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Abstract. In this paper, we consider a multidimensional diffusion process with jumps
whose jump term is driven by a compound Poisson process. Let a(x, ) be a drift coeffi-
cient, b(x, o) be a diffusion coefficient respectively, and the jump term is driven by a Pois-
son random measure p. We assume that its intensity measure ¢’ has a finite total mass.
The aim of this paper is estimating the parameter o« =(6,0) from some discrete data. We
can observe n+1 data at ¢/ =ih,, 0<i<n. We suppose h,—0, nh,— oo, nh§—>0.
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trast function, asymptotic normality, asymptotic efficiency.

1. Introduction
Let (2, F,(Fi)i>0, P) be a filtered probability space. We consider a

d-dimensional solution process X. to the following stochastic differential
equation on this space:
dXx; :a(Xt_,G)dt—i—b(X,_,U)dW,—}-/ c(Xi—,2,0) (p—q?)(dt, dz),
E

Xo=xo,

(1.1)

where E=R%\ {0}, 6 e ® CR™, o €Il C R™ are parameters, and « =
(6,0) belongs to a parameter space & =© x I1 which is a compact con-
vex subset of R™ x R™. (W;),>¢ is an r-dimensional standard F;-Brownian
motion p(dr,dz) is a homogeneous Poisson random measure on R, x R?,
and ¢°(dt, dz) is its intensity measure, that is, E[p(dt, dz)]=¢%(dt, dz). We
set ¢?(dr,dz) = fy(z)dzdr and fy(z) =A()F,y(z), where A(6) is a positive
function of 6 and F, is a probability density. The coefficients a and ¢ are
known R?-valued Borel functions defined on R? x ®, R? x E x ® respec-
tively, and b is a known R? @ R”-valued Borel function defined on R¢ x II.
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One of the most simple but important examples of one-dimensional case
is written as follows.

dX,=a(X,_, w)dr +b(X,_,o)dW, +&(X,_,9)dZ?, (1.2)

where Z” is a Lévy process with parameter ®. This belongs to the class
of (1.1) with c(x, z,0)=c(x, ¥z, a(x,@):&(x,,u)%—/ c(x, ®)zfs(z)dz and
E

0=(u, D).

In this paper, we studied estimation of the parameter o = (6, 0) from
discrete observations. For this aim, we observe n+1 data (X, )ogi<ns ' =
ih,, and show the consistency and asymptotic normality of an estimator
under the assumption that h, — 0, nh,— oo, nh2— 0.

So far, estimation of discretely observed diffusion processes has been
studied very well by several authors. Although there are some observation
schemes, our scheme is so-called rapidly increasing experimental design:
nh? — 0. The earlier work on this scheme is seen in Prakasa-Rao [23,24].
He studied a least squares approach. Florense-Zmirou [8] considered esti-
mation of a one-dimensional diffusion process with a constant diffusion
coefficient under the less restrictive condition nh} — 0 with convergence
rate </nh, for a diffusion estimation. Yoshida [29] studied the case where
drift-diffusion parameter estimation cannot be split, and showed the joint
convergence of an adaptive estimator with /n convergence rate for diffu-
sion parameter. After that, Kessler [18,19] improved it to more general
case with the design nhl — 0 for all p >2. For other schemes, for instance
nh, = constant or h, = constant, see Genon-Catalot and Jacod [10], Dacu-
nha-Castelle and Florens-Zmirou [7], Bibby and Serensen [4], and so on.
On the other hand, estimation of a diffusion processes with jumps is well-
known in case the whole path is observed, see, for example, Serensen [27,
28]. However it is obviously impossible to observe such a path over any
given time period in actual situation, therefore inference based on discrete
data is of major importance in dealing with practical problems.

Recently, a jump-diffusion model is also used in various fields. It is
particularly important in applications to modeling security prices or option
prices in financial market, see Aase and Guttorp [1], Mulinacci [21], Scott
[25], Gukhal [11], and so on. There are other applications to soil mois-
ture model (Mtundu and Koch [22]), to hydorology (Bodo and Thomo-
son [6]), and to population model (Hanson and Tuckwell [14], Guttrop and
Kulperger [12]), and so on.

In this paper, we construct a single contrast function to estimate the parame-
ter (0, o) jointly. The exact likelihood function would be used if we would know
the form of transition probabilities. However it is generally impossible to write
it down explicitly, therefore we have to approximate it by a suitable function.
In Section 2.2, we present an estimating function having two parts: the first
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part is the log likelihood of a local Gaussian process, and the second one
is modeled after the likelihood of Poisson random measures. This estimat-
ing function divides increments according to their magnitudes and assigns
them those parts. Evaluating the probability of misclassifications, we prove
the asymptotic normality of our estimator. Our estimator is of the maxi-
mum likelihood type. In order to control this efficient likelihood function,
we put regularity conditions such as A?? below. However, if we are satisfied
with another less efficient estimator, then we can relax those conditions.
For example, it is possible to treat a process with infinitely many jumps on
compacts. We discuss such generalizations elsewhere.

We assume the ergodicity of the solution process in this paper. There is
a work, e.g., by Kwon and Lee [20] on the conditions of the ergodicity of
diffusion processes with jumps.

The plan of this paper is the following. In the next Section 2, we pre-
pare the notations and some assumptions used in this paper. After that,
we present a contrast function and our main result. In Section 3, we pre-
pare several propositions which are needed to prove the main theorem. All
proofs are presented in Section 4.

2. Discussion and Conclusions
2.1. NOTATIONS AND ASSUMPTIONS

We introduce some notations.

1. We set « =(0,0) and «y, 6y, o9 denote the respective true values. For
1(0) we set Ag=1r(00) = [ f,(2) dz.

3 32 32
2. For k= (k1. ... kg, B = ——. 32 = 2 9 = o =
k = (ki Ka), O, o, 8/(}2. ks aoc, "
(Oys -+ 0,)%, and 92 f (k) = (a,fi,(jf(/c)>1<. e where * stands for the
transpose. SIS

~

3. For a function g defined on R? x & we denotes by gi_;(«) the value
g(Xyr ,a). If g is a tensor, then we express its components with upper
index, for example, if g is a matrix, then its (k,/)-component is g,

4. Fri=Fp . AX!=Xp—Xp , AX;=X—X,_, Xi,(0)=AX!-—
hya;—1(6).

5. B(x,0):=b(x,0)b*(x,0).

6. For a tensor A, |A|?> is the sum of squares of the components of A.

7. Let u, be a real valued sequence. R:E x R x R? — R denotes a function
for which there exists a constant C such that

R(ct, tty, x) <u,C(1+|x|)¢ for all «e E, xeRY, neN.

We set I%(oz, u,,x)=1—R(a, u,, x).
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8. Let b, be a real valued sequence such that b,, — oo, nh,zlbn —0,
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n

n
—1/16

— 0.

For example h, =n"2/3, b, =n'/*, etc. Moreover, we set &, =b, ' .

9. In the following discussion, if we write X, then it means the solution
to (1.1) with a =«y.

10. We often use the notation C (resp. C;) as a general positive constant
(resp. depending on the index k), therefore we sometimes use the same
character for different constants from line to line without specially
mentioning.

We make the following assumptions.

A.l.

A2.

A3.

A4

AS.
A.6.

For some constant L and function ¢(z) of polynomial growth in z,

|a(X,90)_a(y»90)|+|b(X,UO)_b(yaUO)| <L|x_y|v

le(x, 2, 00) —c(y, 2,00 | SC@Ix =yl felx, 2,00 <& (@) + |x]).

The diffusion process with jumps X is ergodic and stationary for
a=uap: if w(dx) is its invariant probability measure, the initial dis-
tribution is 7 and

T
l/ f(Xt)dt—P>ff(x)dn
T Jo

as T — oo for any m-integrable function f.
For every p>1,

sup E[|X,]7] < 0.
t

For fixed 6 and o, the derivatives dla(x,0) and 3!b(x,0) (I=1,2)
exist on R? and they are continuous in x. Moreover, for fixed x, the
derivatives aéa(x, ) and 9. b(x,0) (I=1,2) exist on © and II respec-
tively, and a, b, and their all derivatives are of polynomial growth in
x uniformly in o:

18l a(x,0)], 18'b(x, )|, 18ha(x,0)], 1. b(x,0)|<CA4+|x]C.

for [=0,1, 2.
inf |c(x, z,60)| = colz| for some ¢y >0 near the origin
X

There exist constants r, K >0 and y >3 such that fy (2)1{;</ <
K|z|¥, and that

sup/|z|pf9(z)dz<oo for all p>1.
0
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AT

A8.
A9.

A.10.

A1l

For each 6 and x, the mapping z+> y =c(x, z,6) has an inverse z=
¢ !(x,y,6) which is differentiable with respect to y, and we set

W (y, x):=fo (¢ (x,9,0)) J(x, y,0),

where J(x, y,#) is the absolute value of the Jacobian of ¢~!(x, v, 0).
B is a positive definite and inf det 8(x, o) > 0.

The function Wy (y, x) is differentiable with respect to x and y, and
three times continuously differentiable with respect to 6, Moreover
we assume that

105 We (y, )| < L1()(1+|x))¢  (k=0,1,2,3), 2.1

10,9 Wo (v, X)| < La2(y)  (1=0,1,2), 2.2)

where L; and L, are bounded and dy-integrable functions. Further-
more,

18,85 Wo (v, )| SCA+IyD (1 +1xDC (1=0,1,2), (2.3)

/ sup |9 log Wy (y, x)- Vg, (v, x)| dy < C(1+[x)¢  (k=0,1,2,3).
%
(2.4)

o =oy if and only if det 8(x, o) =det B(x, o¢) for almost all x. More-
over, 0 =6, if and only if a(x,0)=a(x,6y) and Wy(y, x) =Wy, (y, x)
for almost all x and y.

There exists a sequence of real valued functions {@,(x, y)},eNn POS-
sessing following properties: 0 < ¢, <1 and ¢, > 1 dy x dw-a.s. as
n — 0o. There exists some M >0 such that

1 (x,y)e {inf Yy(y,x)>M
0e®

(Pn(X, })) =
0 (x,y)e {inf Wy (y, x) <&y
0e®
Moreover,
Sup |9,¢ul+ sup 9,0, =O(e; ), (2.5)
X,y X,y

and

0x@n=0,90, =0 on {;n(g lIfa(y,x)éen}- (2.6)
€
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Let us give some examples of Wy(y,x) and check conditions in A.9.

EXAMPLE 2.1. We consider the following one-dimensional stochastic
differential equation.

dX;=a(X,_)dt +b(X,_)dW, +c(X,_,0)dZ?, 2.7)

where Z% is a Lévy process with Lévy density fy(z). We assume, for some
M, K >0,

1
ctr,)==, [o()=M(K — 2 Lo<o<k),s

and 0 =(c, @, B), where «, B> 3.

Wy (y, x) = Mc(cy)* (K —cy)?,
logWy(y,x)=logM+ (x+1) logc+alogy+ Blog(K —cy)
Noticing the parameter space © is compact, it is easy to verify (2.1) — (2.3).

Moreover all [ sup, |8§ log \Ilg(y,x)-lllgo(y,x)| dy become finite, so (2.4) is
satisfied.

EXAMPLE 2.2. For SDE (2.7), we suppose that supp (fy) CR, and
1 v

c(x,0)= o fo@ o<y =€ 7 Ljpo<my-
and 6 =(c, y), where ¢>0, y>0 and M > 0. It is easy to check A.9 in the
neighborhood of the origin since

Yy(y.x)=e 5. logWy(y, 1) =",

cy

on the set {0 <z < M}.

EXAMPLE 2.3. For SDE (2.7), we assume
1 af
,9 = -, = — ﬁ_l _az,
c(x,0) A Jo(2) F(ﬁ)z e

and 6 =(c, a, B), where a >0, B>4. Then

of
%(y’x)zr‘(ﬂ)

log Wy (y, x)=ploga —logI'(B) + (B — 1) logcy —acy.

(cy)P~leme,



DIFFUSION PROCESS WITH JUMPS FROM DISCRETE OBSERVATIONS 233

Then
105 W (¥, )|, 18295 Wa(y, )|, 19,3, Wa(y,x)]

are all dominated by C (1+4]logy|) y*e " for some C>0, g/ >0, o' >0,
so Assumptions (2.1)—(2.3) are satisfied. Moreover we obtain

slgp\aé‘log%(y,m <C(1+]yl+]logyl).

This implies (2.4).

Under Assumptions A.l1 and A.6, the stochastic differential equation
(1.1) can be rewritten as follows:

dX,=E1(X,_,G)dt—i-b(X,_,a)dW,-i-/ c(X;_,z,0) p(dt, dz), (2.8)
E

where a(x,0)=a(x,0)— | c(x,z,0)q%(dr, dz). This expression implies that
E

X follows diffusion process dX, =a(X;_,0)dt+b(X,_,o0)dW,, in the inter-

val in which no jump occurred. We start with the stochastic differential

equation (2.8) to construct the contrast function.

2.2. CONTRAST FUNCTION AND MAIN RESULT

Now we present a contrast function for estimating parameters. In Section
2.3, we show how to obtain it.

DEFINITION 2.1. For

1 )
I < p < =, we define the contrast function /,(«)

y+ 2
as follows
Li(e) =1,0,0) +1,(9),
where
_ | . _
l(a) :_2hn ;(Xi,n) OB _1(0) Xin O axr i<ty —

"1
- Z 5 log det ,Bi—l(a)l{\AX,-"léh,‘;},
i=1

n

L©)=Y {log®,(0. Xy . AX)} @u(Xr . AXD yaxri-nsy —
i=1

—han ©u(®, Xy, y)dy,
i=1

}_(i,n(e) :Xt,” _Xl,.'Ll —hnC_li_l(Q), an(07 X, )7) :\Ije(y’ x)‘/)n(x, )’)~
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Intuitively speaking, this contrast function is very natural since I,(ct) cor-
responds to the contrast for an usual diffusion process, and [,(6) does to
the discretization of the likelihood function of an compound Poisson pro-
cess with Lévy density fp.

We used a truncation function ¢, to ensure the P-integrability of the
logarithm term and its derivatives with respect to parameters. If we knew
sup, , E [9,0)log Wp(AX", X;» )] <oo (1=0,1,2) by some reasons, ¢, would
not be needed, however ¢, is needed generally.

Our main theorem is the following. The proof will be presented in Sec-
tion 4.10

THEOREM 2.1. Under Assumptions A.1-A.11 and nh, — 0o as n— oo the
estimator Q,, which satisfies

ln (&n) =Ssup ln (Ol)

acl
is consistent:
~ P
o, — oy (n— 00).

If, in addition, nh> — 0 and the true value ay is in the interior of & then

(Vitha (6, = 600, /1B = 0)) = N (O, K7,

where

(K 0
K'—<0 Kz)’

0y W 0p , ¥,
K = / (9,8 B~ (35, @) (x. o) dr + / / Sy, ) dy d,
Oo

Kép"l) — l / tr [(ao'qﬂ)ﬂ_l(ao{]/ﬁ)ﬁ_l] (x, UO) d7T

2

Remark 2.1. This result can be extended to pure jump type processes
with b(x,0) =0, that is, X is a solution process to the following stochas-
tic differential equation:

dX,=a(X,_,0)ds —i—/ c(X,—,z,0) (p—q®)(dr, dz).
E

The contrast function of jump part is similar to the non-degenerate case
since we estimate jump parameters from only the number of jumps and
their amplitudes. For diffusion part, however, we cannot make use of /,(«)
any more because we cannot approximate the path of X by the local
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Gaussian approximation in the no jump intervals. We can overcome this
difficulty by estimating drift parameters as least square estimators, that is,

1
2h,

h(©)=——— Y (Xin)" O XinO)Lyaxe<nr)-
i=1

In this case, 6, has also consistegcy a%d asymptotic normality with asymp-
. . b, Vo, 09, Vo .
totic variance K, K% =//L”O(y,x) dydm. The proof is the

Wy
0
same as for non-degenerate case.

Remark 2.2. The asymptotic efficiency for 6, is obtained since K; is the
asymptotic variance of the estimator for the continuously observed ergodic
diffusion processes with jumps.

Serensen [28] discusses the inference of diffusion processes with jumps
from continuous observations under the setting which includes the
non-ergodic case. Particularly, when you compute the asymptotic variance
in the ergodic case, it could be more clear to refer Section 3 in Barndorff-
Nielsen and Serensen [3] which is a review of the general likelihood theory.

2.3. CONSTRUCTION OF CONTRAST FUNCTION

As we described, the data we can get are discrete ones, hence we have to
decide whether jumps occur or not in an interval from only the increment
|AX?"|, although that is a stochastic decision which may sometimes include
some misjudgements. This criterion should be chosen depending on n, and
increase the accuracy of judgements as n tends to infinity. The way we
will take is that, for p €[0, 1), if the increment exceeds k), in an interval,
we regard it as an interval in which a jump has occurred and if not, as
an interval in which no jump. This is because the increment of a diffu-
sion without jumps exceeds A, with small probability, and the increment
of a diffusion with a single jump also exceeds h, with a large probabil-
ity. Although they are intuitive argument, these are justified by Lemma 2.1
described below.

The value p has to be chosen carefully. For instance if p is too large,
and therefore hj, is too small, the probability of getting the increment h,
by continuous diffusion cannot be ignored, on the other hand, if p is too
small, and therefore hj, is too large, we cannot ignore the probability of
getting an increment less than k), when a jump occurs in an interval. Later
we will choose p as 2/(y +1)<p<1/2.

LEMMA 2.1. Define random times t!" and n! as
7/ :=inf {t e[t 1) |AX,] >O} ,
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! =sup {r e[/, 1"); |AX,|>0}.

If the infimum or supremum on the right hand side does not exist, we define
the random times to equal t!. Assume Conditions A.1, A.3 and A.6. Then,
for p€l0,1/2) and any p>1,

P{ Sup |X1—th_"_1|>hl€

teft ;1"

}}"_1}=R(a,h5,x,;l_l), (2.9

P { sup | X — X;|>h!

S VAN

f,."_l} = R(a, h?, Xy ). 2.10)

Each function R does not depend on i.

By these facts, the probability whether the value of |AX"| exceeds hy or
not is evaluated in the next lemma. In the following discussion, let J" be
the number of jumps in the interval [ |, ") and we set

2 2
flaxiismpy=Jci; flaxi=niy=Jpi,.
j=0 j=0
where
Cly={JI'=0, |AX]I<hL}, C!={J'=1, |AX!|<hl},
Cly={J'>2, |AX!|<h!),
D!, ={J'=0, |AX]!|>ht}, D! ={J'=1, |AX!|>h!},
D!, ={J"'>2, |AX]|>hh}.
1
LEMMA 2.2. Assume Conditions A.1, A.3, A.5 and A.6. Let ) <p< X
Y
where y is the constant in condition A.6. For any p>1, as n— oo
P{C!|FI Y= R(a, b}, X;p ) P{D!o|F™ }=e """ R(a, hfj, X, )
P{C|F]\}=R(a. h. X ) P{D} ||} =hohye """ R(a, b2, X1 )
P{CI,|F ) <Aghy P{D},|F ) < Aghs,

This lemma implies that we can judge the interval [¢! |,¢") has no jump
if |AX"|<hy and the interval has a single jump if |[AX}|> h}, and that we
can ignore the events which include more than two jumps in the interval.

In our model, we may consider that the random measure p is generated
by d-dimensional compound Poisson process thanks to the assumption
A.6. Let (Z);>0 be a compound Poisson process which is independent
of W and has the form Z, :Z;VZ’I €, where (N;);>o is a Poisson process
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with intensity A(6)(€;);en i a sequence of d-dimensional random vectors
which are independent of each other and identically distributed with den-
sity Fy(x). N and (¢;); are also independent of each other. In this setting,
p can be expressed as follows:

p’(dt,dz) = Z Liaz, 2015, az,)(dt, dz).

s=>0

Hence if Z has a jump of size z at time ¢, then X will have a jump of size
c(X,_,z,0) at the same time.

Now let us discuss the approximation of the transition probability. First,
we consider the transition probability from X;» to X, in the case of sin-
gle jump in the interval [t |, #'). We set 7/ :=inf{¢; |AX,|>0, ' | <t <1t}
Since no jump occurs in [t |, 7/'—], we approximate the transition by the
one of

Xfi”* = X,fin_1 —I—(,_li,l(‘[l-n — tin_l) +b;_1N,

where N ~ Ny (0, (¢/' — ¢ )I). The above X. is not the same as the solu-
tion process to (1.1), but the above X;» has the same value as the one of
(1.1). Next, since we suppose that no jump occurs after a jump at t/’, we
can take the same approximation as above in [t/, "), that is,

th-” = Xri"— +C_l(Xt,”)(tln - _[in) +b(Xri")N/ +C(Xrl-”—a AZ‘E,-")?
where N’ ~ Ny (0, (¢! — t/")I). Let ¢(x; A, B) be a Gaussian density with
mean vector A and variance matrix B. Since the distribution of the jump

time 7' conditional on J'=1 becomes a uniform distribution on [¢" |, 1),

P{Xp €A, J!=1|F" )/ Pl =1)

1 1 _
=ff// h_¢(x/;Xti”_l+ai71(s_t;1_1)»,3i71(s_t,'n_l))X
AJzJIx Ji | n

x¢ (x;x'+c(x', ) +alx +c(x', )@ —s) ,
B (' +c(x', )] —s)) Fy(z) ds dx"dzdx.

We denote by pf{n(x) the above probability density function. Secondly,
using the local Gauss approximation for J/"=0

P{Xp €A, J'=0|F"}/P{J}! :0}:/ ¢ (x: X +Gi—1hy, Bhy) dx.
A

We denote by pj,(x) this probability density function. Finally,

P{XpeA, J' =227 }=0,h)).
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Since

P{X; EA|-7:;I_1}:P{X4.” €A, Ji”:O|,7-_lf’_1}+P{Xtin €A, J'=1F"}+
+P{Xp €A, J'Z2|F"}

2
= [P(Xy €A C/jIF )+ P(Xy €A, DI | F )],
=0

and by Lemma 2.2,

—Aohy,
P{X[i” EA, CZO|‘7:;L]}:C Ao / 1{|X—X,?l 1|<h7[l)}plc,n(x) dx,
A "~

P{Xyp €A, CHIF )< PICHI|FL}=0,(h),
P{Xyy €A, Cl|F!}=0,(h).
P{Xy €A, D} |F!} < P{D} | Fi 1} =0,(h;),

P{Xp € A, D!'||F" |} = hohye ™" / L—x,, ]|>hg}pﬁn(X)dx,
A =
P{Xp €A, D! F}=0,()),

therefore we can approximate the transition density p;,(x) by

log pi.n(x)~ 1“*”(!?’_1 <ney log (S, (x)e ) +
Hamry i 108 (P 030y

By the way, in the expression

d d 1 /. — n n
pi,,,(X)=/ff 9 (s X 4ai1(s =), Bimi(s — 1)) X
zJxJe

x¢ (x;x' +c(x’ ) +alx’ +e(x', ) —s) |
B (' +cx', ) — s)) Fp,(z) ds dx"dz,

we can approximate ¢ to §-function if &, decreases rapidly, and then
Pl ()~ / / S, (8 v(er’, 2)) Fi(2) de’ dz
zJx T

= // 8X,_n ) (-x/)éxfx'(y)Feo (C_l(-x/v )’)) J(-x/’ Y, 60) d-x/ dy
yJar

= Fy, (¢ (Xpp,, x = Xpp ) J Xy, x — Xy, 0p)
:)»(;I\Dgo(x — X,;LI, th_”il).
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Moreover, since A(0) = / f Wy (y, x)dydm, L(0) can be approximated by the

data as

1 n
;Z/%mﬁﬂw
i=1

thanks to the ergodicity of X. This consideration leads the contrast func-
tion in Definition 2.1.

3. Moment Inequalities and Some Convergence Theorems

PROPOSITION 3.1. Assume Conditions A.1, A.3 and A.6. For 2<k, k¢&
N, ' <<t

E[IX, = Xp MF )< Cele =1 1A+ 11X D (3.1

If g is a function defined on R¢ x B and is of polynomial growth in x uni-
formly in «a for each component, then

E[lgX, )| F ] <CA+ X DE. (3.2)

PROPOSITION 3.2. Assume Conditions A.1, A.3 and A.4 — A.6. Let )_(,;,, =
Xt;l —X,;Ll —hnc_li_l(eo). For Clll kj = 1, 2, ey d (] = 1, 2, 3, 4),

E -)_(.(kl)lcn |fn ]:R(a,hi,xﬂi ), (33)
E X(kl)X(kv)l |f}l ] h e—)»oh ,B(kl kv)(o_ )+ R(Ol, 0 Xti,,il)’ (34)
E X(kl)x(kz)x(kS)l |Fn :| R(Ol, b Xli”_l)’ (35)

E X;’z)X;%)X(kﬁX(M)ICU |]_-g1_1]

— h2 —Xohy (:B(kl kZ)ﬂ(kS ka) 'B(kl k%)ﬂ(kz kq) ,B(kl k4)ﬂ(kz k%))

+ R(a, n’X’l'”_l)' (36)

Remark 3.1. If we take the same argument as in the proof in Section
4.5, then we obtain the following moment inequality: Let k> 1, ¢! | <t <t.
For any p>1,

E|:|Xt th | lcn ]<Ck|l—ll 1|k/2 7)\40h11(1+|th |)k+

+R(a9 no Xtin—l)' (37)
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PROPOSITION 3.3. Assume Conditions A.1-A.3, A.5-A.7, h, — 0 and
nh, — oo. Suppose that g™ is a function: R x & — R which satisfies the
following conditions that

g™ (x, ) <L(x, @), [8:g™(x, )| < OB +1x)E,
88" (x, )| < C(1+Ix])€,

where L is a m-integrable function for all o, and that there exist a function
g for each o such that

g, @) — g(x,a) m-a.s. (n—>00).
Then g is a m-integrable function and the following (1), (i1) and (iii) hold:

50 (n— 00),

o€l

. I
(i) sup |~ > g (@) - / g(x, o) m(dx)
i=1

20 (n— o0,

. e
(i) sup ;Zg,g_)l(a)l{mx;qghﬁ}—/g(X,O!)JT(dX)
i—1

el

250 (n — 00).

LI,
(ii1) sup %Zl:gi_l(a)l{mx,f’bhﬁ}_AO/g(xva)n(dx)

250

Remark 3.2. Below, we sometimes use (1) as
g0 = [ 30,050y (=0.1.2).

We are able to check the above conditions for these g™ by A.9 and A.11.
Actually, for these g™,

|g‘">(x,a)|<(/L1<y>dy)<1+|x|)c.

from condition (2.1), and it is obvious that |d,8™ (x, @)| < C(1+|x])€ sim-
ilarly. Moreover,
}3xg(")(x,a)‘</|3x3g‘119(y,x)'¢n|dy+/|3§‘V9(y,x)||3x<ﬂn|dy
<O(e, A+ [xDC
<OW/b)(1+1xDC,
by (2.1), (2.2) and (2.5).

PROPOSITION 3.4. Assume Conditions A.1-A.7, h, — 0 and nh, — oc.
Suppose that a function g:R? x B — R and its derivatives d,g and d.g are
of polynomial growth uniformly in a. Then, for k,1=1,2,... ,d,
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1 n o

) o
sup‘ E gifl(a)Xi(,nX,‘(,,),l{\AX,’-’Iih,/j}_
acs | nhy )

—fg(x,a)ﬁ(k’l)(x,ao)rr(dx))—P>O (n— 00).

PROPOSITION 3.5. Under the same assumptions as in Proposition 3.4, for
k=1,2,....d,

: - P
Zgifl(a)xi(,kn)l{mxmghﬁ} —0 (n—o00).

i=1

sup

ael

nh,

PROPOSITION 3.6. Assume Conditions A.1 — A.3, A.5 — A.7, h,— 0 and
nh, — oo. Suppose g,(a, y,x): B x RY x R — R satisfies that, for yi,y,€R?
and n €0, 1],

[008n(ct, Y1, X) — 00 8n (e, y2, X)[ < &n(at, ny1 + (1 =) y2, X)|y1 — y2l, (3.8)
where g,(ct, y,x) <O(Vby)(1+ 1y (A +|x)€, and
197 g (@, y, )| OB A+ DA +1xDE (m=0, 1). (3.9)

Assume that an integral Gn(a,x)=/gn(a, v, X)Wy, (v, x)dy, exists for all x
and o, and that

|G (e, 0)|* < L(x, ) (3.10)
for a m-integrable function L(x,q),

18:Gu (e, )| SOG/b) (14 1x ). (3.11)
Moreover there exists a function g such that

Gn(oz,x)—>/g(a,y,x)‘llgo(y,x) dy m-a.s. (3.12)

and the last integral is a m-integrable function for all «. Furthermore,
assume

/ SUp 3 gn (a0, ¥, X)W, (v, x) dy < C (1 + [x)C, (3.13)

for all x. Then

sup

ael

n
nh, ;g"(“’ AX X Dlaxyisng—

—//g(oc,y,x)\Ilgo(y,x)ddeT(x) —P>0 (n—0).



242 YASUTAKA SHIMIZU AND NAKAHIRO YOSHIDA

Remark 3.3. Condition (3.8) is satisfied if 9,g,(c, v, x) is differentiable
with respect to y and

19,8 gn (e, ¥, )| SOGB4+ yDE A+ 1xE. (3.14)

Remark 3.4. Thanks to Conditions (3.8)—(3.13), we are able to apply
Proposition 3.3 (i) to G, («, x).

Remark 3.5. Below, we use this proposition as
8@, y, x) =35 log @y (6, x,y) -¢u(x,y) (k=0,1,2).
We are able to check the above conditions for this g, by A.9. Indeed,

|y gn (e, y, )| < 18,95 log D, 11¢a] + 3,911y log @,
<O, )L+ 1yD A+ 1xDE + 0, (4 1y (1 +|x D€
<OWDb) A +1yDE 1+ [x])€.

from (2.1), (2.3), (2.5) and (2.6). Similarly,
8, Baga(@, v, 0)| = o, [05+ 1og Wo (3, 1) (x|

<O, H A+ yDC A +1xD€
<OWB) (L4 1y (1 +x)€.

Therefore (3.14) is satisfied, and this implies (3.8).
On Inequality (3.9),

|92 gn(et, y, )| =957 log Wy (y, x) - @ (x, y)|
<O 7™+ Iy +|xDC
<OWDb,) 1+ yDC(1+[x]E.

On Inequality (3.10),

|gn(ct, v, X)Wg, (7, X)] < {]9) log W (v, x)| + 1} W4, (¥, X), (3.15)

therefore (2.1) and (2.4) yield (3.10).
Next,

|axGn(a,x>|</|ax<aglog¢n-¢n)w9(.|dy+f|a§Iog¢n-¢n||axw9(.|dy
</|ax¢na£10g<1>n||%o|dy+f|<a,,axaglog<1>n||%o|dy+

+/ |8(§10gq)n '(pn”axlpﬂoldy'
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Inequalities (2.1), (2.2), (2.5) and (2.6) imply that

18,0, log ®,| <O(e; ) L(y)(1+|x]E,

|08, 85 log @,] <O(e, ) L(»)(1+ |x €
and
|0 1og @, - 0| <O, HL(y)(1+[x]C,

where L(y) is a bounded dy-integrable function. Then
0,6, 01 < [ O LI+ 1) W, dy+

+ f O ) Lo LK) (1 + x)C dy
<OWby) (1 +1x])C.

Therefore (3.11) is satisfied. The condition (3.12) is obtained from Lebes-
gue’s theorem thanks to (3.15).

Inequality (3.13) is obtained from (2.4) directly with g(e, x,y) = 9}
log ®4(y, x).

4. Proofs

In this section, we sometimes omit the true values of the parameters
without specially mentioning. For example, we simply write f (X, ) for
f(Xp ) or g(ds,dz) for g% (ds, dz) and so on.

4.1. PROOF OF LEMMA 2.1

First we show (2.9) On the interval [t |, 7") X follows a stochastic differ-
ential equation

dX[:C_Z(X[) dt+b(X[)th,
hence for r e[t |, 7/")

t t

@(X,) —a(Xy ) ds+ / b(X,)dW,

n
li

X=Xy | == pac )+ [

n
i

Shyla(Xy )+ sup

uelt .1

/u b(Xy)dW;

n
i—1

t
—I—L/ |Xs_Xt[’L,|dS-
t”

i—1

Applying Gronwall inequality,
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) |
) : 4.1)

therefore Markov’s inequality and Burkholder-Davis-Gundy’s inequality

yield
-

.7-'1."71}+P {K sup

| X — Xop [Shala(Xe )+ sup

uelt! |.1")

—+

/u b(Xy)dW;

n
i—1

+L9Lhnhn (hnlé(Xt,"]N + sup

uelt! .t

/ b(X,) AW,
tl

n
i—1

If n is sufficiently large

IX: — X I<C (hn|5_l(Xt}‘1)| + sup

n n
uelt! .t

i

/ " b(x,)dw,

n
i—1

Py sup |X,—Xp |>h)
ref |7 ’

hﬂ
<P {Kmé(xﬁ,,n >3

/ b(X;) dW;
tl

n
i—1

non
uelt! 1"

hy
-y }—znl}

2
-]

2p

/“ b(X;) dW;
‘

n
i-1

-

We used Proposition 3.1 (3.2) in the last equality. We should notice that
one can take p arbitrary larger here.
The almost same argument holds for (2.10) Actually for ¢ €[n}, ")

uelt! 1)

i’
/ b2 (X,)ds

n
liy

<C, {h{;“—ﬂ)E [la(Xy )P\ Fr ) +h, > E [ sup

p
< R, b2 Xy )+ Cph P E [

=R(a, k8" X ).

h

X — X, | = Cb(X,) dW,

@ =naxy+ [ @) -acends+ [

) , (4.2)

By the same argument as (2.9)

Xy —X/|<C (hn|c'z<xt,.n>| + sup

uelt" 1"
n
Fit1 }

i—1%
<c, {h"i“’”E [1G(X) 1P| )+ B2 {

/ b(X,)dW,
t”

i—1

and then,

P sup |X;—X|>h)
te[n} 1)

n

%
f b*(X,)ds
tn

i—1

)

Proposition 3.1 (3.2) completes the proof. O
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4.2. PROOF OF LEMMA 2.2
It is obvious that P{C}',|F" |} <h;Aj, and so is P{D}',|F" }. On C},

P{CIIF < [P{ Xy = X)) + (Xep— = X ) + AXy

2h!,
<yl |AZy|> —=|F,, Jin=1}+
I3 CO
2h£ n n n
+PHAZg | <AL Jf =11 [PUP =10,
0
where AZ;» has density Fp,. If |(Xtin—X,,_n)—|—(X no— X )+ AXqy < hp
then
Xy = Xop |+ | Xop— = Xor | = co |AZop| =Ry,
hence by applying Lemma 2.1,
P{Cfl|£ﬁ_l}<xohne—xohnp sup [X; — X [+ sup |Xti"_Xt|>hﬁ Flit+
' tef" |, T e
2hp [co
+)»0hn€_x°h"/ M|z|" dz
—2hy [co
=R(a, b}, X;p )+ Chy 0D
ZR(Ol, h?w X,;lf]).

On (7, again by applying Lemma 2.1

P{CIo|Fi )= PU =017} = P{IAX]| > b, J! =017}, }

=e M — P X — Xp | >hE, T =11 F )
=e ™" R(a, h, X ).

n?e

Finally,

P{D;fourin—l}:P{Jin:()'}—in—l}_P{CirfO"}—in—l}
=e ™" R(a, hl, X ),

n°
and

P{D}||FiL )} = PU =1|F ) = P{IAX]| <hj, Jf = 11F )
=oh, e " —R(a, by, Xy )

ne

=ohn € " R(a, hY, Xpn ). O
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4.3. PROOF OF PROPOSITION 3.1

First, we consider the case p=27, g €N From the expression of the sto-
chastic differential equation, we get

t p t P
IXt—Xt;uI”<3”‘1{f acxds| +| [ boxoaw| +
ti_in .
t 1 P
N / / ¢(Xo_.2) (p— q)(ds, d2) } 4.3)
LA

We denote by H; the first and second term of (4.3), and we also denote

M, = / / (X,—.2) (p— )(ds. d2),

N, = / / A(X,-. 2) (p—¢)(ds. d2).

By using the linear growthness of a,b and Burkholder-Davis—Gundy
inequality, we easily obtain

t

BT 1< Colt = PP+ X 07 4C [ E[1X =X 7|72, ] s,

n
iy

4.4)

Applying the Lemma 4.1 below and the linear growth of c¢(x, z), we obtain

t

E[IM,|P| 7] < Cple =1 1(1+ |X,,.nl|)P+cp/ E[1X, =X 1|7 ] ds.

n
iy

4.5
Inequalities (4.4) and (4.5) and the Gronwall inequality yield for all g eN
E [|Xz - Xt{[l |p|-7:,~n_1] < Cp|t _t,’n_1|(1 =+ |th.'1| |)p-

For arbitrary k>2, if we write k= Z;ZO 8,29 by binary expansion, where
8, =0 or I then

I
E[1X =Xy 7L ] =B | T]1X =Xy, 2|7
q=0

Therefore we obtain Inequality (3.1) by using Cauchy—Schwarz inequality

repeatedly.
On (3.2), we can write
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E[lgXr, o) l|F ] < CE[(1+1XDCI1F ]
SC(1+1Xp [CH+E[IX —Xe IS1711]).

and (3.1) ends the proof O

4.4. LEMMA 4.1 AND ITS PROOF

LEMMA 4.1. Assume Conditions A.1, A.3 and A.6. For p =21, g €
N, ¢, <<t

t
E[|MI|P|£"_1]<CPEU/ C”(Xs,z)q(ds,dZ)|7'",-"_1]
iy

Proof. This proof follows from Bichteler and Jacod [5]. By using Doob’s
inequality

E[ sup |Ms|2|fl-"_1} <4E [MAF7 | <AE[(M. M), F} ]

1 st
t
<4E // A(Xe,2)q(ds, do)| 7, |,
LA

hence Lemma 4.1 holds for ¢ =1. Next we suppose that Lemma holds for
p=29. We notice that [M, M],=N,+ (M, M), for all peN then

[M, MY} <27~ Y(NP 4+ (M, M)?D).

Using the Burkholder-Davis—Gundy inequality and the above inequality

E[IM, 7]
<SCLE[IN? + (M, M) | FIy]

t t 4
<CPE|:// CZP(XS,Z)q(ds,dz)-I-<// c2(XS,z)q(ds,dZ))

Applying Jensen’s inequality to the last second term, we have

t
E[IM, P71 ] <CyE U/ (X, 2) g(ds. dz)‘ﬁ”1:| .
1y

Therefore Lemma holds for p=27"!
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4.5. PROOF OF PROPOSITION 3.2
We prove (3.6); the others are done similarly
Let Y be a solution to the following stochastic differential equation

independent of J!". Simple calculation deduce the multidimensional case of
Lemma 7 in Kessler [19], that is,

> (k1) v (k2) v (k3) o (k.
E [Yifnl) YiEnZ) Yifns) Yifnll) |f}"71]

) ki,ky k3,kq ky,k ko, kg k1,ka ko, k 3
_hn (131'(711 )ﬂl(A 1 ) i_ﬁl( 11 3)ﬁi( 1 )+ﬂl( 11 )/31( 1 3))+R(Ol,h”,Xti" l)'

Since J/' is independent of F |, we have

v (k1) v (k) v (k3) v (k.
E[XE X200 | 7

in
(k1) o (ko) v (k3) o (k.
=E I:Yi(,nl)Y'(,nz) Yi(,rf)YiSn“l{Ji":O}|f?—li|
_ 7 (k1) 7 (ka) 7 (k3) 7 (ka) _
=F [Yi,nl Yi,n2 Yi,n3 Yi,n4 |f?—l:| PO {Jln_o}
2 —iohy, (k1,k2) p(k3,kq) (k1,k3) p(ka,ka) (k1,kq) p(ka,k3)
=h,e " (:31'—11 YBIOTHBIT BT BB ) +
+ R, by, Xpr ).

On the other hand,

v (k1) 3 (k2) v (k3) 37 (ka)
E [Xi,n1 Xi,rf Xi,;f Xi,r? 1{1,~”=0}|‘7:in—1]
_ v (k1) v (k2) 7 (k3) v (ka) n v (k1) v (k2) 3 (k3) v (ka) n

=E [Xi,n Xi,n Xi,n Xi,n lcfo|’¢i—1:|+E I:Xi‘n Xi,n Xi,n Xi,n lDfl,o|‘7:i—1i| .

According to (3.1) and Lemma 2.2

)E [X_(k.))—(_(kz))—(gks))—(_(k4>ll)n Vo 1]‘
Ln Ln i,0 11—

in in

< JE[RE RS R RE 21 | PO

<VE[C(IAXE + i ih[®) 177, ] PLD] I FL )
<R(a,hf, Xir ).

This completes the proof. O
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4.6. PROOF OF PROPOSITION 3.3

The m-integrability of g(x) is led from the uniform integrability of g (x, o).
Let us prove that each convergence holds for fixed «. We start with the
proof of (i)
>4

I & o
P H;Zgil(a)—/g(x,a)n(dﬂ
1 nh,
““()——f g (X, ) ds
nhn 0

ol

+P i /h (X ) ds — —
s, O s —
nhy, Jo 8 nh

.y
>_
3

nh, €
/ g(Xssa)dS >_}+
0 3

)
> —r.

3

This third term on the right-hand side converges to zero by the assumption
of ergodicity. Let us call the first and second terms P! and P?, respectively,

then

Pl [Zg
[ Z / (X )~ g <a>|ds]

Applying Taylor’s formula and Schwarz’ inequality,

3 ([
Pl [ (- xg )
)

nhye i=1 Y%i-

1 2 1/2
X (E {([ 08" (X | —|—u(Xs—X,inl),oz)du> D ds.
0

The inequalities (3.1) and (3.2) of Proposition 3.1 yield

n

nh,
+P{ / g(Xs,a)ds—/g(x,a)n(dx)
0

nh,

nhy,
/ g™ (X, a)ds
0

3 & [H . 12
P,}gnhnei;/ﬂ (E[Cls =1/ 1A +1Xm D))" x

x (E[0b)1+1Xp 1)) ds

0(\/_) n
nh,e Z(/tnlls_ti—ﬂl/zds)

i=1

SO huby).

i—1

i—
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Moreover

PZ

n

N

nh,
/ Elg®™ (X, @) — (X, o) di
El’ll’ln 0

= § / |g(")(x, a)—g(x,a)|dr.
€

This converges to zero by Lebesgue’s convergence theorem.
Next we show (iii)) What we should show are the following (a) and (b)
thanks to Lemma 9 in Genon-Catalot and Jacod [10]:

(a) ZE|:—gl 1(a)1{|AX"\>h” f i|—>)\0/g(x,05)d7[(x),

(®) ZE[ 252 <g' 1(“)) Liaxyi=nt) 55"1} —50.

(a) By the same argument as for (i), it is sufficient to show that

1 n
I, = P{ m;gﬁ)l(a)P{lAXf|>hfj f",l}—

>e}

1 nhy,

™ (X,,a)d
nh, g" (X5, a)ds

— 0.

This is easily seen as follows:

1 1 n l}l
In < -E
SEA

L&
< / [
X
nhne; o

+10E|g"”) (@) — g™ (X;, ) I} ds

R 1
< JEIg™ @) | E —P{ AX"| > h?
nhné ;/t;nl |: |gl—1(a)| \/ 'hn | i |>

+1E|g™ (@) — g™ (X, a)@ ds =0/ hby).

o
g )l(a)h—P{|AX?|>hg
n

= hog (X

)

y

& @ ( Pliaxi=ng

+

Fa) -

Here we applied Lemma 2.2 to the term P {|AX "> hp ‘]—'i”_l} and the same
argument as the proof of (i) to the term E|g"(a) — g™ (X,, @)|.
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(b)
i I

st o
nZherE; ‘ (Ol) | t|> n i—1

n2;11 EZ\/ {|AX"|>hp
"=l

- ()

We can easily deduce (ii) for each fixed o from (i) and (iii) since

n 1 - n
- E gl 1((1)1 AXI<H) = E g( ) () —h, <_nh E gl-(_)l (05)1{|AX7|>h5}> .
"=l

Finally we have to show the uniformity of the convergence in @. We only
show (i); the uniformity in (ii) can be proved similarly and that in (iii) is
shown by the same argument as the proof of more general Proposition 3.6,

o Z (8™ (01))2 Pliax;i>n

ﬂl'l

E|g @] £

so we omit the proof here. Let s,(x) = Zg \ (o), and we regard this

as a random element taking values in (C ( ) I - lso). It suffices to see the
tightness of this sequence. The tightness is implied by sup E[sup |95, (@)|] <

oo (one can easily check a tightness criterion in C gpace,afor example,
appeared in Billingsley [2], p. 58), but this is clear if we use the stationarity
and the condition A.2.1. |

4.7. PROOF OF PROPOSITION 3.4

We set

Cin(a) =

nh, i,n H<hn

We show

A=Y E[g@IF ] / 20, ) B (x. o0) d (2,

By=Y E[@ @)IF,]->0.

i=1
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Using (3.4), we have

1 n 2 _ _
An= s (@) Y E | XX |7
=1 j=0

1 n
=D gii(@) {hne—“"" D (00) + R(or b2, Xy ) +
"=l

2
v () v (D) n
+ZE I:thXt,nlc,nll‘E—l] }

j=l

Here, for sufficiently large n, we have

v () v (1)
)X'nXi,n

L,

LI
1{|Ax7|<hg}<2{(h§) +|ai—1hn|2}=R(Ol, hﬁp,Xzi[l)-

2 n

1 — =
Y= Y s @E XX 17
j=1"""i=1

2 n
! 2
< ; ah ; R(a, 10, X ) P{CT ;| F 1}

=0, (h, ).

Therefore, by Proposition 3.3(i),

n

Y g1 @he Y (00) +

i=1

+0,(h,) —> f g(x, )% (x, op) drr (x).

Ay =

nh,

The convergence of B, can be proved similarly as for A,
The proof of the uniformity of convergence is the same as for Proposi-
tion 3.3 (i), that is, we set

1 . v (k) (1
sa(@)=——=>" i1 @)X X2 axs<ns),
i=1

nh,

and using (3.6)
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sup E |:SUP|3aSn(Ol)|i| < 1{\Axgl|<h,€}}

|-~ x ) x ¢
— Y E[ca+1xg, DC [XDXE,
n l=1
C & | 2
v (k) v @)
<I’lhnz ZE[‘Xz,nXl,n 1Crn1:|
i=l Jj=0
c

- > E[R(a, hy, Xpp )] < 00.
i=1

<

nny

This completes the proof. O

4.8. PROOF OF PROPOSITION 3.5

We prove the convergence for each « in a similar way as for Proposition
3.4. Setting

= (k)
8i-1(@)X; , Lyaxr<ntys

& (o) = nh,

we show

A= B @10, B3 B[ @A) L0
i=1

i=1

Using (3.3), we have
n 2
1 _
A, = i E|X%®1
I’lhn ;g l(a)jg(; |: in Ci.j

1
nh

]

n 2
> gi1@) | Rl k2 Xy )+ Y E [XW1e 17 ]
ni=1 j=1

Here, for sufficiently large n, we have

-k _
X,(,,) l{mxﬂgh,ﬁ’} <h,€ +lai—1hn| = R(a, hﬁ, Xt}il)-

Hence

2 n

1 _
> Y s @E [X1e 17
j=1 " =1

2 n
1
<Y D R hy, Xy YPICEIF)
j=t"

i=1
=0, (h}").

Therefore A, =0, (h,). The convergence of B, can be proved similarly as
for A,
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Next, we show the tightness of

sn(@):=) @)

i=1

n n
) 1 _
=§ Ci”(a)+nh E gi—l(a)Xf,,fl{|Ax;’|>h£}-
i=1 n i=1

- 1 _
where {/'(a) = Tgi—l(a)Xi(kn)' The tightness of the second term in the last
n :

right-hand side is shown by the same argument as the proof of Propo-
sition 3.6 below. Therefore we only show the tightness of the first term
>ic g (@).

According to Theorem 20 in Appendix 1 from Ibragimov and Has’'min-
skii [15], we should verify the following criterion: for any N € N and some
positive constant H independent of #,

", 2N
E (Zi"(a)) <H. (4.7)
i=1

B n n 2N
E (Z HCO RIS (o@) <Hley —an?. (4.8)
i=1 i=l1

n
Let G(s, )= _ gi-1(a)1jy 4 (s), we have

i=1

PNHC))
i=1

1

nh,

nhn r nh” . .
{ | s a3 [ G antr o awd +
0 - 0
j=1

nhy, n
+ f / G(s,a)c® (X, 2) (p—g)(ds,dz) = ) " gi (oz)zzfi)lhn}.
0 i=1

Therefore, the left-hand side of (4.7) is evaluated as follows:
" 2N
E (ZE;’ (oc))
i=1

1 nhy, 2N
<Cy {E [( / G(s,oz)é(k)(Xs)ds> } +
nh, 0
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r 1 nh, - -2N
E G(s,)b® P (X5) dW

1 " 2N
+E |:( / /G(s,a)c(k)(XS,z) (p—q)(ds,dz)) :|_|_
nhy, Jo

2N
171
E|(=) g i@a”
o et

Applying Jensen’s and Burkholder—Davis—Gundy’s inequality,
0 2N
E (Z&" <a>>
i=1

<Cy

nhy,
/ E[G* (s, )(@™(X,))*"] ds+
nhn 0

1 i nhy, .
+Wz;/0 E[G™ (s, ) (%P (X, )] ds +
J=
1 nhy
g ) [ EION e o 2 g o +
1 W
+E (; ;gi_l(a)a;k)])

One can see that these all are bounded because of Assumption A.2.1
On (4.8), by using Jensen’s inequality and Burkholder—Davis—Gundy’s
inequality,

n 2N

1 - _

E n _Fn
|:(|a1—oz2| ;{fz (1) — ¢} (“2)}) :|

nhy _ 2N
ch{ 1 f E|:{G(S,Otl) G(S,Olz)} (El(k)(Xs))ZNi| ds +
0

nhy, lorp — o
N 1 i/nhn E {G(S,O[])—G(S,OQ) }ZN (b(k,j)(X ))ZN ds +
(nh) N+ 4= o o1 — o '
1 nhn G(s,o) = G(s.a0) | ™ 4 .
+ o | /E“ e } (O (Xomo 2 | gds.do) +

n 1 iE [gi—l(“l) —gi—1(a2) ]2N @y (4.9)
n = lor — o2 i ' '



256 YASUTAKA SHIMIZU AND NAKAHIRO YOSHIDA

Since 9,g is of polynomial growth uniformly in «, we have

up |9y gi—1() A | 1y (s)

o

|G (s, 1) — G(s, )] gzs
loey —ca P

<Y CU+IXp D (),

i=1

and
i—1\d1)—gi—1(&@
g1 @) =81 @] 1 e 1@l <O+ X DE.
oy — aa a
Hence we see that (4.9) is bounded. O

4.9. PROOF OF PROPOSITION 3.6

First, we show the convergence for each «.
Applying Holder’s inequality, for p > 1,8 € (0, 1/3] which satisfies %—i—

1
mZI and € >0,

1 n

Z P{ -y Zgn(a, AX}, Xy )y, >e}
j=0,2 i=1
1 n

< E[ 2o, AXT, X 1!*‘|:|

j:Xo:2 €nhn ; ol X S oo

1 n
<Y e D (E e axt Xy ") (PO )
j=0,2 =1

1-8
=0 (h,;“‘ Vb )
1-38
=0 (\/h,,b,, . h,f“") =o(1).
From this, we have the following inequality:

n
P { Zgn(of, AX?’Xf,-",l)l{lAXl'-’|>h5}_/:/ gn(a,y,X)‘Ifeo(y,X) dyd”
i=1
1 n
=P
n

2
» Zzgn(a, AX] X )py, —//gn(a, ¥, X)W, (v, x)dydr
{ 1
<P

i=1j=0
nh,

1

nhy,

>3e}

>3€}
>6}+

n
Zgn(av AXlns Xt[.n_l)lD;lJ - /./ gi‘l(a» )’»x)‘y(?o(y,x) dy dn
i=1




DIFFUSION PROCESS WITH JUMPS FROM DISCRETE OBSERVATIONS 257

1 ;
+ ) P{ e Y gl AXT, X )y, >e}
j=0.2 i=I

5
<Y Ito(D),

k=1

where
1 « " 1 < €

I=P i gg,,(a, AX,-,X,;LI)ID‘,W_I—%ggn(a,AXr;uXt;zl)lp;jl >5[

nhy, 4

IzzP:

I3:P{

1 < 1 <
D (@ AX g, Xp )y = —— 3 gue AX e, X D=y
i=1 ni=]

€
> = b
5

i ;gn(a, AXer, X Vyyrzny —

g
>Z(
5

RN
nh Z/ /gl’l(aa ci—l(Z590)’th.[l)p(ds,dz)
mi=1 Y

1 n "
I4=P{ wh Z/ /gn(()l, Ci—l(Z,@()), th_])p(ds, dZ) _
no—p Y
1 n 1 . e .
_nhn ; " &nla, Ci—l(Z,@O),X,ﬂl)q (ds, dz) >§ .

1 [
o Z/ fgn(a, ci—1(z.60). X ) g™ (ds, dz) —
=1 Yh

g
>—t.
5

Let us evaluate these terms. Applying Holder’s inequality, for p>1 and ¢ >
1 with %-}—é:l, we see

15:P{

—//g(a,y,x)\llgo(y,x) dydn

5 n
s enh Z E [Ign(oz, AXY, X ) — 8n(ot, AXor, Xt,-”_l)|1fo1}
ni=1
5 & _
g enh Z E Hgn(a, gin’ Xti"—l)i (|thn - X‘Einl + |X ,-"* - Xt,-"—l |) I{Jin=1}:|
mi=1

n

S enshn Z E|: <E [\g’n(a, &' Xfﬂl)iz

i=1

J!'= 1])1/2 X

J'= 1])1/21{Jl."=1}i|,

where &' =nAX] + (1 —n)AX,» for some [0, 1]-valued random variable 7.
Here, we notice that X follows the following stochastic differential equation

x (B [(1Xy = Xol 41X =X, 1)’
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on the set {J'=1};

t

acX,) ds+/ b(X,)dw,,

n
i

Xt _th.[l =Ht +/

)
where f(f{i] =Xy, H=c(Xy_, ) (0), uis a [t |, t']-valued uniform
random variable which is independent of (W;);>o and J, and z is a ran-
dom variable with density Fy, which is independent of (W;),;>o. Therefore,
for example,

E |:|X in__Xt[n—I ’

2
Ji)’l — 1] o E |:|Xti”__Xtinfl | I{Jln:l}] /P{Jln — 1} . I{Jl-”:l}

2
I{Jinzl}.

Applying the Burkholder-Davis—Gundy’s inequality to (4.1)

t 5
E { sup  |X,— Xy |2} <C {hﬁ +E [/ bz(XS)ds:| } =0(h,).
teft’ .t —] o,

i—1°%i

:EUXM_Xm

Hence E [|X oo — X 2

I = 1] =O(h)1 1. Similarly, by (4.2),

E { sup | X —X,F} =0(hy,).

te[r) 1]

so E Xy = Xol’

b:P{
5 n
S enh, ; E [
<~ > 0G/b), [ PIC; ) =0 (Viby)
i=1

nh,

= 1] =O(h)1 =) Hence I, =0 (v/ii,5,)

6}
>_
5

gn(o, AXer, Xon )er, H

nhy

n
Zgn(a, AXer, Xor Men,
i=1

1
nh,

I3<P{

n
> gule. AXor, X Yoy —
i=1

<Ly
>_
10

1 n
+P nh Zgn(a’cifl(AZTin’QO)’Xt,-n_l)l{Ji"=1}_
"=l

1 n
i, Z gn(a, ¢i—1(AZr, 00), Xir ) yr=1y
i=1
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€
>—.
10

The first term of the right-hand side becomes O(\/h,b,) by the same argu-
ment as /. Denote the second term by /; then

n
L

gﬂ(a9 ci*l(z, 90)’ Xt,-"_l) p(dsv dZ)

B nh,

n

10
L<—— ) E
<an 2t

o
_f fgn(a,cil(z, 9()),X,in_1)p(ds’dz)
'
10 t" 2
< nh, Z P{J'>2}E (ft,-”l /gn(Ol, ci—1(z,600), X ) p(ds, dz))

C
<y [/ /g,,(a ¢i1(z.60). Xy )g(ds, dz)} OW/hnby).

n“

gn(e, ¢cim1(AZr, 00), Xon Vyyr=1y —

)

t!
/ /1{Ji">2}gn(d,ci—1(z,90),Xz,."I)P(ds,dZ)
1y

Hence I =0(/h,b,). Furthermore

25, (
14\ 5
€2
25 i
S n2h2 ZE |:/ /85(% ci—1(z, 0), X;r )q(ds, dz):| +

[ / f 4@ i1 (2. B0). Xy ) (p—q)(ds. d2) x

. 2
/ fgn(Ol ci—1(z,60), Xir ) (p—q)(ds, dZ))

2n2h2
enhn_<j

xE [/’ /gn(a,cj—l(z,Go),X,;1)(P—Q)(ds,dz)‘f]’!_l}}
by,
:O(nhn)'

On I, it is obvious that it converges to zero because of Proposition 3.3 (i)
(see Remark 3.4).
Let us show the uniformity of convergence. Set

sp(a) = A Zgn(a» AX] X Maxri=ng)-

=1
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We prove the tightness of {s,(«@)}. The expectation

n 2
A ZZE[SUP@&(O& AX?,Xz;l_l)llogj]
[supwagn(a AX] X,;l)|1Dgl]+o (Viubn)

E |:Sup |8asn(a)|i| <

nh

by condition (3.9) and Hoélder ’s inequality, and we can show that

[sup |00 8n (0, AXT, Xt,."_l)|lD;f1i|

=f/ sup |0agn (e, y, x)[We, (¥, x) dy d7T+O<V hnbn>

Indeed, by the same argument as above,

[

Zsup |00 gn (e, AXY, Xpn Jpr, —
i o

ZHk,

f/ sup |08 (a, y, x)|We, (v, X)dydﬂ}

k=1
where
1 n
H = 'E|: > sup ugn(en AX], X )1pr, —
nhn = o i i,
o &n (0, AXn, le,"l)llu;f,i| :
1 n
H,= 'E[ > sup [ugn (e, AXer, Xor )1, —
nhn i=1 « .
o &n (0, AXn, Xt;ll)|1{Ji":1}:| ,
1 n
= 'E[nh Z SUp o gn (o, AX e, Xop ) Lggr—1) —
— Z f f SUP |9 (@, €1-1(2, 60), Xy )| p(ds, dz)]
H4='E[ Z / / SUP |9, 8 (@, ¢;-1(2. 60), Xz )| p(ds, dz) -
i=1 tin—l o
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L
_nh Z/ /Sup|8agn(avciI(Z’QO)’Xt’-"_l)lqeo(ds7dz):| ’
noi=t Y o
1
H5='E[nh > / f SUp 18,8 (t, ¢i—1(z, 60), Xyr ) g™ (ds, dz) —
noim Vi

= // sup [0,8(, y, x)|Wq, (v, x) dy dﬂ}

We obtain that H; =0 (v/h,b,) by the same argument as for I; since

sup |aozgn(a, Y1, X)| —Ssup |8agn(a’ Y2, X)|‘ < sup |3agn(0l, Y1, x) - 8o¢gn(a’ Y2, X)l
a a a

< gnla, nyr + (I =n)y2, X)|y1 — y2l.

Similarly, we can obtain that H,+ H3=0 (v/h,b,). Moreover it is also easy
to see that Hy= Hs;=0.
Hence, sup, E [supa [0S (a)|] < 00. This completes the proof. O

4.10. PROOF OF THEOREM 2.1

First, we prove the consistency.
Applying Propositions 3.3(i), (ii), 3.4 and 3.6 we can easily obtain that

%l;(a)i) U (o, ao)::—%/{tr(ﬁ’l(x,o)ﬁ(x,ao))+logdetﬁ(x,cr)}dn, (4.10)
1

A 12(9)—P>Uz(9,90)2=// {(log W (y, x)) Wg, (v, x) = We(y, x)} dydr  (4.11)

n

uniformly in ¢ and 8. See Remarks 3.2 and 3.5 on the conditions for the
convergence (4.9)

In order to prove the consistency of &,, we may assume that the con-
vergences of (4.9) and (4.9) take place almost surely and uniformly in the
parameters, and prove that it implies &, — « almost surely since the con-
vergence in probability implies that, for any subsequence, the existence of
a subsequence converging almost surely.

For fixed we 2, thanks to the compactness of E, there exists a subse-
quence n such that &,, — ¢t = (6o, 000). Since the mapping o — U, (o, 0p)
is continuous,

_lnk (&nk) — Ul (0009 60)7
ng

and, by the definition of &,, we have Uj (0w, 00) = U (09, 09). On the other
hand, notice the following inequality:
det B(x, 09)

P Y _1 B
8 detﬁ(x,o'oo) St ['B (X’Goo)ﬁ(x,ﬁo)] d’
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then we have Uj (o, 09) < Ui(0y, 09). Hence U;(os, 0¢) = Ui(0y, 0p), and
Assumption A.10 leads that 0., =o0y. This implies that any convergent sub-
sequence of 4, tends to oy. This means the consistency of 6,.

Next, let us show the consistency of §,. Since the mapping 8 — U (6, 6p)
is also continuous,

1 -~ 4
—lnk (enk) — U2(9007 90)
nkhnk

for fixed w € Q2. Here we prepare a lemma.

LEMMA 4.2. Assume Conditions A.1-A.11, h, — 0 and nh, — 0o. Then

1 - 1 -
[,(0,0)— 1,0y,
e @,0) vy (6o, 0)

—P>—%/(é(x,@o)—&(x,@))*ﬂ_l(x,a)(&(x,@o)—&(x,e))dﬂ (4.12)

uniformly in «.
Thanks to this lemma and the continuity of the limit function (4.12),

1 A 1
_ln en.v An - ln 0 ) An
i (Ony» On) o (%0, on)

SN —%f(c_l(xﬂo)—c_l(x,@oo))*ﬂl(x,ffo)(c_l(x,90)—6_1()6,900))6177 -
—{U2(60, 00) — U (00, 00)}.

The above limit is positive because of the definition of 6,. Hence 6., sat-
isfies Wy (x,z) = Wy, (x,z) and a(x,6y) =a(x,b) since B~ is a positive
definite and U, (0, 6p) will be maximized if and only if Wy(x, z) =Wy, (x, 2).
Thus the assumption A.10 implies 6, =6, This ends the proof of consis-
tency.

Second, we proceed with the proof of the asymptotic normality of &,
First, let us compute the first and second derivatives of the contrast func-
tion. For p,p’'=1,2,...,m; and q,¢'=1,2,...,my,

n

Bo,ln () =Y {87 (@) + 87, (@)}

i=1

d
8/ @)= 85,a ) (B D®P (@)X O axri<n-
k,l=1
8, () =g, {log @,(0, Xy ., AX)} 0 (Xir s AX)axrong) —

_hn / aﬂpq)n(ea th."_la y) dy»
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B, In ()= ¢ (a0),

i=1

d —1\ (k1)
g'i"(a):_l ZM}}E”‘;(Q)X&(@) +

2 k=1 hn
9o, det Bi—1 (o)
det ﬂi—l(a) {|AX;’\<h£}’

% I <a>—ZZ {899, i, 0 (87 ()X 0) -

i=1 k,I=1

— (39,1 (0)) (36, a,”, () (BN (o), }1{|Axn<h o+

+ {aezpep/ {log (0, Xy, AXD)} 0 (Xiy o AXD jaxyi=ng) —
i=1

h, f 0 B0, Xy . y)dy},
- 492, B () -
e (‘”_‘Z{ > 5, X ©)X]0)

i=1 " kl=1

1
+23§ o, logdet ﬁi—l(d)}l{mxﬂghﬁ}’

n d
892[,gqln (Ol) = aﬁqepln (0() = — Z Z 891)6_11( )] (9)8% (IBi__ll)(k’l) <

i=1 k,l=1
o (1
x (@) X0 O axr<nt)-

We define the following notations.

1
—1, 0
M Jnh, .
0 —1,
v

where I, is an n-dimensional identity matrix. Let

1
[ ————=0pln (@)
( nhn (9 00) ) L, (O{) = A/ Iilhn

\/_(O'n —0p) o
ﬁaaln(a)
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and
1 2 1 2
ln(a) —89 ln(a)
—| nha nyh,
\/_ 32, (@) ;3(,1,1(0!)
Then
1 1
32l (@) ——=32 1, ()
Ma2,=| Vi Vnhy —Cp ()M,

1, 1
Jdailn(@) faol (@)

Now, by Taylor’s formula,

/ 321, (ozo—{—u(ozn—ao))du( 90):—8aln(oco) 4.13)

0 Oy — 00

since dl,(a,)=0. Then, multiplying both sides by M from the left, we have

1
/ Ciz(a0+u(&n _aO)) du S: =Ln(a0)- (414)
0

Thus the asymptotic normality of S, is proved by Lemmas 4.3 and 4.4
below.

LEMMA 4.3. Assume A.1-A.11, h, — 0 and nh, — co. Then the following
statements hold.

(1) C,(ap) LN B, where B=—K and K is given in Theorem 2.1.

(i) For any positive sequence €, tending to zero,

sup |Co(e+ag) — Cp(cg)| —= 0 (n—> 00).
la|<ep

LEMMA 4.4. Assume A.1-A.11, h, — 0 and nh, — oo, in addition, assume
nh%— 0. Then

L, (o) =5 L~N(. K).

Actually, by (4.14),

1
</0 {Ch(ap+u(@, —ag)) —Cp(ap)}du+C, (ao)) Sp =L, ().
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We find that the matrix
1
/ {Cp(ao+u(@, —ag)) — Cp(eo)} du + C, (o) 4.15)
0

converges in probability to the nonsingular matrix B. Hence, taking the
limit on both sides after multiplying by the inverse of (4.15), we have

S, -5 BT 'L~N©, K™Y

by the continuous mapping theorem. This is the end of the proof. O

4.11. PROOF OF LEMMA 4.2

By simple computation,

o)
nhy,

1 n
=—3 Z(c‘zH (6o) —ai— (9))*’6"_—11 (0)(@;—1(60) — @i 1O Ly axr <ng) —
i=1

1

*B1(0) (AX] —ai-1(60)hn) 1y axri<ny-
Propositions 3.3(ii) and 3.5 end the proof. O

4.12. PROOF OF LEMMA 4.3

(i) We show the convergence of n='921,(cg) only. The others are easily
shown by using Propositions 3.3(i), (i1), 3.4, 3.5 and 3.6.
Applying Propositions 3.3 (ii) and 3.4, we have
1 1 1
~02 o) > =5 [ [0, BT 0B dn——/a(, 9., log det B(x) dr.
n ' 2 1% 2 ¢
Noticing that 9, logdet (x,0)=—tr [aaqﬁ’l(x)ﬁ(x)], so also
02, logdet px) = —tr[82, B (0B () | —tr [8,, 87 ()30, ()],

we can obtain that

lagqa, n(ao)i)%/tr [aaqﬂ—l(x)aoq/ﬂ(x)] dm

1
- L[ wl@ps ) n e
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(i1) Let B(x) be the uniform limit of C,(«), that is,

sup |C, () — B(a)| — 0,

aeH

and B(wx) is easily specified. Then, noticing B(«y) = B, we have

sup |Cp(a+ag) — C,(ap)]
lr| <€

<2 sup [Cye+ap) — Bl + )|+ sup |B(a+ag) — BJ.
le| <€, l| <€,
The first term on the right-hand side converges to zero in probability by

the uniformity of convergence, The second term also converges to zero in
probability by the continuity of B(«). |

4.13. PROOF OF LEMMA 4.4

We apply the central limit theorem for general L>-discrete processes (see
Shiryayev [26], Chapter VII, Section 8, or Hall and Heyde [13], Chapter
3). It suffices to show the following: For p, p'=1,... ,my, q,¢'=1,... ,m;
and some vy, vy >0,

n

1 14 n
; E [ﬁéi,,,(awm_l] (4.16)
n 1
g E[ﬁ;,-(ao)qm"_l] 0, (4.17)

n — -

1 ' —\k g— -
DE | bl )]y (o) Fy | f (35,@)* B~ (B, a(x, o)) drr.

i=1 - -

(4.18)
LT : ] 3o Vg, 09, W
N E| 85 (@)s @) Fy | / f S 0 R (y, x) dy do
i1 _nhn ’ ’ i \1190
(4.19)
n - 1 , ; - P
D E | ==l @8]y o) 7y | — 0, (4.20)

i=1 - -
n —

1 / 1
dE| g s (ao>|sf,~"1} -3 f tr{(8s, B)B ™" (3, £)B~"1(x. 00) dr,
4.21)

1
ZE_nmsfv(ao);iq(a0)|flﬂ_l}i>o w=1,2), (4.22)

i=1
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n 1
Z E U 87, (eto)
i=1

nh,

n 1 g
EE ‘ﬁg (o)

Remark 4.1. We use the central limit theorem for triangular arrays to
show this lemma, so we have to check the Lindeberg condition for L, («g) =
> X, that is,

24 p
|fi"_1} 0 (v=1,2), (4.23)

24, p
|;f;ll} N (4.24)

n
Z E[1X,i P1x, 1501 F ] 50
i=1

for any € >0. If X,; has an expression X,;=Y,; + Z,; then

Y E[1XuiPlx, 1501 Fi 1 F"]
i=1

n n
<4 E [l yy, men Fy )4 E[1Z0il Nz, 002 1 F ]
i=1 i=1

Hence, to check the above Lindeberg condition, it suffices to check the fol-
lowing Lyapnov conditions:

SCE[VPFEL] Y E[1ZalPFEL ] 0

i=1 i=1

for some v, vy > 0. Here, it is not necessary that v; and v, are the same,
so the above v;’s of (4.23) and (4.24) can be taken differently.

Proof of (4.16).
For v=1,

& 1 P n

> I|E W&,l(ao)mq

i=1 n

1 n d 2 _
== 2| 2 a8 @) o0 Y E [, 17 ]|
=1 |k,i=1 j=0

. =
Since |X,-(,,),|1{\Axy|<hﬁ}=R(Ol,hﬁ,Xz,{l),

A ) ) 2 )
== | 2 @ G B o) 3 E[ X1 17
=1 |k,I=1

j=1
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1

2
Z R(a. h. Xpn )Y P{CIF )
j=1

R (a, v nh,31+2p, X,in]> .

Applying (3.3) to the term for j =0, we have

n

<

S | =

i=1

n

2

i=1

5, (ao>|f,."1]

[r

m 31 3 0,6 @0 B0 )| R 2, Xy ) +0p )
i=1 |k, =1

1 n
=~ "R, \/nh3, Xy ) +0,(,/nh3) = 0.
n 4~ i-

For v=2,

n

2

i=1

1 n 2 )
= Zl \E[Z; 35, {log ®, (60, Xor . AX)} @u (X | AX])1py —
i= j=

8{,’2<ao>|f;’_1}

|

—hy / 00, a6, X1, ) dy| 7|

WZ\E[ {log @, (B, Xy ,. AX!)} @u(Xr . AXD) Ly, —

—hy / 3, Pn (60, X1 |, y)dy‘fi"_l]| +0, (,/nhﬁbn>
n 21:;11 i+ op (,/nhgbn) :

where

Ii= ‘E[aep {log @, (60, X, . AX])} @u(Xyp | AX)1pr —

|

L= ‘E[30p {log @, (60, Xy |, AXep)} ou(Xpr |, AX )1y, —

— 0, {log @, (60, X7 |, AXe)} @u(Xir |, AX o)1y,
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fi"_l]

L= ‘E[aep {log @, (60, Xir . AXe)} (X AX o)L go—1y —

—0p, {log @, (60, Xy, AX) (X s AX o) ynyy

’

“
—f /39,, {log @, (60, X, ci—1(z, 60))} x
iy

’

Xen(Xyr 5 ci-1(z, 60)) p(ds, dz)‘j:in—li|

1
U;=‘E[/ /39,, {log @60, Xo» , ci—1(2,60)) } @ (X |, ci—1(2, 60)) —
i
1 p
—p(dS,dZ)—/ /39,, {log ®, (60, Xy, ci1 (2, 60)) } X
L

’

x@n(Xpn . cim1(2.60))g™ (ds, dz) ‘}—inl]

;
1§=‘E[/ /391, {log @, (60, X;y . cim1(2, 00)) } ou (X |, ci—1(2, 60)) X
LA

quo(ds9 dZ) _hn / 89[, (Dn(QOv Xl,-",l ’ )’) dy‘f.zn—l]

Since, by Remark 3.5,
18,86, 10g P, (60, X, ) (x, )| <OG/b) (1 + [y (1 + [x])E,

if we take the same argument for I/—1} as for H;—Hj; in the proof of Prop-
osition 3.6 it is easy to obtain that

IL=R (a,‘/hﬁb,,,X,inl).

It is also easy to see that I}, I} =0. Thus

o).

n

||

Proof of (4.17).
Using Proposition 3.2 (3.4), we have

6,-{’2<ao>|fl-"_1}

n

2

i=1

1
E [ﬁfiq(ao)lﬁ”_l]
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d —1 \(k,l
9 ; ®&D(gn) _ o
Z oy (5171) ( O) Xl'(];)Xi(l,),lc.”.
Zhn s 5 ij

k=1

1 9,, det B;_1(09)

S S PO b AXT < hO | FE

2 detﬂ,‘_l(O'()) {| l| n| l_l}‘

3| o A 0 0] R X )+
‘/’/_l,-=1 2 qI7i—1 i—1

1 aoq det ﬂi—l(UO)
2 detBi—1(00)

w0 i)

We used the relation

(e + R(a. hy, Xp» )+ Aghy)

85, det fi_1(0)

et oy =@ )] 0

Proof of (4.18).

Noticing that |Xi(,ly)¢|1{|AX;'|<h,‘l’} = R(a, hf, Xy ), we see from Propositions
3.2 (3.4) and Proposition 3.3(i) that

- 1
ZE |:”hn

1 [ Za@,‘,‘l(eo)(ﬂ DE @) X[ | x

? 1 (a0)8?, (ao)m"_l]

k=1
x Z 3,01 00) BN " @) X | 1y axri<ns) E”_l]
kU=
— Z f 95,aV05,a (B~HHD(BTH D (B (x, o) d
kK U=

:/(aepa) (B7") (99, @) (x, ) d.
Proof of (4.19).

. 1

;E |:nh,,

1 n
= — > E[{ae,, {log @, (60, X, AX)} @u(Xip s AX axr2n0) —
=1

M(ao)sf;(aonﬁ"_]}
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—hy / 99, ©n (00, Xir . ¥) dy}
X {aep, {log @, (60, X - AX)} 0 (Xir s AX) axr = noy —
o [ 80, @060, X, dy}

fﬁ&
1 n

-3 E[agp {log (69, Xy, AX)} ou(Xpr . AX") x
=1

x g, {1og @4 (60, Xy - AX)} 0 (Xir s AX)axr = n)
+O, (v huby)

09 Wy, 09 , W
—P>f/ Do T T (y,x)dydm.
Wy,

The last convergence is proved by the same argument as the proof of (4.16)
with v=2 since

‘7:in71i| +

97" (06, {log @, (6, x, y)} 3, {log @, (0, x. y)} ¢, (x, y)]|
<SOWB)A+1xD A +]yDE  (m=0,1).
Proof of (4.20).

Noticing that |)_(,-(,l,)1|1{|AX,."\<h,€} = R(a, hf, X ), we see from Proposition
3.2 (3.3) that

! p P n
Y E| ol @@l FLy
i=1 n
d

1 n
- E Z {/89p(1>,,(X,in_l,y)dy} X

i=l1 k,l=1

() a1 kD) ()
x0p,a; 1 (B DD X axr <) 7‘7’_1]
d

1
:—;l A E Z {/aepq%(xz,"l,)’)d)’} X

fﬁﬂ+%mb

—(k —1\(k,D) v
xdg, i (B X e,

=0(h?).
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Proof of (4.21).
We used (3.4) and (3.6), and the relation

9o, det Bi—1(00)

o = [ e i o0 | =t [0 1008 o)

to obtain

n 1 q q’ -
ZE ;Ci (@0)¢; ()| Fy
i=1

n d —1\(k,!
1 E[ Z aoq (ﬁi_1)( )(GO)X(k)X(Z) n 8(7,, det B;_1(00)

P et hy, Pt det Bii(00)

Zd 36, (BDE1(00) _ ey oy Do, det Bi1(00)
X X; n Xi n
hn b ’ det IBi—l (UO)

kK, lI'=1
n
f”]

1 & d o L RN
:EZ[ Z e=H0 ”(aﬁqﬂi—l)(’)(8%"81'—1)( A

i=1 kLK I'=1

<ﬂ(kl>ﬂ(k’l> ﬁu«k)ﬁ(l +ﬁ<kz>ﬂ(k1>)

95, det B;_1(00) N A
Z —ohy %% 8. (81K gk
det Bi_1(09) % (/31_1) ﬂl_l

Lyaxri<ng)

K=

95, det B;_1(op) k.l
+ Y e T gy kDD 4
k;::l det B;_1(00) ot

_son, 3o, det Bi_1(00) 95, det Bi_1(00)
detB;_1(00)  detB;_1(00)

1
A / tr[(35, B)B " (3, /)1 d

+e }+ogﬁm

by Proposition 3.3(1).
Proof of (4.22).

For v=1,

>l

F1(c0)¢/ (c0) | FiZ }
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- \/—ZZ

=1 k,lk'lI'= 1 hn

39, 00) (B D" (00)8,, (BN ®" (00) x

l k' U
x E [Xi(ix( X <)

f”_l]—

aoq det IBi—l (UO)
— 0 X

(k) (k,0)
Zaepa 21 60) (B " (00) det B;_1(00)

k=1
7
i—1J

xE [Xi,nl{mx;’ <Hh
Noticing that |X,~(,l,),|1{|Axmghfi} = R(a, hf, X ), we see from Proposition 3.2
(3.3) and (3.5) that

- 1
2 E e

l’l«/_Z

— ; R, hyy Xy )40, (/1)
P

— 0.

51 (O‘O);iq (O‘O)l-ﬁn_l] =

For v=2, by using Proposition 3.2 (3.4),

ZE[ =512 (e0) ¢ (o) | }

n d Sk,
— 1 Z E Z 80'(] (,Bl-_l)(k 1)(00) Xl(kn))_(l(l’)l{-lw
n\/h_n izl k=1 2h, ’ M2 det Bi_1(00p)

f,»"l}

X (hnfaépq’n(@O’Xt;’l’Y) dy) Ljaxyi<a)
=0, (w/hn).

Proof of (4.23).

For v=1,

n 1 2+v
ZE ‘Wfsfl ()| |F,
d 2 k 24v
l+u/2hl+‘)/2 Z Z Z ‘agp&l( )l (90)(131'__11)(](’1)(0—0) X

i=1 k=1 j=0
v n
xE |:‘ in lci'f‘,-l‘?‘z'—li| :
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Noticing that E |:

1 n [ ] Ra, hyt"?, X;» ) from (3.7), we have

2+4v 1 hn
|7 | =0, <W> +0p <n”/2h2/2) .

8/'1 (o)

#| [

For v=2,

- 1
2t UJTT,,‘SZ"?*““

24+v
n
17

C 2+v
< WZ [ {log @, (60, Xo» , AX])}0u(Xpn . AXD)| X
2+v
X1axrisngy + hﬁw / 0, ©n (60, X;» , y)dy |]:,‘n_1}
< G
~ n1+”/2h1+v/2
2+v

X

y z s
x (Log, +107,) ‘fl‘"—l] +Or <%> |

Here, it follows from Assumption A.9 (2.1) that

{log®, (60, X;r . AX])} @u(Xir |, AXT)

3, {log @, (00, Xv |, AX)} u (X . AXD)| <, ' Li(AXD A+ X €

=R &, X )

since L; is a bounded function given in (2.1). Then we have

. 1
E sk
Lo [t

2+4v —(2+v) n
n l’l
|‘E—l < l+v/2hl+"/2 ZR(O[’ hn» Xti"_l)+

( 1+v/2>
v/2 h1+v/2
n (1=20)/5 n
=0 ((nhn) o >+Op< nv/? )

The last term converges to zero if v>1/2. O
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Proof of (4.24).

24v
|:‘ { (ap) lj:in_li|

n1+v/2h2+v Z Z [

=1 k,I=1

2+
o, B0 00)| %

1{|Ax:’|<h£}\ﬁ”1]

a det :Bt 1 (00)
det B;_1(00)

n d 2
n1+v/2h2+V Z: 2_: 2_;

1
e [[R 1 |vo, ().

We notice that E|: 1C;fo|fin_1] R(a, 2™, X, ) from (3.7) and
that

P{AXTI<hpIFL)

24+v
o, (B0 @) x

+v
lc:,lﬁnl} <R, b, X ) P{CTIF )
=R(«, hip(2+v)+2, X))

for j=1,2. Then we have
/] _ —+v)+
‘[ (@o)| |F, —nu/z—h%ﬂop (.’ )+0, <W)

hl 1
=0, (n”/2h2/2> +0, (W) ,

where ©u=2pQ2+v)—v/2=22+v) <p — 4(])—‘;2)) If we take v > 0 sufficiently
small, then u >0 since 2/(y +1) <p < 1/2. This completes the proof. O
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