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1. Introduction

Consider a family of d-dimensional diffusion processes defined by the stochastic
differential equations (statistical models)

dXε
t (θ) = V0(X

ε
t (θ), θ) dt + εV (Xε

t (θ), θ) dwt,

t ∈ [T0, T ], ε ∈ (0, 1], (1)

Xε
T0

(θ) = xT0 ,

where T0 and T are fixed values, xT0 is a constant, a p-dimensional unknown
parameter θ ∈ �: a bounded convex domain of Rp, V0 is an Rd-valued smooth
function defined on Rd ×�, V is an Rd ⊗ Rr-valued smooth function defined on
Rd × � with bounded x-derivative and w is an r-dimensional standard Wiener
process.

Under an equivalent martingale measure P̃ , we consider d-dimensional diffu-
sion processes defined by the stochastic differential equations

dXε
t (θ) = Ṽ0(X

ε
t (θ), θ) dt + εV (Xε

t (θ), θ) dw̃t ,

t ∈ [T0, T ], ε ∈ (0, 1], (2)

Xε
T0

(θ) = xT0 ,

where Ṽ0 is an Rd-valued smooth function defined on Rd×�, w̃ is an r-dimensional
standard Wiener process under P̃ and θ , V , T0, T and xT0 are the same as (1).
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There are many applications of small diffusion models to finance, especially,
option pricing, see [7, 8, 21, 22, 31] and references therein. Many option pricing
problems associated with small diffusion are related to functionals of the form

F ε
T (θ, w̃) = FT0 +

∫ T

T0

f0(Xε
t (θ), θ) dt + ε

∫ T

T0

f (Xε
t (θ), θ) dw̃t , (3)

where FT0 ∈ Rk, f0(x, θ) ∈ C̄∞↑ (Rd ×�→ Rk), that is, f0(x, θ) is an Rk-valued
smooth function defined on Rd × � and for any i, j ∈ N0 there exist m1, C1 > 0
such that supθ∈� |δi∂j f0(x, θ)|� C1(1 + |x|)m1 , and f (x, θ) ∈ C̄∞↑ (Rd × � →
Rk⊗Rr). From the viewpoint of the stochastic control theory, it may be useful that
instead of the form (3), F ε

T (θ, w̃) is defined by

F ε
T (θ, w̃)=FT0 +

∫ T

T0

f0(X
ε
t (θ), θ) dt + ε

∫ T

T0

f (Xε
t (θ), θ) dw̃t + F (Xε

T (θ)),

(4)

where F (x) is an Rk-valued smooth function. For example, if d = k and
F ε

T (θ, w̃) = Xε
T (θ), then we put FT0 = 0, f0(x, θ) = 0, f i(x, θ) = 0 and

F (x) = x. However, by using Itô’s formula, F (Xε
T (θ)) can be represented by

the right-hand side of (3). Consequently, we will take the form (3) in place of the
form (4) for prices at time T .

Let

Gε
T (θ, w̃) = exp

{
−
∫ T

T0

rε
s (θ, w̃) ds

}
,

rε
T (θ, w̃) = rT0 +

∫ T

T0

h0(Xε
t (θ), θ) dt + ε

∫ T

T0

h(Xε
t (θ), θ) dw̃t ,

where rT0 ∈ R, h0(x, θ) ∈ C̄∞↑ (Rd ×�→ R), h(x, θ) ∈ C̄∞↑ (Rd ×�→ R⊗Rr)

and rε
s (θ, w̃) � 0 for s ∈ [T0, T ]. To price call-options at time t = T0 we want to

calculate the expectation

ET0,θ0[Gε
T (θ0, w̃) Max{F ε

T (θ0, w̃)−K, 0}], (5)

where Max{x, 0} = (Max{x1, 0}, . . . , Max{xk, 0})′ for x = (x1, . . . , xk)′ ∈ Rk,
ET0,θ0[·] stands for the conditional expectation operator under P̃ given θ0 ∈ � at
time t = T0 and K is an Rk-valued striking price (see [4, 12]).

Unfortunately, we cannot obtain this expectation (5) because θ0 is an unknown
parameter. Therefore, we estimate θ0 and predict (5) by means of

ET0,θ̂ε(w)[G
ε
T (θ̂ε(w), w̃) Max{F ε

T (θ̂ε(w), w̃)−K, 0}], (6)

where θ̂ε(w) is an estimator of θ0 independent of {w̃t; t ∈ [T0, T ]}. It is difficult
to obtain this expectation explicitly, so we will derive the asymptotic expansion of
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(6). For the first order asymptotic theory for small diffusion models, see [3, 9–11,
19, 20, 25, 26]. For details of asymptotic expansions for small diffusion models,
see [2, 6, 30–33, 35].

As ε ↓ 0, the process Xε
t (θ) defined by (2) converges to X0

t (θ) satisfying the
ordinary differential equation

dX0
t (θ)

dt
= Ṽ0(X

0
t (θ), θ), t ∈ [T0, T ],

X0
T0

(θ) = xT0 .

For example, it is known that supT0 � t � T |Xε
t (θ0) − X0

t (θ0)| → 0 a.s. as ε ↓ 0.
Hence, under some regularity conditions, it follows that F ε

T (θ0, w̃)→ f−1(θ0) a.s.
as ε ↓ 0, where

f−1(θ) = FT0 +
∫ T

T0

f0(X
0
t (θ), θ) dt.

Therefore it is more convenient to treat F̃ ε
T (θ, w̃) = [F ε

T (θ, w̃)− f−1(θ)]/ε instead
of F ε

T (θ, w̃) itself. From (6), we consider the functional H ε
T (θ, w̃) defined by

H ε
T (θ, w̃) = Gε

T (θ, w̃)(F ε
T (θ, w̃)−K)1Aε(θ)(F̃

ε
T (θ, w̃)), (7)

where Aε(θ) = {x; x � (K − f−1(θ))/ε} and derive the asymptotic expansion of
the expectation

ET0,θ̂ε(w)[H
ε
T (θ̂ε(w), w̃)]. (8)

In order to obtain the asymptotic expansion of (8), we must consider the
stochastic expansion of (7). Let us discuss this from a mathematical point of view.
Assume that families of random variables F ε

T and Gε
T have the asymptotic expan-

sions:

F ε
T ∼ f−1 + εf0 + ε2f1 + · · · , (9)

Gε
T ∼ g−1 + εg0 + ε2g1 + · · · (10)

as ε ↓ 0 in some sense. If function T (x) satisfies a certain regularity, we then have
the stochastic expansion of T (F̃ ε

T ) defined by

T (F̃ ε
T ) ∼ %0 + ε%1 + · · · (11)

as ε ↓ 0 in some sense, where %0, %1, . . . are determined by formal Taylor ex-
pansion, and in particular %0 = T (f0) and %1 = f1(∂T /∂x)(f0). If we can take
T (x) = 1A(x), the indicator function of the Borel set A, the stochastic expansion
of (11) is formally given by

1A(F̃ ε
T ) ∼ 1A(f0)+ εf1

∂1A

∂x
(f0)+ · · · (12)



192 MASAYUKI UCHIDA AND NAKAHIRO YOSHIDA

as ε ↓ 0 in some sense. From (9), (10) and (12), we obtain the expansion of
Gε

T (F ε
T −K)1A(F̃ ε

T ):

Gε
T (F ε

T −K)1A(F̃ ε
T ) ∼ g−1(f−1 −K)1A(f0)+

+ ε

[
{g0(f−1 −K)+ g−1f0}1A(f0)+

+ g−1(f−1 −K)f1
∂1A

∂x
(f0)

]
+ · · ·

as ε ↓ 0 in some sense.
However, there are three difficulties in this situation. We note that the second

term of the right-hand side of (12) is a composite function of the random variable
f0 and the Schwartz distribution ∂1A/∂x. We have the first difficulty that there is
no usual meaning of a random variable as a measurable function on a probability
space. Therefore, we are faced with the problem of how to define or interpret such
composite functionals. Next, we meet the second question of how to justify the
formal expansion (12) after removing the first difficulty. The above two difficulties
have been solved by Watanabe [27, 29] in the Malliavin calculus. Watanabe [27]
presented the concept of the generalized Wiener functional (i.e. the Schwartz dis-
tribution on the probability space) and the pull-back of Schwartz distribution under
Wiener mappings. Moreover, he formulated the asymptotic expansion of the gen-
eralized Wiener functionals in some Sobolev space in his renowned work [29].
For more details of the Malliavin calculus and Watanabe’s theory, see [5, 13–
18, 23, 24, 28–30, 34]. To use Watanabe’s theory, the crucial step is to show the
nondegeneracy of the Malliavin covariance of functionals. However, we here have
the third problem that it is not easy to check this even for a simple statistical esti-
mator, whose Malliavin covariance is given by an integration of some nonadaptive
process. In addition, as for estimators such as maximum likelihood estimators, we
cannot ensure their existence on the whole sample space in general. This difficulty
has been solved by Yashida [31] in the modification of Watanabe’s theory with
truncation. We call this the theory of Malliavin–Watanabe with truncation. The
present paper will prove that this theory is very useful to derive quite directly the
asymptotic expansion of estimator for option price.

The organization of the article is as follows. In Section 2, the asymptotic expan-
sion of the estimator for a price of a call-option is obtained. In Section 3, we present
our main result. The first and second order asymptotically expectation-unbiased
estimators for a price of a call-option are derived. Section 4 presents proofs of the
results.

2. Asymptotic Expansion and Option Pricing

Let (W,F , P ) be a probability space. Let (W̃ , H̃ , P̃ ) be an r-dimensional Wiener
space with the Ornstein–Uhlenbeck operator L̃. It is then possible to extend L̃ over
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the product space W̄ = W × W̃ (cf. [1]). We will in the sequel use the same L̃

for this extended Ornstein–Uhlenbeck operator over W̄ . Ds
p(W̄ ) is regarded as a

Sobolev space over W̄ . Moreover, we define D∞, D−∞, D̃−∞ as usual.
First, we prepare several notations. Let X0

t (θ) be the solution of the ordinary
differential equation

dX0
t (θ)

dt
= Ṽ0(X

0
t (θ), θ), t ∈ [T0, T ],

X0
T0

(θ) = xT0 .

Let an Rd ⊗ Rd-valued process Y ε
t (θ) be the solution of the stochastic differential

equation

dY ε
t (θ) = ∂Ṽ0(Xε

t (θ), θ)Y ε
t (θ) dt + ε

r∑
α=1

∂Vα(Xε
t (θ), θ)Y ε

t (θ) dw̃α
t ,

t ∈ [T0, T ],

Y ε
T0

(θ) = Id,

where [∂Ṽ0]i,j = ∂j Ṽ i
0 , [∂Vα]i,j = ∂j V i

α , ∂j = ∂/∂xj , i, j = 1, . . . , d, α =
1, . . . , r. Then, Yt(θ) := Y 0

t (θ) is a deterministic Rd ⊗ Rd-valued process. It is
known that ε→ Xε

t is smooth. In particular, Dt(θ) := ∂Xε
t (θ)/∂ε|ε=0 satisfies the

stochastic differential equation

dDt(θ) = ∂Ṽ0(X
0
t (θ), θ)Dt (θ) dt + V (X0

t (θ), θ) dw̃t , t ∈ [T0, T ],

DT0(θ) = 0.

Then, Dt(θ) is represented by

Dt(θ) =
∫ t

T0

Yt(θ)Y−1
s (θ)V (X0

s (θ), θ) dw̃s, t ∈ [T0, T ].

Et (θ) := ∂2Xε
t (θ)/∂ε2|ε=0 satisfies the stochastic differential equation

dEt(θ) =
d∑

i,j=1

∂i∂j Ṽ0(X
0
t (θ), θ)Di

t (θ)D
j
t (θ) dt +

+
d∑

i=1

∂iṼ0(X
0
t (θ), θ)Ei

t (θ) dt +

+ 2
d∑

i=1

∂iV (X0
t (θ), θ)Di

t (θ) dw̃t , t ∈ [T0, T ],

ET0(θ) = 0.
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Then, Et(θ) is represented by

Et(θ) =
∫ t

T0

Yt(θ)Y−1
s (θ)

d∑
i,j=1

∂i∂j Ṽ0(X
0
s (θ), θ)Di

s(θ)Dj
s (θ) ds +

+ 2
∫ t

T0

Yt(θ)Y−1
s (θ)

d∑
i=1

∂iV (X0
s (θ), θ)Di

s(θ) dw̃s, t ∈ [T0, T ].

LEMMA 1. F ε
T (θ̂ε(w), w̃) ∈ D∞(W̄ ;Rk) and it has the asymptotic expansion

F ε
T (θ̂ε(w), w̃) ∼ f−1(θ̂ε(w))+ εf0(θ̂ε(w), w̃)+ ε2f1(θ̂ε(w), w̃)+ · · ·

in D∞(W̄ ;Rk) as ε ↓ 0 with f−1(θ̂ε(w)), f0(θ̂ε(w), w̃), f1(θ̂ε(w), w̃), . . .∈
D∞(W̄ ;Rk). In particular,

f−1(θ) = FT0 +
∫ T

T0

f0(X
0
t (θ), θ) dt, (13)

f0(θ, w̃) =
∫ T

T0

∂if0(X0
t (θ), θ)Di

t (θ, w̃) dt +
∫ T

T0

f (X0
t (θ), θ) dw̃t , (14)

f1(θ, w̃) = 1

2

∫ T

T0

∂i∂j f0(X
0
t (θ), θ)Di

t (θ, w̃)D
j
t (θ, w̃) dt +

+ 1

2

∫ T

T0

∂if0(X0
t (θ), θ)Ei

t (θ, w̃) dt +

+
∫ T

T0

∂if (X0
t (θ), θ)Di

t (θ, w̃) dw̃t , (15)

where we use Einstein’s rule for repeated indices.

LEMMA 2. Gε
T (θ̂ε(w), w̃) ∈ D∞(W̄ ) and it has the asymptotic expansion

Gε
T (θ̂ε(w), w̃) ∼ g−1(θ̂ε(w))+ εg0(θ̂ε(w), w̃)+ · · ·

in D∞(W̄ ) as ε ↓ 0 with g−1(θ̂ε(w)), g0(θ̂ε(w), w̃), . . . ∈ D∞(W̄ ). In particular,

g−1(θ) = exp

(
−
∫ T

T0

{
rT0 +

∫ t

T0

h0(X
0
s (θ), θ) ds

}
dt

)
, (16)

g0(θ, w̃) = −g−1(θ)

[∫ T

T0

{ ∫ t

T0

∂ih0(X
0
s (θ), θ)Di

s(θ, w̃) ds +

+
∫ t

T0

h(X0
s (θ), θ) dw̃s

}
dt

]
. (17)
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ASSUMPTION 1. For any p ∈ (1,∞), the Malliavin covariance σf0(θ̂ε(w),·) of

f0(θ̂ε(w), ·) in Lemma 1 satisfies

sup
ε∈(0,1]

E[(det σf0(θ̂ε(w),·))
−p] <∞.

LEMMA 3. Let F̃ ε
T (θ, w̃) = [F ε

T (θ, w̃)− f−1(θ)]/ε and ψ : R→ R be a smooth
function such that 0 � ψ(x) � 1 for x ∈ R, ψ(x) = 1 for |x|� 1/2 and ψ(x) = 0
for |x|� 1. Let ξε(θ, w̃) = 2(det σF̃ ε

T (θ,·) − det σf0(θ,·))/ det σf0(θ,·) and ψ∗ε (θ, w̃) =
ψ(ξε(θ, w̃)). Suppose that Assumption 1 holds true. Then for any T (x) ∈ S ′(Rk)

(the space of Schwartz tempered distributions), ψ∗ε (θ̂ε(w), w̃)T (F̃ ε
T (θ̂ε(w), w̃)) ∈

D̃−∞(W̄ ) has the asymptotic expansion

ψ∗ε (θ̂ε(w), w̃)T (F̃ ε
T (θ̂ε(w), w̃)) ∼ %0(θ̂ε(w), w̃)+ ε%1(θ̂ε(w), w̃)+ · · ·

in D̃−∞(W̄ ) as ε ↓ 0 uniformly in every class {T } satisfying the condition (5) of
Theorem 4.1 in [31], and %0(θ̂ε(w), w̃), %1(θ̂ε(w), w̃), . . . in D̃−∞(W̄ ) are
determined by the formal Taylor expansion. In particular,

%0(θ, w̃) = T (f0(θ, w̃)),

%1(θ, w̃) =
∑

i

f i
1 (θ, w̃)∂iT (f0(θ, w̃)).

From Lemmas 2.1 and 2.2 in [30] and Lemmas 1 and 3, we see that the com-
posite functional

(F ε
T (θ̂ε(w), w̃)−K)ψ∗ε (θ̂ε(w), w̃)1Aε(θ̂ε(w))(F̃

ε
T (θ̂ε(w), w̃))

=: F̄ ε
T (θ̂ε(w), w̃) (say)

is well-defined, where Aε(θ) = {x; x � (K − f−1(θ))/ε}, and we define

H̄ ε
T (θ̂ε(w), w̃) = Gε

T (θ̂ε(w), w̃)F̄ ε
T (θ̂ε(w), w̃).

LEMMA 4. Suppose that Assumption 1 holds true. Then H̄ ε
T (θ̂ε(w), w̃) ∈ D̃−∞

(W̄ ;Rk) has the asymptotic expansion

H̄ ε
T (θ̂ε(w), w̃) ∼ 10(θ̂ε(w), w̃)+ ε11(θ̂ε(w), w̃)+ · · ·

in D̃−∞(W̄ ;Rk) as ε ↓ 0, and 10(θ̂ε(w), w̃), 11(θ̂ε(w), w̃), . . . in D̃−∞(W̄ ;Rk)

are determined by the formal Taylor expansion. In particular,

10(θ, w̃) = g−1(θ)(f−1(θ)−K)1Aε(θ)(f0(θ, w̃)),

11(θ, w̃) = g−1(θ)f0(θ, w̃)1Aε(θ)(f0(θ, w̃))+
+ g−1(θ)(f−1(θ)−K)f i

1 (θ, w̃)∂i1Aε(θ)(f0(θ, w̃))+
+ g0(θ, w̃)(f−1(θ)−K)1Aε(θ)(f0(θ, w̃)).
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Remark 1. 1i(θ̂ε(w), w̃) depends on ε for i = 0, 1, . . .. However, the same
proof as Watanabe [29] and Yoshida [30] works in such a situation. Moreover, note
that we may replace F̃ ε

T (θ̂ε(w), w̃) by (F̃ ε
T (θ̂ε(w), w̃)+ [f−1(θ̂ε(w))− f−1(θ0)]/ε)

and Aε(θ̂ε(w)) by Aε(θ0), respectively, if necessary. The Malliavin covariance is
invariant and there is no problem in applying the partial version of Theorem 2.2
in [30]. See the second part of the proof of Theorem 1.

We will use the Einstein’s rule for repeated indices. For matrix A, [A]ij denotes
its (i, j)-element. Moreover, [A]i· and [A]·j are the ith row vector and the j th
column vector of A, respectively. For vector a, ai is its ith element. Define several
functions as follows:

λi
t,s(θ) = [Yt(θ)Y−1

s (θ)V (X0
s (θ), θ)]i·, i = 1, . . . , d,

µ
j

i,t,s(θ) = [Yt(θ)Y−1
s (θ)∂iV (X0

s (θ), θ)]j ·, i, j = 1, . . . , d,

νl
i,j,t,s(θ) = [Yt(θ)Y−1

s (θ)∂i∂j Ṽ0(X0
s (θ), θ)]l , i, j, l = 1, . . . , d,

at (θ) =
∫ T

t

∂αf0(X0
s (θ), θ)λα

s,t (θ) ds + f (X0
t (θ), θ),

bt (θ) = −
∫ T

t

(∫ s

t

∂αh0(X
0
u(θ), θ)λα

u,t (θ) du+ h(X0
s (θ), θ)

)
ds,

9(θ) =
∫ T

T0

at (θ)at (θ)′ dt,

B(θ) =
∫ T

T0

at (θ)bt (θ)′ dt.

From (14), (15) and (17),

f0(θ, w̃) =
∫ T

T0

at (θ) dw̃t , (18)

f α
1 (θ, w̃) = 1

2

∫ T

T0

∂i∂j f α
0 (X0

t (θ), θ)Di
t (θ, w̃)D

j
t (θ, w̃) dt +

+ 1

2

∫ T

T0

∂if
α
0 (X0

t (θ), θ)Ei
t (θ, w̃) dt +

+
∫ T

T0

∂if
α(X0

t (θ), θ)Di
t (θ, w̃) dw̃t , (19)

g0(θ, w̃) = g−1(θ)

∫ T

T0

bt (θ) dw̃t . (20)

For R-valued function ht ,

C1(h, θ)T =
∫ T

T0

∫ t

T0

htλt,s(θ)a′s(θ) ds dt.
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For R1 ⊗ Rr-valued function ht ,

Ci
2(h, θ)T =

∫ T

T0

∫ t

T0

at (θ)h′tλ
i
t,s(θ)a′s(θ) ds dt, i = 1, . . . , d.

For R1 ⊗ Rr-valued functions bt and ct , put

C2(b, c, θ)T = 1

2

∫ T

T0

∫ T

T0

at (θ)[b′t cs + c′t bs]a′s(θ) ds dt.

Let C
i,j

2 (t, θ) = C2(λ
i
t,·(θ)I{·� t}, λ

j
t,·(θ)I{·� t}, θ)T . Put σ ij (θ) = [9(θ)]ij and

σij (θ) = [(9(θ))−1]ij .
Define A0,α(θ) and A2,α

p,q(θ) by

A0,α(θ) = 1

2

∫ T

T0

∫ t

T0

∂i∂j f α
0 (X0

t (θ), θ)λi
t,s(θ)(λ

j
t,s(θ))′ ds dt +

+ 1

2

∫ T

T0

∂βf α
0 (X0

t (θ), θ)

∫ t

T0

∫ s

T0

ν
β

i,j,t,s(θ)λi
s,u(θ)×

× (λj
s,u(θ))′ du ds dt,

A2,α
p,q(θ) = 1

2

∫ T

T0

∂i∂j f α
0 (X0

t (θ), θ)[Ci,j

2 (t, θ)]mn dtσpm(θ)σqn(θ)+
+ [Ci

2(∂if
α(X0

· (θ), θ), θ)T ]mnσpm(θ)σqn(θ)+
+ 1

2

∫ T

T0

∂βf α
0 (X0

t (θ), θ)

∫ t

T0

ν
β

i,j,t,s(θ)×

× [Ci,j

2 (t, θ)]mn ds dtσpm(θ)σqn(θ)+
+

∫ T

T0

∂βf α
0 (X0

t (θ), θ)[Ci
2(µ

β

i,t,·(θ), θ)t ]
mn dtσpm(θ)σqn(θ).

Let φ(x;µ, 9) be the probability density function of the k-dimensional normal
distribution with mean vector µ and covariance matrix 9.

THEOREM 1. Let p > 1. Suppose that Assumption 1 holds true. Then ET0,θ̂ε(w)

[H ε
T (θ̂ε(w), w̃)] ∈ Lp(Rk) has the asymptotic expansion

ET0,θ̂ε(w)[H
ε
T (θ̂ε(w), w̃)] ∼

∫
Aε(θ̂ε(w))

p0(x, θ̂ε(w)) dx +

+ ε

∫
Aε(θ̂ε(w))

p1(x, θ̂ε(w)) dx + · · ·
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in Lp(Rk) as ε ↓ 0 with
∫

Aε(θ̂ε(w))
p0(x, θ̂ε(w)) dx,

∫
Aε(θ̂ε(w))

p1(x, θ̂ε(w)) dx, . . .

in Lp(Rk). In particular,

p0(x, θ) = g−1(θ)(f−1(θ)−K)φ(x; 0, 9(θ)),

p1(x, θ) = g−1(θ)xφ(x; 0, 9(θ)) − g−1(θ)(f−1(θ)−K)
[{

A2,α
α,p(θ)+

+ A2,α
p,α(θ)− A0,α(θ)σαp(θ)+ A

2,α
q,l (θ)σ ql(θ)σαp(θ)−

− Bα(θ)σαp(θ)
}
xp − A2,α

p,q(θ)σαl(θ)xpxqxl
]
φ(x; 0, 9(θ)).

Remark 2. θ̂ε(w) may be degenerate because we have used the Malliavin cal-
culus on W̃ . In particular, we have the same result as in [31] by replacing θ̂ε(w) by
θ0.

ASSUMPTION 2. f0(θ0, ·) in Lemma 1 is nondegenerate in the sense of Malliavin,
that is,

det

(∫ T

T0

at (θ0)at (θ0)
′ dt

)
> 0.

COROLLARY 1. Suppose that Assumption 2 holds true. Then ET0,θ0[H ε
T (θ0, w̃)]

has the asymptotic expansion

ET0,θ0[H ε
T (θ0, w̃)] ∼

∫
Aε(θ0)

p0(x, θ0) dx + ε

∫
Aε(θ0)

p1(x, θ0) dx + · · ·
as ε ↓ 0.

3. Unbiased Estimator

ASSUMPTION 3. There exists Rε(w) = O(1) in ∩p>1Lp(W) such that for every
K̃ > 0 and c > 0,

lim
ε↓0

ε−K̃P [|Rε(w)| > c] = 0

and for ψε(w) = ψ(3Rε(w)) and i = 1, 2, . . . , p,

ψε(w)ε−1(θ̂ε(w)− θ0)
i ∼ ζ

(0)
i (w)+ 1

2 εζ
(1)
i (w)+ · · ·

in ∩p>1Lp(W) as ε ↓ 0 with ζ
(0)
i (w), ζ

(1)
i (w), . . . in ∩p>1Lp(W), where ζ

(0)
i (w) =∫ T0

0 gi(t) dwt for some function gi ∈ L2([0, T0], dt).
Define x̂0(w), x̂1(w), f̄1,i(w̃) and Clα

i (θ0) for i = 1, . . . , p and l, α = 1, . . . , k

by

x̂0(w) =
∫ T

T0

δ
(2)
i f0(X0

t (θ0), θ0) dtζ
(0)
i (w)+

+
∫ T

T0

∂i1f0(X
0
t (θ0), θ0)δiX

0,i1
t (θ0) dtζ

(0)
i (w),
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x̂1(w) = 1

2

∫ T

T0

δ
(2)
i f0(X

0
t (θ0), θ0) dtζ

(1)
i (w)+

+ 1

2

∫ T

T0

∂i1f0(X0
t (θ0), θ0)δiX

0,i1
t (θ0) dtζ

(1)
i (w)+

+ 1

2

∫ T

T0

δ
(2)
i δ

(2)
j f0(X

0
t (θ0), θ0) dtζ

(0)
i (w)ζ

(0)
j (w)+

+ 1

2

∫ T

T0

∂i1∂i2f0(X
0
t (θ0), θ0)×

× δiX
0,i1
t (θ0)δj X

0,i2
t (θ0) dtζ

(0)
i (w)ζ

(0)
j (w)+

+ 1

2

∫ T

T0

∂i1f0(X0
t (θ0), θ0)δiδj X

0,i1
t (θ0) dtζ

(0)
i (w)ζ

(0)
j (w)+

+
∫ T

T0

∂i1δ
(2)
j f0(X0

t (θ0), θ0)δiX
0,i1
t (θ0) dtζ

(0)
i (w)ζ

(0)
j (w),

ŷ0(w) = −
∫ T

T0

∫ s

T0

{
∂i1h0(X0

s (θ0), θ0)δiX
0,i1
t (θ0)+

+ δ
(2)
i h0(X

0
s (θ0), θ0)

}
dt dsζ

(0)
i (w),

f̄1,i(w̃) =
∫ T

T0

∂i1δ
(2)
i f0(X0

t (θ0), θ0)D
i1
t (θ0, w̃) dt +

+
∫ T

T0

∂i1∂i2f0(X
0
t (θ0), θ0)D

i1
t (θ0, w̃)δiX

0,i2
t (θ0) dt +

+
∫ T

T0

∂i1f0(X
0
t (θ0), θ0)δiD

i1
t (θ0, w̃) dt +

+
∫ T

T0

δ
(2)
i f (X0

t (θ0), θ0) dw̃t +

+
∫ T

T0

∂i1f (X0
t (θ0), θ0)δiX

0,i1
t (θ0) dw̃t

:=
∫ T

T0

ct,i(θ0) dw̃t ,

Clα
i (θ0) =

∫ T

T0

[
at (θ0)c′t,i(θ0)

]lα
dt,

where δi = ∂/∂θi and δ
(2)
i f0(X0

t (θ0), θ0) = δif0(X0
t (θ0), θ)|θ=θ0 .

LEMMA 5. Let ψ̄ε(w) = ψ(9Rε(w)). Suppose that Assumption 3 holds true.
Then ψ̄ε(w)F ε

T (θ̂ε(w), w̃) ∈ D∞(W̄ ;Rk) and it has the asymptotic expansion

ψ̄ε(w)F ε
T (θ̂ε(w), w̃) ∼ f−1(θ0)+ εf̂0(w, w̃)+ ε2f̂1(w, w̃)+ · · ·
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in D∞(W̄ ;Rk) as ε ↓ 0 with f−1(θ0), f̂0(w, w̃), f̂1(w, w̃), . . . ∈ D∞(W̄ ;Rk). In
particular,

f̂0(w, w̃) = f0(θ0, w̃)+ x̂0(w), (21)

f̂1(w, w̃) = f1(θ0, w̃)+ f̄1,i(w̃)ζ
(0)
i (w)+ x̂1(w). (22)

LEMMA 6. Suppose that Assumption 3 holds true. Then ψ̄ε(w)Gε
T (θ̂ε(w), w̃) ∈

D∞(W̄ ) and it has the asymptotic expansion

ψ̄ε(w)Gε
T (θ̂ε(w), w̃) ∼ g−1(θ0)+ εĝ0(w, w̃)+ · · ·

in D∞(W̄ ) as ε ↓ 0 with g−1(θ0), ĝ0(w, w̃), . . . ∈ D∞(W̄ ). In particular,

ĝ0(w, w̃) = g−1(θ0)

∫ T

T0

bt (θ0) dw̃t + g−1(θ0)ŷ0(w). (23)

LEMMA 7. Let F̃ ∗εT (θ, w̃) = [ψ̄ε(w)F ε
T (θ, w̃)− f−1(θ0)]/ε and ψ̂∗ε (w, w̃) =

ψ(ξ̂ε(w, w̃)), where ξ̂ε(w, w̃) = 2(det σF̃ ∗ε
T (θ̂ε(w),·) − det σf̂0(w,·))/ det σf̂0(w,·). Sup-

pose that Assumptions 2 and 3 hold true. Then for any T (x) ∈ S ′(Rk),
ψ̂∗ε (w, w̃)T (F̃ ∗εT (θ̂ε(w), w̃)) ∈ D̃−∞(W̄ ) has the asymptotic expansion

ψ̂∗ε (w, w̃)T (F̃ ∗εT (θ̂ε(w), w̃)) ∼ %̂0(w, w̃)+ ε%̂1(w, w̃)+ · · ·
in D̃−∞(W̄ ) as ε ↓ 0 uniformly in every class {T } satisfying the condition (5) of
Theorem 4.1 in [31], and %̂0(w, w̃), %̂1(w, w̃), . . . in D̃−∞(W̄ ) are determined by
the formal Taylor expansion. In particular,

%̂0(w, w̃) = T (f̂0(w, w̃)),

%̂1(w, w̃) =
∑

i

f̂ i
1 (w, w̃)∂iT (f̂0(w, w̃)).

From Lemmas 2.1 and 2.2 in [30] and Lemmas 5 and 7, we see that the com-
posite functional

ψ̄ε(w)(F ε
T (θ̂ε(w), w̃)−K)ψ̂∗ε (w, w̃)1Aε(θ0)(F̃

∗ε
T (θ̂ε(w), w̃))

=: F̄ ∗εT (θ̂ε(w), w̃) (say)

is well-defined and we define H̄ ∗εT (θ̂ε(w), w̃) = ψ̄ε(w)Gε
T (θ̂ε(w), w̃)F̄ ∗εT (θ̂ε(w), w̃).

LEMMA 8. Suppose that Assumptions 2 and 3 hold true. Then H̄ ∗εT (θ̂ε(w), w̃) ∈
D̃−∞(W̄ ;Rk) has the asymptotic expansion

H̄ ∗εT (θ̂ε(w), w̃) ∼ 1̂0(w, w̃)+ ε1̂1(w, w̃)+ · · ·
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in D̃−∞(W̄ ;Rk) as ε ↓ 0, and 1̂0(w, w̃), 1̂1(w, w̃), . . . in D̃−∞(W̄ ;Rk) are
determined by the formal Taylor expansion. In particular,

1̂0(w, w̃) = g−1(θ0)(f−1(θ0)−K)1Aε(θ0)(f̂0(w, w̃)),

1̂1(w, w̃) = g−1(θ0)f̂0(w, w̃)1Aε(θ0)(f̂0(w, w̃))+
+ g−1(θ0)(f−1(θ0)−K)f̂ i

1 (w, w̃)∂i1Aε(θ0)(f̂0(w, w̃))+
+ (f−1(θ0)−K)ĝ0(w, w̃)1Aε(θ0)(f̂0(w, w̃)).

THEOREM 2. Let p > 1. Suppose that Assumptions 2 and 3 hold true. Then
ET0,θ̂ε(w)[H̄

∗ε
T (θ̂ε(w), w̃)] ∈ Lp(Rk) has the asymptotic expansion

ET0,θ̂ε(w)[H̄
∗ε
T (θ̂ε(w), w̃)] ∼

∫
Aε(θ0)

p̂0(x, w) dx + ε

∫
Aε(θ0)

p̂1(x, w) dx + · · ·

in Lp(Rk) as ε ↓ 0 with
∫

Aε(θ0)
p̂0(x, w) dx,

∫
Aε(θ0)

p̂1(x, w) dx, . . . in Lp(Rk). In
particular,

p̂0(x, w) = g−1(θ0)(f−1(θ0)−K)φ(x; x̂0(w), 9(θ0)),

p̂1(x, w) = g−1(θ0)xφ(x; x̂0(w), 9(θ0))− g−1(θ0)(f−1(θ0)−K)×
× [

Clα
i (θ0)σlα(θ0)ζ

(0)
i (w)− ŷ0(w)+ {

A2,α
α,p(θ0)+ A2,α

p,α(θ0)−
− (

A0,α(θ0)− A
2,α
l,q (θ0)σ

lq(θ0)+ x̂α
1 (w)+ Bα(θ0)

)
σαp(θ0)

}×
× (x − x̂0(w))p − Clα

i (θ0)σlp(θ0)σαq(θ0)ζ
(0)
i (w)×

× (x − x̂0(w))p(x − x̂0(w))q − A2,α
p,q(θ0)σαl(θ0)×

× (x − x̂0(w))p(x − x̂0(w))q(x − x̂0(w))l
]×

× φ(x; x̂0(w), 9(θ0)).

We here consider the first-order asymptotically expectation-unbiased (AEU)
estimator of ET0,θ0[H ε

T (θ0, w̃)]. Let 91(θ0) = 9(θ0) + Var[x̂0(w)], where
Var[x̂0(w)] = ∫ T0

0 dt (θ0)dt (θ0)′ dt and

ds(θ0) =
(∫ T

T0

{
δ

(2)
i f0(X0

t (θ0), θ0)+ ∂i1f0(X
0
t (θ0), θ0)δiX

0,i1
t (θ0)

}
dt

)
gi(s).

THEOREM 3. Suppose that Assumptions 2 and 3 hold true. Let

b1(θ0) = g−1(θ0)(f−1(θ0)−K)

∫
Aε(θ0)

{φ(x; 0, 91(θ0))− φ(x; 0, 9(θ0))} dx.

Then ET0,θ̂ε(w)[H
ε
T (θ̂ε(w), w̃)] − b1(θ̂ε(w)) is the first-order AEU estimator of

ET0,θ0[H ε
T (θ0, w̃)].

Next, we obtain the second-order AEU estimator of ET0,θ0[H ε
T (θ0, w̃)].
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THEOREM 4. Suppose that Assumptions 2 and 3 hold true. Let

b2(θ0) =
∫

W

∫
Aε(θ0)

p̂1(x, w) dxP (dw) −
∫

Aε(θ0)

p1(x, θ0) dx.

Then ET0,θ̂ε(w)[H
ε
T (θ̂ε(w), w̃)]− b1(θ̂ε(w))− εb2(θ̂ε(w)) is the second-order AEU

estimator of ET0,θ0[H ε
T (θ0, w̃)].

Suppose that a one-dimensional small diffusion F satisfies (3), that is,
k = 1. From Theorems 3 and 4, we obtain the second-order AEU estimator of
ET0,θ0[H ε

T (θ0, w̃)].

ASSUMPTION 4. There exists t ∈ [T0, T ] such that at �= 0.

THEOREM 5. Suppose that F ε
T satisfies (3) for k = 1. Moreover, suppose that

Assumptions 3 and 4 hold true. Let

b
(1)

2 (θ) = g−1(θ)

∫
Aε(θ)

x {φ(x; 0, 91(θ)− φ(x; 0, 9(θ)} dx.

Then ET0,θ̂ε(w)[H
ε
T (θ̂ε(w), w̃)]−b1(θ̂ε(w))−εb

(1)

2 (θ̂ε(w)) is the second-order AEU
estimator of ET0,θ0[H ε

T (θ0, w̃)].

Remark 3. To derive the results in Theorems 3–5, we can relax the conditions
of C∞ smoothness about the drift and the diffusion coefficient functions appearing
in the stochastic differential equations concerned with these theorems.

4. Proofs

Proof of Lemma 1. Expanding Xε
t in a Taylor series around X0

t , we have∫ T

T0

f0(X
ε
t (θ̂ε(w), w̃), θ̂ε(w)) dt

=
∫ T

T0

f0(X
0
t (θ̂ε(w)), θ̂ε(w)) dt +

+ ε

∫ T

T0

∂if0(X
0
t (θ̂ε(w)), θ̂ε(w))Di

t (θ̂ε(w), w̃) dt +

+ ε2

{
1

2

∫ T

T0

∂i∂j f0(X0
t (θ̂ε(w)), θ̂ε(w))Di

t (θ̂ε(w), w̃)D
j
t (θ̂ε(w), w̃) dt +

+ 1

2

∫ T

T0

∂if0(X0
t (θ̂ε(w)), θ̂ε(w))Ei

t (θ̂ε(w), w̃) dt

}
+

+ ε3f
(2)

2 (Xε
t (θ̂ε(w), w̃), θ̂ε(w)),
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where

f
(2)
2 (Xε

t (θ̂ε(w), w̃), θ̂ε(w))

= 1

2

∫ 1

0

∫ T

T0

∂3

∂ε3
f0(X

ε
t (θ, w̃), θ) dt

∣∣∣∣
ε←uε

(1− u)2 du

∣∣∣∣
θ←θ̂ε (w)

.

From f
(2)
2 (Xε

t (θ̂ε(w), w̃), θ̂ε(w)) = OM(1), where OM(1) means O(1) in
D∞(W̄ ;Rk), we have

∫ T

T0

f0(X
ε
t (θ̂ε(w), w̃), θ̂ε(w)) dt

=
∫ T

T0

f0(X
0
t (θ̂ε(w)), θ̂ε(w)) dt +

+ ε

∫ T

T0

∂if0(X
0
t (θ̂ε(w)), θ̂ε(w))Di

t (θ̂ε(w), w̃) dt +

+ ε2

{
1

2

∫ T

T0

∂i∂j f0(X0
t (θ̂ε(w)), θ̂ε(w))Di

t (θ̂ε(w), w̃)D
j
t (θ̂ε(w), w̃) dt +

+ 1

2

∫ T

T0

∂if0(X0
t (θ̂ε(w)), θ̂ε(w))Ei

t (θ̂ε(w), w̃) dt

}
+ OM(ε3).

Similarly, we have

ε

∫ T

T0

f (Xε
t (θ̂ε(w), w̃), θ̂ε(w)) dw̃t

= ε

∫ T

T0

f (X0
t (θ̂ε(w)), θ̂ε(w)) dw̃t +

+ ε2
∫ T

T0

∂if (X0
t (θ̂ε(w)), θ̂ε(w))Di

t (θ̂ε(w), w̃) dw̃t + OM(ε3).

We then have

F ε
T (θ̂ε(w), w̃)

= FT0 +
∫ T

T0

f0(X
0
t (θ̂ε(w)), θ̂ε(w)) dt +

+ ε

{∫ T

T0

∂if0(X
0
t (θ̂ε(w)), θ̂ε(w))Di

t (θ̂ε(w), w̃) dt +

+
∫ T

T0

f (X0
t (θ̂ε(w)), θ̂ε(w)) dw̃t

}
+
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+ ε2

{
1

2

∫ T

T0

∂i∂j f0(X
0
t (θ̂ε(w)), θ̂ε(w))Di

t (θ̂ε(w), w̃)D
j
t (θ̂ε(w), w̃) dt +

+ 1

2

∫ T

T0

∂if0(X0
t (θ̂ε(w)), θ̂ε(w))Ei

t (θ̂ε(w), w̃) dt +

+
∫ T

T0

∂if (X0
t (θ̂ε(w)), θ̂ε(w))Di

t (θ̂ε(w), w̃) dw̃t

}
+

+ OM(ε3).

From the second-order stochastic expansion of F ε
T (θ̂ε(w), w̃) as above, f0 and f1

are determined.
In the same way as the second-order stochastic expansion, we can see that for

any m ∈ N,

F ε
T (θ̂ε(w), w̃) = f−1(θ̂ε(w))+ εf0(θ̂ε(w), w̃)+ ε2f1(θ̂ε(w), w̃)+ · · · +

+ εm−1fm−1(θ̂ε(w), w̃)+ εmf (m)
ε (θ̂ε(w), w̃),

where f (m)
ε (θ̂ε(w), w̃) = OM(1). This completes the proof.

Proof of Lemma 2. In the same way as the proof of Lemma 1, we can show the
result.

Proof of Lemma 3. From the definition of ξε, |ξε(θ̂ε(w), w̃)|>1 if
det σF̃ ε

T (θ̂ε(w),·) < (1/2) det σf0(θ̂ε(w),·) or det σF̃ ε
T (θ̂ε(w),·) > (3/2) det σf0(θ̂ε(w),·). In

case that (3/2) det σf0(θ̂ε(w),·) � det σF̃ ε
T (θ̂ε(w),·) � (1/2) det σf0(θ̂ε(w),·), we obtain

(2/3) (det σf0(θ̂ε(w),·))
−1 � (det σF̃ ε

T (θ̂ε(w),·))
−1 � 2(det σf0(θ̂ε(w),·))

−1. Therefore, it
follows from Assumption 1 that for any p ∈ (1,∞),

sup
ε∈(0,1]

E[1{|ξε(θ̂ε(w),w̃)|� 1}(det σF̃ ε
T (θ̂ε(w),·))

−p] <∞.

From Lemma 1, F̃ ε
T (θ̂ε(w), w̃) ∈ D∞(W̄ ;Rk) has the asymptotic expansion

F̃ ε
T (θ̂ε(w), w̃) ∼ f0(θ̂ε(w), w̃)+ εf1(θ̂ε(w), w̃)+ · · ·

in D∞(W̄ ;Rk) as ε ↓ 0 with f0(θ̂ε(w), w̃), f1(θ̂ε(w), w̃), . . . ∈ D∞(W̄ ;Rk). We
then have F̃ ε

T (θ̂ε(w), w̃) = f0(θ̂ε(w), w̃)+ εf (1)
ε (θ̂ε(w), w̃), where f0(θ̂ε(w), w̃) ∈

D∞(W̄ ;Rk) and f (1)
ε (θ̂ε(w), w̃) = OM(1). Since

|(det σF̃ ε
T (θ̂ε(w),·))

1/2 − (det σf0(θ̂ε(w),·))
1/2|

� (det σF̃ ε
T (θ̂ε(w),·)−f0(θ̂ε(w),·))

1/2 = (det σ
εf

(1)
ε (θ̂ε(w),·))

1/2

= ε(det σ
f

(1)
ε (θ̂ε(w),·))

1/2,
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we have

| det σF̃ ε
T (θ̂ε(w),·) − det σf0(θ̂ε(w),·)|

= |(det σF̃ ε
T (θ̂ε(w),·))

1/2 − (det σf0(θ̂ε(w),·))
1/2||(det σF̃ ε

T (θ̂ε(w),·))
1/2 +

+ (det σf0(θ̂ε(w),·))
1/2|

� ε(det σ
f

(1)
ε (θ̂ε(w),·))

1/2
{
(det σF̃ ε

T (θ̂ε(w),·))
1/2 + (det σf0(θ̂ε(w),·))

1/2
}

.

Hence, it follows that there exists C > 0 such that for any p > 1,

‖ det σF̃ ε
T (θ̂ε(w),·) − det σf0(θ̂ε(w),·)‖p � Cε. (24)

From the definition of ξε, ξε(θ̂ε(w), w̃) = O(1) in D∞(W̄ ) as ε ↓ 0. It follows
from Chebyshev’s inequality that for any a > 0, K > 0,

P̄ [ξε(θ̂ε(w), w̃) > a] � P̄

[∣∣∣∣∣
2(det σF̃ ε

T (θ̂ε(w),·) − det σf0(θ̂ε(w),·))

det σf0(θ̂ε(w),·)

∣∣∣∣∣ > a

]

� 1

aK

∥∥∥∥∥
2(det σF̃ ε

T (θ̂ε(w),·) − det σf0(θ̂ε(w),·))

det σf0(θ̂ε(w),·)

∥∥∥∥∥
K

K

.

It follows from (24), Hölder’s inequality and Assumption 1 that for any K > 0,∥∥∥∥∥
2(det σF̃ ε

T (θ̂ε(w),·) − det σf0(θ̂ε(w),·))

det σf0(θ̂ε(w),·)

∥∥∥∥∥
K

K

= O(εK).

We then see that for any a > 0, K > 0,

P̄ [ξε(θ̂ε(w), w̃) > a] = O(εK). (25)

From (25), we see that for any p > 1,

‖1− ψ∗ε (θ̂ε(w), w̃)‖p = ‖1− ψ(ξε(θ̂ε(w), w̃))‖p � ‖1{|ξε(θ̂ε(w),w̃)|> 1
2

}‖p
= O(εK).

In view of the chain rule for H-derivatives,

D(1− ψ∗ε (θ̂ε(w), w̃)) = −Dψ∗ε (θ̂ε(w), w̃)

= −ψ ′(ξε(θ̂ε(w), w̃))Dξε(θ̂ε(w), w̃).

Since ‖ψ ′(ξε(θ̂ε(w), w̃))‖p = O(εK), we see that for any p > 1,

‖D(1− ψ∗ε (θ̂ε(w), w̃))‖p = O(εK).

Similarly, it follows that for any p > 1 and j > 0,

‖Dj (1− ψ∗ε (θ̂ε(w), w̃))‖p = O(εK).
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Therefore, we see that for any K > 0, ψ∗ε (θ̂ε(w), w̃) = 1− O(εK) in D∞(W̄ ). By
using Theorem 4.1 in [31],

ψ∗ε (θ̂ε(w), w̃)T (F̃ ε
T (θ̂ε(w), w̃)) ∼ %0(θ̂ε(w), w̃)+ ε%1(θ̂ε(w), w̃)+ · · ·

in D̃−∞(W̄ ) as ε ↓ 0 with %0(θ̂ε(w), w̃), %1(θ̂ε(w), w̃), . . . in D̃−∞(W̄ ). This
completes the proof.

Proof of Lemma 4. As in the proof of Lemma 3, using Theorem 4.1 in [31], we
obtain the result.

Proof of Theorem 1. For every G ∈ D̃−∞(W̄ ), there exists m ∈ Z+ such that

(I − L̃)−mG ∈
⋂
p>1

Lp(P̄ ).

Denote by J (w) and J̃ (w̃) Wiener functionals (over W̄ ) depending only on W and
W̃ , respectively. Put

I (G, J̃ )(w) =
∫

W̃

(I − L̃)−mG(w, w̃)(I − L̃)mJ̃ (w̃)P̃ (dw̃).

For any J (w) ∈ Lp(W, P ) and J̃ (w̃) ∈ D∞(W̃ , P̃ ),∫
W

I (G, J̃ )(w)J (w)P (dw) =
∫

W̄

(I − L̃)−mG(w, w̃)(I − L̃)m ×
×(J̃ (w̃)J (w))P̄ (dw, dw̃)

= D−∞〈G(w, w̃), J̃ (w̃)J (w)〉D∞.

In particular, for p1, p2, p′ > 1 such that 1/p1 + 1/p2 + 1/p′ = 1,∣∣∣∣
∫

W

I (G, J̃ )(w)J (w)P (dw)

∣∣∣∣ � ‖G(w, w̃)‖p1,−2m ·
∥∥∥J̃ (w̃)

∥∥∥
p2,2m
· ‖J (w)‖p′ .

Thus,∥∥∥I (G, J̃ )(w)

∥∥∥
p

� ‖G(w, w̃)‖p1,−2m ·
∥∥∥J̃ (w̃)

∥∥∥
p2,2m

,

where p = p′/(p′ − 1). Put

Gε(w, w̃) = H̄ ε
T (θ̂ε(w), w̃)− (

10(θ̂ε(w), w̃)+ ε11(θ̂ε(w), w̃)+ · · · +
+ εk−11k−1(θ̂ε(w), w̃)

)
.

We then have

lim sup
ε↓0

ε−k

∥∥∥∥∥∥I (H̄ ε
T (θ̂ε(w), w̃), J̃ )−

k−1∑
γ=0

εγ I (1γ (θ̂ε(w), w̃), J̃ )

∥∥∥∥∥∥
p

<∞.

(26)
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Since∫
W

I (H̄ ε
T (θ̂ε(w), w̃), J̃ )J (w)P (dw) = D−∞〈H̄ ε

T (θ̂ε(w), w̃), J̃ (w̃)J (w)〉D∞

=
∫

W̄

H̄ ε
T (θ̂ε(w), w̃)J̃ (w̃)J (w)×

× P̄ (dw, dw̃)

=
∫

W

EP̃
[
H̄ ε

T (θ̂ε(w), w̃)J̃ (w̃)
]
×

× J (w)P (dw),

in particular, we know

I (H̄ ε
T (θ̂ε(w), w̃), 1)(w) = EP̃

[
H̄ ε

T (θ̂ε(w), w̃)
]

P -a.s. It follows from ψ∗ε (θ̂ε(w), w̃) = 1− O(εK) in D∞(W̄ ) for any K > 0 that

lim sup
ε↓0

ε−k
∥∥∥EP̃

[
H ε

T (θ̂ε(w), w̃)
]
− EP̃

[
H̄ ε

T (θ̂ε(w), w̃)
]∥∥∥

p
<∞. (27)

From (26) and (27), we have

lim sup
ε↓0

ε−k

∥∥∥∥∥∥EP̃
[
H ε

T (θ̂ε(w), w̃)
]
−

k−1∑
γ=0

εγ I (1γ (θ̂ε(w), w̃), 1)

∥∥∥∥∥∥
p

<∞.

We can easily show that

I (10(θ̂ε(w), w̃), 1)(w) =
∫

W̃

10(θ̂ε(w), w̃)P̃ (dw̃)

=
∫

W̃

g−1(θ̂ε(w))(f−1(θ̂ε(w))−K)1Aε(θ̂ε(w)) ×
×(f0(θ̂ε(w), w̃))P̃ (dw̃)

=
∫

Aε(θ̂ε(w))

p0(x, θ̂ε(w))dx

P -a.s., where p0(x, θ) = g−1(θ)(f−1(θ) − K)pf0(x, θ) and pf0(x, θ) = φ(x;
0, 9(θ)).

Next, we obtain the second-order term p1(x, θ). It is easy to obtain that

I (g−1(θ̂ε(w))f0(θ̂ε(w), w̃)1Aε(θ̂ε(w))(f0(θ̂ε(w), w̃)), 1)(w)

=
∫

Aε(θ̂ε(w))

q0(x, θ̂ε(w)) dx
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P -a.s., where q0(x, θ) = g−1(θ)xpf0(x, θ). For any J (w) ∈ Lp(W, P ),∫
W

I (f i
1 (θ̂ε(w), w̃)∂i1Aε(θ̂ε(w))(f0(θ̂ε(w), w̃)), 1)J (w)P (dw)

= D−∞〈f i
1 (θ̂ε(w), w̃)∂i1Aε(θ̂ε(w))(f0(θ̂ε(w), w̃)), J (w)〉D∞

=
D−∞

〈
f i

1 (θ̂ε(w), w̃)∂i1Aε(θ0) ×

×
(

f0(θ̂ε(w), w̃)+ f−1(θ̂ε(w))− f−1(θ0)

ε

)
, J (w)

〉
D∞

= D−∞〈f i
1 (θ̂ε(w), w̃)∂i1Aε(θ0)(g(w, w̃)), J (w)〉D∞,

where

g(w, w̃) = f0(θ̂ε(w), w̃)+ f−1(θ̂ε(w))− f−1(θ0)

ε
.

Moreover, we have

D−∞〈f i
1 (θ̂ε(w), w̃)∂i1Aε(θ0)(g(w, w̃)), J (w)〉D∞

=
∫

W̄

1Aε(θ0)(g(w, w̃))Gi
1(w, w̃)J (w)P̄ (dw, dw̃)

=
∫

W̄

1Aε(θ̂ε(w))(f0(θ̂ε(w), w̃))Gi
1(w, w̃)J (w)P̄ (dw, dw̃)

=
∫

W

{∫
W̃

1Aε(θ̂ε(w))(f0(θ̂ε(w), w̃))Gi
1(w, w̃)P (dw̃)

}
J (w)P (dw)

=
∫

W

{∫
W̃

1A(f0(θ̂ε(w), w̃))Gi
1(w, w̃)P (dw̃)

}∣∣∣∣
A=Aε(θ̂ε(w))

J (w)P (dw),

where

Gi
1(w, w̃) = D∗


 k∑

j=1

(
σ−1

f0(θ̂ε(w),w̃)

)ij

f i
1 (θ̂ε(w), w̃)Df

j

0 (θ̂ε(w), w̃)


 .

It follows that for a Borel set A ∈ Bk,∫
W

∫
W̃

1A(f0(θ̂ε(w), w̃))Gi
1(w, w̃)P (dw̃)J (w)P (dw)

= D−∞〈1A(f0(θ̂ε(w), w̃)), Gi
1(w, w̃)J (w)〉D∞

= D−∞〈∂i1A(f0(θ̂ε(w), w̃)), f i
1 (θ̂ε(w), w̃)J (w)〉D∞

=
∫

A

q(z) dz.
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Thus, by the very routine work,

q(z) = −∂i

(
EP̄ [f i

1 (θ̂ε(w), ·)J (w)|f0(θ̂ε(w), w̃) = z]pf0(z, θ̂ε(w))
)

= −∂i

(∫
W

EP̃ [f i
1 (θ̂ε(w), ·)|f0(θ̂ε(w), w̃) = z]pf0(z, θ̂ε(w))×

× J (w)P (dw)

)

=
∫

W

−∂i

(
EP̃ [f i

1 (θ̂ε(w), ·)|f0(θ̂ε(w), w̃) = z]pf0(z, θ̂ε(w))
)
×

× J (w)P (dw).

We then have

D−∞〈f i
1 (θ̂ε(w), w̃)∂i1Aε(θ0)(g(w, w̃)), J (w)〉D∞

=
∫

W

{∫
Aε(θ̂ε(w))

q1(z, θ̂ε(w)) dz

}
J (w)P (dw),

where q1(z, θ̂ε(w)) = −∂i

(
EP̃ [f i

1 (θ̂ε(w), ·)|f0(θ̂ε(w), w̃) = z]pf0(z, θ̂ε(w))
)

.

Therefore, we obtain

I (f i
1 (θ̂ε(w), w̃)∂i1Aε(θ̂ε(w))(f0(θ̂ε(w), w̃)), 1)(w) =

∫
Aε(θ̂ε(w))

q1(z, θ̂ε(w)) dz

P -a.s. Similarly, we have

I (g0(θ̂ε(w), w̃)1Aε(θ̂ε(w))(f0(θ̂ε(w), w̃)), 1)(w) =
∫

Aε(θ̂ε(w))

q2(z, θ̂ε(w)) dz

P -a.s., where q2(z, θ̂ε(w)) = EP̃ [g0(θ̂ε(w), ·)|f0(θ̂ε(w), w̃) = z]pf0(z, θ̂ε(w)).
From (18)–(20) and Lemmas 5.7, 5.8 in [31], we have

EP̃

[
f α

1 (θ̂ε(w), ·)
∣∣∣∣
∫ T

T0

at (θ̂ε(w)) dw̃t = x

]
= A0,α(θ̂ε(w))− A2,α

p,q(θ̂ε(w))σ pq(θ̂ε(w))+ A2,α
p,q(θ̂ε(w))xpxq,

EP̃

[
g0(θ̂ε(w), ·)

∣∣∣∣
∫ T

T0

at (θ̂ε(w)) dw̃t = x

]
= g−1(θ̂ε(w))Bα(θ̂ε(w))σαp(θ̂ε(w))xp.
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Since it follows that

q1(x, θ̂ε(w)) = −∂α{EP̃ [f α
1 (θ̂ε(w), ·)|f0(θ̂ε(w), w̃)=x]φ(x; 0, 9(θ̂ε(w)))}

= −
[
A2,α

α,p(θ̂ε(w))+ A2,α
p,α(θ̂ε(w))− A0,α(θ̂ε(w))σαp(θ̂ε(w))+

+ A
2,α
q,l (θ̂ε(w))σ ql(θ̂ε(w))σαp(θ̂ε(w))

]
×

× xpφ(x; 0, 9(θ̂ε(w)))+ A2,α
p,q(θ̂ε(w))σαl(θ̂ε(w))×

× xpxqxlφ(x; 0, 9(θ̂ε(w))),

we obtain

p1(x, θ̂ε(w)) = g−1(θ̂ε(w))xφ(x; 0, 9(θ̂ε(w)))+
+ g−1(θ̂ε(w))(f−1(θ̂ε(w))−K)q1(x, θ̂ε(w))+
+ g−1(θ̂ε(w))(f−1(θ̂ε(w))−K)Bα(θ̂ε(w))σαp ×
× (θ̂ε(w))xpφ(x; 0, 9(θ̂ε(w))).

In the same fashion, we obtain pi(x, w) for i � 2. This completes the proof.

Proof of Lemma 5. From Assumption 3, we see

ψε(w)ε−1(θ̂ε(w)− θ0)
i = ζ

(0)
i (w)+ 1

2
εζ

(1)
i (w)+ · · · + 1

m!
εm−1 ×

× ζ
(m−1)
i (w)+ εmζ

(m)
ε,i (w),

where ζ
(m)
ε,i (w) = O(1) in ∩p > 1Lp(W). Moreover, in case that |Rε| < 1/9, it

follows from ψε(w) = ψ(3Rε(w)) = 1 that

1 · ε−1(θ̂ε(w)− θ0)
i = ψε(w)ε−1(θ̂ε(w)− θ0)i

= ζ
(0)
i (w)+ 1

2
εζ

(1)
i (w)+ · · · + 1

m!
εm−1ζ

(m−1)
i (w)+

+ εmζ
(m)
ε,i (w). (28)

First, expanding θ̂ε(w) in a Taylor series around θ0 and substituting (28) in the
resulting expansion, we obtain the second-order stochastic expansion as follows:

ψ̄ε(w)

∫ T

T0

f0(X
ε
t (θ̂ε(w), w̃), θ̂ε(w)) dt

= ψ̄ε(w)

[∫ T

T0

f0(Xε
t (θ0, w̃), θ0) dt +

+
∫ T

T0

δif0(X
ε
t (θ0, w̃), θ0) dt (θ̂ε(w)− θ0)i +

+ 1

2

∫ T

T0

δiδj f0(Xε
t (θ0, w̃), θ0) dt (θ̂ε(w)− θ0)i(θ̂ε(w)− θ0)j+
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+ 1

2

∫ 1

0

∫ T

T0

δiδj δkf0(X
ε
t (θ, w̃), θ) dt

∣∣∣∣
θ=θ0+u(θ̂ε(w)−θ0)

(1− u)2 du×

× (θ̂ε(w)− θ0)i(θ̂ε(w)− θ0)j (θ̂ε(w)− θ0)k

]

= ψ̄ε(w)

[∫ T

T0

f0(X
ε
t (θ0, w̃), θ0) dt + ε

∫ T

T0

δif0(X
ε
t (θ0, w̃), θ0)×

× dtζ
(0)
i (w)+ ε2

{
1

2

∫ T

T0

δif0(Xε
t (θ0, w̃), θ0) dtζ

(1)
i (w)+

+ 1

2

∫ T

T0

δiδj f0(Xε
t (θ0, w̃), θ0) dtζ

(0)
i (w)ζ

(0)
j (w)

}
+

+ ε3f
(2)

1 (w, w̃)

]
,

where

f
(2)
1 (w, w̃)

=
∫ T

T0

δif0(X
ε
t (θ0, w̃), θ0) dtζ

(2)
ε,i (w)+

+ 1

2

(∫ T

T0

δiδj f0(X
ε
t (θ0, w̃), θ0) dt

)
(ζ

(0)
i (w)ζ

(1)
ε,j (w)+ ζ

(1)
ε,i (w)×

× ζ
(0)
j (w))+ ε

1

2

∫ T

T0

δiδj f0(X
ε
t (θ0, w̃), θ0) dtζ

(1)
ε,i (w)ζ

(1)
ε,j (w)+

+ 1

2

∫ 1

0

∫ T

T0

δiδj δkf0(X
ε
t (θ, w̃), θ) dt

∣∣∣∣
θ=θ0+u(θ̂ε(w)−θ0)

×

× (1− u)2 duζ
(0)
ε,i (w)ζ

(0)
ε,j (w)ζ

(0)
ε,k (w).

Since it follows from

ψ̄ε(w) = 1− O(εK) in ∩p>1 Lp(W) for any K > 0 (29)

that

ψ̄ε(w)

∫ 1

0

∫ T

T0

δiδj δkf0(Xε
t (θ, w̃), θ) dt

∣∣∣∣
θ=θ0+u(θ̂ε(w)−θ0)

×

× (1− u)2 du = OM(1),

we obtain ψ̄ε(w)f
(2)

1 (w, w̃) = OM(1) and

ψ̄ε(w)

∫ T

T0

f0(X
ε
t (θ̂ε(w), w̃), θ̂ε(w)) dt

= ψ̄ε(w)

[∫ T

T0

f0(Xε
t (θ0, w̃), θ0) dt +
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+ ε

{∫ T

T0

∂i1f0(Xε
t (θ0, w̃), θ0)δiX

ε,i1
t (θ0, w̃) dt +

+
∫ T

T0

δ
(2)
i f0(X

ε
t (θ0, w̃), θ0) dt

}
ζ

(0)
i (w)+

+ ε2

{
1

2

(∫ T

T0

∂i1f0(X
ε
t (θ0, w̃), θ0)δiX

ε,i1
t (θ0, w̃) dt +

+
∫ T

T0

δ
(2)
i f0(X

ε
t (θ0, w̃), θ0) dt

)
ζ

(1)
i (w)+

+ 1

2

(∫ T

T0

∂i1∂i2f0(Xε
t (θ0, w̃), θ0)δiX

ε,i1
t (θ0, w̃)δj X

ε,i2
t (θ0, w̃) dt +

+
∫ T

T0

δ
(2)
i ∂i1f0(X

ε
t (θ0, w̃), θ0)δj X

ε,i1
t (θ0, w̃) dt +

+
∫ T

T0

∂i1f0(Xε
t (θ0, w̃), θ0)δiδj X

ε,i1
t (θ0, w̃) dt +

+
∫ T

T0

∂i1δ
(2)
i f0(X

ε
t (θ0, w̃), θ0)δj X

ε,i1
t (θ0, w̃) dt +

+
∫ T

T0

δ
(2)
i δ

(2)
j f0(X

ε
t (θ0, w̃), θ0) dt

)
ζ

(0)
i (w)ζ

(0)
j (w)

}]
+ OM(ε3).

Moreover, expanding Xε
t in a Taylor series around X0

t , we have

ψ̄ε(w)

∫ T

T0

f0(X
ε
t (θ̂ε(w), w̃), θ̂ε(w)) dt

= ψ̄ε(w)

[∫ T

T0

f0(X0
t (θ0), θ0) dt + ε

{∫ T

T0

∂i1f0(X0
t (θ0), θ0)×

× D
i1
t (θ0, w̃) dt +

(∫ T

T0

∂i1f0(X
0
t (θ0), θ0)δiX

0,i1
t (θ0) dt +

+
∫ T

T0

δ
(2)
i f0(X

0
t (θ0), θ0) dt

)
ζ

(0)
i (w)

}
+

+ ε2

{
1

2

(∫ T

T0

∂i1∂i2f0(X
0
t (θ0), θ0)D

i1
t (θ0, w̃)D

i2
t (θ0, w̃) dt +

+
∫ T

T0

∂i1f0(X0
t (θ0), θ0)E

i1
t (θ0, w̃) dt

)
+

+
(∫ T

T0

∂i1∂i2f0(X
0
t (θ0), θ0)D

i1
t (θ0, w̃)δiX

0,i2
t (θ0) dt +

+
∫ T

T0

∂i1f0(X0
t (θ0), θ0)δiD

i1
t (θ0, w̃) dt +
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+
∫ T

T0

∂i1δ
(2)
i f0(X

0
t (θ0), θ0)D

i1
t (θ0, w̃) dt

)
ζ

(0)
i (w)+

+ 1

2

(∫ T

T0

∂i1f0(X0
t (θ0), θ0)δiX

0,i1
t (θ0) dt +

+
∫ T

T0

δ
(2)
i f0(X

0
t (θ0), θ0) dt

)
ζ

(1)
i (w)+

+ 1

2

(∫ T

T0

∂i1∂i2f0(X0
t (θ0), θ0)δiX

0,i1
t (θ0)δj X

0,i2
t (θ0) dt +

+
∫ T

T0

∂i1f0(X0
t (θ0), θ0)δiδj X

0,i1
t (θ0) dt +

∫ T

T0

δ
(2)
i δ

(2)
j f0 ×

× (X0
t (θ0), θ0) dt + 2

∫ T

T0

∂i1δ
(2)
i f0(X0

t (θ0), θ0)δj X
0,i1
t (θ0) dt

)
×

× ζ
(0)
i (w)ζ

(0)
j (w)

}
+ ε3f

(2)

2 (w, w̃)

]
+ OM(ε3),

where

f
(2)

2 (w, w̃)

= 1

2

∫ 1

0

∫ T

T0

∂3

∂ε3
f0(X

ε
t (θ0, w̃), θ0) dt

∣∣∣∣
ε←uε

(1− u)2 du+

+
∫ 1

0

∫ T

T0

∂2

∂ε2
∂i1f0(Xε

t (θ0, w̃), θ0)δiX
ε,i1
t (θ0, w̃) dt

∣∣∣∣
ε←uε

×

× (1− u) duζ
(0)
i (w)+

+
∫ 1

0

∫ T

T0

∂2

∂ε2
δ

(2)
i f0(Xε

t (θ0, w̃), θ0) dt

∣∣∣∣
ε←uε

(1− u) duζ
(0)
i (w)+

+ 1

2

∫ 1

0

∫ T

T0

∂

∂ε
∂i1f0(X

ε
t (θ0, w̃), θ0)δiX

ε,i1
t (θ0, w̃) dt

∣∣∣∣
ε←uε

duζ
(1)
i (w)+

+ 1

2

∫ 1

0

∫ T

T0

∂

∂ε
δ

(2)
i f0(X

ε
t (θ0, w̃), θ0) dt

∣∣∣∣
ε←uε

duζ
(1)
i (w)+

+ 1

2

∫ 1

0

∫ T

T0

∂

∂ε
∂i1∂i2f0(Xε

t (θ0, w̃), θ0)δiX
ε,i1
t (θ0, w̃)δj X

ε,i2
t ×

× (θ0, w̃) dt

∣∣∣∣
ε←uε

duζ
(0)
i (w)ζ

(0)
j (w)+

+ 1

2

∫ 1

0

∫ T

T0

∂

∂ε
∂i1f0(X

ε
t (θ0, w̃), θ0)δiδj X

ε,i1
t (θ0, w̃) dt

∣∣∣∣
ε←uε

×

× duζ
(0)
i (w)ζ

(0)
j (w)+
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+ 1

2

∫ 1

0

∫ T

T0

∂

∂ε
δ

(2)
i δ

(2)
j f0(X

ε
t (θ0, w̃), θ0) dt

∣∣∣∣
ε←uε

duζ
(0)
i (w)ζ

(0)
j (w)+

+
∫ 1

0

∫ T

T0

∂

∂ε
∂i1δ

(2)
i f0(X

ε
t (θ0, w̃), θ0)δj X

ε,i1
t (θ0, w̃) dt

∣∣∣∣
ε←uε

×

× duζ
(0)
i (w)ζ

(0)
j (w).

It follows from (29) that ψ̄ε(w)f
(2)

2 (w, w̃) = OM(1). Similarly, we have

ψ̄ε(w)

(
ε

∫ T

T0

f (Xε
t (θ̂ε(w), w̃), θ̂ε(w)) dw̃t

)

= ε

∫ T

T0

f (X0
t (θ0), θ0) dw̃t + ε2

[ ∫ T

T0

∂i1f (X0
t (θ0), θ0)D

i1
t (θ0, w̃) dw̃t +

+
(∫ T

T0

∂i1f (X0
t (θ0), θ0)δiX

0,i1
t (θ0) dw̃t +

+
∫ T

T0

δ
(2)
i f (X0

t (θ0), θ0) dw̃t

)
ζ

(0)
i (w)

]
+ OM(ε3).

We then have

ψ̄ε(w)F ε
T (θ̂ε(w), w̃)

= FT0 +
∫ T

T0

f0(X
0
t (θ0), θ0) dt +

+ ε

{∫ T

T0

∂i1f0(X0
t (θ0), θ0)D

i1
t (θ0, w̃) dt +

∫ T

T0

f (X0
t (θ0), θ0) dw̃t +

+
(∫ T

T0

∂i1f0(X
0
t (θ0), θ0)δiX

0,i1
t (θ0) dt +

+
∫ T

T0

δ
(2)
i f0(X

0
t (θ0), θ0) dt

)
ζ

(0)
i (w)

}
+

+ ε2

{
1

2

(∫ T

T0

∂i1∂i2f0(X
0
t (θ0), θ0)D

i1
t (θ0, w̃)D

i2
t (θ0, w̃) dt +

+
∫ T

T0

∂i1f0(X0
t (θ0), θ0)E

i1
t (θ0, w̃) dt

)
+

+
∫ T

T0

∂i1f (X0
t (θ0), θ0)D

i1
t (θ0, w̃) dw̃t +

+
(∫ T

T0

∂i1∂i2f0(X
0
t (θ0), θ0)D

i1
t (θ0, w̃)δiX

0,i2
t (θ0) dt +

+
∫ T

T0

∂i1f0(X0
t (θ0), θ0)δiD

i1
t (θ0, w̃) dt+
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+
∫ T

T0

∂i1δ
(2)
i f0(X

0
t (θ0), θ0)D

i1
t (θ0, w̃) dt +

+
∫ T

T0

∂i1f (X0
t (θ0), θ0)δiX

0,i1
t (θ0) dw̃t +

+
∫ T

T0

δ
(2)
i f (X0

t (θ0), θ0) dw̃t

)
ζ

(0)
i (w)+

+ 1

2

(∫ T

T0

∂i1f0(X0
t (θ0), θ0)δiX

0,i1
t (θ0) dt +

+
∫ T

T0

δ
(2)
i f0(X

0
t (θ0), θ0) dt

)
ζ

(1)
i (w)+

+ 1

2

(∫ T

T0

∂i1∂i2f0(X0
t (θ0), θ0)δiX

0,i1
t (θ0)δj X

0,i2
t (θ0) dt +

+
∫ T

T0

∂i1f0(X0
t (θ0), θ0)δiδj X

0,i1
t (θ0) dt +

+
∫ T

T0

δ
(2)
i δ

(2)
j f0(X

0
t (θ0), θ0) dt +

+ 2
∫ T

T0

∂i1δ
(2)
i f0(X0

t (θ0), θ0)δj X
0,i1
t (θ0) dt

)
ζ

(0)
i (w)ζ

(0)
j (w)

}
+ OM(ε3).

From the second-order asymptotic expansion of F ε
T (θ̂ε(w), w̃) as above, f̂0 and f̂1

are determined.
In the same way as the second-order asymptotic expansion, we can see that for

any m ∈ N,

ψ̄ε(w)F ε
T (θ̂ε(w), w̃)

= ψ̄ε(w)(f−1(θ0)+ εf̂0(w, w̃)+ ε2f̂1(w, w̃)+ · · · +
+ εm−1f̂m−1(w, w̃)+ εmf̂ (m)

ε (w, w̃)),

where f̂ (m)
ε (w, w̃) = OM(1). Moreover, it follows from (29) that we obtain

ψ̄ε(w)F ε
T (θ̂ε(w), w̃) ∼ f−1(θ0)+ εf̂0(w, w̃)+ ε2f̂1(w, w̃)+ · · ·

in D∞(W̄ ;Rk) as ε ↓ 0. This completes the proof.

Proof of Lemma 6. Following the same way as the proof of Lemma 5, we have
the result.

Proof of Lemma 7. From the definition of ξ̂ε, |ξ̂ε(w, w̃)| > 1 if det σF̃ ∗εT (θ̂ε(w),·) <

(1/2) det σf̂0(w,·) or det σF̃ ∗εT (θ̂ε(w),·) > (3/2) det σf̂0(w,·). In case that (3/2)

det σf̂0(w,·) � det σF̃ ∗εT (θ̂ε(w),·) � (1/2) det σf̂0(w,·), we obtain (2/3)(det σf̂0(w,·))
−1 �
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(det σF̃ ∗εT (θ̂ε(w),·))
−1 � 2(det σf̂0(w,·))

−1. Therefore, it follows from Assumption 2 that
for any p ∈ (1,∞),

sup
ε∈(0,1]

E[1{|ξ̂ε (w,w̃)|� 1}(det σF̃ ε
T (θ̂ε(w),·))

−p] <∞.

From Lemma 5, F̃ ∗εT (θ̂ε(w), w̃) ∈ D∞(W̄ ;Rk) has the asymptotic expansion

F̃ ∗εT (θ̂ε(w), w̃) ∼ f̂0(w, w̃)+ εf̂1(w, w̃)+ · · ·
in D∞(W̄ ;Rk) as ε ↓ 0 with f̂0(w, w̃), f̂1(w, w̃), . . . ∈ D∞(W̄ ;Rk). Hence,
F̃ ∗εT (θ̂ε(w), w̃) = f̂0(w, w̃) + εf (1)

ε (w, w̃), where f̂0(w, w̃) ∈ D∞(W̄ ;Rk) and
f (1)

ε (w, w̃) = OM(1). Since

|(det σF̃ ∗εT (θ̂ε(w),·))
1/2 − (det σf̂0(w,·))

1/2|
� (det σF̃ ∗εT (θ̂ε(w),·)−f̂0(w,·))

1/2 = (det σ
εf̂

(1)
ε (w,·))

1/2 = ε(det σ
f̂

(1)
ε (w,·))

1/2,

we have

| det σF̃ ∗εT (θ̂ε(w),·) − det σf̂0(w,·)|
= |(det σF̃ ∗εT (θ̂ε(w),·))

1/2 − (det σf̂0(w,·))
1/2||(det σF̃ ∗εT (θ̂ε(w),·))

1/2 +
+ (det σf̂0(w,·))

1/2|
� ε(det σ

f̂
(1)
ε (w,·))

1/2
{
(det σF̃ ∗ε

T (θ̂ε(w),·))
1/2 + (det σf̂0(w,·))

1/2
}

.

Hence, it follows that there exists C > 0 such that for any p > 1,

‖ det σF̃ ∗εT (θ̂ε(w),·) − det σf̂0(w,·)‖p � Cε. (30)

From definition, ξ̂ε(w, w̃) = O(1) in D∞(W̄ ) as ε ↓ 0. It follows from
Chebyshev’s inequality that for any a > 0, K > 0,

P̄ [ξ̂ε(w, w̃) > a] � P̄

[∣∣∣∣∣
2(det σF̃ ∗εT (θ̂ε(w),·) − det σf̂0(w,·))

det σf̂0(w,·)

∣∣∣∣∣ > a

]

� 1

aK

∥∥∥∥∥
2(det σF̃ ∗εT (θ̂ε(w),·) − det σf̂0(w,·))

det σf̂0(w,·)

∥∥∥∥∥
K

K

.

It follows from (30), Hölder’s inequality and Assumption 2 that for any K > 0,∥∥∥∥∥
2(det σF̃ ∗εT (θ̂ε(w),·) − det σf̂0(w,·))

det σf̂0(w,·)

∥∥∥∥∥
K

K

= O(εK).

We then see that for any a > 0, K > 0,

P̄ [ξ̂ε(w, w̃) > a] = O(εK). (31)
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From (31), we see that for any p > 1,

‖1− ψ̂∗ε (w, w̃)‖p = ‖1− ψ(ξ̂ε(w, w̃))‖p � ‖1{|ξ̂ε(w,w̃)|> 1
2

}‖p = O(εK).

In view of the chain rule for H-derivatives,

D(1− ψ̂∗ε (w, w̃)) = −Dψ̂∗ε (w, w̃) = −ψ ′(ξ̂ε(w, w̃))Dξ̂ε(w, w̃).

Since ‖ψ ′(ξ̂ε(w, w̃))‖p = O(εK), we see that for any p > 1,

‖D(1− ψ̂∗ε (w, w̃))‖p = O(εK).

Similarly, it follows that for any p > 1 and j > 0,

‖Dj (1− ψ̂∗ε (w, w̃))‖p = O(εK).

Therefore, we see that

ψ̂∗ε (w, w̃) = 1− O(εK) in D∞(W̄ ) for any K > 0. (32)

By using Theorem 4.1 in [31],

ψ̂∗ε (w, w̃)T (F̃ ∗εT (θ̂ε(w), w̃)) ∼ %̂0(w, w̃)+ ε%̂1(w, w̃)+ · · ·
in D̃−∞(W̄ ) as ε ↓ 0 with %̂0(w, w̃), %̂1(w, w̃), . . . in D̃−∞(W̄ ). This completes
the proof.

Proof of Lemma 8. In the same way as the proof of Lemma 7, it follows from
Theorem 4.1 of [31] that we obtain the result.

Proof of Theorem 2. We use the same notation as the proof of Theorem 1. Let

Gε(w, w̃) = H̄ ∗εT (θ̂ε(w), w̃)− (
1̂0(w, w̃)+ ε1̂1(w, w̃)+ · · · +

+ εk−11̂k−1(w, w̃)
)
.

We then have

lim sup
ε↓0

ε−k

∥∥∥∥∥∥I (H̄ ∗εT (θ̂ε(w), w̃), J̃ )−
k−1∑
γ=0

εγ I (1̂γ (w, w̃), J̃ )

∥∥∥∥∥∥
p

<∞.

Since I (H̄ ∗εT (θ̂ε(w), w̃), 1)(w) = EP̃ [H̄ ∗εT (θ̂ε(w), w̃)] P -a.s., it follows that
I (1̂0(w, w̃), 1)(w) = ∫

Aε(θ0)
p̂0(x, w) dx P -a.s., where p̂0(x, w) = g−1(θ0)

(f−1(θ0)−K)φ(x; x̂0(w), 9(θ0)).
Next, we obtain the second-order term p̂1(x, θ). In the same way as the proof

of Theorem 1,

I (g−1(θ0)f̂0(w, w̃)1Aε(θ0)(f̂0(w, w̃)), 1)(w) =
∫

Aε(θ0)

q0(x, w) dx
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P -a.s., where q0(x, w) = g−1(θ0)xφ(x; x̂0(w), 9(θ0)). For any J (w) ∈ Lp(W, P ),

∫
W

I (f̂ i
1 (w, w̃)∂i1Aε(θ0)(f̂0(w, w̃)), 1)J (w)P (dw)

= D−∞〈f̂ i
1 (w, w̃)∂i1Aε(θ0)(f̂0(w, w̃)), J (w)〉D∞

=
∫

W̄

1Aε(θ0)(f̂0(w, w̃))Gi
1(w, w̃)J (w)P̄ (dw, dw̃)

=
∫

W̄

1A∗ε (w)(g0(w̃))Gi
1(w, w̃)J (w)P̄ (dw, dw̃)

=
∫

W

{∫
W̃

1A∗ε (w)(g0(w̃))Gi
1(w, w̃)P (dw̃)

}
J (w)P (dw)

=
∫

W

{∫
W̃

1A(g0(w̃))Gi
1(w, w̃)P (dw̃)

}∣∣∣∣
A=A∗ε (w)

J (w)P (dw),

where

Gi
1(w, w̃) = D∗


 k∑

j=1

(
σ−1

g0(w̃)

)ij

f̂ i
1 (w, w̃)Dg

j

0 (w̃)


 ,

g0(w̃) = f̂0(w, w̃)− x̂0(w) = f0(θ0, w̃),

A∗ε(w) =
{

x; x � − x̂0(w)+ K − f−1(θ0)

ε

}
.

For a Borel set A ∈ Bk,

∫
W

∫
W̃

1A(g0(w̃))Gi
1(w, w̃)P (dw̃)J (w)P (dw)

= D−∞〈1A(g0(w̃)), Gi
1(w, w̃)J (w)〉D∞

= D−∞〈∂i1A(g0(w̃)), f̂ i
1 (w, w̃)J (w)〉D∞

=
∫

A

q(z) dz.

Since it is easy to show that

q(x) = −∂i

(
EP̄ [f̂ i

1 (w, ·)J (w)|g0(w̃) = z]pg0(z)
)

= −∂i

(∫
W

EP̃ [f̂ i
1 (w, ·)|g0(w̃) = z]pg0(z)J (w)P (dw)

)

=
∫

W

−∂i

(
EP̃ [f̂ i

1 (w, ·)|g0(w̃) = z]pg0(z)
)

J (w)P (dw),
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where pg0(z) = φ(z; 0, 9(θ0)), it follows that

D−∞〈f̂ i
1 (w, w̃)∂i1Aε(θ0)(f̂0(w, w̃)), J (w)〉D∞

=
∫

W

{∫
A∗ε (w)

−∂i

(
EP̃ [f̂ i

1 (w, ·)|g0(w̃) = z]pg0(z)
)

dz

}
J (w)P (dw)

=
∫

W

{∫
Aε(θ0)

q1(z− x̂0(w), w) dz

}
J (w)P (dw),

where q1(z, w) = −∂i

(
EP̃ [f̂ i

1 (w, ·)|g0(w̃) = z]pg0(z)
)

. Therefore, we obtain

I (f̂ i
1 (w, w̃)∂i1Aε(θ0)(f̂0(w, w̃)), 1)(w) =

∫
Aε(θ0)

q1(z− x̂0(w), w) dz

=
∫

Aε(θ0)

p′1(x, w) dx

P -a.s. Similarly, we have

I (ĝ0(w, w̃)1Aε(θ0)(f̂0(w, w̃)), 1)(w) =
∫

Aε(θ0)

q2(z− x̂0(w), w) dz

P -a.s., where q2(z, w) = EP̃
[
ĝ0(w, ·)

∣∣∣∫ T

T0
at(θ0) dw̃t = z

]
pg0(z).

From (21)–(23) and Lemmas 5.7, 5.8 in [31], we have

EP̃

[
f̂ α

1 (w, ·)
∣∣∣∣
∫ T

T0

at (θ0) dw̃t = x

]
= A0,α(θ0)− A2,α

p,q(θ0)σ pq(θ0)+

+ x̂α
1 (w)+ Clα

i (θ0)σlp(θ0)xpζ
(0)
i (w)

+ A2,α
p,q(θ0)x

pxq,

EP̃

[
ĝ0(w, ·)

∣∣∣∣
∫ T

T0

at (θ0) dw̃t = x

]
= g−1(θ0)

(
Bα(θ0)σαp(θ0)xp + ŷ0(w)

)
.

Since it follows that

p′1(x, w) = −∂α{EP̃ [f̂ α
1 (w, ·)|g0(w̃) = x − x̂0(w)]φ(x; x̂0(w), 9(θ0))}

= −
[
Clα

i (θ0)σlα(θ0)ζ
(0)
i (w)

+
{

A2,α
α,p(θ0)+ A2,α

p,α(θ0)−

−
(
A0,α(θ0)− A

2,α
l,q (θ0)σ lq(θ0)+ x̂α(w)

)
σαp(θ0)

}
×

× (x − x̂0(w))p − Clα
i (θ0)σlp(θ0)σαq(θ0)ζ

(0)
i (w)×

× (x − x̂0(w))p(x − x̂0(w))q − A2,α
p,q(θ0)σαl ×

× (θ0) (x − x̂0(w))p(x − x̂0(w))q(x − x̂0(w))l
]×

× φ(x; x̂0(w), 9(θ0)),
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we obtain

p̂1(x, w) = g−1(θ0)xφ(x; x̂0(w), 9(θ0))+ g−1(θ0)(f−1(θ0)−K)p′1(x, w)

+ g−1(θ0)(f−1(θ0)−K)[ŷ0(w)+
+ Bασαp(θ0)(x − x̂0(w))p]φ(x; x̂0(w), 9(θ0)).

In the same fashion, we obtain p̂i(x, w) for i � 2. This completes the proof.

Proof of Theorem 3. Let S̄∗ε (w) = ET0,θ̂ε(w)[H̄
∗ε
T (θ̂ε(w), w̃)]−ET0,θ0[H ε

T (θ0, w̃)].
It follows from Corollary 1 and Theorem 2 that S̄∗ε (w) ∈ Lp(Rk) has the asymp-
totic expansion

S̄∗ε (w) ∼
∫

Aε(θ0)

g−1(θ0)(f−1(θ0)−K)[φ(x; x̂0(w), 9(θ0))−
− φ(x; 0, 9(θ0))] dx + Op(ε)

in Lp(Rk) as ε ↓ 0. Set Sε(w) = ET0,θ̂ε(w)[H
ε
T (θ̂ε(w), w̃)]−ET0,θ0[H ε

T (θ0, w̃)]. Let

b(w, θ0) = S̄∗ε (w)−
∫

Aε(θ0)

g−1(θ0)(f−1(θ0)−K)×
× [

φ(x; x̂0(w), 9(θ0))− φ(x; 0, 9(θ0))
]

dx.

It follows from (29) and (32) that

E[Sε(w)− b1(θ̂ε(w))] ∼ E[S̄∗ε (w)− ψ̄εb1(θ̂ε(w))]

∼ E[S̄∗ε (w)− b1(θ0)]+ O(ε)

∼ E[b(w, θ0)]+ O(ε)

∼ O(ε)

as ε ↓ 0. This completes the proof.

Proof of Theorem 4. In the same way as Theorem 3, S̄∗ε (w) ∈ Lp(Rk) has the
second-order asymptotic expansion

S̄∗ε (w) ∼
∫

Aε(θ0)

g−1(θ0)(f−1(θ0)−K)×
× [φ(x; x̂0(w), 9(θ0))− φ(x; 0, 9(θ0))] dx +
+ ε

∫
Aε(θ0)

{p̂1(x, w)− p1(x, θ0)} dx + Op(ε2)

in Lp(Rk) as ε ↓ 0. Let

b(w, θ0) = S̄∗ε (w)−
∫

Aε(θ0)

g−1(θ0)(f−1(θ0)−K)×
× [φ(x; x̂0(w), 9(θ0))− φ(x; 0, 9(θ0))] dx −
− ε

∫
Aε(θ0)

{p̂1(x, w)− p1(x, θ0)} dx.
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In the same way as Theorem 3,

E[Sε(w)− b1(θ̂ε(w))− εb2(θ̂ε(w))]

∼ E[S̄∗ε (w)− ψ̄εb1(θ̂ε(w))− εψ̄εb2(θ̂ε(w))]

∼ E[S̄∗ε (w)− b1(θ0)− εb2(θ0)]+ O(ε2)

∼ E[b(w, θ0)]+ O(ε2)

∼ O(ε2)

as ε ↓ 0. This completes the proof.

Proof of Theorem 5. Let

b(w, θ0) = S̄∗ε (w)− g−1(θ0)(f−1(θ0)−K)×
×

∫
Aε(θ0)

[φ(x; x̂0(w), 9(θ0))− φ(x; 0, 9(θ0))] dx −

− εg−1(θ0)

∫
Aε(θ0)

[
xφ(x; x̂0(w), 9(θ0)) −

− xφ(x; 0, 9(θ0))] dx.

We have the expansion of b(w, θ0) in ε-power as follows.

(i) when K − f−1(θ0) < 0, b(w, θ0) ∈ Lp(Rk) has the asymptotic expansion
b(w, θ0) ∼ εg−1(θ0)(f−1(θ0)−K)ŷ0(w)+ Op(ε2)

in Lp(Rk) as ε ↓ 0.
(ii) when Ki − f−1(θ0) > 0, b(w, θ0) ∈ Lp(Rk) has the asymptotic expansion

b(w, θ0) ∼ Op(εn)

for n = 2, 3, . . . in Lp(Rk) as ε ↓ 0.
(iii) when Ki − f−1(θ0) = 0, b(w, θ0) ∈ Lp(Rk) has the asymptotic expansion

b(w, θ0) ∼ Op(ε2)

in Lp(Rk) as ε ↓ 0.

In the same way as Theorem 4,

E[Sε(w)− b1(θ̂ε(w))− εb2(θ̂ε(w))]

∼ E[S̄∗ε (w)− ψ̄εb1(θ̂ε(w))− εψ̄εb2(θ̂ε(w))]

∼ E[S̄∗ε (w)− b1(θ0)− εb2(θ0)]+ O(ε2)

∼ E[b(w, θ0)]+ O(ε2)

∼ O(ε2)

as ε ↓ 0. This completes the proof.
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