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An expansion formula for the coverage probability of prediction region based on a shrinkage estimator proposed
by Joshi [Joshi, V. M. (1967). Inadmissibility of the usual confidence sets for the mean of a multivariate normal
population. Ann. Math. Statist., 38, 1868—1875.] is obtained. Its error bound is evaluated in terms of a function of an
unknown parameter. Applying this result, three types of asymptotic expansions are derived. These expansions show
inadmissibility of the usual prediction region.
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1 INTRODUCTION

Suppose that X and Y are independently and identically distributed p-variate normal random
vectors with unknown mean vector 6 and identity covariance matrix /. For any a > 0 and
b > 0, let §, ,(X) be the shrinkage estimator defined by

b
8a’h(X) =1 <1 — a—‘,—b——|—”}(||2> X, (1)

and S(X) be the prediction region for Y centred about §, ,(X), i.e.,
S ={y; lly = 8ap (Xl < c} (2)

In this article, we will present an expansion formula for the coverage probability Pry{Y € S(X)}
with the help of Malliavin calculus. This expansion takes another form than the Edgeworth
expansion. More precisely, this expansion consists of rational functions multiplying the normal
density, while the Edgeworth expansion relies on the Hermite polynomials. The formula yields
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three types of expansions for large a, for small b, and for large 6. As error bounds of these
expansions are given by functions of a, b, and 6, it can be shown that the prediction region
S(X) improves the usual prediction region defined by

So(X) ={y: lly — Xl <c}.

The admissibility of confidence region was discussed by Joshi (1967, 1969), and Hwang
and Casella (1982, 1984) among others. Joshi (1969) showed that if p = 1 or p = 2, then the
confidence region Cy(X) defined by

Co(X) =1{0; 110 — X|| <}
is admissible, and Joshi (1967) considered the confidence set
CX) =1{0; 10 — 8ap (Xl < c},

and proved that if p > 3, C(X) improves the coverage probability of Cy(X) for sufficiently
large a and sufficiently small b. Hence, it turns out that Cy(X) is inadmissible if p > 3.1
Moreover, Takada (1998) discussed inadmissibility of usual confidence region in the case
where the population variance is unknown, and showed that a shrinkage type of confidence
region with an estimator of variance improves a usual one.

In general, a prediction region S(X) is evaluated by the coverage probability Py{Y € S(X)},
and the volume u{S(X)} with respect to the Lebesgue measure . A prediction region S(X)
is said to be admissible if there exists no other prediction region S’(X) such that for all 6

PolY € S'(X)} = PolY € S(X)} 3)

and
Eg{u{S" (X)}} < Eo{nn{S(X)}}, “4)

and the strict inequality holds for at least one 6 in Eq. (3) or in Eq. (4). In this sense,
Takada (1995a, b) proved that Syp(X) is admissible if p =1 or p = 2. The corollaries of
our expansion formulas show that if p > 3, then the prediction region S(X) based on the
shrinkage estimator improves the usual one Sy, i.e., Sy is inadmissible for p > 3.

In Section 2, we present several expansion formula concerned with the coverage probability
of the prediction region S(X) by means of the Malliavin calculus (Sakamoto and Yoshida, 1994,
1996) and prove the inadmissibility of Sy. Their proofs are deferred to Section 3.

The aim of this article is to derive asymptotic expansion formulas and to show the possibility
of the approach by expansions to the decision theory, rather than the results themselves stated
in the corollaries.

2 EXPANSION FORMULA AND INADMISSIBILITY

First, we give a fundamental result obtained from Theorem 2 in Sakamoto and Yoshida (1996)
(or Theorem 5.1.3 of Sakamoto and Yoshida (1994)), which allows us to obtain other results
in this article.

! The method used in this article can be applied to the confidence region, and supplies another approach to the
result of Joshi (1967); see Sakamoto and Yoshida (1996).
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THEOREM2.1 Letgi(x) = xi/(a+ b+ ||x|»),i =1,..., p,andg(x) = (g1(x), ..., gp(x)).

For any multi-index n = (ny,...,np,) € Z7P and any x = (xq, .. .,xp) €RP, et n! =
nil-oonpl, Inf=ny+---+n, x"=x"-- -x;;p and 97 = (3/dx)" ---(3/9xp)"r. The
remainder termr(a, b, c, p, K, 0) of the asymptotic expansion of Pro{Y € S(X)} is defined by

pnl
r(a,b,c, p,K,0) =ProlY € S(X)} = Y _'/| ” (0)"{(g(z + 0)"¢(2)}

n
n|<K-1

¢ (w)dzdw,

where ¢ (z) is the p-dimensional standard normal density. Then, there exists a polynomial
P(IK (x, y) with positive coefficients depending only on p and K such that

K
b
|r(a,b,c, p,K,0) < P;};((afl/{ b) (—)

va+b+ 0>

{ 2bp? 1}
+ |Pr > —
a+b+1Z+0)> 2

Proof See Section 3.1. ]

From this theorem, we can obtain three asymptotic formulas for small b, for large a, and
for large [|0 ], respectively.

THEOREM 2.2

(1) Define vi(a, b, c, ) and h(c) by

vi(a,b,c,0) = / / sza 0z (0 + uz) dug (z)¢(w) dz dw
[lw=z| <c

_/ /(I—M)ZZ,Z]Zka 0+ 10 g ) (w) dzdw,
lw—z|l <c¢

i,j,k
2
cpec/4

C p¥T(p/2)

If4bp® < a + b, then it holds that

hic)=1—-«

b 21611 }

Pro{lY e SX))=1—-a+————|[{l —a — h(c S —

oY € S0} a+b+ww[{ ()ﬂp pEwSTTE
+@a+b+101P)via, b,c,0) +rVa, b, c, p, 9)],

where |rV(a, b, c, p,.0)] < pr(g(a_l/z, b). Moreover, define B, by

fa = / (1 + M) <1 + w) lzll¢ ()¢ (w) dz dw.
lw—zll <c Ja
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Then it holds that |(a + b + ||0]*)vi(a, b, ¢, 0)| < Tp/pPa//a.
(2) If4bp® < a + b, it holds that

Pro(Y e S(X)) =l—a+—— |{l—a—h(
of (X)} PESTYE |:{ (o)}
20102 blo| } o
_ — +r'“a,b,c, p,0)|,
{ a+b+ 02 2@+b+ 01D ( p.9)

where [rP(a, b, c, p,0)| < a‘l/szQ)(a_l/z,b) for some polynomial PI§2>($1, &) with
positive coefficient.
(3) As [|6]] — oo,

Pro{fY e S(X)} =1 —a + #{1 — o —h(c)} {p —-2- g} +03617).
Proof See Section 3.2. ]

The part (1) of Theorem 2.2 implies that
Pro{Y € S(X)} > Prp{Y € So(X)} forall 6, 5)

if the constants a and b satisfy the inequality

Ba
Ja

In addition, from (2) of Theorem 2.2, we see that Eq. (5) holds if the constants a and b satisfy
the inequality

(1= —h@)p—=2) = Tpy/p— = bP,5 @ 2. b) 2 0.

b
{1 —a—h(c)} <p —2- 5) —a '?PP @' b) = 0.

Hence we get the following corollaries.

COROLLARY 2.1

() Ifp = 3,7p/PBa/a < (1 —a — h(c))(p — 2),thenthereexists b > 0satisfying Eq. (5).
2) If p>=3,0 <b <2(p—2), then there exists a > 0 satisfying Eq. (5).

Now from the definition of admissibility, we have the following corollary.

COROLLARY 2.2 If p > 3, then the usual prediction region So(X) is inadmissible.

It is also seen easily that the condition b < 2(p — 2) is necessary for S(X) to improve
So(X).

THEOREM 2.3 If p > 3,b > 2(p — 2), then for sufficiently large |0 ||
Pro{Y € S(X)} < Prg{Y € So(X)}.

Remark 2.1 The same results concerning the confidence region can also be obtained in an
analogous way; see Section 3.4 of Sakamoto and Yoshida (1996) for the details.
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3 PROOFS

Throughout the proofs of theorems we will apply the following conventions: C(ay, ..., @),
i € N, denotes positive constants depending only on oy, . . ., ,,, and Poﬁ’l)am (&, ....&),i €
N, denotes polynomials of &1, . . ., &,, with positive coefficients depending only on &y, . . ., oy,

We shall often use the following relations:

Ofm ()
(8x)ngi ()C) = Z ) __ (6)
Jm|<(|n|41)/2 (a+ b+ ||x||?)m+1-Im|
and
" ; O ()
(ax) <Cl"‘b—‘i‘||)c||2> B ‘mg‘/z (Cl + b+ ||x||2)|“|+17|m| s (7)

where Qfl{in(x) and Ql(lz}n(x) are homogeneous polynomials of degree |n| + 1 — 2/m| and
In| — 2|m|, respectively. As |x/(a + b+ [Ix|*)| < (@ + b + [x[|*)~"/%, we also see that for
some constants C"'(n) and C® (n),

1(30)"g: ()] < CPV(m)(a + b + ||x||>)~In+D/2 ®)

and

< CPm)(a+ b+ ||x|*) "2/, ©)

n 1
’(a") <a Th+ ||x||2>

Moreover, it follows from the Leibniz’s rule that

n! . .
N = Y ) algi)
jitetin=n A0
and
n! . i
NEEN™ = Y G @)™ A (g ()™
jittp=n e

Therefore, we see from Eq. (8) that
102 (2: ()" < CP(m, m)(a + b + x|y~ "+m/2
and

18%(g(x)™] < C¥(n, m)(a + b + [|x||?)~Ini+mb/2, (10)

3.1 Proof of Theorem 2.1

Let Z=X —6 and W = Y — 6. Define the indicator functions 15(x) by

1 wen
L) = {0 (x & B).
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Then we have
Pro{Y € S(X)} =Prp{|W — (Z —bg(Z + 0))|| < c} = /};p I (w)¢ (w) dw,

where

1 (w) =/ L, (z — bz + ) () dz
RP

and By, = {z; lz — w| < c}.

Now, we shall give the expansion formula for / (w) applying Theorem 2 of Sakamoto and
Yoshida (1996) based on the Malliavin calculus. Let a random variable 07_pg(z+6) be the
Malliavin covariance matrix of Z — bg(Z + 0), then we have

Py 9 g
0Z—bg(Z+0) = (Z B_z(Zk — ber(z +0)) . 8—1(21 —by(z+6)) )
i=1 =z ! =2/ k=1
9 9 g
- 5k,—bﬁ(z+9)— (Z+9)+b22 (Z+9) ﬁ(z+9)
aZk k,I=1

=1—-bG+'G)+b*GG ="(I —bG)(I — bG),

where &y, is the Kronecker delta and G is the p x p random matrix of the (i, j) elements of
which equal to 0g; (x)/0X;|x=z+4e. As

(— b)k Gjlvjl Gjlqjk
det(I — bG) = 1 + Z > det
Mo B G G
and
2 .
|Gj,. ;.| < for all jg, j;,

a+b+|IZ+0|*

we see that if 2bp?/(a + b + || Z + 0||*) < 3/4, then det 07-be(z+6) > 1/16. Define the func-
tion ¥,,(z) by Yup(z) = v (2bp*/(a+b+ |z +6]%), where ¥ is a C™-function:
R — [0, 1] such that ¥ (x) = 1 for |x|] < 1/2 and ¥ (x) = O for |x| > 3/4, then it follows
from Eq. (9) that if 2bp?/(a + b + ||z + 6||%) < 3/4,

102a ()| < PP (a™ "%, b)

for some polynomial PIE3) (&1, &). Hence it holds that for any n € Z*7, j > 0, ¢ > 1, and
u € [0, 1],

I (det 07 —ubgz+6)) L ™ Van(Z)Nly < 16/ PP (a2, b),

where |||, is the L,-norm with respect to the measure ¢ (z) dz. Therefore, Theorem 2 of
Sakamoto and Yoshida (1996) can be applied to I (w) and its asymptotic formula can be
given by

1
Iwy= Y = | @b+ 0"} dz +F(a b e, p,w, 0),

In|<K—1 Bu
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where 7(a, b, ¢, p, w, 6) is the remainder term defined by (2.4) of Sakamoto and Yoshida
(1996), and it can be estimated as follows. Note that for any p-dimensional vectors u and A,

il < N+ A2+ 20+ AL A+ 22 (11
and that forany A > O and X > 0,
X 1
A+ x2 = m 12)
These inequalities yield that
at+b+ 101> _ 200+l -zl + izl
a+b+0+z|> ~ a+b+160+zl?
6 2 ?
Combining Egs. (10) with (13), we see that
, . = o 1 VAT nf
|07 (g(z +0)"| < C*™(n, m) <\/Tw) (m+1> . (14)

From Eq. (8), it follows that for some polynomial Pf) (&1, 8, &),

1(0M) (zi — bgi(z + 0| < PP (@2, b, |z]).

By using these inequalities and formula (5.7) in Sakamoto and Yoshida (1996) [see also
Sakamoto and Yoshida (1994), Lemma 3.2.1 for the details], we can evaluate the functional W
in the remainder term 7 (a, b, ¢, p, w, 6), and therefore we can estimate the remainder term:

there exist two polynomials Pf;’ k&1, 62, 8) and Pf[)( (&1, &, &) satisfying that

F(@.bye, pow,0)] < Elan(Z) =1+ Y E[B @2 b, 20" Wy = 1) 0 2]

In|<p+K+1

P (@' b, 7).

K
b
+|—) El
Ja+b+ 0]

2bp? 1 }

ElYas(Z) — 1] <Pr > 2
Var(Z) =i {a+b+uz+mP 2

and

E[PY) (@2, b, 2)|9" Was — ) 0 ZI] < P x(a™'*, b)

2bp? 1\
a+tb+Z+0|2 2

for some polynomial Prf71)7 x (&1, &), the proof of Theorem 2.1 is complete.
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3.2 Proof of Theorem 2.2

First, we consider the result of Theorem 2.1 for K = 2. Expanding 9/9z;{gi(z + 0)¢ ()}
around z = 0, we have

Pro{Y € S(X)} = / ¢ (2)p(w) dz dw

lw—zll<c

p
+ bZ/ 2 (51(e + 0 @) w) dzdw + (@, b, ¢, p,2,0)

i=1 Y llw=zll<c 8Zi

=1—a+bn(a,b,c0)+vi(a,b,c0)+r(a,b,c,p,2,0),

where
i dgi " dgi
nia, b, c, 9)=Z/ 5. O =z 18O + ) =0z 1 | $(9(w) dzdu.
i=1 [lw—z|l<c i j=1 Jj
As
f (z,0)p(2)¢p(w)dzdw =0
lw—zll<c
and
/ (z,0) ¢ ()¢ (w) dzdw = p~ 0] IzII*¢ (2)¢p (w) dz dw = [|0]1*h(c),
lw=zll<c lw—zll<c
(15)
it follows that
nl(aabscve):/ ;Z[P—Zﬂz
lw—z<c @+ b+ |6]] a+b+ |0
(z,0)? }
—{z,0) — |z|IP + 22—~ 2)¢(w)dz dw
(z,0) — |zl At bt 0 ¢ ()¢ (w)
(i h(e)) 1 ( 2(16]? )
={l—a—h(@)}—————= - .
at+b+ 0P\ T axb+ 02
If 4bp> < a + b, then for K € N,
K
Ir(a,b,c, p. K,0)| < Py (@72, b) b ). (16)
P Ja+b+ 0|2
Therefore, it follows that when 4bp? < a + b,
b+ 02
Ir'(a,b,c, p,0) = wwa, b,c,p,2,0)| < bP[f}Z)(a_l/z, b).
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On the other hand, the inequalities (12) and (13) imply that

32g; O+ )‘ 616 + uz|| 81160 + uzl?
920z T (@a+b+0+uz|®»?*  (@a+b+160+uz|?)?
1416 + uz|| . 7

T(@+b+10+uzl®? T (a+b+ |0+ uzl|>)va+b

7 (nzn N 1)2
= @rbrePVa \Va

for0 < u < 1. Hence

7 Izl :
+b+0)? b, c,0)] < — ( +1)
(a 1011 (a, b, ¢, 6)] 7l o\
p
x Y lal{ip+3 (Zm) ¢ ()¢ (w) dz dw
i=1
<7p‘/ﬁ/3a. (17)

= Va

Thus, we have proved (1) of Theorem 2.2.
Next, we shall consider the result of Theorem 2.1 for K = 3. Let the Kronecker delta be
denoted by §; ;. Expanding Pry{Y € S(X)} in the same fashion as above, we have

Prg{Y e S(X)} =1—a + b(n(a,b,c, 9)+v1(a,b, c,0))

52

lw—z|l<c aZl

{gz (z+0)gi(z+ P (2)}¢(w)dzdw

+r(a,b,c, p,3,6)

=1—a+b(ma,b,c,0)+vi(a,b,c,0))
b2
+ ?(772(“, ba c, 6) + Uz(aa ba c, 6)) + r(av bv ¢ p, 39 9)3 (18)

where

ma, b, c,0) = Z/ 8i(0)gj(0)(zizj — 8i )¢ (2)p(w) dzdw, va(a, b, c, 0)

lw—zll<c

P 5
- Zf |:3z 5z, (&2 +0)g (2 +0)} — 22— 9 ez +0)g(z+0))
ij lw—zll<c i Zi

+1{24i(0)8; + G5} zizj — 5i,j)]¢(1)¢(w) dzdw,

and

p 1 88
= sz/ —=(0 +uz) du.
o o 9%
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It follows immediately from Eq. (15) that

_ ; 2 2

ma,b,c,0) = FEYENTIRE /”w_“c((Zy@) 1017 (z)¢ (w) dz dw
o (e le1*
=—{l -« h(c)}(a+b+ B

From Egs. (13) and (14), it holds that
1 _
@+ b+ 1617)vaa, b, ¢, 0)| < ﬁpﬁ(a 12

for some polynomial PI§8) (&). Combining this and the inequalities (15) and (17), we have that
when 4bp* < a + b,

r(a,b,c, p,3,60)

b
Ir®(a,b,c, p, )| = (@a+b+10l°) lvi(a,b,c,0) + V2@ b, c,0) + ;

Tp/PBa b, —1 b’ M, —1/2
ST—i—mPp (a )+ﬁpp’3(a 7b)7

which shows that (2) of Theorem 2.2 holds.
Finally, we shall derive (3) of Theorem 2.2 from Eq. (18). From Eq. (14), we see that as
61 — oo,
vi(a, b, ¢,0) =O(l6I7), vala, b, c,0) =0(6]7).

It is easy to show that as ||0] — oo,

b? b 4
br]](avbac70)+?n2(aab’c’9):W l_a_h(c)}{p_z_z}—i_o(“e” )
and )
2bp 1 161l 6
P >_1 <P > —1 =0(|6 .
r{a+b+||z+9||2_2}_ r{llzll_ : 16175
Thus, the proof of Theorem 2.2 is complete. [ ]
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