have
the second order asymptotically median-unbiased information criterion. The
details will be described in next section.

§3. Information criteria

3.1. Main results

First, we propose an information criterion based on the asymptotically expectation-
unbiasedness (AEU) as follows.
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Theorem 2 (Information criterion in the sense of AEU). Suppose that
Assumptions 1 and 2 for some K' > 1 and o > 1 hold true. Let

(3.1) IC{(X7(w)) = rrlip(Xr(w), (X 1(w))) — rrbi (Or(X 1(w))),

where by (6p) = trﬁgrlz)*. Then,

E|1C/(Xr(w)) — rr /Q /Q I (X (&), (X1 (w))) P(dS) P(dw) | = o(rr).

Remark 4. (i) As for Theorem 2, we do not need to suppose [A3] in Assump-
tion 1. (i) When the data are independent random samples, I1Cy defined by
(8.1) can be reduced to AIC, TIC and GIC by mazimum likelihood estimator
i parametric model, by mazximum likelihood estimator in misspecified model,
and by functional-type estimator in misspecified model, respectively.

Next, instead of IC7, we suggest another information criterion based on
the second order asymptotically median-unbiasedness (second order AMU).
For details of the second order AMU, see Akahira and Takeuchi [1].

Theorem 3 (Information criterion in the sense of AMU). Suppose that
Assumptions 1 and 2 for some K' > 1 and o > 1 hold true. Let

(3.2) ICy(Xr(w)) = rrlp(Xr(w),0r(X1(w))) — rrba(Or(X1(w))),

where

1 1

b2(00) — _77"T_1)\000*
6 T 2590)*
(10) %y 2 (20)% (20)%+ (20)*
(12)* . (ET ) ET (2) - E(ET ) bTET
+ [trEy —Egp(]o)* + C;7(0) 5 2590)*

Then,

P [ICQ(XT(M))—TT /Q /Q I (X (@), 00 (X 7(w))) P(d) P(dw) > o}

1
- §+O(TT)

P [ICQ(XT(w))—rT /Q /Q I (X1 (@), 00 (X () P(de) P(dw) <o}

1
- §+O(T‘T).
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3.2. Results for M-estimators

First we review the result of M-estimator given in Sakamoto and Yoshida [27].
Let © be an open bounded convex set included in R?P and Ty a positive
constant. For T' > Ty, let (X7, Ar) be a measurable space and Xp an Xp-
valued random variable on some probability space. For an estimating function
Y XpxO — RY, an M-estimator éT is defined as a solution of the estimating
equation 17(0, X7) = 0. Let 6y € ©. It follows from assumptions below that
o is the target of M-estimator O, and 6, is called the (quasi) true value in the
parameter space ©. Set ¢(6) = ¢r(0, X7) and let 1, (6) be the a-th element of
¥(0), and (Vaar,....ax(0))ar,....ap=1,...p the k-th derivatives of 1. (#) with respect
t0 Oayy -y 04y, 1€y Vaay...an(0) = day -+ OapVa;(6), where 6, = 0/06,. Let
Vgsar--ar (0) be a tensor defined on © such that it is symmetric in ay,. .., a.
Note that they may depend on T'. However, we assume that they are bounded
as T — oo. For K € N, ¢ > 1, v > 0 and a positive bounded sequence rp
satisfying that r — 0 as T" — oo, we make the following assumptions.
[CO) o e CK(O) as.
[C1], suppsry [r7¢a;(00)llg < o0 fora=1,...,p.
[C2)X

sup HTEW(T%wa;aly--.,aK (0) - 5a;a1,---7aK (0)H < o0
T>T0,0€6 !

[C3] There exists an open set © including 6 such that

inf > 0.

T>T0,91,62€é,|$‘=1

2 </01 Dy (01 + (02 — 91))ds>

[C4]S sup (Isup [r7¢baar, . ax (6)]
T>Tyh ||0€O

q

As in the case that the dimension of 6 is one, the second order stochastic
expansion of an M-estimator was obtained by Sakamoto and Yoshida [24] under
similar conditions to those given above. Let n.q, .. ax (0) = r%E[Yasay.....a, (0)]-

< oo fora,a;=1,...,p,j=1,..., K.

Theorem 4 (Sakamoto and Yoshida [27]). Let m > 0 and v € (0,1).
Suppose that [COJ%, [C1],, [C2]’;2’7, kE = 1,2, and [C3] hold true for some
p1 > m,p2 > max(p,m) and ps > 1 with m/ps < v < 1 —m/p1. Moreover,

assume that 0.Uqp(0) = Ugpe(0). Then
P [(HléT € O such that Y(Ar) = 0)and(|07 — 6| < r%)} =1-—o(ry).
From this theorem, we see that for any m > 0, there exists a subspace Xr

such that P(?ET) = 1 — o(r7") and that for each observation X7 € Xr, the
M-estimator 67 for 6y can be defined as a solution of the estimating equation
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w(éT) = 0. In the sequel, any extension of 7 defined on the whole of the
sample space X1 will be referred to as the M-estimator of 6y, and will be also
denoted by Or.

Let {74;(0)}a=1,..p be tensors defined on © such that they may be de-
pend on T but supygAg (0) < oo, where Ay (0) = ro0,.(0). Put Z,, =
7 (r2aba; (00) — Ua: (00)) and Zap = 17" (r240a:b(00) — Zan(60)). Moreover, un-
der the condition [C3], set Z% = —p%% Z,., Z%, = 0% Ly Py ay =
—ﬂ“;“’ﬂa/;al...ak, and A% = —’“?“/Aa/;. We then obtain the stochastic expan-
sion of M-estimator 67 and estimate the convergence rate of its remainder
term.

Theorem 5 (Sakamoto and Yoshida [27]). Let m > 0 and v € (0,1).
Suppose that [COP*, [C1]p,, [C2]k, o k= 1,2, [C3], and [C4]3 hold true
for some p1 > 3m, p2 > max(p,3m), ps > max(1l,m) satisfying that 2/3 +
max(m/p2, m/(3p3)) < v < 1—m/p1. In addition, suppose that for the ten-
50TS Vg, and Ugpe in [C2]p2,y and [C'Q]m s Oclap(0) = Vape(6). Then there
exists an M-estimator for 6y. Moreover, let RS be defined by

X A w oo L e
(3.3)  ril0r—00)* = Z%+rp(Z ’be’—l—iu WAV AR

—i—r%Rg.
Then there exist C > 0 and € > 0 such that

Plrp|RS| < Cry,a=1,...,p] =1—o(ry).

Next, we obtain Ql(_;o)*, _(Tl)*) and 0;2)(0) explicitly in order to apply

Theorem 3 to the case of an M-estimator. Let C_:(FO (CT 1 ,(TO%*, e }01):)’ ,

G = (Y Y, Gy, 68 = 2, G = (2%, 2%, 2%, )
From (2.4) and (3.3), we have

" 1
(34) QU = Z2%,20 4 S, 2Nz 4 A

(E:(FI,BI*)/E}O)* + 5(6;0)*),67—',&559)* + A%,

where cr, is the matrix for a = 1,...,p, ie., crq = (09, )be=1,...p-
=(1)= 0)x* 30)* 30)* 30)* D* ~(0)*
Let Cov[C{V", 28] = (89, (287 )') S8V = Co [;3 L2397,
Cov[gtg)*,fg))*] = (Zgﬁq’? ,...,Eg%?))*)/ and Zg?) = Co [:(plz)*, T ] From

Theorem 1 and (3.4), we have
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C;z)(z(o)) _ ZaTz[ ﬁz ) + C%Z( ©) 4 Al
- | Qe G Plas),
where
C%J(Z(O)) _ /Rpﬂ(z?))'zm)éf)(z(?),2(3);u3,23)d2(2)d2(3),

ngi(z(o)) = /RP(Z(Q))/CT,iZ(2)¢(Z(2);,uz,Zz)dz(?).

1<y

Here, 119 = Ego)*(zggo)*) 20 and o, = 2(22)* (2590)*)_12§20)*(2¥0)*)/ and

(20)x*
2 0)%y\ —
Ha = l (B0 ] (Z777) 120,
Z:T

N

22)% 00)*y _ 20)* 20)* 32)x% 00)*y _ 20)* 30)x*
5y — lzw = (SIS (2 () I (s

32)* 00)*y — 30)* 20)* 33)x* 00)*\ 30)* 30)*
nEP - (2P0 12O Py mE - (20010 =iy

Since it follows that

(S0, ar, S507y @0 .
2 (20 RSEy [(2)2 — 500
T
LEEY (0 araerdSEY oz _ sy00m
5 S0 [(z™) T b
T
One has
(30) /5-(20)
2 (Zz la’TZE )ET
(3.5) cP) = - (00)>
&)
1P (S, arier) S5
2 (=)

84. Applications to ergodic diffusions

We consider applications of the results presented in Section 2 to ergodic dif-
fusion processes.
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Let X7 = {X;0 <t < T} be a d-dimensional diffusion process defined by
the stochastic differential equation (true model)

dX; = ‘/()(Xt)dt + V(Xt)dwt, te [O,T],

(4.1) Xo =

where Xy is the initial random variable (r.v.), V = (Vi,---,V;) isan RI@ R"
valued smooth function defined on R?, Vj is an R%valued smooth function
defined on R with bounded z-derivatives and w is an r-dimensional standard
Wiener process. We assume that X; is a stationary, strong mixing diffusion
process and X obeys the stationary distribution v satisfying v(]z|P) < oo for
any p > 1.

Consider a d-dimensional diffusion model defined by the stochastic differ-
ential equation

dX, = Vo(Xy,0)dt +V(Xy)dwy, te]0,T),

(4.2) Xo =

where 0 is a p-dimensional unknown parameter in ©, Xy is the initial r.v.,
V = (Vi,---, Vi) is an R? ® R” valued smooth function defined on RY, Vj is
an R%valued smooth function defined on R% x © and w is an #dimensional
standard Wiener process. The unknown parameter 6 needs to be estimated
from the observation X1 = {X4;0 <t <T}.

Let X% be the solution of the stochastic differential equation (4.2) for 6.
We assume that X ?p is a stationary, strong mixing diffusion process with a
stationary distribution vy. Since the likelihood function of 6 is defined by

T _ .
Ly(X}.0) = d”ijj“)exp{ | %@ e, aax,
0

1 /T -
35/ VD’(VV’)lvo(Xt,H)dt},

the log likelihood function is given by

T T
4.3)  1p(X5.0) — a(X0,9)+/ b(Xt,H)dXt—ir/ &(X;, 0)dt,
0 0

where we set that @(z,0) = log 2% p(z, ) = V§(VV')"!(x,0) and &z, 0) =
_%‘70/(‘7‘7/)71‘70(1'7 6)

From (4.1) and (4.3), the log likelihood function under the true model is
given by

T T
44) (X1 0) = a(Xo,0)+ /0 b(Xy, 0)duw, + /0 o(Xy, 0)dt,
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where a(z, 0) = a(x,0), b(z,0) = b(x,0)V (z) and c(x, 0) = &(z, 0)+b(x, 0)Vo(z).
Define a functional W by

5 T T
45)  Wp(X%6) = A(Xo,0) + / B(X;,0)dX, + / C(Xy,0)dt,
0 0

where A, B and C are given functions. From (4.1) and (4.5), the functional
W under the true model is given by

T T
\IIT(XT,Q):A(XO,H)Jr/ B(Xt,H)dwt—i—/ C(X,, 0)dt,
0 0

where A(z,0) = A(z,0), B(x,0) = B(z,0)V(x) and C(z,0) = C(z,0) +
B(x, 9)%@)
Let 67 be the M-estimator defined as a solution of the estimating equation

(4.6) 0¥ (Xr,0)=0.
Definition 1. Define the quasi true parameter 6y as a solution of the equation
/ 05C (2, 0)v(dx) = 0.
Rd
Under regularity conditions in Theorem 5, we can validate the following

argument.
Since it follows from the definition of 7 that

rpt(Or = 00)" = Z%+r0(Z%,2% + 0%, 20 2% + A%) + 0p(r),

we define
47 &V = (z8,7%,...,27)
-1
= v (()*C(-60))
i T T
X TT/ (%B(Xt,eo)dwt—i-TT/ 890()(},90)6#],
0 0
48) ) = (Z5,2%,....Z8,)

[ T
= - ?“T/O (99)* B(Xy, 0p)duwy

+rr | {@020(X000) — v (00C(,00)) ) dt]

1

)

xv ((99)2C(-,00))

2
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where 1/;1 is the i-th column vector of v~ 1.

ZQ@) and Z;l) are given by

(4.9) 2V = lal(xo,eo) + /0 Tb(Xt,Ho)dwt
T
+/O {C(Xtvao) - V(C('veo))}dt] 5
(4.10) Z}l) = T [ag(Xo,eo) +/0T 69()(Xt,90)d’wt

T
+/ {0pc( Xy, 6p) — 1/((990(~,00))}dt1 ,
0

where 041(X0,90) = CL(X(),QQ) - V(a(~,(90)) and OéQ(Xo,eo) = 890,(X0,(90) -
v (89&(',90)).

For functions f satisfying v(f) = 0, denote by Gy the Green function such
that AGy = f, where Vo = (Vj)), V = (V;’) and

d . 1 d r i o
A:;%8¢+§ZZVQV(§8¢@, 81:8902

7 i,j a=1

From It6’s formula, we see
T T
(411)  Gy(Xr) = Gs(Xo) = | 96 (X)V(Xp)dur + [ f(Xi)at.

Define f; (i = 0,1,2,3) by fo(z) = c(x,00) — v(c(:,00)), fi(z) = Fgc(z,60) —
v (9gc(-,600)), fa(x) = 0pC(x,60), f3(x) = (99)*C(x,00) — v ((96)*C(-, 60))-

Assumption 3. For f; (i=0,1,2,3), there exist Gy, € C’%’O(Rd) such that
AGy, = fi.

From (4.7), (4.8), (4.9), (4.10) and (4.11), we obtain
~ T
29 = op /0 (b(X,,00) — 9G 1, (X0)V (X)Ydwy + Oy (r7).
_ T
R /0 (0pb( Xy, 80) — DG, (X0)V (X)) duwy + Oy (rr).

_;O) = 7rr /OT —v ((&9)20('7 90)>71 {09 B(X¢,60) — 0G 1, (Xe)V (X))} dwy
+0, (1),

Chy = —[rT /OT{<69>2B<Xt,eo>—aGf3<Xt>v<Xt>}dwt]u(<ae>20<-,eo>)Al

+0p (1) -

7
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Set 6(0)( ) - b(x 90) 8Gfo( )V(x)’ 5(1)($) - 69[7(1'7‘90) - 8Gf1($)v(x)v

(O(z) = —v ((ae>20< 0)” {%B(w ) = 0Gp(x)V (@)}, and (M) =
{(89)*B(Xy,00) — OG 1, (X)V (Xe)} " v ((09)*C (-, 90)) . By It6’s formula,

COV(Z(O) _T = er / €O(x)eO (x,)dt| + o(1).

Since it follows from stationary that
207 = w00 ) + o),
one has

(4.12) =0 = p(EOOEDCY) + dr (¢ () ar
+2d5(CO(EQ (L)) + o(1).

In the same way, we obtain that

(413) 297" = EWOCOM)) +o(1),
(1) 257 = DOV ) +rEV OO () )ar +o(1)
(415)  SE = w(COOEDO)) + v PO ) )ar +o(1)
(@16) 299 = (M OEQ) + N OO )ar + o(1)
Next, we compute AJ0*.

MO = B2

— E[(Z9) 4 3E[(Z9)2(apd D))
+3E[(Z) ()2 + El(dp )],

T
70 = TT/O O (X dw; + rr{Gyo(Xr) — Gy (X0)} + rran(Xo, fo),
— T -
O = [ COC)dw v ((00°C(00) {Gn(Xr) - Gr(Xa)}.

Define that fa(z) = H€ @7 = v([IEDOP), fs(z) = €0(X)CO(X) ar
~v(ED()CO(Yar), folx) = ap¢O(X)¢ O (Xp) ar — v(ar¢ O ()¢ (Y ar).

Assumption 4. For f; (i=4,5,6), there exist Gy, € C?O(Rd) such that AG g, =
fi-
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By It6’s formula,
(0
E(Z}"))

T 3
5E ( /0 5(0)(Xt)dwt>
M T t
_ 3 (0) (0) 2
- 3rTE_/O (/0 ¢ <Xu>dwu) 160 (x,)|Pdt

+ o0 (TT)

+o(ry)

[ T T
= 3rf°E (/ 5(”)(Xt)dwt>-</ [H§(°)(Xt)H2—V(Hf(o)<-)\!2)]dt> +o(rr)
= STTSE (/ § Xt dwt> (/ f4 Xt ) “+ o0 ’f‘T)
It follows from (4.11) that
_ T
E(ZY)) = -3rrE [rﬁ /0 £0(Xy) {aGf4<Xt>V(Xt>}’dt] +o(rr).
Similarly,
B2y arly") = —rrE [rTQ [ anc@0x) 06, (v ey dt]
i T
—2rpE |rp? /0 c0(x,) {8Gf5(Xt)V(Xt)}'dt]
“+o0 (TT) ,:
E[(ZY () = —2rpE |rp? /OTa’TC(O)(Xt) {(‘)Gfs(Xt)V(Xt)}'dt]
) T
B [TTQ /0 ¢0(x,) {8Gf6(Xt)V(Xt)}’dt]
—+o0 (TT),
1 #0)N37 2T/(0) /
El(ar¢r’)’] = —3rrE [TT /0 apC (X)) {0G 16 (Xe)V (Xe) dt]
+o (TT).

Finally, by stationary, we obtain
(4.17) APO*
= =3O ()G (OV (YY) = rrv(ap¢ ()G, OV ()Y)
—2rp (0 (NG )V ()Y) = 2rr(ap¢ D (HOG 1 (WV()})
—rpv (D ({0G (W ()Y) = 3rrv (@O ()H{OG (YV ()Y) + o (rr) -
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From (4.3), (4.6) and (4.13), one has the information criterion based on the
AEU which works for M-estimators.

Theorem 6 (Information criterion in the sense of AEU). Consider the
models (4.1) and (4.2). Suppose that Assumptions 1 and 2 for some K' > 1

and o > 1 hold true. Moreover, suppose that Assumption 3 for f1 and fs holds

true. Then

« T .
1C(Xr(w) = rr [a(xo,eT)+ /0 b(X,,0)dX,

T n
+ / ¢(Xy, Or)dt
0=bp 70

—rpb1(07),
where b (60) = tr ((ED(ICO())) and J) B(Xt,e)dXt‘ezéT means substitut-
ing 0 = Or for the random field [} b(Xy,0)dX;.
From (3.5), (4.3), (4.6), (4.12), (4.13), (4.14), (4.15), (4.16) and (4.17), we

obtain the information criterion based on the second order AMU which works
for M-estimators.

Theorem 7 (Information criterion in the sense of AMU). Consider the
models (4.1) and (4.2). Suppose that Assumptions 1 and 2 for some K' > 1
and o > 1 hold true. Moreover, suppose that Assumptions 8 and 4 hold true.
Then

R T _ T R
ICQ(XT(W)) = rr [&(Xo,HT)—F/O b(Xt,O)dXt ) —|—/0 E(Xt,GT)dt]
—br

0
—T’Tbg(éT),
where
I TN R
T
10)* 20)* 20)* 20) %
O DG 7 0 7 AN A o (0> i
30)+ s (20)% . .
( i1 aT’iE(Tﬂ') )/E(T ) 1 (Ego) ) (i aT,icT7i)2f(Z?0)
(=8 2 (=87

Remark 5. As a sufficient condition for [A1] in Assumption 1, we can refer
Veretennikov [34] and Kusuoka and Yoshida [18]. For [A3], see Kusuoka and
Yoshida [18], which is used the relation between the Hérmander condition and
the reqularity of distributions, and see also Yoshida [36] applying the support
theorem.
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85. Proofs

In order to prove Theorem 1, we need two propositions below. For this reason,
we introduce some notation. Define functions Pr,(u) by the formal Taylor
expansion:

> 1

(5.1) exp (Z T!_ler_QXTVT(u)> = exp <2XT2 ) + ZerT T/QPT (u),
r=2 r=1

where

o) = () tosBlexplicu- 27

Let Wrx(u) be the k-th partial sum of the right-hand side of (5.1) with € = 1:

A 1
Urk(u) = exp <2XT2 )+ZT "2 Py (w).
r=1

For T > 0 and k € N, a signed measure ‘i’T,k: is defined as the Fourier inversion
of Uy (u).

Proposition 1. Let M,~ > 0. Suppose that Assumption 1 holds true. Then
for any K > 0,
(i) there exist constants § > 0 and ¢ > 0 such that for any function f €
E(M, ), N

|B[f(ST)] = ¥ralf]l < ew(f,r) +er,

where ep = 0(r§£1+6)/\K)) depends on E(M,~).
(i1) The sighed-measure d¥r; has a density dVr1(2)/dz = qr1(2) with

QT,1(Z(0))
= / pT,1(z)dz(1)dz(2)dz(3)
R2r+4q
o [/ {Z(I)IZ(2) +arQu(=,2%) _/ apQ1 (CT ; Tl)*) P(dw)
R2pr+q

lb Z / C(O)*/b 5}0)*P(dw) — b(90)} QS(Z, 2;)dz(1)dz(2)dz(3) ’

where pri1(z) = ¢(z; 55)(1 + %)\%ﬁw*ham(z;ﬁéu)) and X377 is the third cu-
mulant of Z:*p.

Proof of Proposition 1. Theorem 5 of Kusuoka & Yoshida [18] together
with Theorem 5.1 in Sakamoto & Yoshida [27] gives an asymptotic expansion
of ST as follows.
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For any K € N, there exist smooth functions ¢; 17 : R — R such that

g01.7(z?) = / (2 L) dzDdz? d2),
R2pr+a

and

a7z ?)

= / Zr1(2)p(2; ) dzVdz P dz3)
R2p+q
Z<o>[R2p+{ Dk Qi) - [ i QuiE” G Plw)

/ oGO P(duw) — wa)} (2 55)dzNdz? 2@ | |

where z = (20,20 2 >G)) and 21 (2) = r3t NP ho5 (23 57%), and there
exist constants 6 > 0 and ¢ > 0 such that for any f € E(M,~),

) (1)

S Cw(fa +€T 9

1
_/ f(Z(O))ZT_j/QQj,LT(Z(O))dZ(O)
R i

(1)

where eﬁfl )isa sequence of constants independent of f with e’ = o(T
It then follows that

f%(1+6)/\K)‘

CIT,1(Z(O))

1
— ZT_j/QQj,l,T(Z(O)>
j=0

- / pT,1(Z)dz(1)dZ(2)dZ(3)
R2pr+q
- o |, {2(1)'2(2)+a’TQl<z<2>,z<3>> [ ar @@ &Pl
PTq

+; @ pr2(2) /gT “b gT (dw)—b(@o)}qS(z;E})dz( )dz®dz®|

where pr1(z) = ¢(z; 25) (1 + %)\%ﬁv*ho{m(z; ¥%.)). Consequently, we have the
desired result.

Remark 6. In Proposition 1, we assumed the non-degeneracy of Cov(rrZ7).
However, even if Cov(rrZ7) is degenerate, it is still possible to interpret each
prk(2) as a Schwartz distribution, and to prove the validity of the formula for
qr,1 given in Proposition 1. For more details, see Sakamoto and Yoshida [26].
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Proposition 2. Let M,~ > 0. Suppose that Assumptions 1 and 2 hold true.
Then,
(i) there exist constants § > 0 and ¢ > 0 such that for any function f €
E(M, ), _ ,

[BIF(S)] = Yralf]] < cw(f,2r7 ) + 1,
where Ep = o(r(T(Hé)m)) depends on E(M, ).
(1t) The sighed-measure d¥r 1 has the same density d¥r1(z)/dz = qr1(z) as
Proposition 1.

Proof of Proposition 2. In the same way as in the proof of Lemma 6.5
in [25] (Lemma 9.5 in [27]) or Theorem 2 in [33], we can show the result.

Proof of Theorem 1. In order to obtain an explicit expression for the sec-
ond order asymptotic expansion of the distribution of ST, we need to compute
the following integral.

qr1(z)

_ / (2 525 dz 0 dzD @)
R2pr+a

1

6 R2p+a

=t | [ {0 4 Qi) - [ Qa0 Plaw)
R2pr+a (9]

| 1 [ 0 0y
52 2 /Q &0 0% P ) — b(eo)} (2 52)dz V2@ 15®)

X hapy (25 55) (25 25 ) dzWdz P dz )

% 1
= o= 20" + 5

1 *
—rrdo |(I0) + (IID) + S (IV) = b(60)o(= 7 277 |
where
I = —/ /\%ﬂ’y*ﬁaﬁﬁ&ygﬁ(z;E;)dz(l)dz@)dz(g)
R2pr+q
= Xm0 2o (0 25,
.2*)
o = W) Oz X W g5 )
D /R2P+qz ‘ Jrzpta H(2; 25)dzMdz(2)dz() = asras

x/ d(z;5%)dzMdzP dz)
R2p+a

* 00)*\ — * * 00)%y — N
= [, AP, R0 O 5 — b (20 )

xdz(l)dz(2)¢(z(0); 2590)),
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= Op)(:")o(: 2",

_ L0 (2 B) ¢z X7) (1) 7.(2) 1.(3)
(- = /Rzp+anQ1(Z - )fRZM¢(z;2*T)dz(1)dZ(2)dz(3)dZ dz"dz

< [ oV — [ Qi &Y Pdw)o; )
R2r+a [9)

= [ Qi ), O 0, 5 - bR ey))

<=0 500) — [ arQuE. G P(dw)o 0 25
Q

= O (o= 2p"),

/ Dy )
vy - @Y @) Pz 27
( ) /R2p+q (2 ) T fR2P+q o(z; E%)dz(l)dz@)dz(?))

x/ ¢(z;2*T)dz(1)dz(2>dz(3)_/ G0 Pdw)g(2©); 2007
R?2prta Q

= [ Y b (D00 0, 55— b (500 05) )=

dzM 22 q,3)

<0025 = [ G brClY Pdw)o (=0 )
Q
=: C:(F?’) (z (2, Eg,?o)*).

Since ¢(z(V, 2(2); b’{(Eé?O)*)*lz(O), St — b’{(E(TOO)*)*l(bT)/) is normal with mean
w1 and covariance matrix Yq, where

2(10)* .
S [Ego)* (EFEFOO)) 120,

T
L A s e s o e

Sy - oy s (el oy |
we have

M. (E(Tm)*)’E?O)* 0)1\2 (00)* (12)*

Cp' (29 = (E(OO)*)?[(Z( )P =5y + ey

T

/

Since ¢(Z(2)’ bg(zgg())*)_lz(o), S;; _ b§(2§90)*)_1(b§)
and covariance matrix Do, where s — Zgo)*(zggo)*)flz(o) and X9 = E??)* _
(2590)*)—12%20)*(2&?0)*)’, we obtain

) is normal with mean o

3
C’})(Z(O)) (2(00)*)2
T

[(2©@)2 — 20,

This completes the proof.
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Proof of Theorem 2. In Theorem 1, setting f(z) = x and b(-) = by(-),
we see that E[S}] = rr {trﬁgﬂw)* —b (90)] + o (rr) = o(rr), which completes

the proof.

Proof of Theorem 3. In Theorem 1, putting f(z) = 1(g () — § and
b(-) = ba(+), we obtain

- 1
P[ST > 0] — 3
L ooox 1 _(00)%
T
(10)%\ 7 (20)= (20)%+/ (20)=
" b)) b)) 1(X2 bry
+ rr trE(T12) ——( T (30)*T +C’7(~2)(0)—2( A )(007); T — by(6o)
X X
x6(0; 20") + o0 (1)
= O(T‘T).

Similarly, putting f(x) = 1(_s0)(®) — % and b(-) = by(-) in Theorem 1, we

have P[S} < 0] — 3 = o(rr), which completes the proof.
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