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Abstract. In this paper, we consider a multidimensional diffusion process with jumps
whose jump term is driven by a compound Poisson process. Let a(x, θ) be a drift coeffi-
cient, b(x, σ ) be a diffusion coefficient respectively, and the jump term is driven by a Pois-
son random measure p. We assume that its intensity measure qθ has a finite total mass.
The aim of this paper is estimating the parameter α= (θ, σ ) from some discrete data. We
can observe n+1 data at tn

i = ihn, 0� i �n. We suppose hn →0, nhn →∞, nh2
n →0.

Key words: diffusion process with jumps, parametric inference, discrete observation, con-
trast function, asymptotic normality, asymptotic efficiency.

1. Introduction

Let (�,F, (Ft )t �0, P ) be a filtered probability space. We consider a
d-dimensional solution process X· to the following stochastic differential
equation on this space:

⎧
⎨

⎩

dXt =a(Xt−, θ)dt +b(Xt−, σ )dWt +
∫

E

c(Xt−, z, θ) (p −qθ )(dt, dz),

X0 =x0,

(1.1)

where E = Rd \ {0}, θ ∈ � ⊂ Rm1, σ ∈ � ⊂ Rm2 are parameters, and α =
(θ, σ ) belongs to a parameter space � = � × � which is a compact con-
vex subset of Rm1 ×Rm2 . (Wt)t�0 is an r-dimensional standard Ft -Brownian
motion p(dt,dz) is a homogeneous Poisson random measure on R+ × Rd ,
and qθ(dt,dz) is its intensity measure, that is, E[p(dt,dz)]=qθ(dt,dz). We
set qθ(dt,dz) = fθ(z)dz dt and fθ(z) = λ(θ)Fθ(z), where λ(θ) is a positive
function of θ and Fθ is a probability density. The coefficients a and c are
known Rd-valued Borel functions defined on Rd × �, Rd × E × � respec-
tively, and b is a known Rd ⊗Rr -valued Borel function defined on Rd ×�.
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One of the most simple but important examples of one-dimensional case
is written as follows.

dXt = ã(Xt−,µ)dt + b̃(Xt−, σ )dWt + c̃(Xt−, ϑ)dZϑ
t , (1.2)

where Zϑ
· is a Lévy process with parameter ϑ . This belongs to the class

of (1.1) with c(x, z, θ)= c̃(x, ϑ)z, a(x, θ)= ã(x,µ)+
∫

E

c(x,ϑ)zfϑ(z)dz and

θ = (µ,ϑ).
In this paper, we studied estimation of the parameter α = (θ, σ ) from

discrete observations. For this aim, we observe n+1 data (Xtni
)0�i�n, tni =

ihn, and show the consistency and asymptotic normality of an estimator
under the assumption that hn →0, nhn →∞, nh2

n →0.
So far, estimation of discretely observed diffusion processes has been

studied very well by several authors. Although there are some observation
schemes, our scheme is so-called rapidly increasing experimental design:
nh2

n → 0. The earlier work on this scheme is seen in Prakasa-Rao [23,24].
He studied a least squares approach. Florense-Zmirou [8] considered esti-
mation of a one-dimensional diffusion process with a constant diffusion
coefficient under the less restrictive condition nh3

n → 0 with convergence
rate

√
nhn for a diffusion estimation. Yoshida [29] studied the case where

drift-diffusion parameter estimation cannot be split, and showed the joint
convergence of an adaptive estimator with

√
n convergence rate for diffu-

sion parameter. After that, Kessler [18,19] improved it to more general
case with the design nh

p
n →0 for all p�2. For other schemes, for instance

nhn = constant or hn = constant, see Genon-Catalot and Jacod [10], Dacu-
nha-Castelle and Florens-Zmirou [7], Bibby and Sørensen [4], and so on.
On the other hand, estimation of a diffusion processes with jumps is well-
known in case the whole path is observed, see, for example, Sørensen [27,
28]. However it is obviously impossible to observe such a path over any
given time period in actual situation, therefore inference based on discrete
data is of major importance in dealing with practical problems.

Recently, a jump-diffusion model is also used in various fields. It is
particularly important in applications to modeling security prices or option
prices in financial market, see Aase and Guttorp [1], Mulinacci [21], Scott
[25], Gukhal [11], and so on. There are other applications to soil mois-
ture model (Mtundu and Koch [22]), to hydorology (Bodo and Thomo-
son [6]), and to population model (Hanson and Tuckwell [14], Guttrop and
Kulperger [12]), and so on.

In this paper, we construct a single contrast function to estimate the parame-
ter (θ, σ ) jointly. The exact likelihood function would be used if we would know
the form of transition probabilities. However it is generally impossible to write
it down explicitly, therefore we have to approximate it by a suitable function.
In Section 2.2, we present an estimating function having two parts: the first



DIFFUSION PROCESS WITH JUMPS FROM DISCRETE OBSERVATIONS 229

part is the log likelihood of a local Gaussian process, and the second one
is modeled after the likelihood of Poisson random measures. This estimat-
ing function divides increments according to their magnitudes and assigns
them those parts. Evaluating the probability of misclassifications, we prove
the asymptotic normality of our estimator. Our estimator is of the maxi-
mum likelihood type. In order to control this efficient likelihood function,
we put regularity conditions such as A?? below. However, if we are satisfied
with another less efficient estimator, then we can relax those conditions.
For example, it is possible to treat a process with infinitely many jumps on
compacts. We discuss such generalizations elsewhere.

We assume the ergodicity of the solution process in this paper. There is
a work, e.g., by Kwon and Lee [20] on the conditions of the ergodicity of
diffusion processes with jumps.

The plan of this paper is the following. In the next Section 2, we pre-
pare the notations and some assumptions used in this paper. After that,
we present a contrast function and our main result. In Section 3, we pre-
pare several propositions which are needed to prove the main theorem. All
proofs are presented in Section 4.

2. Discussion and Conclusions

2.1. NOTATIONS AND ASSUMPTIONS

We introduce some notations.

1. We set α = (θ, σ ) and α0, θ0, σ0 denote the respective true values. For
λ(θ) we set λ0 =λ(θ0)= ∫

fθ0(z)dz.

2. For κ = (κ1, . . . , κd), ∂κj
:= ∂

∂κj

, ∂2
κj

:= ∂2

∂κ2
j

, ∂2
κiκj

:= ∂2

∂κi∂κj

, ∂κ :=

(∂κ1, . . . , ∂κd
)∗, and ∂2

κ f (κ)=
(
∂2
κiκj

f (κ)
)

1�i,j�d
, where * stands for the

transpose.
3. For a function g defined on Rd × � we denotes by gi−1(α) the value

g(Xtni−1
, α). If g is a tensor, then we express its components with upper

index, for example, if g is a matrix, then its (k, l)-component is g(k,l).
4. Fn

i−1 :=Ftni−1
, �Xn

i :=Xtni
−Xtni−1

, �Xt :=Xt −Xt−, X̄i,n(θ)=�Xn
i −

hnāi−1(θ).

5. β(x, σ ) :=b(x, σ )b∗(x, σ ).
6. For a tensor A, |A|2 is the sum of squares of the components of A.
7. Let un be a real valued sequence. R :�×R×Rd →R denotes a function

for which there exists a constant C such that

R(α,un, x)�unC(1+|x|)C for all α ∈�, x ∈Rd, n∈N.

We set R̃(α, un, x)=1−R(α,un, x).
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8. Let bn be a real valued sequence such that bn →∞, nh2
nbn →0,

bn

nhn

→0.

For example hn =n−2/3, bn =n1/4, etc. Moreover, we set εn =b
−1/10
n .

9. In the following discussion, if we write X, then it means the solution
to (1.1) with α =α0.

10. We often use the notation C (resp. Ck) as a general positive constant
(resp. depending on the index k), therefore we sometimes use the same
character for different constants from line to line without specially
mentioning.

We make the following assumptions.

A.1. For some constant L and function ζ(z) of polynomial growth in z,

|a(x, θ0)−a(y, θ0)|+ |b(x, σ0)−b(y, σ0)|�L|x −y|,

|c(x, z, θ0)− c(y, z, θ0)|� ζ(z)|x −y|, |c(x, z, θ0)|� ζ(z)(1+|x|).
A.2. The diffusion process with jumps X is ergodic and stationary for

α =α0: if π(dx) is its invariant probability measure, the initial dis-
tribution is π and

1
T

∫ T

0
f (Xt)dt

P−→
∫

f (x)dπ

as T →∞ for any π -integrable function f .
A.3. For every p �1,

sup
t

E[|Xt |p]<∞.

A.4. For fixed θ and σ , the derivatives ∂l
xa(x, θ) and ∂l

xb(x, σ ) (l = 1,2)

exist on Rd and they are continuous in x. Moreover, for fixed x, the
derivatives ∂l

θa(x, θ) and ∂l
σ b(x, σ ) (l=1,2) exist on � and � respec-

tively, and a, b, and their all derivatives are of polynomial growth in
x uniformly in α:

|∂l
xa(x, θ)|, |∂l

xb(x, σ )|, |∂l
θa(x, θ)|, |∂l

σ b(x, σ )|�C(1+|x|)C.

for l =0,1,2.
A.5. inf

x
|c(x, z, θ0)|� c0|z| for some c0 >0 near the origin

A.6. There exist constants r, K > 0 and γ > 3 such that fθ0(z)1{|z|�r} �
K|z|γ , and that

sup
θ

∫

|z|pfθ (z)dz<∞ for all p �1.
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A.7. For each θ and x, the mapping z �→y = c(x, z, θ) has an inverse z=
c−1(x, y, θ) which is differentiable with respect to y, and we set

�θ(y, x) :=fθ

(
c−1(x, y, θ)

)
J (x, y, θ),

where J (x, y, θ) is the absolute value of the Jacobian of c−1(x, y, θ).
A.8. β is a positive definite and inf

x,σ
det β(x, σ )>0.

A.9. The function �θ(y, x) is differentiable with respect to x and y, and
three times continuously differentiable with respect to θ , Moreover
we assume that

|∂k
θ �θ(y, x)|�L1(y)(1+|x|)C (k =0,1,2,3), (2.1)

|∂x∂
l
θ�θ(y, x)|�L2(y) (l =0,1,2), (2.2)

where L1 and L2 are bounded and dy-integrable functions. Further-
more,

|∂y∂
l
θ�θ(y, x)|�C(1+|y|)C(1+|x|)C (l =0,1,2), (2.3)

∫

sup
θ

∣
∣∂k

θ log �θ(y, x)·�θ0(y, x)
∣
∣ dy �C(1+|x|)C (k =0,1,2,3).

(2.4)

A.10. σ =σ0 if and only if det β(x, σ )=det β(x, σ0) for almost all x. More-
over, θ = θ0 if and only if a(x, θ) = a(x, θ0) and �θ(y, x) = �θ0(y, x)

for almost all x and y.
A.11. There exists a sequence of real valued functions {ϕn(x, y)}n∈N pos-

sessing following properties: 0 � ϕn � 1 and ϕn → 1 dy × dπ -a.s. as
n→∞. There exists some M >0 such that

ϕn(x, y)=

⎧
⎪⎪⎨

⎪⎪⎩

1 (x, y)∈
{

inf
θ∈�

�θ(y, x)>M

}

0 (x, y)∈
{

inf
θ∈�

�θ(y, x)� εn

} .

Moreover,

sup
x,y

|∂xϕn|+ sup
x,y

|∂yϕn|=O(ε−1
n ), (2.5)

and

∂xϕn = ∂yϕn =0 on
{

inf
θ∈�

�θ(y, x)� εn

}

. (2.6)
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Let us give some examples of �θ(y, x) and check conditions in A.9.

EXAMPLE 2.1. We consider the following one-dimensional stochastic
differential equation.

dXt =a(Xt−)dt +b(Xt−)dWt + c(Xt−, θ)dZθ
t , (2.7)

where Zθ
· is a Lévy process with Lévy density fθ(z). We assume, for some

M, K >0,

c(x, θ)= 1
c
, fθ (z)=Mzα(K − z)β1{0�z�K},

and θ = (c, α,β), where α, β >3.

�θ(y, x)=Mc(cy)α(K − cy)β,

log �θ(y, x)= log M + (α +1) log c+α log y +β log(K − cy)

Noticing the parameter space � is compact, it is easy to verify (2.1) – (2.3).
Moreover all

∫
supθ

∣
∣∂k

θ log �θ(y, x) ·�θ0(y, x)
∣
∣ dy become finite, so (2.4) is

satisfied.

EXAMPLE 2.2. For SDE (2.7), we suppose that supp (fθ )⊂R+ and

c(x, θ)= 1
c
, fθ (z)1{0<z�M} = e− γ

z 1{0<z�M}.

and θ = (c, γ ), where c>0, γ >0 and M >0. It is easy to check A.9 in the
neighborhood of the origin since

�θ(y, x)= e
− γ

cy , log �θ(y, x)=− γ

cy
.

on the set {0<z�M}.

EXAMPLE 2.3. For SDE (2.7), we assume

c(x, θ)= 1
c
, fθ (z)= αβ

�(β)
zβ−1e−αz,

and θ = (c, α,β), where α >0, β >4. Then

�θ(y, x)= αβ

�(β)
(cy)β−1e−αcy,

log �θ(y, x)=β log α − log �(β)+ (β −1) log cy −αcy.
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Then

|∂k
θ �θ(y, x)|, |∂x∂

l
θ�θ(y, x)|, |∂y∂

l
θ�θ(y, x)|

are all dominated by C (1+| log y|) yβ ′
e−α′y for some C >0, β ′ >0, α′ >0,

so Assumptions (2.1)–(2.3) are satisfied. Moreover we obtain

sup
θ

∣
∣∂k

θ log �θ(y, x)
∣
∣�C (1+|y|+ | log y|) .

This implies (2.4).

Under Assumptions A.1 and A.6, the stochastic differential equation
(1.1) can be rewritten as follows:

dXt = ā(Xt−, θ)dt +b(Xt−, σ )dWt +
∫

E

c(Xt−, z, θ)p(dt,dz), (2.8)

where ā(x, θ)=a(x, θ)−
∫

E

c(x, z, θ) qθ (dt,dz). This expression implies that

X follows diffusion process dXt = ā(Xt−, θ)dt +b(Xt−, σ )dWt , in the inter-
val in which no jump occurred. We start with the stochastic differential
equation (2.8) to construct the contrast function.

2.2. CONTRAST FUNCTION AND MAIN RESULT

Now we present a contrast function for estimating parameters. In Section
2.3, we show how to obtain it.

DEFINITION 2.1. For
2

γ +1
�ρ <

1
2

, we define the contrast function ln(α)

as follows

ln(α)= l̄n(θ, σ )+ l̃n(θ),

where

l̄n(α)=− 1
2hn

n∑

i=1

(X̄i,n)
∗(θ)β−1

i−1(σ )X̄i,n(θ)1{|�Xn
i |�h

ρ
n} −

−
n∑

i=1

1
2

log det βi−1(σ )1{|�Xn
i |�h

ρ
n},

l̃n(θ)=
n∑

i=1

{
log �n(θ,Xtni−1

,�Xn
i )
}
ϕn(Xtni−1

,�Xn
i )1{|�Xn

i |>h
ρ
n} −

−hn

n∑

i=1

∫

�n(θ,Xtni−1
, y)dy,

X̄i,n(θ)=Xtni
−Xtni−1

−hnāi−1(θ), �n(θ, x, y)=�θ(y, x)ϕn(x, y).
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Intuitively speaking, this contrast function is very natural since l̄n(α) cor-
responds to the contrast for an usual diffusion process, and l̃n(θ) does to
the discretization of the likelihood function of an compound Poisson pro-
cess with Lévy density fθ .

We used a truncation function ϕn to ensure the P -integrability of the
logarithm term and its derivatives with respect to parameters. If we knew
supi,n E

[
∂y∂

l
θ log �θ(�Xn

i ,Xtni−1
)
]
<∞ (l=0,1,2) by some reasons, ϕn would

not be needed, however ϕn is needed generally.
Our main theorem is the following. The proof will be presented in Sec-

tion 4.10

THEOREM 2.1. Under Assumptions A.1–A.11 and nhn →∞ as n→∞ the
estimator α̂n which satisfies

ln(α̂n)= sup
α∈�

ln(α)

is consistent:

α̂n
P−→α0 (n→∞).

If, in addition, nh2
n →0 and the true value α0 is in the interior of � then

(√
nhn(θ̂n − θ0),

√
n(σ̂n −σ0)

)
d−→N (0,K−1),

where

K :=
(

K1 0
0 K2

)

,

K
(p,q)

1 =
∫

(∂θp
ā)∗β−1(∂θp′ ā)(x, α0)dπ +

∫ ∫
∂θp

�θ0∂θp′ �θ0

�θ0

(y, x)dy dπ,

K
(p,q)

2 = 1
2

∫

tr
[
(∂σq

β)β−1(∂σq′ β)β−1] (x, σ0)dπ.

Remark 2.1. This result can be extended to pure jump type processes
with b(x, σ ) ≡ 0, that is, X is a solution process to the following stochas-
tic differential equation:

dXt =a(Xt−, θ)dt +
∫

E

c(Xt−, z, θ) (p −qθ)(dt,dz).

The contrast function of jump part is similar to the non-degenerate case
since we estimate jump parameters from only the number of jumps and
their amplitudes. For diffusion part, however, we cannot make use of l̄n(α)

any more because we cannot approximate the path of X by the local
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Gaussian approximation in the no jump intervals. We can overcome this
difficulty by estimating drift parameters as least square estimators, that is,

l̄n(θ)=− 1
2hn

n∑

i=1

(X̄i,n)
∗(θ)X̄i,n(θ)1{|�Xn

i |�h
ρ
n}.

In this case, θ̂n has also consistency and asymptotic normality with asymp-

totic variance K, K(p,q) =
∫ ∫

∂θp
�θ0∂θp′ �θ0

�θ0

(y, x)dy dπ . The proof is the

same as for non-degenerate case.

Remark 2.2. The asymptotic efficiency for θ̂n is obtained since K1 is the
asymptotic variance of the estimator for the continuously observed ergodic
diffusion processes with jumps.

Sørensen [28] discusses the inference of diffusion processes with jumps
from continuous observations under the setting which includes the
non-ergodic case. Particularly, when you compute the asymptotic variance
in the ergodic case, it could be more clear to refer Section 3 in Barndorff-
Nielsen and Sørensen [3] which is a review of the general likelihood theory.

2.3. CONSTRUCTION OF CONTRAST FUNCTION

As we described, the data we can get are discrete ones, hence we have to
decide whether jumps occur or not in an interval from only the increment
|�Xn

i |, although that is a stochastic decision which may sometimes include
some misjudgements. This criterion should be chosen depending on n, and
increase the accuracy of judgements as n tends to infinity. The way we
will take is that, for ρ ∈ [0,1), if the increment exceeds h

ρ
n in an interval,

we regard it as an interval in which a jump has occurred and if not, as
an interval in which no jump. This is because the increment of a diffu-
sion without jumps exceeds h

ρ
n with small probability, and the increment

of a diffusion with a single jump also exceeds h
ρ
n with a large probabil-

ity. Although they are intuitive argument, these are justified by Lemma 2.1
described below.

The value ρ has to be chosen carefully. For instance if ρ is too large,
and therefore h

ρ
n is too small, the probability of getting the increment h

ρ
n

by continuous diffusion cannot be ignored, on the other hand, if ρ is too
small, and therefore h

ρ
n is too large, we cannot ignore the probability of

getting an increment less than h
ρ
n when a jump occurs in an interval. Later

we will choose ρ as 2/(γ +1)�ρ <1/2.

LEMMA 2.1. Define random times τn
i and ηn

i as

τn
i := inf

{
t ∈ [tni−1, t

n
i ); |�Xt |>0

}
,
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ηn
i := sup

{
t ∈ [tni−1, t

n
i ); |�Xt |>0

}
.

If the infimum or supremum on the right hand side does not exist, we define
the random times to equal tni . Assume Conditions A.1, A.3 and A.6. Then,
for ρ ∈ [0,1/2) and any p �1,

P

{

sup
t∈[tni−1,τ

n
i )

|Xt −Xtni−1
|>hρ

n

∣
∣
∣Fn

i−1

}

=R(α,hp
n ,Xtni−1

), (2.9)

P

{

sup
t∈[ηn

i ,t
n
i )

|Xtni
−Xt |>hρ

n

∣
∣
∣Fn

i−1

}

=R(α,hp
n ,Xtni−1

). (2.10)

Each function R does not depend on i.

By these facts, the probability whether the value of |�Xn
i | exceeds h

ρ
n or

not is evaluated in the next lemma. In the following discussion, let J n
i be

the number of jumps in the interval [tni−1, t
n
i ) and we set

{|�Xn
i |�hρ

n

}=
2⋃

j=0

Cn
i,j ,

{|�Xn
i |>hρ

n

}=
2⋃

j=0

Dn
i,j ,

where

Cn
i,0 ={

J n
i =0, |�Xn

i |�hρ
n

}
, Cn

i,1 ={
J n

i =1, |�Xn
i |�hρ

n

}
,

Cn
i,2 ={

J n
i �2, |�Xn

i |�hρ
n

}
,

Dn
i,0 ={

J n
i =0, |�Xn

i |>hρ
n

}
, Dn

i,1 ={
J n

i =1, |�Xn
i |>hρ

n

}
,

Dn
i,2 ={

J n
i �2, |�Xn

i |>hρ
n

}
.

LEMMA 2.2. Assume Conditions A.1, A.3, A.5 and A.6. Let
2

γ +1
�ρ <

1
2

,

where γ is the constant in condition A.6. For any p �1, as n→∞
P {Cn

i,0|Fn
i−1}= e−λ0hnR̃(α, h

p
n ,Xtni−1

) P {Dn
i,0|Fn

i−1}= e−λ0hnR(α,h
p
n ,Xtni−1

)

P {Cn
i,1|Fn

i−1}=R(α,h3
n,Xtni−1

) P {Dn
i,1|Fn

i−1}=λ0hne
−λ0hnR̃(α, h2

n,Xtni−1
)

P {Cn
i,2|Fn

i−1}�λ2
0h

2
n P {Dn

i,2|Fn
i−1}�λ2

0h
2
n

This lemma implies that we can judge the interval [tni−1, t
n
i ) has no jump

if |�Xn
i |�h

ρ
n and the interval has a single jump if |�Xn

i |>h
ρ
n , and that we

can ignore the events which include more than two jumps in the interval.
In our model, we may consider that the random measure p is generated

by d-dimensional compound Poisson process thanks to the assumption
A.6. Let (Zt)t�0 be a compound Poisson process which is independent
of W and has the form Zt =∑Nt

i=1 εi where (Nt)t�0 is a Poisson process
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with intensity λ(θ)(εi)i∈N is a sequence of d-dimensional random vectors
which are independent of each other and identically distributed with den-
sity Fθ(x). N and (εi)i are also independent of each other. In this setting,
p can be expressed as follows:

pθ(dt,dz)=
∑

s�0

1{�Zs �=0}1(s,�Zs)(dt,dz).

Hence if Z has a jump of size z at time t , then X will have a jump of size
c(Xt−, z, θ) at the same time.

Now let us discuss the approximation of the transition probability. First,
we consider the transition probability from Xtni−1

to Xtni
in the case of sin-

gle jump in the interval [tni−1, t
n
i ). We set τn

i := inf{t; |�Xt |>0, tni−1 � t < tni }.
Since no jump occurs in [tni−1, τ

n
i −], we approximate the transition by the

one of

Xτn
i − =Xtni−1

+ āi−1(τ
n
i − tni−1)+bi−1N,

where N ∼ Nd(0, (τ n
i − tni−1)I ). The above X· is not the same as the solu-

tion process to (1.1), but the above Xtni−1
has the same value as the one of

(1.1). Next, since we suppose that no jump occurs after a jump at τn
i , we

can take the same approximation as above in [τn
i , tni ), that is,

Xtni
=Xτn

i − + ā(Xτn
i
)(tni − τn

i )+b(Xτn
i
)N ′ + c(Xτn

i −,�Zτn
i
),

where N ′ ∼ Nd(0, (tni − τn
i )I ). Let φ(x;A,B) be a Gaussian density with

mean vector A and variance matrix B. Since the distribution of the jump
time τn

i conditional on J n
i =1 becomes a uniform distribution on [tni−1, t

n
i ),

P {Xtni
∈A,J n

i =1|Fn
i−1}/P {J n

i =1}

=
∫

A

∫

z

∫

x ′

∫ tni

tni−1

1
hn

φ
(
x ′;Xtni−1

+ āi−1(s − tni−1), βi−1(s − tni−1)
)×

×φ
(
x;x ′ + c(x ′, z)+ ā(x ′ + c(x ′, z))(tni − s) ,

β (x ′ + c(x ′, z))(tni − s)
)
Fθ0(z)ds dx ′ dz dx.

We denote by pd
i,n(x) the above probability density function. Secondly,

using the local Gauss approximation for J n
i =0

P {Xtni
∈A,J n

i =0|Fn
i−1}/P {J n

i =0}=
∫

A

φ
(
x;Xtni

+ āi−1hn,βhn

)
dx.

We denote by pc
i,n(x) this probability density function. Finally,

P {Xtni
∈A, J n

i �2|Fn
i−1}=Op(h2

n).
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Since

P {Xtni
∈A|Fn

i−1}=P {Xtni
∈A, J n

i =0|Fn
i−1}+P {Xtni

∈A, J n
i =1|Fn

i−1}+
+P {Xtni

∈A, J n
i �2|Fn

i−1}

=
2∑

j=0

[
P {Xtni

∈A,Cn
i,j |Fn

i−1}+P {Xtni
∈A,Dn

i,j |Fn
i−1}

]
,

and by Lemma 2.2,

P {Xtni
∈A,Cn

i,0|Fn
i−1}= e−λ0hn

∫

A

1{|x−Xtn
i−1

|�h
ρ
n}p

c
i,n(x)dx,

P {Xtni
∈A,Cn

i,1|Fn
i−1}�P {Cn

i,1|Fn
i−1}=Op(h3

n),

P {Xtni
∈A,Cn

i,2|Fn
i−1}=Op(h2

n),

P {Xtni
∈A,Dn

i,0|Fn
i−1}�P {Dn

i,0|Fn
i−1}=Op(h3

n),

P {Xtni
∈A,Dn

i,1|Fn
i−1}=λ0hne−λ0hn

∫

A

1{|x−Xtn
i−1

|>h
ρ
n}p

d
i,n(x)dx,

P {Xtni
∈A,Dn

i,2|Fn
i−1}=Op(h2

n),

therefore we can approximate the transition density pi,n(x) by

log pi,n(x)≈1{|x−Xtn
i−1

|�h
ρ
n} log

(
pc

i,n(x)e−λ0hn
)+

1{|x−Xtn
i−1

|>h
ρ
n} log

(
pd

i,n(x)λ0hne−λ0hn
)
.

By the way, in the expression

pd
i,n(x)=

∫

z

∫

x ′

∫ tni

tni−1

1
hn

φ
(
x ′;Xtni−1

+ āi−1(s − tni−1), βi−1(s − tni−1)
)×

×φ
(
x;x ′ + c(x ′, z)+ ā(x ′ + c(x ′, z))(tni − s) ,

β (x ′ + c(x ′, z))(tni − s)
)
Fθ0(z)ds dx ′ dz,

we can approximate φ to δ-function if hn decreases rapidly, and then

pd
i,n(x)≈

∫

z

∫

x ′
δXtn

i−1
(x ′)δx−x ′(c(x ′, z))Fθ0(z)dx ′ dz

=
∫

y

∫

x ′
δXtn

i−1
(x ′)δx−x ′(y)Fθ0

(
c−1(x ′, y)

)
J (x ′, y, θ0)dx ′ dy

=Fθ0

(
c−1(Xtni−1

, x −Xtni−1
)
)
J (Xtni−1

, x −Xtni−1
, θ0)

=λ−1
0 �θ0(x −Xtni−1

,Xtni−1
).
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Moreover, since λ(θ)=
∫ ∫

�θ(y, x)dy dπ , λ(θ) can be approximated by the

data as

1
n

n∑

i=1

∫

�θ(y,Xtni−1
)dy,

thanks to the ergodicity of X. This consideration leads the contrast func-
tion in Definition 2.1.

3. Moment Inequalities and Some Convergence Theorems

PROPOSITION 3.1. Assume Conditions A.1, A.3 and A.6. For 2 � k, k ∈
N, tni−1 � t � tni

E
[|Xt −Xtni−1

|k∣∣Fn
i−1

]
�Ck|t − tni−1|(1+|Xtni−1

|)k. (3.1)

If g is a function defined on Rd × � and is of polynomial growth in x uni-
formly in α for each component, then

E
[|g(Xt, α)||Fn

i−1

]
�C(1+|Xtni−1

|)C. (3.2)

PROPOSITION 3.2. Assume Conditions A.1, A.3 and A.4 – A.6. Let X̄i,n =
Xtni

−Xtni−1
−hnāi−1(θ0). For all kj =1,2, . . . , d (j =1,2,3,4),

E
[
X̄

(k1)
i,n 1Cn

i,0
|Fn

i−1

]
=R(α,h2

n,Xtni−1
), (3.3)

E
[
X̄

(k1)
i,n X̄

(k2)
i,n 1Cn

i,0
|Fn

i−1

]
=hne−λ0hnβ

(k1,k2)

i−1 (σ0)+R(α,h2
n,Xtni−1

), (3.4)

E
[
X̄

(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n 1Cn

i,0
|Fn

i−1

]
=R(α,h2

n,Xtni−1
), (3.5)

E
[
X̄

(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n X̄

(k4)
i,n 1Cn

i,0
|Fn

i−1

]

=h2
ne−λ0hn

(
β

(k1,k2)

i−1 β
(k3,k4)

i−1 +β
(k1,k3)

i−1 β
(k2,k4)

i−1 +β
(k1,k4)

i−1 β
(k2,k3)

i−1

)
+

+R(α,h3
n,Xtni−1

). (3.6)

Remark 3.1. If we take the same argument as in the proof in Section
4.5, then we obtain the following moment inequality: Let k�1, tni−1 � t � tni .
For any p �1,

E
[
|Xt −Xtni−1

|k1Cn
i,0

∣
∣Fn

i−1

]
�Ck|t − tni−1|k/2e−λ0hn(1+|Xtni−1

|)k +
+R(α,hp

n ,Xtni−1
). (3.7)
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PROPOSITION 3.3. Assume Conditions A.1–A.3, A.5–A.7, hn → 0 and
nhn → ∞. Suppose that g(n) is a function: Rd × � → R which satisfies the
following conditions that

|g(n)(x, α)|4 �L(x,α),
∣
∣∂xg

(n)(x, α)
∣
∣�O(

√
bn)(1+|x|)C,

∣
∣∂αg

(n)(x, α)
∣
∣�C(1+|x|)C,

where L is a π -integrable function for all α, and that there exist a function
g for each α such that

g(n)(x, α)−→g(x,α) π -a.s. (n→∞).

Then g is a π -integrable function and the following (i), (ii) and (iii) hold:

(i) sup
α∈�

∣
∣
∣
∣
∣

1
n

n∑

i=1

g
(n)

i−1(α)−
∫

g(x,α)π(dx)

∣
∣
∣
∣
∣

P−→0 (n→∞),

(ii) sup
α∈�

∣
∣
∣
∣
∣

1
n

n∑

i=1

g
(n)

i−1(α)1{|�Xn
i |�h

ρ
n} −

∫

g(x,α)π(dx)

∣
∣
∣
∣
∣

P−→0 (n→∞),

(iii) sup
α∈�

∣
∣
∣
∣
∣

1
nhn

n∑

i=1

g
(n)

i−1(α)1{|�Xn
i |>h

ρ
n} −λ0

∫

g(x,α)π(dx)

∣
∣
∣
∣
∣

P−→0 (n→∞).

Remark 3.2. Below, we sometimes use (i) as

g(n)(x, α)=
∫

∂k
θ �n(θ, x, y)dy (k =0,1,2).

We are able to check the above conditions for these g(n) by A.9 and A.11.
Actually, for these g(n),

|g(n)(x, α)|�
(∫

L1(y)dy

)

(1+|x|)C.

from condition (2.1), and it is obvious that
∣
∣∂αg

(n)(x, α)
∣
∣�C(1+|x|)C sim-

ilarly. Moreover,
∣
∣∂xg

(n)(x, α)
∣
∣�

∫

|∂x∂
k
θ �θ(y, x) ·ϕn|dy +

∫

|∂k
θ �θ(y, x)||∂xϕn|dy

�O(ε−1
n )(1+|x|)C

�O(
√

bn)(1+|x|)C,

by (2.1), (2.2) and (2.5).

PROPOSITION 3.4. Assume Conditions A.1–A.7, hn → 0 and nhn → ∞.
Suppose that a function g : Rd ×�→ R and its derivatives ∂αg and ∂xg are
of polynomial growth uniformly in α. Then, for k, l =1,2, . . . , d,
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sup
α∈�

∣
∣
∣

1
nhn

n∑

i=1

gi−1(α)X̄
(k)
i,n X̄

(l)
i,n1{|�Xn

i |�h
ρ
n}−

−
∫

g(x,α)β(k,l)(x, σ0)π(dx)

∣
∣
∣

P−→0 (n→∞).

PROPOSITION 3.5. Under the same assumptions as in Proposition 3.4, for
k =1,2, . . . , d,

sup
α∈�

∣
∣
∣
∣
∣

1
nhn

n∑

i=1

gi−1(α)X̄
(k)
i,n1{|�Xn

i |�h
ρ
n}

∣
∣
∣
∣
∣

P−→0 (n→∞).

PROPOSITION 3.6. Assume Conditions A.1 – A.3, A.5 – A.7, hn → 0 and
nhn →∞. Suppose gn(α, y, x) :�×Rd ×Rd →R satisfies that, for y1, y2 ∈Rd

and η∈ [0,1],

|∂αgn(α, y1, x)− ∂αgn(α, y2, x)|� g̃n(α, ηy1 + (1−η)y2, x)|y1 −y2|, (3.8)

where g̃n(α, y, x)�O(
√

bn)(1+|y|)C(1+|x|)C , and
∣
∣∂m

α gn(α, y, x)
∣
∣�O(

√
bn)(1+|y|)C(1+|x|)C (m=0,1). (3.9)

Assume that an integral Gn(α, x)=
∫

gn(α, y, x)�θ0(y, x)dy, exists for all x

and α, and that

|Gn(α, x)|4 �L(x,α) (3.10)

for a π -integrable function L(x,α),

|∂xGn(α, x)|�O(
√

bn)(1+|x|)C. (3.11)

Moreover there exists a function g such that

Gn(α, x)−→
∫

g(α, y, x)�θ0(y, x)dy π -a.s. (3.12)

and the last integral is a π -integrable function for all α. Furthermore,
assume

∫

sup
α

|∂αgn(α, y, x)|�θ0(y, x)dy �C(1+|x|)C, (3.13)

for all x. Then

sup
α∈�

∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xn
i ,Xtni−1

)1{|�Xn
i |>h

ρ
n}−

−
∫ ∫

g(α, y, x)�θ0(y, x)dy dπ(x)

∣
∣
∣
∣

P−→0 (n→0).
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Remark 3.3. Condition (3.8) is satisfied if ∂αgn(α, y, x) is differentiable
with respect to y and

∣
∣∂y∂αgn(α, y, x)

∣
∣�O(

√
bn)(1+|y|)C(1+|x|)C. (3.14)

Remark 3.4. Thanks to Conditions (3.8)–(3.13), we are able to apply
Proposition 3.3 (i) to Gn(α, x).

Remark 3.5. Below, we use this proposition as

gn(α, y, x)= ∂k
θ log �n(θ, x, y) ·ϕn(x, y) (k =0,1,2).

We are able to check the above conditions for this gn by A.9. Indeed,
∣
∣∂ygn(α, y, x)

∣
∣� |∂y∂

k
θ log �n||ϕn|+ |∂yϕn||∂k

θ log �n|
�O(ε−2

n )(1+|y|)C(1+|x|)C +O(ε−3
n )(1+|y|)C(1+|x|)C

�O(
√

bn)(1+|y|)C(1+|x|)C.

from (2.1), (2.3), (2.5) and (2.6). Similarly,
∣
∣∂y∂αgn(α, y, x)

∣
∣=

∣
∣
∣∂y

[
∂k+1
θ log �θ(y, x) ·ϕn(x, y)

]∣
∣
∣

�O(ε−4
n )(1+|y|)C(1+|x|)C

�O(
√

bn)(1+|y|)C(1+|x|)C.

Therefore (3.14) is satisfied, and this implies (3.8).
On Inequality (3.9),
∣
∣∂m

α gn(α, y, x)
∣
∣= ∣

∣∂k+m
θ log �θ(y, x) ·ϕn(x, y)

∣
∣

�O(ε−2−m
n )(1+|y|)C(1+|x|)C

�O(
√

bn)(1+|y|)C(1+|x|)C.

On Inequality (3.10),

|gn(α, y, x)�θ0(y, x)|� {|∂k
θ log �θ(y, x)|+1}�θ0(y, x), (3.15)

therefore (2.1) and (2.4) yield (3.10).
Next,

|∂xGn(α, x)|�
∫

|∂x(∂
k
θ log �n ·ϕn)�θ0 |dy +

∫

|∂k
θ log �n ·ϕn||∂x�θ0 |dy

�
∫

|∂xϕn∂
k
θ log �n||�θ0 |dy +

∫

|ϕn∂x∂
k
θ log �n||�θ0 |dy +

+
∫

|∂k
θ log �n ·ϕn||∂x�θ0 |dy.
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Inequalities (2.1), (2.2), (2.5) and (2.6) imply that

|∂xϕn∂
k
θ log �n|�O(ε−3

n )L(y)(1+|x|)C,

|ϕn∂x∂
k
θ log �n|�O(ε−3

n )L(y)(1+|x|)C

and

|∂k
θ log �n ·ϕn|�O(ε−2

n )L(y)(1+|x|)C,

where L(y) is a bounded dy-integrable function. Then

|∂xGn(α, x)|�
∫

O(ε−3
n )L(y)(1+|x|)C�θ0 dy +

+
∫

O(ε−2
n )L2(y)L(y)(1+|x|)C dy

�O(
√

bn)(1+|x|)C.

Therefore (3.11) is satisfied. The condition (3.12) is obtained from Lebes-
gue’s theorem thanks to (3.15).

Inequality (3.13) is obtained from (2.4) directly with g(α, x, y) = ∂k
θ

log �θ(y, x).

4. Proofs

In this section, we sometimes omit the true values of the parameters
without specially mentioning. For example, we simply write f (Xtni−1

) for
f (Xtni−1

, α0) or q(ds,dz) for qθ0(ds,dz) and so on.

4.1. PROOF OF LEMMA 2.1

First we show (2.9) On the interval [tni−1, τ
n
i ) X follows a stochastic differ-

ential equation

dXt = ā(Xt)dt +b(Xt)dWt,

hence for t ∈ [tni−1, τ
n
i )

|Xt −Xtni−1
|=

∣
∣
∣
∣
∣
(t − tni−1)ā(Xtni−1

)+
∫ t

tni−1

(ā(Xs)− ā(Xtni−1
))ds +

∫ t

tni−1

b(Xs)dWs

∣
∣
∣
∣
∣

�hn|ā(Xtni−1
)|+ sup

u∈[tni−1,t
n
i )

∣
∣
∣
∣
∣

∫ u

tni−1

b(Xs)dWs

∣
∣
∣
∣
∣
+L

∫ t

tni−1

|Xs −Xtni−1
|ds.

Applying Gronwall inequality,
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|Xt −Xtni−1
|�hn|ā(Xtni−1

)|+ sup
u∈[tni−1,t

n
i )

∣
∣
∣
∣
∣

∫ u

tni−1

b(Xs)dWs

∣
∣
∣
∣
∣
+

+LeLhnhn

(

hn|ā(Xtni−1
)|+ sup

u∈[tni−1,t
n
i )

∣
∣
∣
∣
∣

∫ u

tni−1

b(Xs)dWs

∣
∣
∣
∣
∣

)

.

If n is sufficiently large

|Xt −Xtni−1
|�C

(

hn|ā(Xtni−1
)|+ sup

u∈[tni−1,t
n
i )

∣
∣
∣
∣
∣

∫ u

tni−1

b(Xs)dWs

∣
∣
∣
∣
∣

)

, (4.1)

therefore Markov’s inequality and Burkholder-Davis-Gundy’s inequality
yield

P

{

sup
t∈[tni−1,τ

n
i )

|Xt −Xtni−1
|>hρ

n

∣
∣
∣Fn

i−1

}

� P

{

Khn|ā(Xtni−1
)|> h

ρ
n

2

∣
∣
∣Fn

i−1

}

+P

{

K sup
u∈[tni−1,t

n
i )

∣
∣
∣
∣
∣

∫ u

tni−1

b(Xs)dWs

∣
∣
∣
∣
∣
>

h
ρ
n

2

∣
∣
∣Fn

i−1

}

�Cp

⎧
⎨

⎩
hp(1−ρ)

n E
[|ā(Xtni−1

)|p∣∣Fn
i−1

]+h−2pρ
n E

⎡

⎣ sup
u∈[tni−1,t

n
i )

∣
∣
∣
∣
∣

∫ u

tni−1

b(Xs)dWs

∣
∣
∣
∣
∣

2p ∣∣
∣
∣
∣
Fn

i−1

]⎫
⎬

⎭

� R(α,hp(1−ρ)
n ,Xtni−1

)+Cph−2pρ
n E

[∣
∣
∣
∣
∣

∫ tni

tni−1

b2(Xs)ds

∣
∣
∣
∣
∣

p ∣∣
∣
∣
∣
Fn

i−1

]

=R(α,hp(1−2ρ)
n ,Xtni−1

).

We used Proposition 3.1 (3.2) in the last equality. We should notice that
one can take p arbitrary larger here.

The almost same argument holds for (2.10) Actually for t ∈ [ηn
i , t

n
i )

|Xtni
−Xt |=

∣
∣
∣
∣
∣
(tni − t)ā(Xt)+

∫ tni

t

(ā(Xs)− ā(Xt))ds +
∫ tni

t

b(Xs)dWs

∣
∣
∣
∣
∣
.

By the same argument as (2.9)

|Xtni
−Xt |�C

(

hn|ā(Xtni
)|+ sup

u∈[tni−1,t
n
i )

∣
∣
∣
∣
∣

∫ u

tni−1

b(Xs)dWs

∣
∣
∣
∣
∣

)

, (4.2)

and then,

P

{

sup
t∈[ηn

i ,t
n
i )

|Xtni
−Xt |>hρ

n

∣
∣
∣Fn

i−1

}

�Cp

{

hp(1−ρ)
n E

[|ā(Xtni
)|p∣∣Fn

i−1

]+h−2pρ
n E

[∣
∣
∣
∣
∣

∫ tni

tni−1

b2(Xs)ds

∣
∣
∣
∣
∣

p ∣
∣
∣Fn

i−1

]}

.

Proposition 3.1 (3.2) completes the proof.
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4.2. PROOF OF LEMMA 2.2

It is obvious that P {Cn
i,2|Fn

i−1}�h2
nλ

2
0, and so is P {Dn

i,2|Fn
i−1}. On Cn

i,1,

P {Cn
i,1|Fn

i−1}�
[

P

{
∣
∣(Xtni

−Xτn
i
)+ (Xτn

i − −Xtni−1
)+�Xτn

i

∣
∣

�hρ
n,
∣
∣�Zτn

i

∣
∣>

2h
ρ
n

c0

∣
∣Fn

i−1, J n
i =1

}

+

+P

{
∣
∣�Zτn

i

∣
∣� 2h

ρ
n

c0

∣
∣Fn

i−1, J n
i =1

}]

P {J n
i =1},

where �Zτn
i

has density Fθ0 . If
∣
∣(Xtni

−Xτn
i
)+ (Xτn

i − −Xtni−1
)+�Xτn

i

∣
∣ � h

ρ
n

then

|Xtni
−Xτn

i
|+ |Xτn

i − −Xtni−1
|� c0

∣
∣�Zτn

i

∣
∣−hρ

n,

hence by applying Lemma 2.1,

P {Cn
i,1|Fn

i−1}�λ0hne−λ0hnP

{

sup
t∈[tni−1,τ

n
i )

|Xt −Xtni−1
|+ sup

t∈[τn
i ,tni ]

|Xtni
−Xt |>hρ

n

∣
∣
∣Fn

i−1

}

+

+λ0hne−λ0hn

∫ 2h
ρ
n/c0

−2h
ρ
n/c0

M|z|γ dz

=R(α,hp
n ,Xtni−1

)+Chρ(γ+1)+1
n

=R(α,h3
n,Xtni−1

).

On Cn
i,0, again by applying Lemma 2.1

P {Cn
i,0|Fn

i−1}=P {J n
i =0|Fn

i−1}−P
{|�Xn

i |>hρ
n, J

n
i =0|Fn

i−1

}

= e−λ0hn −P
{|Xτn

i
−Xtni−1

|>hρ
n, τ

n
i = tni |Fn

i−1

}

= e−λ0hnR̃(α, hp
n ,Xtni−1

).

Finally,

P {Dn
i,0|Fn

i−1}=P {J n
i =0|Fn

i−1}−P
{
Cn

i,0|Fn
i−1

}

= e−λ0hnR(α,hp
n ,Xtni−1

),

and

P {Dn
i,1|Fn

i−1}=P {J n
i =1|Fn

i−1}−P
{|�Xn

i |�hρ
n, J

n
i =1|Fn

i−1

}

=λ0hn e−λ0hn −R(α,h3
n,Xtni−1

)

=λ0hn e−λ0hnR̃(α, h2
n,Xtni−1

). ��
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4.3. PROOF OF PROPOSITION 3.1

First, we consider the case p = 2q, q ∈ N From the expression of the sto-
chastic differential equation, we get

|Xt −Xtni−1
|p �3p−1

{ ∣
∣
∣
∣

∫ t

ti−1n

a(Xs)ds

∣
∣
∣
∣

p

+
∣
∣
∣
∣
∣

∫ t

tni−1

b(Xs)dWs

∣
∣
∣
∣
∣

p

+

+
∣
∣
∣
∣
∣

∫ t

tni−1

∫

c(Xs−, z) (p −q)(ds,dz)

∣
∣
∣
∣
∣

p }

. (4.3)

We denote by Ht the first and second term of (4.3), and we also denote

Mt =
∫ t

tni−1

∫

c(Xs−, z) (p −q)(ds,dz),

Nt =
∫ t

tni−1

∫

c2(Xs−, z) (p −q)(ds,dz).

By using the linear growthness of a, b and Burkholder–Davis–Gundy
inequality, we easily obtain

E[Ht |Fn
i−1]�Cp|t − tni−1|p/2(1+|Xtni−1

|)p +Cp

∫ t

tni−1

E
[
|Xs −Xtni−1

|p
∣
∣
∣Fn

i−1

]
ds.

(4.4)

Applying the Lemma 4.1 below and the linear growth of c(x, z), we obtain

E
[|Mt |p|Fn

i−1

]
�Cp|t − tni−1|(1+|Xtni−1

|)p +Cp

∫ t

tni−1

E
[
|Xs −Xtni−1

|p
∣
∣
∣Fn

i−1

]
ds.

(4.5)

Inequalities (4.4) and (4.5) and the Gronwall inequality yield for all q ∈N

E
[|Xt −Xtni−1

|p∣∣Fn
i−1

]
�Cp|t − tni−1|(1+|Xtni−1

|)p.

For arbitrary k � 2, if we write k =∑l
q=0 δq2q by binary expansion, where

δq =0 or 1 then

E
[|Xt −Xtni−1

|k∣∣Fn
i−1

]=E

⎡

⎣
l∏

q=0

|Xt −Xtni−1
|δq2q ∣∣Fn

i−1

⎤

⎦ .

Therefore we obtain Inequality (3.1) by using Cauchy–Schwarz inequality
repeatedly.

On (3.2), we can write
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E
[|g(Xt, α)||Fn

i−1

]
�CE

[
(1+|Xt |)C |Fn

i−1

]

�C
(
1+|Xtni−1

|C +E
[|Xt −Xtni−1

|C |Fn
i−1

])
,

and (3.1) ends the proof

4.4. LEMMA 4.1 AND ITS PROOF

LEMMA 4.1. Assume Conditions A.1, A.3 and A.6. For p = 2q, q ∈
N, tni−1 � t � tni

E
[|Mt |p|Fn

i−1

]
�CpE

[∫∫ t

tni−1

cp(Xs, z) q(ds,dz)

∣
∣
∣Fn

i−1

]

.

Proof. This proof follows from Bichteler and Jacod [5]. By using Doob’s
inequality

E

[

sup
tni−1�s�t

|Ms |2|Fn
i−1

]

�4E
[
M2

t |Fn
i−1

]
�4E

[〈M,M〉t |Fn
i−1

]

�4E

[∫∫ t

tni−1

c2(Xs, z) q(ds,dz)

∣
∣
∣Fn

i−1

]

,

hence Lemma 4.1 holds for q =1. Next we suppose that Lemma holds for
p =2q . We notice that [M,M]t =Nt +〈M,M〉t for all p ∈N then

[M,M]pt �2p−1(N
p
t +〈M,M〉pt ).

Using the Burkholder–Davis–Gundy inequality and the above inequality

E
[|Mt |2p|Fn

i−1

]

�CpE
[|Nt |p +〈M,M〉pt |Fn

i−1

]

�CpE

[∫∫ t

tni−1

c2p(Xs, z) q(ds,dz)+
(∫∫ t

tni−1

c2(Xs, z) q(ds,dz)

)p ∣
∣
∣Fn

i−1

]

.

Applying Jensen’s inequality to the last second term, we have

E
[|Mt |2p|Fn

i−1

]
�CpE

[∫∫ t

tni−1

c2p(Xs, z) q(ds,dz)

∣
∣
∣Fn

i−1

]

.

Therefore Lemma holds for p =2q+1.
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4.5. PROOF OF PROPOSITION 3.2

We prove (3.6); the others are done similarly
Let Y be a solution to the following stochastic differential equation

dYt = ā(Yt )dt +b(Yt )dWt

independent of J n
i . Simple calculation deduce the multidimensional case of

Lemma 7 in Kessler [19], that is,

E
[
Ȳ

(k1)
i,n Ȳ

(k2)
i,n Ȳ

(k3)
i,n Ȳ

(k4)
i,n |Fn

i−1

]

=h2
n

(
β

(k1,k2)

i−1 β
(k3,k4)

i−1 +β
(k1,k3)

i−1 β
(k2,k4)

i−1 +β
(k1,k4)

i−1 β
(k2,k3)

i−1

)
+R(α,h3

n,Xtni−1
).

(4.6)

Since J n
i is independent of Fn

i−1, we have

E
[
X̄

(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n X̄

(k4)
i,n 1{J n

i =0}|Fn
i−1

]

=E
[
Ȳ

(k1)
i,n Ȳ

(k2)
i,n Ȳ

(k3)
i,n Ȳ

(k4)
i,n 1{J n

i =0}|Fn
i−1

]

=E
[
Ȳ

(k1)
i,n Ȳ

(k2)
i,n Ȳ

(k3)
i,n Ȳ

(k4)
i,n |Fn

i−1

]
P0
{
J n

i =0
}

=h2
ne

−λ0hn

(
β

(k1,k2)

i−1 β
(k3,k4)

i−1 +β
(k1,k3)

i−1 β
(k2,k4)

i−1 +β
(k1,k4)

i−1 β
(k2,k3)

i−1

)
+

+R(α,h3
n,Xtni−1

).

On the other hand,

E
[
X̄

(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n X̄

(k4)
i,n 1{J n

i =0}|Fn
i−1

]

=E
[
X̄

(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n X̄

(k4)
i,n 1Cn

i,0
|Fn

i−1

]
+E

[
X̄

(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n X̄

(k4)
i,n 1Dn

i,0
|Fn

i−1

]
.

According to (3.1) and Lemma 2.2

∣
∣
∣E
[
X̄

(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n X̄

(k4)
i,n 1Dn

i,0
|Fn

i−1

]∣
∣
∣

�
√

E
[
(X̄

(k1)
i,n X̄

(k2)
i,n X̄

(k3)
i,n X̄

(k4)
i,n )2|Fn

i−1

]
P {Dn

i,0|Fn
i−1}

�
√

E
[
C
(|�Xn

i |8 +|āi−1hn|8
) |Fn

i−1

]
P {Dn

i,0|Fn
i−1}

�R(α,hp
n ,Xtni−1

).

This completes the proof.
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4.6. PROOF OF PROPOSITION 3.3

The π -integrability of g(x) is led from the uniform integrability of g(n)(x, α).
Let us prove that each convergence holds for fixed α. We start with the

proof of (i)

P

{∣
∣
∣
∣
∣

1
n

n∑

i=1

g
(n)

i−1(α)−
∫

g(x,α)π(dx)

∣
∣
∣
∣
∣
>ε

}

�P

{∣
∣
∣
∣
∣

1
n

n∑

i=1

g
(n)

i−1(α)− 1
nhn

∫ nhn

0
g(n)(Xs, α)ds

∣
∣
∣
∣
∣
>

ε

3

}

+

+P

{∣
∣
∣
∣

1
nhn

∫ nhn

0
g(n)(Xs, α)ds − 1

nhn

∫ nhn

0
g(Xs, α)ds

∣
∣
∣
∣>

ε

3

}

+

+P

{∣
∣
∣
∣

1
nhn

∫ nhn

0
g(Xs, α)ds −

∫

g(x,α)π(dx)

∣
∣
∣
∣>

ε

3

}

.

This third term on the right-hand side converges to zero by the assumption
of ergodicity. Let us call the first and second terms P 1

n and P 2
n , respectively,

then

P 1
n � 3

ε
E

[∣
∣
∣
∣
∣

1
n

n∑

i=1

g
(n)

i−1(α)− 1
nhn

∫ nhn

0
g(n)(Xs, α)ds

∣
∣
∣
∣
∣

]

� 3
ε
E

[
1

nhn

n∑

i=1

∫ tni

tni−1

|g(n)(Xs, α)−g
(n)

i−1(α)|ds

]

.

Applying Taylor’s formula and Schwarz’ inequality,

P 1
n � 3

nhnε

n∑

i=1

∫ tni

tni−1

(
E
[|Xs −Xtni−1

|2])1/2 ×

×
(

E

[(∫ 1

0
∂xg

(n)(Xtni−1
+u(Xs −Xtni−1

), α)du

)2])1/2

ds.

The inequalities (3.1) and (3.2) of Proposition 3.1 yield

P 1
n � 3

nhnε

n∑

i=1

∫ tni

tni−1

(
E
[
C|s − tni−1|(1+|Xtni−1

|)C])1/2 ×

× (
E
[
O(bn)(1+|Xtni−1

|C)
])1/2

ds

� O(
√

bn)

nhnε

n∑

i=1

(∫ tni

tni−1

|s − tni−1|1/2 ds

)

�O(
√

hnbn).
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Moreover

P 2
n � 3

εnhn

∫ nhn

0
E|g(n)(Xt , α)−g(Xt, α)|dt

= 3
ε

∫

|g(n)(x, α)−g(x,α)|dπ.

This converges to zero by Lebesgue’s convergence theorem.
Next we show (iii) What we should show are the following (a) and (b)

thanks to Lemma 9 in Genon-Catalot and Jacod [10]:

(a)
n∑

i=1

E

[
1

nhn

g
(n)

i−1(α)1{|�Xn
i |>h

ρ
n}
∣
∣
∣Fn

i−1

]
P−→λ0

∫

g(x,α)dπ(x),

(b)
n∑

i=1

E

[
1

n2h2
n

(
g

(n)

i−1(α)
)2

1{|�Xn
i |>h

ρ
n}
∣
∣
∣Fn

i−1

]
P−→0.

(a) By the same argument as for (i), it is sufficient to show that

In := P

{∣
∣
∣
∣
∣

1
nhn

n∑

i=1

g
(n)

i−1(α)P
{
|�Xn

i |>hρ
n

∣
∣
∣Fn

i−1

}
−

− λ0
1

nhn

∫ nhn

0
g(n)(Xs, α)ds

∣
∣
∣
∣>ε

}

−→0.

This is easily seen as follows:

In � 1
ε
E

[
1

nhn

n∑

i=1

∫ tni

tni−1

∣
∣
∣
∣g

(n)

i−1(α)
1
hn

P
{
|�Xn

i |>hρ
n

∣
∣
∣Fn

i−1

}
−λ0g

(n)(Xs, α)

∣
∣
∣
∣ ds

]

� 1
nhnε

n∑

i=1

∫ tni

tni−1

[

E

∣
∣
∣
∣g

(n)

i−1(α)

(
1
hn

P
{
|�Xn

i |>hρ
n

∣
∣
∣Fn

i−1

}
−λ0

)∣
∣
∣
∣+

+λ0E|g(n)

i−1(α)−g(n)(Xs, α)|
]

ds

� 1
nhnε

n∑

i=1

∫ tni

tni−1

[√

E|g(n)

i−1(α)|2
√

E

∣
∣
∣
∣

1
hn

P
{
|�Xn

i |>h
ρ
n

∣
∣
∣Fn

i−1

}
−λ0

∣
∣
∣
∣

2

+

+λ0E|g(n)

i−1(α)−g(n)(Xs, α)|
]

ds =O(
√

hnbn).

Here we applied Lemma 2.2 to the term P
{
|�Xn

i |>h
ρ
n

∣
∣
∣Fn

i−1

}
and the same

argument as the proof of (i) to the term E|g(n)

i−1(α)−g(n)(Xs, α)|.
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(b)

P

{∣
∣
∣
∣
∣

1
n2h2

n

n∑

i=1

(
g

(n)

i−1(α)
)2

P
{
|�Xn

i |>hρ
n

∣
∣
∣Fn

i−1

}
∣
∣
∣
∣
∣
>ε

}

� 1
n2h2

nε

n∑

i=1

E

∣
∣
∣
∣

(
g

(n)

i−1(α)
)2

P
{
|�Xn

i |>hρ
n

∣
∣
∣Fn

i−1

}∣∣
∣
∣

� 1
n2hnε

n∑

i=1

√

E

∣
∣
∣g

(n)

i−1(α)

∣
∣
∣
4
E

∣
∣
∣
∣

1
hn

P
{
|�Xn

i |>h
ρ
n

∣
∣
∣Fn

i−1

}∣∣
∣
∣

2

=O
(

1
nhn

)

.

We can easily deduce (ii) for each fixed α from (i) and (iii) since

1
n

n∑

i=1

g
(n)

i−1(α)1{|�Xn
i |�h

ρ
n}=

1
n

n∑

i=1

g
(n)

i−1(α)−hn

(
1

nhn

n∑

i=1

g
(n)

i−1(α)1{|�Xn
i |>h

ρ
n}

)

.

Finally we have to show the uniformity of the convergence in α. We only
show (i); the uniformity in (ii) can be proved similarly and that in (iii) is
shown by the same argument as the proof of more general Proposition 3.6,

so we omit the proof here. Let sn(α) = 1
n

n∑

i=1

g
(n)

i−1(α), and we regard this

as a random element taking values in (C(�),‖ · ‖∞). It suffices to see the
tightness of this sequence. The tightness is implied by sup

n

E[sup
α

|∂αsn(α)|]<
∞ (one can easily check a tightness criterion in C space, for example,
appeared in Billingsley [2], p. 58), but this is clear if we use the stationarity
and the condition A.2.1.

4.7. PROOF OF PROPOSITION 3.4

We set

ζ n
i (α) := 1

nhn

gi−1(α)X̄
(k)
i,n X̄

(l)
i,n1{|�Xn

i |�h
ρ
n}.

We show

An :=
n∑

i=1

E
[
ζ n
i (α)|Fn

i−1

] P−→
∫

g(x,α)β(k,l)(x, σ0)dπ(x),

Bn :=
n∑

i=1

E
[
(ζ n

i (α))2|Fn
i−1

] P−→0.
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Using (3.4), we have

An = 1
nhn

n∑

i=1

gi−1(α)

2∑

j=0

E
[
X̄

(k)
i,n X̄

(l)
i,n1Cn

i,j

∣
∣
∣Fn

i−1

]

= 1
nhn

n∑

i=1

gi−1(α)

{

hne
−λ0hnβ

(k,l)

i−1 (σ0)+R(α,h2
n,Xtni−1

)+

+
2∑

j=1

E
[
X̄

(k)
i,n X̄

(l)
i,n1Cn

i,j
|Fn

i−1

]}

.

Here, for sufficiently large n, we have

∣
∣
∣X̄

(k)
i,n X̄

(l)
i,n

∣
∣
∣1{|�Xn

i |�h
ρ
n} �2

{(
hρ

n

)2 +|āi−1hn|2
}

=R(α,h2ρ
n ,Xtni−1

).

Hence
∣
∣
∣
∣
∣
∣

2∑

j=1

1
nhn

n∑

i=1

gi−1(α)E
[
X̄

(k)
i,n X̄

(l)
i,n1Cn

i,j
|Fn

i−1

]
∣
∣
∣
∣
∣
∣

�
2∑

j=1

1
nhn

n∑

i=1

R(α,h2ρ
n ,Xtni−1

)P {Cn
i,j |Fn

i−1}

=Op(h1+2ρ
n ).

Therefore, by Proposition 3.3(i),

An = 1
nhn

n∑

i=1

gi−1(α)hne−λ0hnβ
(k,l)

i−1 (σ0)+

+Op(hn)
P−→

∫

g(x,α)β(k,l)(x, σ0)dπ(x).

The convergence of Bn can be proved similarly as for An

The proof of the uniformity of convergence is the same as for Proposi-
tion 3.3 (i), that is, we set

sn(α)= 1
nhn

n∑

i=1

gi−1(α)X̄
(k)
i,n X̄

(l)
i,n1{|�Xn

i |�h
ρ
n},

and using (3.6)
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sup
n

E

[

sup
α

|∂αsn(α)|
]

� 1
nhn

n∑

i=1

E
[
C(1+|Xtni−1

|)C
∣
∣
∣X̄

(k)
i,n X̄

(l)
i,n

∣
∣
∣1{|�Xn

i |�h
ρ
n}
]

� C

nhn

n∑

i=1

√
√
√
√

2∑

j=0

E

[∣
∣
∣X̄

(k)
i,n X̄

(l)
i,n

∣
∣
∣
2

1Cn
i,j

]

� C

nhn

n∑

i=1

E[R(α,hn,Xtni−1
)]<∞.

This completes the proof.

4.8. PROOF OF PROPOSITION 3.5

We prove the convergence for each α in a similar way as for Proposition
3.4. Setting

ζ n
i (α)= 1

nhn

gi−1(α)X̄
(k)
i,n1{|�Xn

i |�h
ρ
n},

we show

An :=
n∑

i=1

E
[
ζ n
i (α)|Fn

i−1

] P−→0, Bn :=
n∑

i=1

E
[
(ζ n

i (α))2|Fn
i−1

] P−→0.

Using (3.3), we have

An = 1
nhn

n∑

i=1

gi−1(α)

2∑

j=0

E
[
X̄

(k)
i,n1Cn

i,j

∣
∣
∣Fn

i−1

]

= 1
nhn

n∑

i=1

gi−1(α)

⎧
⎨

⎩
R(α,h2

n,Xtni−1
)+

2∑

j=1

E
[
X̄

(k)
i,n1Cn

i,j
|Fn

i−1

]
⎫
⎬

⎭
.

Here, for sufficiently large n, we have
∣
∣
∣X̄

(k)
i,n

∣
∣
∣1{|�Xn

i |�h
ρ
n} �hρ

n +|āi−1hn|=R(α,hρ
n,Xtni−1

).

Hence
∣
∣
∣
∣
∣
∣

2∑

j=1

1
nhn

n∑

i=1

gi−1(α)E
[
X̄

(k)
i,n1Cn

i,j
|Fn

i−1

]
∣
∣
∣
∣
∣
∣

�
2∑

j=1

1
nhn

n∑

i=1

R(α,hρ
n,Xtni−1

)P {Cn
i,j |Fn

i−1}

=Op(h1+ρ
n ).

Therefore An = Op(hn). The convergence of Bn can be proved similarly as
for An
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Next, we show the tightness of

sn(α) :=
n∑

i=1

ζ n
i (α)

=
n∑

i=1

ζ̄ n
i (α)+ 1

nhn

n∑

i=1

gi−1(α)X̄
(k)
i,n1{|�Xn

i |>h
ρ
n}.

where ζ̄ n
i (α)= 1

nhn

gi−1(α)X̄
(k)
i,n . The tightness of the second term in the last

right-hand side is shown by the same argument as the proof of Propo-
sition 3.6 below. Therefore we only show the tightness of the first term∑n

i=1 ζ̄ n
i (α).

According to Theorem 20 in Appendix 1 from Ibragimov and Has’min-
skii [15], we should verify the following criterion: for any N ∈N and some
positive constant H independent of n,

E

⎡

⎣

(
n∑

i=1

ζ̄ n
i (α)

)2N
⎤

⎦�H, (4.7)

E

⎡

⎣

(
n∑

i=1

ζ̄ n
i (α1)−

n∑

i=1

ζ̄ n
i (α2)

)2N
⎤

⎦�H |α1 −α2|2N. (4.8)

Let G(s,α)=
n∑

i=1

gi−1(α)1[tni−1,t
n
i )(s), we have

n∑

i=1

ζ̄ n
i (α)

= 1
nhn

{∫ nhn

0
G(s,α)ā(k)(Xs)ds +

r∑

j=1

∫ nhn

0
G(s,α)b(k,j)(Xs)dW(j)

s +

+
∫ nhn

0

∫

G(s,α)c(k)(Xs−, z) (p −q)(ds,dz)−
n∑

i=1

gi−1(α)ā
(k)

i−1hn

}

.

Therefore, the left-hand side of (4.7) is evaluated as follows:

E

⎡

⎣

(
n∑

i=1

ζ̄ n
i (α)

)2N
⎤

⎦

�CN

{

E

[(
1

nhn

∫ nhn

0
G(s,α)ā(k)(Xs)ds

)2N
]

+



DIFFUSION PROCESS WITH JUMPS FROM DISCRETE OBSERVATIONS 255

+
r∑

j=1

E

[(
1

nhn

∫ nhn

0
G(s,α)b(k,j)(Xs)dW(j)

s

)2N
]

+

+E

[(
1

nhn

∫ nhn

0

∫

G(s,α)c(k)(Xs−, z) (p −q)(ds,dz)

)2N
]

+

+ E

⎡

⎣

(
1
n

n∑

i=1

gi−1(α)ā
(k)

i−1

)2N
⎤

⎦

⎫
⎬

⎭
.

Applying Jensen’s and Burkholder–Davis–Gundy’s inequality,

E

⎡

⎣

(
n∑

i=1

ζ̄ n
i (α)

)2N
⎤

⎦

�CN

⎧
⎨

⎩

1
nhn

∫ nhn

0
E
[
G2N(s, α)(ā(k)(Xs))

2N
]

ds+

+ 1
(nhn)N+1

r∑

j=1

∫ nhn

0
E
[
G2N(s, α)(b(k,j)(Xs))

2N
]

ds +

+ 1
(nhn)N+1

∫ nhn

0

∫

E
[
G2N(s, α)(c(k)(Xs−, z))2N

]
q(ds,dz)+

+E

⎡

⎣

(
1
n

n∑

i=1

gi−1(α)ā
(k)

i−1

)2N
⎤

⎦

⎫
⎬

⎭
.

One can see that these all are bounded because of Assumption A.2.1
On (4.8), by using Jensen’s inequality and Burkholder–Davis–Gundy’s
inequality,

E

⎡

⎣

(
1

|α1 −α2|
n∑

i=1

{
ζ̄ n
i (α1)− ζ̄ n

i (α2)
}
)2N

⎤

⎦

�CN

{
1

nhn

∫ nhn

0
E

[{
G(s,α1)−G(s,α2)

|α1 −α2|
}2N

(ā(k)(Xs))
2N

]

ds +

+ 1
(nhn)N+1

r∑

j=1

∫ nhn

0
E

[{
G(s,α1)−G(s,α2)

|α1 −α2|
}2N

(b(k,j)(Xs))
2N

]

ds +

+ 1
(nhn)N+1

∫ nhn

0

∫

E

[{
G(s,α1)−G(s,α2)

|α1 −α2|
}2N

(c(k)(Xs−, z))2N

]

q(ds,dz)+

+ 1
n

n∑

i=1

E

[{
gi−1(α1)−gi−1(α2)

|α1 −α2|
}2N

{ā(k)

i−1}2N

]}

. (4.9)
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Since ∂αg is of polynomial growth uniformly in α, we have

|G(s,α1)−G(s,α2)|
|α1 −α2| �

n∑

i=1

sup
α

|∂αgi−1(α)|1[tni−1,t
n
i )(s)

�
n∑

i=1

C(1+|Xtni−1
|)C1[tni−1,t

n
i )(s),

and

|gi−1(α1)−gi−1(α2)|
|α1 −α2| � sup

α

|∂αgi−1(α)|�C(1+|Xtni−1
|)C.

Hence we see that (4.9) is bounded.

4.9. PROOF OF PROPOSITION 3.6

First, we show the convergence for each α.
Applying Hölder’s inequality, for p > 1, δ ∈ (0,1/3] which satisfies 1

p
+

1
1+δ

=1 and ε >0,

∑

j=0,2

P

{∣
∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xn
i ,Xtni−1

)1Dn
i,j

∣
∣
∣
∣
∣
>ε

}

�
∑

j=0,2

1
εnhn

n∑

i=1

E
[∣
∣
∣gn(α,�Xn

i ,Xtni−1
)1Dn

i,j

∣
∣
∣

]

�
∑

j=0,2

1
εnhn

n∑

i=1

(
E
∣
∣gn(α,�Xn

i ,Xtni−1
)
∣
∣p
)1/p (

P {Dn
i,j }

)1/1+δ

=O
(

h
1−δ
1+δ
n

√
bn

)

=O
(
√

hnbn ·h
1−3δ
2+2δ
n

)

=o(1).

From this, we have the following inequality:

P

{∣
∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xn
i ,Xtn

i−1
)1{|�Xn

i |>h
ρ
n }−

∫∫

gn(α, y, x)�θ0(y, x)dy dπ

∣
∣
∣
∣
∣
>3ε

}

=P

⎧
⎨

⎩

∣
∣
∣
∣
∣
∣

1
nhn

n∑

i=1

2∑

j=0

gn(α,�Xn
i ,Xtn

i−1
)1Dn

i,j
−
∫∫

gn(α, y, x)�θ0(y, x)dy dπ

∣
∣
∣
∣
∣
∣
>3ε

⎫
⎬

⎭

�P

{∣
∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xn
i ,Xtn

i−1
)1Dn

i,1
−
∫∫

gn(α, y, x)�θ0(y, x)dy dπ

∣
∣
∣
∣
∣
>ε

}

+
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+
∑

j=0,2

P

{∣
∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xn
i ,Xtn

i−1
)1Dn

i,j

∣
∣
∣
∣
∣
>ε

}

�
5∑

k=1

Ik +o(1),

where

I1 =P

{∣
∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xn
i ,Xtni−1

)1Dn
i,1

− 1
nhn

n∑

i=1

gn(α,�Xτn
i
,Xtni−1

)1Dn
i,1

∣
∣
∣
∣
∣
>

ε

5

}

,

I2 =P

{∣
∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xτn
i
,Xtni−1

)1Dn
i,1

− 1
nhn

n∑

i=1

gn(α,�Xτn
i
,Xtni−1

)1{J n
i =1}

∣
∣
∣
∣
∣
>

ε

5

}

,

I3 =P

{∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xτn
i
,Xtni−1

)1{J n
i =1} −

− 1
nhn

n∑

i=1

∫ tni

tni−1

∫

gn(α, ci−1(z, θ0),Xtni−1
)p(ds,dz)

∣
∣
∣
∣>

ε

5

}

,

I4 =P

{∣
∣
∣
∣

1
nhn

n∑

i=1

∫ tni

tni−1

∫

gn(α, ci−1(z, θ0),Xtni−1
)p(ds,dz)−

− 1
nhn

n∑

i=1

∫ tni

tni−1

∫

gn(α, ci−1(z, θ0),Xtni−1
) qθ0(ds,dz)

∣
∣
∣
∣>

ε

5

}

,

I5 =P

{∣
∣
∣
∣

1
nhn

n∑

i=1

∫ tni

tni−1

∫

gn(α, ci−1(z, θ0),Xtni−1
) qθ0(ds,dz)−

−
∫∫

g(α, y, x)�θ0(y, x)dy dπ

∣
∣
∣
∣>

ε

5

}

.

Let us evaluate these terms. Applying Hölder’s inequality, for p>1 and q >

1 with 1
p

+ 1
q
=1, we see

I1 � 5
εnhn

n∑

i=1

E
[
|gn(α,�Xn

i ,Xtni−1
)−gn(α,�Xτn

i
,Xtni−1

)|1Dn
i,1

]

� 5
εnhn

n∑

i=1

E
[∣
∣g̃n(α, ξn

i ,Xtni−1
)
∣
∣
(|Xtni

−Xτn
i
|+ |Xτn

i − −Xtni−1
|)1{J n

i =1}
]

� 5
εnhn

n∑

i=1

E

[(
E
[∣
∣g̃n(α, ξn

i ,Xtni−1
)
∣
∣2
∣
∣
∣J

n
i =1

])1/2
×

×
(
E
[(|Xtni

−Xτn
i
|+ |Xτn

i − −Xtni−1
|)2
∣
∣
∣J

n
i =1

])1/2
1{J n

i =1}

]

,

where ξn
i = η�Xn

i + (1 − η)�Xτn
i

for some [0,1]-valued random variable η.
Here, we notice that X follows the following stochastic differential equation
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on the set {J n
i =1};

X̃t − X̃tni−1
=Ht +

∫ t

tni−1

ā(X̃s)ds +
∫ t

tni−1

b(X̃s)dWs,

where X̃tni−1
= Xtni−1

, Ht = c(Xu−, z)1[u,tni ](t), u is a [tni−1, t
n
i ]-valued uniform

random variable which is independent of (Wt)t�0 and J n
i , and z is a ran-

dom variable with density Fθ0 which is independent of (Wt)t�0. Therefore,
for example,

E
[∣
∣Xτn

i −−Xtni−1

∣
∣2
∣
∣
∣J

n
i =1

]
=E

[∣
∣Xτn

i −−Xtni−1

∣
∣2 1{J n

i =1}
]/

P {J n
i =1} ·1{J n

i =1}

=E

[∣
∣
∣X̃u− − X̃tni−1

∣
∣
∣
2
]

1{J n
i =1}.

Applying the Burkholder–Davis–Gundy’s inequality to (4.1)

E

[

sup
t∈[tni−1,τ

n
i −]

|X̃t − X̃tni−1
|2
]

�C

{

h2
n +E

[∫ tni

tni−1

b2(X̃s)ds

]}

=O(hn).

Hence E
[∣
∣Xτn

i − −Xtni−1

∣
∣2
∣
∣
∣J n

i =1
]
=O(hn)1{J n

i =1}. Similarly, by (4.2),

E

[

sup
t∈[τn

i ,tni ]
|X̃tni

− X̃t |2
]

=O(hn),

so E
[∣
∣Xtni

−Xτn
i

∣
∣2
∣
∣
∣J n

i =1
]
=O(hn)1{J n

i =1}. Hence I1 =O
(√

hnbn

)

I2 =P

{∣
∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xτn
i
,Xtni−1

)1Cn
i,1

∣
∣
∣
∣
∣
>

ε

5

}

� 5
εnhn

n∑

i=1

E
[∣
∣
∣gn(α,�Xτn

i
,Xtni−1

)1Cn
i,1

∣
∣
∣

]

� C

nhn

n∑

i=1

O(
√

bn)
√

P {Cn
i,1}=O

(√
hnbn

)
.

I3 �P

{∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α,�Xτn
i
,Xtni−1

)1{J n
i =1} −

− 1
nhn

n∑

i=1

gn(α, ci−1(�Zτn
i
, θ0),Xtni−1

)1{J n
i =1}

∣
∣
∣
∣>

ε

10

}

+

+P

{∣
∣
∣
∣

1
nhn

n∑

i=1

gn(α, ci−1(�Zτn
i
, θ0),Xtni−1

)1{J n
i =1} −
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− 1
nhn

n∑

i=1

∫ tni

tni−1

∫

gn(α, ci−1(z, θ0),Xtni−1
)p(ds,dz)

∣
∣
∣
∣>

ε

10

}

.

The first term of the right-hand side becomes O(
√

hnbn) by the same argu-
ment as I1. Denote the second term by I ′

3 then

I ′
3 � 10

εnhn

n∑

i=1

E

[∣
∣
∣
∣gn(α, ci−1(�Zτn

i
, θ0),Xtni−1

)1{J n
i =1} −

−
∫ tni

tni−1

∫

gn(α, ci−1(z, θ0),Xtni−1
)p(ds,dz)

∣
∣
∣
∣

]

= 10
nhn

n∑

i=1

E

[∣
∣
∣
∣
∣

∫ tni

tni−1

∫

1{J n
i �2}gn(α, ci−1(z, θ0),Xtni−1

)p(ds,dz)

∣
∣
∣
∣
∣

]

� 10
nhn

n∑

i=1

√
√
√
√

P {J n
i �2}E

(∫ tni

tni−1

∫

gn(α, ci−1(z, θ0),Xtni−1
)p(ds,dz)

)2

� C

n

n∑

i=1

√
√
√
√E

[∫ tni

tni−1

∫

g2
n(α, ci−1(z, θ0),Xtni−1

) q(ds,dz)

]

=O(
√

hnbn).

Hence I3 =O(
√

hnbn). Furthermore

I4 � 25
ε2

E

⎡

⎣

(
1

nhn

n∑

i=1

∫ tni

tni−1

∫

gn(α, ci−1(z, θ0),Xtni−1
) (p −q)(ds,dz)

)2
⎤

⎦

� 25
ε2n2h2

n

n∑

i=1

E

[∫ tni

tni−1

∫

g2
n(α, ci−1(z, θ0),Xtni−1

)q(ds,dz)

]

+

+ 50
ε2n2h2

n

∑

i<j

E

[∫ tni

tni−1

∫

gn(α, ci−1(z, θ0),Xtni−1
) (p −q)(ds,dz)×

×E

[∫ tnj

tnj−1

∫

gn(α, cj−1(z, θ0),Xtnj−1
) (p −q)(ds,dz)

∣
∣
∣Fn

j−1

]]

=O
(

bn

nhn

)

.

On I5, it is obvious that it converges to zero because of Proposition 3.3 (i)
(see Remark 3.4).

Let us show the uniformity of convergence. Set

sn(α)= 1
nhn

n∑

i=1

gn(α,�Xn
i ,Xtni−1

)1{|�Xn
i |>h

ρ
n}.
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We prove the tightness of {sn(α)}. The expectation

E

[

sup
α

|∂αsn(α)|
]

� 1
nhn

n∑

i=1

2∑

j=0

E

[

sup
α

|∂αgn(α,�Xn
i ,Xtni−1

)|1Dn
i,j

]

� 1
nhn

n∑

i=1

E

[

sup
α

|∂αgn(α,�Xn
i ,Xtni−1

)|1Dn
i,1

]

+o
(√

hnbn

)

by condition (3.9) and Hölder ’s inequality, and we can show that

1
nhn

n∑

i=1

E

[

sup
α

|∂αgn(α,�Xn
i ,Xtni−1

)|1Dn
i,1

]

=
∫∫

sup
α

|∂αgn(α, y, x)|�θ0(y, x)dy dπ +O
(√

hnbn

)
.

Indeed, by the same argument as above,
∣
∣
∣
∣E

[
1

nhn

n∑

i=1

sup
α

|∂αgn(α,�Xn
i ,Xtni−1

)|1Dn
i,1

−

−
∫∫

sup
α

|∂αgn(α, y, x)|�θ0(y, x)dy dπ

]∣
∣
∣
∣�

5∑

k=1

Hk,

where

H1 =
∣
∣
∣
∣E

[
1

nhn

n∑

i=1

sup
α

|∂αgn(α,�Xn
i ,Xtni−1

)|1Dn
i,1

−

− 1
nhn

n∑

i=1

sup
α

|∂αgn(α,�Xτn
i
,Xtni−1

)|1Dn
i,1

]∣
∣
∣
∣,

H2 =
∣
∣
∣
∣E

[
1

nhn

n∑

i=1

sup
α

|∂αgn(α,�Xτn
i
,Xtni−1

)|1Dn
i,1

−

− 1
nhn

n∑

i=1

sup
α

|∂αgn(α,�Xτn
i
,Xtni−1

)|1{J n
i =1}

]∣
∣
∣
∣,

H3 =
∣
∣
∣
∣E

[
1

nhn

n∑

i=1

sup
α

|∂αgn(α,�Xτn
i
,Xtni−1

)|1{J n
i =1} −

− 1
nhn

n∑

i=1

∫ tni

tni−1

∫

sup
α

|∂αgn(α, ci−1(z, θ0),Xtni−1
)|p(ds,dz)

]∣
∣
∣
∣,

H4 =
∣
∣
∣
∣E

[
1

nhn

n∑

i=1

∫ tni

tni−1

∫

sup
α

|∂αgn(α, ci−1(z, θ0),Xtni−1
)|p(ds,dz)−
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− 1
nhn

n∑

i=1

∫ tni

tni−1

∫

sup
α

|∂αgn(α, ci−1(z, θ0),Xtni−1
)|qθ0(ds,dz)

]∣
∣
∣
∣,

H5 =
∣
∣
∣
∣E

[
1

nhn

n∑

i=1

∫ tni

tni−1

∫

sup
α

|∂αgn(α, ci−1(z, θ0),Xtni−1
)|qθ0(ds,dz)−

−
∫∫

sup
α

|∂αg(α, y, x)|�θ0(y, x)dy dπ

]∣
∣
∣
∣.

We obtain that H1 =O
(√

hnbn

)
by the same argument as for I1 since

∣
∣
∣
∣sup

α

|∂αgn(α, y1, x)|− sup
α

|∂αgn(α, y2, x)|
∣
∣
∣
∣� sup

α

|∂αgn(α, y1, x)− ∂αgn(α, y2, x)|
� g̃n(α, ηy1 + (1−η)y2, x)|y1 −y2|.

Similarly, we can obtain that H2 +H3 =O
(√

hnbn

)
. Moreover it is also easy

to see that H4 =H5 =0.
Hence, supn E

[
supα |∂αsn(α)|]<∞. This completes the proof.

4.10. PROOF OF THEOREM 2.1

First, we prove the consistency.
Applying Propositions 3.3(i), (ii), 3.4 and 3.6 we can easily obtain that

1
n

l̄n(α)
P−→U1(σ, σ0) :=−1

2

∫
{
tr
(
β−1(x, σ )β(x, σ0)

)+log det β(x, σ )
}

dπ, (4.10)

1
nhn

l̃n(θ)
P−→U2(θ, θ0) :=

∫ ∫
{
(log �θ(y, x))�θ0(y, x)−�θ(y, x)

}
dy dπ (4.11)

uniformly in σ and θ . See Remarks 3.2 and 3.5 on the conditions for the
convergence (4.9)

In order to prove the consistency of α̂n, we may assume that the con-
vergences of (4.9) and (4.9) take place almost surely and uniformly in the
parameters, and prove that it implies α̂n →α0 almost surely since the con-
vergence in probability implies that, for any subsequence, the existence of
a subsequence converging almost surely.

For fixed ω∈�, thanks to the compactness of �, there exists a subse-
quence nk such that α̂nk

→α∞ = (θ∞, σ∞). Since the mapping σ →U1(σ, σ0)

is continuous,

1
nk

lnk
(α̂nk

)−→U1(σ∞, σ0),

and, by the definition of σ̂n, we have U1(σ∞, σ0)�U1(σ0, σ0). On the other
hand, notice the following inequality:

log
det β(x, σ0)

det β(x, σ∞)
� tr

[
β−1(x, σ∞)β(x, σ0)

]−d,
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then we have U1(σ∞, σ0) � U1(σ0, σ0). Hence U1(σ∞, σ0) = U1(σ0, σ0), and
Assumption A.10 leads that σ∞ =σ0. This implies that any convergent sub-
sequence of σ̂n tends to σ0. This means the consistency of σ̂n.

Next, let us show the consistency of θ̂n. Since the mapping θ →U2(θ, θ0)

is also continuous,

1
nkhnk

˜lnk
(θ̂nk

)−→U2(θ∞, θ0)

for fixed ω∈�. Here we prepare a lemma.

LEMMA 4.2. Assume Conditions A.1–A.11, hn →0 and nhn →∞. Then

1
nhn

l̄n(θ, σ )− 1
nhn

l̄n(θ0, σ )

P−→−1
2

∫

(ā(x, θ0)− ā(x, θ))∗β−1(x, σ )(ā(x, θ0)− ā(x, θ))dπ (4.12)

uniformly in α.

Thanks to this lemma and the continuity of the limit function (4.12),

1
nhn

ln(θ̂nk
, σ̂n)− 1

nhn

ln(θ0, σ̂n)

P−→−1
2

∫

(ā(x, θ0)− ā(x, θ∞))∗β−1(x, σ0)(ā(x, θ0)− ā(x, θ∞))dπ −
−{U2(θ0, θ0)−U2(θ∞, θ0)}.

The above limit is positive because of the definition of θ̂n. Hence θ∞ sat-
isfies �θ∞(x, z) = �θ0(x, z) and ā(x, θ0) = ā(x, θ∞) since β−1 is a positive
definite and U2(θ, θ0) will be maximized if and only if �θ(x, z)=�θ0(x, z).
Thus the assumption A.10 implies θ∞ = θ0 This ends the proof of consis-
tency.

Second, we proceed with the proof of the asymptotic normality of α̂n

First, let us compute the first and second derivatives of the contrast func-
tion. For p,p′ =1,2, . . . ,m1 and q, q ′ =1,2, . . . ,m2,

∂θp
ln(α)=

n∑

i=1

{
δ

p

i,1(α)+ δ
p

i,2(α)
}
,

δ
p

i,1(α)=
d∑

k,l=1

∂θp
ā

(k)

i−1(θ)(β−1
i−1)

(k,l)(σ )X̄
(l)
i,n(θ)1{|�Xn

i |�h
ρ
n},

δ
p

i,2(α)= ∂θp

{
log �n(θ,Xtni−1

,�Xn
i )
}
ϕn(Xtni−1

,�Xn
i )1{|�Xn

i |>h
ρ
n} −

−hn

∫

∂θp
�n(θ,Xtni−1

, y)dy,
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∂σq
ln(α)=

n∑

i=1

ζ
q

i (α),

ζ
q

i (α)=−1
2

⎧
⎨

⎩

d∑

k,l=1

∂σq
(β−1

i−1)
(k,l)(σ )

hn

X̄
(k)
i,n (θ)X̄

(l)
i,n(θ) +

+∂σq
det βi−1(σ )

det βi−1(σ )

⎫
⎬

⎭
1{|�Xn

i |�h
ρ
n},

∂2
θpθp′ ln(α)=

n∑

i=1

d∑

k,l=1

{

∂2
θpθp′ ā

(k)

i−1(θ)(β−1
i−1)

(k,l)(σ )X̄
(l)
i,n(θ)−

−(∂θp
ā

(k)

i−1(θ))(∂θp′ ā
(l)

i−1(θ))(β−1
i−1)

(k,l)(σ )hn

}

1{|�Xn
i |�h

ρ
n} +

+
n∑

i=1

{

∂2
θpθp′

{
log �n(θ,Xtni−1

,�Xn
i )
}
ϕn(Xtni−1

,�Xn
i )1{|�Xn

i |>h
ρ
n} −

−hn

∫

∂2
θpθp′ �n(θ,Xtni−1

, y)dy

}

,

∂2
σqσq′ ln(α)=−

n∑

i=1

{ d∑

k,l=1

∂2
σqσq′ (β

−1
i−1)

(k,l)(σ )

2hn

X̄
(k)
i,n (θ)X̄

(l)
i,n(θ)

+1
2
∂2
σqσq′ log det βi−1(σ )

}

1{|�Xn
i |�h

ρ
n},

∂2
θpσq

ln(α)= ∂2
σqθp

ln(α)=−
n∑

i=1

d∑

k,l=1

∂θp
ā

(k)

i−1(θ)∂σq
(β−1

i−1)
(k,l) ×

×(σ )X̄
(l)
i,n(θ)1{|�Xn

i |�h
ρ
n}.

We define the following notations.

M :=

⎛

⎜
⎜
⎝

1√
nhn

Im1 0

0
1√
n
Im2

⎞

⎟
⎟
⎠ ,

where In is an n-dimensional identity matrix. Let

Sn :=
(√

nhn(θ̂n − θ0)√
n(σ̂n −σ0)

)

, Ln(α) :=

⎛

⎜
⎜
⎝

− 1√
nhn

∂θ ln(α)

− 1√
n
∂σ ln(α)

⎞

⎟
⎟
⎠ ,
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and

Cn(α) :=

⎛

⎜
⎜
⎝

1
nhn

∂2
θ ln(α)

1

n
√

hn

∂2
θσ ln(α)

1

n
√

hn

∂2
σθ ln(α)

1
n
∂2
σ ln(α)

⎞

⎟
⎟
⎠ .

Then

M∂2
αln =

⎛

⎜
⎜
⎝

1√
nhn

∂2
θ ln(α)

1√
nhn

∂2
θσ ln(α)

1√
n
∂2
σθ ln(α)

1√
n
∂2
σ ln(α)

⎞

⎟
⎟
⎠=Cn(α)M−1.

Now, by Taylor’s formula,
∫ 1

0
∂2
αln(α0 +u(α̂n −α0))du

(
θ̂n − θ0

σ̂n −σ0

)

=−∂αln(α0) (4.13)

since ∂ln(α̂n)=0. Then, multiplying both sides by M from the left, we have
∫ 1

0
Cn(α0 +u(α̂n −α0))duSn =Ln(α0). (4.14)

Thus the asymptotic normality of Sn is proved by Lemmas 4.3 and 4.4
below.

LEMMA 4.3. Assume A.1–A.11, hn → 0 and nhn →∞. Then the following
statements hold.

(i) Cn(α0)
P−→B, where B =−K and K is given in Theorem 2.1.

(ii) For any positive sequence εn tending to zero,

sup
|α|�εn

|Cn(α +α0)−Cn(α0)| P−→0 (n→∞).

LEMMA 4.4. Assume A.1–A.11, hn → 0 and nhn →∞, in addition, assume
nh2

n →0. Then

Ln(α0)
d−→L∼N (0,K).

Actually, by (4.14),
(∫ 1

0
{Cn(α0 +u(α̂n −α0))−Cn(α0)}du+Cn(α0)

)

Sn =Ln(α0).
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We find that the matrix
∫ 1

0
{Cn(α0 +u(α̂n −α0))−Cn(α0)}du+Cn(α0) (4.15)

converges in probability to the nonsingular matrix B. Hence, taking the
limit on both sides after multiplying by the inverse of (4.15), we have

Sn
d−→B−1L∼N (0,K−1)

by the continuous mapping theorem. This is the end of the proof.

4.11. PROOF OF LEMMA 4.2

By simple computation,

1
nhn

l̄n(θ, σ )− 1
nhn

l̄n(θ0, σ )

=− 1
2n

n∑

i=1

(āi−1(θ0)− āi−1(θ))∗β−1
i−1(σ )(āi−1(θ0)− āi−1(θ))1{|�Xn

i |�h
ρ
n} −

− 1
nhn

n∑

i=1

(āi−1(θ0)− āi−1(θ))∗β−1
i−1(σ )

(
�Xn

i − āi−1(θ0)hn

)
1{|�Xn

i |�h
ρ
n}.

Propositions 3.3(ii) and 3.5 end the proof.

4.12. PROOF OF LEMMA 4.3

(i) We show the convergence of n−1∂2
σ ln(α0) only. The others are easily

shown by using Propositions 3.3(i), (ii), 3.4, 3.5 and 3.6.
Applying Propositions 3.3 (ii) and 3.4, we have

1
n
∂2
σqσq′ ln(α0)

P−→−1
2

∫

tr
[
∂2
σqσq′ β

−1(x)β(x)
]

dπ − 1
2

∫

∂σq
∂σq′ log det β(x)dπ.

Noticing that ∂σq
log det β(x, σ )=−tr

[
∂σq

β−1(x)β(x)
]
, so also

∂2
σqσq′ log det β(x)=−tr

[
∂2
σqσq′ β

−1(x)β(x)
]
− tr

[
∂σq

β−1(x)∂σq′ β(x)
]
,

we can obtain that

1
n
∂2
σqσq′ ln(α0)

P−→ 1
2

∫

tr
[
∂σq

β−1(x)∂σq′ β(x)
]

dπ

= −1
2

∫

tr
[
(∂σq

β)β−1(∂σq′ β)β−1] (x)dπ. ��
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(ii) Let B(α) be the uniform limit of Cn(α), that is,

sup
α∈H

|Cn(α)−B(α)| P−→0,

and B(α) is easily specified. Then, noticing B(α0)=B, we have

sup
|α|�εn

|Cn(α +α0)−Cn(α0)|
�2 sup

|α|�εn

|Cn(α +α0)−B(α +α0)|+ sup
|α|�εn

|B(α +α0)−B| .

The first term on the right-hand side converges to zero in probability by
the uniformity of convergence, The second term also converges to zero in
probability by the continuity of B(α).

4.13. PROOF OF LEMMA 4.4

We apply the central limit theorem for general L2-discrete processes (see
Shiryayev [26], Chapter VII, Section 8, or Hall and Heyde [13], Chapter
3). It suffices to show the following: For p,p′ =1, . . . ,m1, q, q ′ =1, . . . ,m2

and some ν1, ν2 >0,

n∑

i=1

∣
∣
∣
∣E

[
1√
nhn

δ
p

i,v(α0)|Fn
i−1

]∣
∣
∣
∣

P−→0 (v =1,2), (4.16)

n∑

i=1

∣
∣
∣
∣E

[
1√
n
ζi(α0)

q |Fn
i−1

]∣
∣
∣
∣

P−→0, (4.17)

n∑

i=1

E

[
1

nhn

δ
p

i,1(α0)δ
p′
i,1(α0)|Fn

i−1

]
P−→

∫

(∂θp
ā)∗β−1(∂θp′ ā(x, α0))dπ,

(4.18)
n∑

i=1

E

[
1

nhn

δ
p

i,2(α0)δ
p′
i,2(α0)|Fn

i−1

]
P−→

∫ ∫
∂θp

�θ0∂θp′ �θ0

�θ0

(y, x)dy dπ,

(4.19)
n∑

i=1

E

[
1

nhn

δ
p

i,1(α0)δ
p′
i,2(α0)|Fn

i−1

]
P−→0, (4.20)

n∑

i=1

E

[
1
n
ζ

q

i (α0)ζ
q ′
i (α0)|Fn

i−1

]
P−→ 1

2

∫

tr[(∂σq
β)β−1(∂σq′ β)β−1](x, σ0)dπ,

(4.21)
n∑

i=1

E

[
1

n
√

hn

δ
p

i,v(α0)ζ
q

i (α0)|Fn
i−1

]
P−→0 (v =1,2), (4.22)
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n∑

i=1

E

[∣
∣
∣
∣

1√
nhn

δ
p

i,v(α0)

∣
∣
∣
∣

2+ν1

|Fn
i−1

]
P−→0 (v =1,2), (4.23)

n∑

i=1

E

[∣
∣
∣
∣

1√
n
ζ

q

i (α0)

∣
∣
∣
∣

2+ν2

|Fn
i−1

]
P−→0. (4.24)

Remark 4.1. We use the central limit theorem for triangular arrays to
show this lemma, so we have to check the Lindeberg condition for Ln(α0)=∑n

i=1 Xni , that is,

n∑

i=1

E
[|Xni |21{|Xni |>ε}|Fn

i−1

] P−→0

for any ε >0. If Xni has an expression Xni =Yni +Zni then
n∑

i=1

E
[|Xni |21{|Xni |>ε}|Fi−1F

n
]

�4
n∑

i=1

E
[|Yni |21{|Yni |>ε/2}|Fn

i−1

]+4
n∑

i=1

E
[|Zni |21{|Zni |>ε/2}|Fn

i−1

]
.

Hence, to check the above Lindeberg condition, it suffices to check the fol-
lowing Lyapnov conditions:

n∑

i=1

E
[|Yni |2+ν1 |Fn

i−1

]
,

n∑

i=1

E
[|Zni |2+ν2 |Fn

i−1

] P−→0

for some ν1, ν2 > 0. Here, it is not necessary that ν1 and ν2 are the same,
so the above νi ’s of (4.23) and (4.24) can be taken differently.

Proof of (4.16).

For v =1,
n∑

i=1

∣
∣
∣
∣E

[
1√
nhn

δ
p

i,1(α0)|Fn
i−1

]∣
∣
∣
∣

= 1√
nhn

n∑

i=1

∣
∣
∣
∣
∣
∣

d∑

k,l=1

∂θp
ā

(k)

i−1(θ0)(β
−1
i−1)

(k,l)(σ0)

2∑

j=0

E
[
X̄

(l)
i,n1Cn

i,j
|Fn

i−1

]
∣
∣
∣
∣
∣
∣
.

Since |X̄(l)
i,n|1{|�Xn

i |�h
ρ
n} =R(α,h

ρ
n,Xtni−1

),

1√
nhn

n∑

i=1

∣
∣
∣
∣
∣
∣

d∑

k,l=1

∂θp
ā

(k)

i−1(θ0)(β
−1
i−1)

(k,l)(σ0)

2∑

j=1

E
[
X̄

(l)
i,n1Cn

i,j
|Fn

i−1

]
∣
∣
∣
∣
∣
∣
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� 1√
nhn

n∑

i=1

R(α,hρ
n,Xtni−1

)

2∑

j=1

P {Cn
i,j |Fn

i−1}

� 1
n

n∑

i=1

R

(

α,

√

nh
3+2ρ
n ,Xtni−1

)

.

Applying (3.3) to the term for j =0, we have
n∑

i=1

∣
∣
∣
∣E

[
1√
nhn

δ
p

i,1(α0)|Fn
i−1

]∣
∣
∣
∣

= 1√
nhn

n∑

i=1

∣
∣
∣
∣
∣
∣

d∑

k,l=1

∂θp
ā

(k)

i−1(θ0)(β
−1
i−1)

(k,l)(σ0)

∣
∣
∣
∣
∣
∣
R(α,h2

n,Xtni−1
)+op(

√

nh3
n)

= 1
n

n∑

i=1

R(α,

√

nh3
n,Xtni−1

)+op(

√

nh3
n)

P−→0.

For v =2,
n∑

i=1

∣
∣
∣
∣E

[
1√
nhn

δ
p

i,2(α0)|Fn
i−1

]∣
∣
∣
∣

= 1√
nhn

n∑

i=1

∣
∣
∣E
[ 2∑

j=0

∂θp

{
log �n(θ0,Xtni−1

,�Xn
i )
}
ϕn(Xtni−1

,�Xn
i )1Dn

i,j
−

−hn

∫

∂θp
�n(θ0,Xtni−1

, y)dy

∣
∣
∣Fn

i−1

]∣
∣
∣

= 1√
nhn

n∑

i=1

∣
∣
∣E
[
∂θp

{
log �n(θ0,Xtni−1

,�Xn
i )
}
ϕn(Xtni−1

,�Xn
i )1Dn

i,1
−

−hn

∫

∂θp
�n(θ0,Xtni−1

, y)dy

∣
∣
∣Fn

i−1

]∣
∣
∣+op

(√

nh2
nbn

)

� 1√
nhn

n∑

i=1

5∑

k=1

I i
k +op

(√

nh2
nbn

)

,

where

I i
1 =

∣
∣
∣
∣E

[

∂θp

{
log �n(θ0,Xtni−1

,�Xn
i )
}
ϕn(Xtni−1

,�Xn
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∫
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∣
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Since, by Remark 3.5,

|∂y∂θp
log �n(θ0, x, y)ϕn(x, y)|�O(

√
bn)(1+|y|)C(1+|x|)C,

if we take the same argument for I i
1–I i

3 as for H1–H3 in the proof of Prop-
osition 3.6 it is easy to obtain that

I i
1 =R

(
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√
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)
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√
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(
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√

h3
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)

.

It is also easy to see that I i
4, I

i
5 =0. Thus
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∣
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[
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δ
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∣
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.

Proof of (4.17).

Using Proposition 3.2 (3.4), we have
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∣
∣
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[
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= 1√
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∣
∣
∣
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∣
∣
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∣
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.

We used the relation
∂σq

det βi−1(σ )

det βi−1(σ )
=−tr

[
∂σq

β−1
i−1(σ )βi−1(σ )

]
.

Proof of (4.18).

Noticing that |X̄(l)
i,n|1{|�Xn

i |�h
ρ
n} =R(α,h

ρ
n,Xtni−1

), we see from Propositions
3.2 (3.4) and Proposition 3.3(i) that
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Proof of (4.19).
n∑
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The last convergence is proved by the same argument as the proof of (4.16)
with v =2 since
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Proof of (4.20).

Noticing that |X̄(l)
i,n|1{|�Xn

i |�h
ρ
n} = R(α,h

ρ
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), we see from Proposition
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Proof of (4.21).

We used (3.4) and (3.6), and the relation
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Proof of (4.22).

For v =1,

n∑

i=1

E

[
1

n
√

hn

δ
p

i,1(α0)ζ
q

i (α0)|Fn
i−1

]



DIFFUSION PROCESS WITH JUMPS FROM DISCRETE OBSERVATIONS 273
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For v =2, by using Proposition 3.2 (3.4),
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Proof of (4.23).

For v =1,
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Noticing that E
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Here, it follows from Assumption A.9 (2.1) that
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The last term converges to zero if ν �1/2.
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Proof of (4.24).
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where µ=2ρ(2+ν)−ν/2=2(2+ν)
(
ρ − ν
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)
. If we take ν >0 sufficiently

small, then µ>0 since 2/(γ +1)�ρ <1/2. This completes the proof.
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