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Asymptotic Expansion for Functionals
of a Marked Point Process
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!Graduate School of Human Development and Environment,
Kobe University, Kobe, Japan

2University of Tokyo and Japan Science and Technology Agency,
Graduate School of Mathematical Sciences, University of Tokyo,
Tokyo, Japan

We consider a functional of a marked point process and derive asymptotic
expansion of the distribution. Also, we apply this result to obtain expansion for the
M-estimator. A moving average process sampled by a point process and a point
process marked by a diffusion process are discussed.

Keywords Asymptotic expansion; Malliavin calculus; Marked point process;
Mixing; Point process; Sampling.

Mathematics Subject Classification Primary 62M05, 62M09, 60G55, 60F99,
60HO07; Secondary 60F05.

1. Introduction

Given a probability space (Q2, 7, P) and a sub o-field FCF, let fTOxR, —
R" and 1: Q xR, — R, are F x B(IR, )-measurable mappings. N = (N,),cg, 18
assumed to be an F-conditional inhomogeneous Poisson process with intensity
(1), namely, N = (N,),cg, 1s a right-continuous simple point process, in that N, =
0 and AN, € {0, 1}, N is a process with F-conditionally independent increments,
fy A(s)ds < oo as. for all r € R_, and

E[N, - N,|5,] = /l)v(r)dr

for 0 <s <1, where %, = o[N,; r < s] Vv F. By definition, N possesses a doubly
stochastic structure.
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We consider an n-dimensional functional

Z, = /OTf(t)dNt, (1.1)

and the centered functional

Z, = % [ s, - E[% | Tf(t)i(t)dt] (1.2)

to investigate the distribution of Z.

In introducing the functional (1.1), we have motives for statistical inference for
stochastic processes sampled discretely at times that are determined by a stochastic
mechanism described by N. Since the asymptotic normality of an estimator under
a mixing property is rather obvious, we focus our mind on the higher-order
asymptotics in this article.

In Sec. 2 we prepare formulas for the cumulants of the functional Z,. Section 3
starts with reconstruction of the random elements to apply the Malliavin calculus to
validate the asymptotic expansion. A basic result (Theorem 3.1) is presented there.
Section 4 treats an M-estimation based on the data sampled at occurrence times of
the point process N. Since N has a random intensity process A(f), it is possible to
describe various random sampling schemes in practice. Sections 3 and 4 validate the
asymptotic expansion scheme in a general setting; however, it is a somewhat abstract
one. As an illustrative example, we will discuss a moment estimator for a sampled
moving average process in Sec. 5. Finally, in Sec. 6, we treat a point process marked
by a diffusion process and give coefficients of the expansion, taking advantage of
the nature of the diffusion process. We also discuss a parameter estimation problem
for a randomly sampled diffusion process.

2. Cumulants of Z,

This section gives expressions to the cumulants of Z,. We will assume the following
conditions.

[A1] There exists a positive constant a such that

sup  [P[ANB] - PIA]P[B]| <a”'e”™ (1,heR,)

apt TBOC
Aexﬁo,Be%,M

where B = a[A(s), f(s); s € [0, ¢]] and B = a[A(s), f(s); s € [, 00)].
[A2] (A(1), f(2)) is stationary and 4(0), f(0) € M, L?.

Remark 2.1. Condition [A1] is the exponential mixing of the process (4(r), f(¢)). It
is possible to relax it to a polynomial type mixing condition to obtain the results in
this article. Moreover, the stationarity assumption in [A2] is not essential, just for
simplicity of exposition.

By stationarity,

E[% /0 ' f(t)i(t)dt] — Ty
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for u = (u,) = E[A(0)£(0)] € R". The characteristic function ¢(u) of Z; is given by

o(u) = efuﬁﬂE[exp{ /0 ' A1) (T l)dtH. (2.1)

Since the absolute value of the integrant of the above expectation is not greater than
1, the differentiations under the expectation sign are valid because of [A2].

We write h(¢) = h(f) — E[h(1)] for a measurable process & : Q) x R, — IR.
Moreover, define J,(#) and jT(h) as

I,(h) = %/Orh(t)dt

and
~ 1 T _
J,(h) = ﬁfo hi(r)dt

if exist.
Denote by «,, and &, the second and third cumulants of Z, (depending on T),
respectively.
Lemma 2.1. Under conditions [Al] and [A2],
(a) x,, admits the representations
Ko = E[TrG LT Gf) | + EWGfuf)]
= /0 (Cov[A(0) f(1),, 2(0) £(0),] + Cov[ (1) £(1),,, 2(0) £(0)])d1
, 1
+ L0 70,7041+ 0(7)

as T — oo.
(b) K, admits the representations

Kare = E[TrGLIT GF)T 1) |+ T2 BTG, 1)
+ T_I/ZE [‘]IT(;{fafbe)]

and
Z**/ / E[7f.(s + 0)if,(s)A1.(0)]dt ds
+ 27 [T BRSO + AL 5O 0)ar
+ EL(0)£,(0)£,(0) £, (0)] + o(1)

* _ *% _
as T — oo. Here Z mu,b,(f - ma,b,c + mb,c,a + m(:,a,b and Z ma,b,c - ma,b,c +
My ep+my,.+my, ., +m.,,+m.,, forany m,, . with subscripts a, b, c.
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Proof. From (2.1),

= (12 [0 sw,ar) (172 [T, ar)|
+E[17 [ A0s0us0, 1] = T,
= E[T,GL)T,0.0) |+ EW,GF. ).
Furthermore, we have
v = [ T EULOTFO) + IO, 0 di + E0)0),10),]
= [ (BUEL.OF,0 + F.0F,0)dr
+EL050),50)+ 0( 1)

The last equation was due to the covariance inequality associated to the mixing

property.
Next, for the third-order cumulant,

—E [(T‘”Z /0 "0 f(t)adt) (T‘”Z /0 "0 f(t)bdt> <T—1/2 fo 050, dz)]
ey |(r [ o) (T”Z [ wsw.ar)]

T
+E [T-” [ 050,50, 50, “optt, — Tttt

-7
=E[(T-“2 I TA(r)f(r)udr—T%ua)( 2 [C ) 0y, di - T%ub)

T
< (17 [ a0 s0ar - T%uc)}
0
T _— T
+3 E [Tlf IF 1, (1)dt x T*l/zf /lfc(t)dti|
0 0
+E |:T3/z /()T}v(t)f(t)af(t)b (t)t.dt:| ,
which is the first assertion of (b). Moreover, we have
TYEB,f)T,(f, )T G, )]
=5 [ Vomseron  ELT O (9T Jds i
- Z**f / E[If. (s + ) Af,()4F.(0)]d1 ds.
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Here we used the integrability of E[ﬁa(s + t)):};,,(s)/”:};c(O)] in (¢, s) € (0, 00)? but it
is clear if one applies the covariance inequality twice together with the estimate

/ / e_q(sv")dsdu</ / e 20T ds du < oo.
o Jo o Jo

We also have
E[5,G1uf08,G0] > [ E[270,077.0) + A f O 0)] ds

Thus, we have the second assertion of (b). |

3. Asymptotic Expansion of £{Z,}

In order to validate a formal Edgeworth expansion of #{Z,}, we need more
structure of random variables. Processes w = (w,),.g, and Yi=(y/ )te]R are

abstract separable stochastic processes defined on a probability space (Q P)
taking values in R% and R% for some d, and d, € {1, 2, ..., oo}, respectively. Let
p be a Poisson random measure on IR x R defined on another probability space
(Q, 7', P') with compensator fl\t x dx. Let (Q,F,P) = (ﬁ x 7 x g/, P x P).
Stochastic processes defined on Q or )’ are extended to Q in a natural way. Denote
by %4V the o-field generated by the increments of a process U over the set I C R,.
Similarly, %Y denotes the o-field generated by U,, t € I.

By definition, (Y7, w) is independent of p. A basic structure we will assume is
described as follows.

(i) w is a process with independent increments in the sense that %', v %[o q 18
independent of 97", | for all r € R,.

(i) Y'is an e-Markov process driven by w in that ¥, is By, :E!S] Vv B, -measurable
for any s, ¢t € IR, with € < s < t. Here € is a nonnegative constant.

Put X; = (w,, p([0, ] x B); B B,), where B, is a countable family of
generators of the Borel sets B(IR,). Then X' is a process with independent
increments; that is, %, 1= %{’OX: %YJ,J is independent of %% | for all r € R,.

\/ ﬁdx’

Moreover, Y’ is an e-Markov process driven by X', namely, Yf 1s kB[A el 1]

measurable for any s, € R, withe <s <1.

Let A= (A(1),er, and f=(f(1)),r, be respectively R, and R"-valued
stochastic processes defined on Q (therefore extended to (1) satisfying that
(2 Nlaxgeg 18 Bys.q % B([s, 1])-measurable for every s <1, where %, ;= %ﬁxf

%f; j,], and that 7 — A(¢) is locally bounded a.s. The process N, is now defined by

N, = // l[O,I]X[O,).(s)](S’ x)p(ds, dx).

Then the process Z, defined by (1.1) satisfies that Z, — Z is %, ;-measurable for
every s,t € R, with s <1.

Let 1(j) =[u(h), v()] (j=1,...,n(T)) be a sequence of intervals with € <
u(j) <v(j) u(j+1), 0 <inf; |I(j)| < sup, [I(j)| < oo, and liminf,_  n(7)/T > 0.



08:58 6 July 2010

Downl oaded By: [University of Tokyo] At:

1454 Sakamoto and Yoshida
Suppose that for some sub o-field 9B, . )1 Of Blu(y—e()>
E[- | Bry-etn] = EL I Bpgy-cugn] 00 DBy,

Set %( D = BruGy—euiin ¥ Blugjy—eniy- Then (I(j)) forms a set of dense reduction
intervals associated with %( J); see Yoshida (2004).

In order to validate the formal Edgeworth expansion, besides [A1] and [A2], we
will assume the following condition, which can be relaxed but simple to state.

[A3] There exist truncation functionals /; :  — [0, 1] and constants b, b" € (0, 1)
and B > 0 such that 4b'<(1 — b)? and

@) "(;T) > E[ Sup,pyzp |E[e™ B0~y | %(j)m < b for large T.
(i) o5 X, E[W,] > 1 — b for large T.

It is usually possible to simplify the above condition if one may take advantage
of the stationarity. On the other hand, it is not difficult to verify [A3] for a stationary
model specified more concretely.

The cumulant functions y;.,(u) of Z, given by (1.2) are defined by

= ()],

By the partial sum of the formal expansion

log Plexp(ieu - Z;)).
0

21 1 i r~
exp (3 5 21,0 = exp (5210 ) + e T4 ),

r=2"" r=1

we define the function ‘/I\’T, ,(u) as

p—2

~ 1 -~
B0 = exp (372200 ) + 2 74P, .

r=1

Let ¥, = E’i‘l["l\’T’S], the Fourier inversion of ﬁ\’“.

Let peN with p>3, p,=2[p/2] and set EM,y)={h:R?—
IR, measurable, |h(x)] < M(1+ |x]") (x € RY)}. For measurable function #:
RY — R, r> 0 and a Borel measure v on R?, we set w,(x; r) = sup{|h(x + h) —
h(x)|; |h| < r} and write w(h; r,v) = [ ,(x; r)dv. Let

Ar(h) = |E[W(Z7)] — Yy, []|-
We write r;(h) = o(T~“) when rp(h) = o(T~“) uniformly in a class E€(M, 7).

Theorem 3.1. Suppose that a positive-definite limit 3, = lim,_,  Cov[Z;] exists and let
2 denote a symmetric matrix satisfying 2 < 3°. Let M, K > 0. Then under [A1]-{A3],
there exist positive constants M* and 6* such that

Ap(h) < M*o(h; T™X, ¢(x; 2%)dx) + o(T~P=2+9/72) (3.1)
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uniformly in €(M, p,) as T — oo. Here ¢(z; 3°) is the normal density with positive
definite covariance matrix 2°.

This result follows from Theorem 1 and Sec. 3.3 of Yoshida (2004).

Remark 3.1. In the present exposition of the result, we assumed the stationarity of
the process (4, f). However, it is possible to replace the stationarity in [A2] by the
uniform boundedness of the moments of the increments of the functional.

4. M-Estimator

In this section, we will consider an application of Theorem 3.1 to an M-estimator.
Let ® C R? be an open bounded convex set, fix 0, € ® arbitrarily as the target value
to be estimated. We use p for the dimension of © in this section. Let O x R, x
® — RR” be an 7 ® B(IR, ) ® B(®)-measurable mapping. Suppose that for each 6 €
0, ( f (7, 0))er, 1s a stationary process. In order to estimate 0, let us consider an
estimating function defined by

0.0 = [ 0N, - Tu(T, 0)

where N, is given in Sec. 3 and p is an auxiliary function. Concrete examples of this
estimation function  will be shown in Secs. 5 and 6.
Denote the ath elements of 1, f, and u by V., fa , and p, and put
Vaiaywa (5 0) = 04y - 00, Ya (- 0), Faapea (0 0) =040+ 00 Fur (5 0, Mgy (5 0) =
O, 5”k,uay( 0), and v (T, 0) =T 'E[y (T, 0)], where 6, = 0/00°. From
the stationarity,

a,ay---ay a,ay---ay

Vasaroa, (T2 0) = Elfoiar a0, 0)AO0)] = tyeq ., (T, 0).

We will assume the following conditions for K € N, ¢ > 1 and y > 0:

[COIXE Y(T,-) € CK(O®) as.;
[C1], supsq, |77, (T, 0,) ||q <oofora=1,...,p.
[C2JF (T.0) = Ty (T, 0))], < o0

q,7

sup | T7H(T 'y

asay--ag
T>T,,0e0

[C3] There exists an open set 0 including 0, such that

4!

%ug|T llllaal aK(T,0)|Hq<oofora,aj:1,...,p,j:1,...,K
et

1
inf _
T>T,,0,,0,€0,|x|=1

> 0;

Vo (T, 0y + 5(0, — 91))d5>

[C4] sup

=Ty

Under some of these conditions, we can show the existence of M-estimator @T
defined by ¥(7, 07) = 0. For the details, see Sakamoto and Yoshida (2004). For
some bounded function f3, define a bias-corrected M-estimator 0} by

0% = 0y — 1r2B(0y). (4.1)
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Let
Zu1) = = [ 70,00, = VTELF, (0.0 0)
and

Z(T) = Fun(t, 00)dN, = NTE[f,.,(0, 05)2(0)],

1
7 h
then i, ,, := Cov[Z,., Z,,] and k. ,. .. := Cum[Z,., Z,., Z.] take the same forms as

K, and k. in Lemma 2.1 with Fu: (5 00), F. (- 0p) and f..(-, 0,) in place of f,, f, and
fos respectlvely Also i, .. :== Cov[Z,.,, Z,.] can be represented as ,, in Lemma 2.1
with f ., and f in place of f, and f,,.

Under condition [C3], there exists the inverse matrix of (v, (7, 0,)), ,_;,
which is denoted by (¥)?, . Let Ai%¢ = —TV3yad bbb . and g =

yedyhl . Suppose that (g“” h»—1 is nonsingular, denote its inverse matrix by

(gab)a,bzl’ and put

a; 1 a; a; —a;
H ’bc = E(V ,b,c + 1% ,b,r +Vv ,b,c)

. v a; —
where V&, =145k, vg.. and V==Y, (T, 0)).  Assume

supyy A, (T, 0) < oo, where A, (T 0) =Tv, (T, 0), put

AC(T) = =7 A, (T, ) and B = B*(0,) — A%(T).

Finally, suppose that there exists a random vector Z, consisting of a subset of
{Tl/zza;b(T)}a,b=l,m,p such that

() Z, = LZ, for some matrix L, where Z, is a random vector consisting of the
other elements of {T'Z,.,(T)},,-,..., than those of Z;,

(i) Cov(T~'?Z}) converges to a posmve matrix, where Z} = (T'?Z(T),.
T'7Z,(T), Zy).

_ We then obtain an asymptotic expansion of the distributions of the M-estimator
0% given by (4.1).

Theorem 4.1. Let g > lim;_, . g, M and y' be positive constants, y a constant € (0, 1),
and m a positive constant satisfying m >y + 2. Suppose that [COJ’, [C1],, [Cz]ﬁw’
k=1,2, [C3], and [C4]]373 hold true for some p, > 3m, p, > max(p, 3m), p; > m with
2/3 + max(m/p,, m/(3p3)) <y <1—m/py, and that for the tensors v,, and V., in
[C2]:,2,7 and [C2]§M, Van(0) = V,.,.(0). Moreover, suppose that the conditions [Al]-
[A3] in Theorem 3.1 for Z%. in place of Z; hold true. Then there exist constants ¢ > 0,
C>0 and &> 0 and such that for any function f € €(M, '),

ELVTO; = 0]] = [ v 107, 0] < cof, ET-EV2, ) + o(17'),
4.2)
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where

Cabchabc (y(O) 5 gab)

1
0y — (0); ab 1+
0 = 4005 ) (14 ==

.
+ ~a,c cd _ pa ha (0)’ ab )’
—ﬁ(u a8 — (Y71 87)
Cubc — ;Labc + 6ﬁc';alb/gu/agb'b'

Here h, , (z; c?) is the Hermite polynomial defined by

(=D* o
P(z; (a0)) 0z, - - - Oz,

For notational simplicity, T is omitted from the coefficients.

Ryy..a (25 0°) =

d(z: (a)).

Proof. In the same way as the proof of Theorem 6.2 in Sakamoto and Yoshida
(2004), it is easy to show that the second-order stochastic expansion of /7(0% — 0,)
is given by

) I U U N |
VI@;— 0y =7 + (Aa» SVAVAEE A Zd,> RS

for some remainder term R4, where Z% and Z“, are random variables defined by Z*
= —v49(T, 0))Z,.(T) and Z“, = —v“(T, 0,)Z,.,(T), and ¥*,_ is a constant defined
by v, = =949 (T, 0))Vy.4(T, 0,). As in the proof of Theorem 6.2 in Sakamoto
and Yoshida (2004), putting € = min(3y’ — 2,3y —2 —a) for y' € (2/3,y —m/p,)
and o € (m/p;, 3y — 2), one can show that

Plr7|RS| < Cri,a=1,...,p] =1—o0o(r}).

By using the Delta-method as Lemma 8.5 in Sakamoto and Yoshida (2004) with
Theorem 3.1, the assertion can be proved. The rigorous validation of this step is not
straightforward; see the proof of Theorem 6.4 of Sakamoto and Yoshida (2004) for
details. O

Remark 4.1. Theorem 5.2 and other results in Sakamoto and Yoshida (2004) gave
a general asymptotic expansion formula for the distribution of a random variable
defined as a transform of additive functionals like (/T Z;;(D, VT Zl; »(T)) above
or /TZ, in the previous section. Combining such a theorem with the additive
functional’s expansion and the Delta-method, one can derive the distributional
asymptotic expansion for many statistics in iid models, linear and nonlinear time
series models, and continuous time stochastic processes. As typical applications,
expansion formulas for M-estimators, minimum contrast estimators, and MLE were
obtained in Sakamoto and Yoshida (2004). Their results cover the case where a
stochastic expansion consists of linearly dependent random variables. Since we have
freedom to choose the basic additive functionals as well as the functions defining the
transform, this method works in various situations; for example, in the likelihood
analysis even when the score function and its derivatives are linearly dependent. For
an extreme example, even if the Z-part vanishes, one can make a new element for
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7 so that it is independent of the originally given functionals. In an analogous way,
the third-order expansions for the test statistics, e.g., Wald, Rao, likelihood ratio
statistics, were obtained by Sakamoto (2000).

5. Estimation of a Sampled Moving Average Process

In order to illustrate the asymptotic expansion of Theorem 4.1, let us consider an
M-estimator of a sampled moving average process. Let w = (w,),.g be a Wiener
process on R with w, = 0. We define a stochastic process X = (X,),.gr by

X, =/Rr(t—s, 0)dw,,

with a non-zero element r(-, 0) € L?>(RR), the diameter of whose support is less than
€; 0 is an unknown parameter in an open set ® C IR. Without loss of generality, we
may assume that supp r(-, 0)C [0, €]. Let N = (N,),g, be a Poisson process with a
positive rate / independent of w. With

v(0) = Ey[X7].

the estimating function we will discuss is

T

() = / (X4 = 30(0)X2)aN,.
0

We assume that v € C2(0). ¥, := (X,, w,) can be regarded as an e-Markov process
driven by X' := (w, N) since ¥, is measurable with respect to

O'[Y:; r e (s—e, s]] \% a[wu —wg u € [s, t]]

for s <t Let I(j) =[(8j+ e, (8 + 7Nel, I, = [8je, (8j+ 1)e], and J; = [(8j +
6)e, (8j + 7)e]. Further, let %, = B! v %% and €(j) = %, v %, . Then the e-
Markov property yields that the intervals /(j) form dense reduction intervals with
(€(})); see Sec. 3.2 and Yoshida (2004).

In order to verify condition [A3] in Sec. 3, we realize random variables on
a Wiener—Poisson space (the product of a two-sided Wiener space and a Poisson
space) and will apply the partial Malliavin calculus that uses shifts in w only
over UJ;[(8j + D)€, (8 + 5)€]. Then for any bounded %(j)-measurable function F,
the jth Malliavin operator L; corresponding to the shifts of w over the interval
[(8j + 1)e, (8 + 5)€] satisfies L;F = 0. It is sufficient to verify condition [A3"] of
Section 4.1 of Yoshida (2004) in order to apply Theorem 2 in it. In the present
situation, the functional Z; in question is Z; = (y(0,), d,¥/(0)). It should be noted
that we do not need to attach the information of the right end (X; )tel(846)e, (8+7)el
thanks to the above property of L;, and that 02y(0) is suppressed since it is linearly
dependent on d,y(0). We will show the nondegeneracy of

Zuy = ( [ 0= 300X aN, =300 [ X3,
1(j) 1(j)
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This is reduced to show the nondegeneracy of

H:( X'dN,, deN,)
1(0)

1(0)

by stationarity and a linear transform. Let I{ = [2.5¢ — J,2.5¢] and I = [4.5¢ —
0,4.5¢] for ¢ € (0, 0.5¢). We consider the event

A ={N(I?) =1, N(I) = 1, N([0, 8€]) = 2}.

In a point of the event A%, we denote by ¢, € I? and t, € I} the first and second jump
times, respectively. Then H is expressed as

2
Z X}, X).
Thus, the Malliavin covariance matrix of H is given by

’1 ] (00) Z |:2th

4X3}

It is possible to find two intervals I, = (¢, — €/, ¢, + €') (k =1,2) in R such that

i 4x} 2
P 2x,

is elliptic uniformly in (x,, x,) € I, x II,. The support of X, is R, X, is continuous,
and the family (X, ), ;s is independent of (X,),,c;s; therefore,

P[det Th, , > Co (thell,n, e 125)] =:c,>0

for some small positive constants ¢ and ¢,. Let ¢ € C*(IR; [0, 1]) such that ¢(x) =0
if x < ¢y/2 and ¢(x) =1 if x > ¢,. We define a truncation functional s by

Y = ¢(det O'HTIYTZ)IAJ.

Here T, is the (first) jump time in /2. Note that i depends on (7}, T») as well as w.
Then by stationarity, we can check [A3"] of Yoshida (2004, p. 571), Z; there is for
Zy here, and € is the trivial o-field in the present case. Indeed,

E[lp] = EI:E[QD( det UH,I_,Z)]|11=T1J2=T2IA(S]
> C*P[A(S] > 0.

After all, the expansion of Z;, or its linear extension, turns out to be valid.
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Let us derive the second-order expansion of the M-estimator 9T under suitable
regularity conditions. Let p,(0) = Cov[X,, X,] and f,(0) = X} — 3v(0)X?. We see
that v(0) = p,(0) and

—€

' 0
0:E t_’Hdv _’Bdu
p:(0) Usr( 5, 0) w_/ r(—u, ) w}
0
= 1y,4(0) /t_s ¥t — s, 0)r(—s, 0)ds for t > 0.
The normality and the stationarity of X, yield that

Cov[£,(0), fo(0)] = 6p7(0) (49 (0) + 3v°(0)) ,
Cov[3£,(0), fo(0)] = Covl[f,(0). 3,(0)] = —185v(0)v(0)p}(6).
E[f,4,(0)£,(0)fo(0)] = 72[3v*(0){p(0)p} (0) + p2(0)p2,,(0) + p}(0)p2,,(0)}
+ p,(0)p,(0)py., (0){3v°(0) + 8u(0)p2(0)
+ 8u(0)p; (0) + 8v(0) 2, ,(0) + 24p,(0)p,(0)p,,,(0)}],
E[F7(0)£,(0)] = 7207 (0) (17p}(0)v*(0) + 439} (0)) .

Put plis 0] = [;* pj(O)de. pli. ji 0] = f;* [;* pi(O)pl.(O)dsdr, and pli. j k: 0] =
Jo JS pi0)pi(0)p%,,(0)dsdr. By using these notations, the constants for the
asymptotic expansion in Sec. 4 are represented as

Ko = 1272(4p[4; 0] + 307 (0)p[2; 0]) + 4240 (0) + 0(%),
R = —367250(0)v(0)p[2; 0] — 1845v(0)v* () + 0(%),
T iy p = 43223202(0) (([2: 01) + 25[2, 2; 0] + v(0)p[1, 1, 1; 0])
+8220(0) (25[1, 3, 15 0] + p[1, 1, 3; 0]) + 24225[2, 2, 2; 0]
+ 07(0)(175[2; 010%(0) + 43p[4; 0]) + 106°(0)} + o(1),
W0 (T, 0) = —300(0)v(0) 2, .1, (T, 0) = —35°v(0)v(6) .

6. Diffusion-Point Process

In this section, we will discuss the case where processes f and A are functions of a
diffusion process and will obtain asymptotic expansions of Z, and @)’; as applications
of Theorems 3.1 and 4.1, respectively.

Let X = (X,),cr, be a d-dimensional stationary diffusion process satisfying a
stochastic differential equation

dX, = Vy(X,)dt + V(X,)dw,, (6.1)
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where Vo= (Vj)ioi.g € CP(RG R, V= (V)isy et € CF (R RYQR).
We realize X on Q x ' in Sec. 3, where Q is a product space of an r-dimensional
Wiener space and a probability space corresponding to the initial value X, and the
partial Malliavin calculus that uses shifts only in w will be applied.

6.1. Functional Z,

Let A(r) = A(X,) and f(r) = f(X,) for some measurable functions 4 : R — R, and
f:R? — R For this process 4, we take a point process N, as in Sec. 3.

Suppose that (i) E[|X,|?] < oo for any p > 0 and that (ii)* there exists a positive
constant a such that

IE[R| ] = E[A]ll, < a~'e™Vh]l.,

for any 5,7 € R, s <t and for any bounded Oj%fi )—measurable function .
The generator of the diffusion process X is given by

= Zv<> T 5 N AETE

i,j k=1

For a measurable function 4 :IRRY — R, G(h) denotes a function such that
AG{h) = h — v(h), and let [h] = —V'VG(h), where v(h) is the expectation of & w.r.t.
the stationary distribution v of X : v(h) = [, h(x)v(dx). If the Green functions exist
and satisfy certain regularity conditions, then we have

Kap = VL) D) + VG Lufy) + o(1) (6.2)
and
1
e = | S VWAL DA UAD + UL DIDY G110
+o(T7'?). (6.3)

In the one-dimensional case (d = 1), under some regularity conditions, the
invariant probability measure v has the support R, and it is given by the density

dv n(x)
— =, 6.4
dx [T n(y)dy (64)
where
Vo) 4 *
n(x) = VEor()’ p(x) = exp{ 2/ V(E )2 } /_oo n(x)dx < oo.

ICy is the space of smooth functions with bounded derivatives of positive order.
2Veretennikov (1987, 1997) and Kusuoka and Yoshida (2000) provided sufficient
conditions for (ii).
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The Green function G(h) can be expressed explicitly as

G = [ po) ([ 2000 = siiymian) @
whenever it exists.

Example 6.1. Let Vj(x) = —0x, V(x) =0 >0, A(x) =ax’+b >0, f(x) =cx+d,
then the conditions in Theorem 3.1 are easily verified and the coefficients of
the expansion can be derived from the following asymptotic representation of
cumulants:

11a%c*a® N a (6bc2 +ad?)¢* (4P + 3a02) a?

Hm e =~ 20° * 40°

(bc2 + ad2) a2
A e A Y

+ 50 +

. 33a’°c*de®  3a’d (18bc* + ad®) 6®  3ac’d (2b* + Tad?) o
fim Ty = =g+ 205 * 0*
N 3ad (13bc2 + adz) a* N 3cid (81)2 + 3a02) a2
208 462

d (3bc? + ad?) 2

L 4Bbe 20“ )7 b,

Example 6.2. Let V,(x) = —0x/(1 +x2), V(x) =v0/VT+x2, Ax)=ax>+b>
0, f(x) =cx+d, and u(x) = [T+ x?/~/0dx. Then Y, =u(X,) satisfies d¥, =
p(Y,)dt + dw, where S(y) = /0 7 — =L 7z = u~'(y). Therefore, according to

202)” T S
Theorem 1 in Veretennikov (1997), it can be shown that X, as well as Y, is
polynomial mixing with sufficiently small order. As mentioned in Remark 2.1, this
takes the place of [Al] for Theorem 3.1. One can verify other conditions and obtain
the representation of the cumulants as follows:

2 2 2
Th_r)rgo . 7c;c N 5b6c N 5a6d T bd?

(6777¢* 4 830d?) a + 4644bc*a + 972b%c?
+ 2166 ’
d ((8661a” + 5059ba + 972b%) ¢* + 415a*d”)

360

Thm ﬁKlll ==
1 2 2
+ Ed (3(21a + 10b)c* + 2(5a + 6b)d?)
d (103900d2a3 + 27 (1 16689a> + 55600ba + 73241)2) cza)
+ 129607

We use the partial Malliavin calculus in which the shifts on the probability
space are only in w. Let 0 < ¢, < ¢,. We shall confine our attention to the events
{AN, =1, N, = 1} to deduce the local nondegeneracy of the functional Z, . Rewrite
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(6.1) in the Stratonovich form:
dX, = Vy(X,)dt + V(X,) o dw,, (6.5)

where
~ |
VO = VO - 5 Z(axvx)[va]
a=1

Here L[v] = (3, Liv/) for matrix L = (L}) and vector v = (v/).
The Malliavin covariance matrix of (X, , f(X,)) has the expression

Y dt,

)

T S S R PO (S ST 9) G W
o= J, T (sym. 1[0,,1](z)@f(X,)v(x,)(axf(x,»/)(Y' )

where

o) = Y V)V, ()

a=1

and Y, is defined by

d

I

[ 2. Vy(X,) 0] _
= ~ Y.dt
Lo, (D0, ((0.N[VOD(X,) 0

iy { 0,V,(X,) 0} T, o duf
=1 [ Lo, (00 ((0, N[V, D(X,) O

70 = Id+n’

Sakamoto and Yoshida (2008) discussed the nondegeneracy of g, , by taking
advantage of the nondegeneracy of v and the function f. Here we will take another
approach by the support theorem. Let us consider a system of ordinary differential
equations

dx, = Vo(x,)dt + V(x,)u,dt

= a)r"\}O(xt) O - a axyz(xt) 0 - o
dy, = ~ d d
i [ax(wxf)[vo])(x,) O]y’ ”;[ax«axmv&])(x[) o}y’”’ " (66

Xo = Xy

5’0 = Id+n‘

(S) There exist a point x, in supp v, positive constants #,, ¢, and a piecewise smooth
mapping u, = (u¥) : [0, t,] = R” such that for the solution of the ordinary
differential equation (6.6), it holds that

o__ Tou(x) v(x,)(0,.f(x,)) Y
175 [ estomied(e gy 74 = el
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Under condition (S), if we choose a sufficiently small positive number €, then

Orap = €y, (Y1 €[ty — €, 1))

1.4

on the event

[ sup X, — x| +1¥, =3l < & pllt,— 1] x 0. =N, = 1]

te[0,1]

having positive probability, suppose that 4 is continuous and A(x,) > 0. Then we
can apply Theorem 6 of Yoshida (2004).

6.2. M-Estimator

As in Sec. 4, for an open and bounded subspace ® C IR”, 0, € O denotes the target
value to be estimated. Let (X,),¢[9, be a d-dimensional diffusion process of Sec. 6.1,
and processes (f(z, 0))c[0.) Tor each 0 € O and (A(7)),¢[,) given in Sec. 4 are here
redefined by (¢, 0) = F(X,, 0) and A(f) = A(X,). Note that in this section f : RY x
® — R” and 2 : RY - RR,. According to this modification, the estimating function
Y becomes

WT.0) = [ F(X,. 00N, — (T 0)

where (u(t, 0)) is an auxiliary process.

For this estimating function, we can apply Theorem 4.1 to derive an asymptotic
expansion formula. Note that the cumulants &, ,., K. . .., and K., ., determining
the coefficients of the expansion admit asymptotic representation with Green
function as in (6.2) and (6.3).

In the case where (X,),.g, satisfies

dX, = Vy(X,, 0)dt + V(X,, 0)dw,, (6.7)

instead of (6.1), and A depends on 0, i.e., A(-) = A(-, 0), it is usual to choose the
auxiliary process u as

W(T, 0) = vy[ £ (-, O)AC, 0)],

where v, is the stationary distribution of (X,) and v,(g) = [p. g(x)dv,(x) if g is
integrable w.r.t dv,. Note that the target value 0, is the true value in this parametric
model.

Example 6.3. Let d=1 and p=2. Let ® ={0=(0,,0,)|0, >0}, Vy(x,0) =
—co(x — 0;) for some known constant ¢, > 0, V(x, 0) = 0,, and i(x,0) = ¢;(x —
0,)* + ¢, for some known positive constant ¢, and c¢,. Put f(x, 0) = (2¢,, x — 0,).
Then v, is the probability measure of the normal distribution with mean 0, and
variance 0,/2c¢,, and

u(T, 0) == vy(f (-, 0)A(:, 0)) = (103 + 2cycy, 0).
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Moreover, the constants representing the coefficients in the asymptotic expansion
can be straightforwardly computed;
¢ 03

Vi =0, Vip=-2¢0;, Vy=—5" -0, V=0,
2¢,

Vgpe = —2¢; (a=1,b=c=2), 0 (otherwise),

. 20264 .
K];,l; = Cl 2 +2€0€10§ +4C§C2, Kl;,z; = 0,
0
. . 1105 3¢, (cy+4c,) 05 ¢, (co+2c,) 05
Ky, =0, Kyo = T+ 3 + 2 ’
4c; 4c; 2¢;
. 12368
RKiogog = czl 2 1 12¢205 + 4cke 03 + 8cicy,
0
kl;,l;,Z; = kl;,Z;,l; = ’\%2;,1;,1; = 07

K100, = IVCZ;,I;,Z; = IVCZ;,Z;,I;
220308 2¢%2 (7 9¢,)0% ¢, (3¢2 + 26¢,¢, + 8c2) 04 4¢3
_ 612+ ci (Tey + Cz)2+1( 0 2Co 2)2+<&+c2)0§,

5 4 3
o fors 2¢; Co

Ko, 0,0, = 0,

294
Ky = —clc—%z — 0 —2cc, (@a=2,b=c=1), 0 (otherwise).
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