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Abstract. Introducing a conditional mixing property, Gétze and Hipp’s theory is generalized
to a continuous-time conditional e-Markov process satisfying this property. The Malliavin
calculus for jump processes applies to random-coefficient stochastic differential equations
with jumps with the aid of the support theorem to verify the non-degeneracy condition, i.e.,
a conditional type Cramér condition.

1. Introduction

In this article, we will first introduce a partial mixing process, and derive asymptotic
expansions for a functional of that process. A partial mixing process is a process
which in part possesses a nice mixing property. In order to explain a motivation from
statistics, let us consider a linear stochastic regression model having a long-mem-
ory explanatory variable. This is a simple example rather than our main purpose.
Suppose that the stochastic process ¥ = (¥;);ez, is defined by the linear model:

Yi =0X: +e,

where e = (e;) is a zero-mean i.i.d. sequence and X = (X;) is an explanatory
process which is independent of ¢ and may have a long-range dependence. The
parater 6 is unknown in a statistical context, and it is very common to examine the
asymptotics of the least-square estimator O

T
Xr = ﬁ(éT - 9) = —Z’:Tl Xier/VT
i X7/ T
as T — oo.

Because of the possible long-range dependence of X, the strong mixing coeffi-
cient of the full process (X;, e;) does not decay so rapidly as to induce asymptotic
expansion. For the usual condition under which asymptotic expansion is derived
involves a fairly-high-order of polynomial decay. This condition however is broken
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when X has an autocovariance which is not integrable and the full mixing coeffi-
cient inevitably decreases slowly, as this fact follows from the covariance inequality
for mixing processes.

On the other hand, clearly, e satisfies an ideal mixing condition under the
conditional probability given the whole process X. Under this conditioning, Xr
is just a sum of independent random variables and it is easy to derive the condi-
tional asymptotic expansion: what we need to do is to integrate the conditional
expansion with respect to the variable X in order to obtain a usual expansion for
X’r under the original probability measure. In this example, the resulting expansion
is a fractional expansion which consists of the familiar power 1/+/7 and another
fractional power 1/T%/2, a being an index related with the Hurst number; see [71].

As already suggested, the first aim of this article is to derive asymptotic expan-
sion for the partial mixing process. We will treat this problem within a more general
framework. It applies to conditional e-Markov processes, and as a special case, to
a random-coefficient stochastic differential equation with jumps.

Secondly, we will present a precise estimate of the conditional characteristic
Sfunction under slower-than-exponential decays of the conditional mixing coeffi-
cients. Giving careful consideration to such slow decays is of importance even in
unconditional situations: see Veretennikov [66, 67]. While the possibility of weak-
ening the exponential decay was suggested or proved, e.g., in Jensen [24], Lahiri
[33], we will show it in the conditional situation. In order to obtain a conditional
estimate of the conditional characteristic function over a moderately large region,
we carried out a conditional version of estimate similar to that of the prominent work
by Go6tze and Hipp [18]. In contrast to the unconditional case, it is necessary to con-
struct a suitable truncation functional (localization), as seen in the proof. Roughly
speaking, the expansion finally obtained is to be a mixture of unconditional expan-
sions, but the real position we are in is not as simple as expected. If one would
apply directly the estimates from the unconditional cases, the resulting conditional
error bounds would be infinity in vain: consider the example at the beginning of
this introduction. We need, in our conditional situation, precise estimates of those
that were deterministic in the unconditional case and that could successfully be
estimated by Gotze-Hipp’s subtle induction technique in the deterministic case.

As for the estimates of the conditional characteristic function over a large region,
a conditional type Cramér condition under suitable truncation is crucial. The use
of truncation functionals seems to be inevitable for our later applications, and it
turns out to be essential to look into to what extent those truncations retain positive
probability. In order to measure the nondegeneracy, certain counting processes
measurable with respect to the conditioning variables will play an important role.

Since we are aiming not only at discrete-time processes but also at continuous-
time processes like semimartingales, the estimate of the conditional characteristic
function over the large region requires an infinite-dimensional stochastic analysis.
Various formulations have been presented by many authors like Bismut, Stroock,
Bichteler-Gravereaux-Jacod, Norris, Nualart, Privault, Picard. See the references
of Bichteler et al. [9]. Also see Norris [40], Nualart and Vives[41], Privault [46—
48], Carlen and Pardoux [12], and Elliott and Tsoi [16]. In the present article, we
adopted the Malliavin calculus formulated by Bichteler, Gravereaux and Jacod [9]
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among other possibilities such as the essentially important work recently devel-
oped by Picard [44, 45]. One reason is that it is easy to handle in computations
showing non-degeneracy under path-dependent truncations. In an example in the
author’s previous paper [29], a result on regularity, which was rather standard in the
Malliavin calculus, was directly applied to the local estimate of the characteristic
functions. In that case, the used truncation functional essentially selected a good set
of the initial values, not a good path set. We will present another sufficient condi-
tion suitable for support theorems. An application of the support theorem to such a
distributional expansion is seen in martingale expansion of [70]. We will show that
the path-dependent truncation method with the aid of the support theorem enables
us to weaken considerably the non-degeneracy conditions. As the third aim, at the
final stage, the conditional expansion, the Malliavin calculus for jump processes,
and the support theorem with the help of the stability of stochastic integrations will
fuse to give a valid asymptotic expansion to a functional from a stochastic differ-
ential equation with jumps. This is a new result even in the unconditional case.

We conclude this section by mentioning related literature. Bhattacharya and Rao
[8] is a systematic exposition of Edgeworth expansions for independent random
variables, which treats also the lattice case. A mixture of lattice and non-lattice cases
was examined in Babu and Singh [4]. For Markov chains, see Nagaev [39], Statu-
levicius [58], and for an abstract framework for an envelope process of a Markov
chain, Gotze and Hipp [18]. See also Jensen [25] for a particular Harris recurrent
Markov chain. G6tze and Hipp [19] studied conditional type Cramér conditions for
more concrete Markov chains. Jensen [24] is, with an extension to random fields,
a nice instruction for Gotze-Hipp theory. Lahiri [32] gave a refinement. Datta and
McCormick [14] obtained the first-order expansion under a conditional non-lat-
ticeness condition. Hipp [21] studied compound processes. Kusuoka and Yoshida
[29] considered an abstract e-Markov mixing process and proved the validity of
the asymptotic expansion based on the Malliavin calculus. All those works treated
unconditional cases. For near-independent structures, the idea of conditioning was
used; e.g., Albers et al. [3], Hipp [21], Bickel et al. [10].

As for a random variable admitting a stochastic expansion, Bhattacharya and
Ghosh [7] proved the validity of the formal Edgeworth expansion for independent
variables, introducing the Bhattacharya-Ghosh map. Gotze and Hipp [19] trans-
ferred the idea to their setting. Sakamoto and Yoshida [52, 53] presented an explicit
expansion formula for e-Markov processes with continuous time parameter, and
applied it to diffusion functionals. In the same setting, Sakamoto [51] presented
expansions for various test statistics with applications to diffusion processes. A
study of information criteria for statistical model selection of stochastic processes
was done by Uchida and Yoshida [65] in the light of the asymptotic expansions.

The mixing property is explicitly or implicitly a key condition in the above
works. Doukhan [15] is an excellent text book including extensive references. Diffu-
sion processes over non-compact area are of practical importance. Then the Doeblin
type condition does not hold and advanced methods are needed. See Bhattacharya
[6] for the derivation of exponential decay using spectral theory; also see Stroock
[59]. Veretennikov [66, 67] studied various mixing rates for nondegenerate diffu-
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sion processes. Recently, Kusuoka and Yoshida [29] proved an exponential rate
using operational calculus and perturbation theory.

In standard arguments based on the mixing property (mixing approach or
local approach), the component functionals of the stochastic expansion are
asymptotically normal. Consequently, this approach excludes expansions involv-
ing non-central limit theorems. For example, the least square estimator with a
strongly dependent explanatory variable has a non-central component in the sec-
ond-order, so that the usual mixing approach does not work. It is possible to obtain
a second-order expansion ([69]), however, we need another method which is called
the global approach (or martingale approach). The estimation of volatility over
finite time interval is another example. There, the martingale problem method is
necessary to obtain the limit distribution of the second-order term. A mixture of
Gaussian distributions, therefore non-Gaussian distribution, appears and it cannot
be a consequence of a mixing approach. Even if the central limit theorem cannot
apply, the global method still provides an approach to the asymptotic expansion.
See [70] for details, and also a series of Mykland’s works [36—38], which inspired
me.

Historically, the theory of asymptotic expansions has been oriented toward sta-
tistical applications. We refer the interested reader to Akahira and Takeuchi [2],
Pfanzagl [43], Taniguchi [62], Hall [20], Ghosh [17], Barndorff-Nielsen and Cox
[5], Pace and Salvan [42], Kutoyants [30], and Taniguchi and Kakizawa [63].

2. Conditional ¢-mixing and asymptotic expansion

Given a standard probability space (€2, F, P), suppose that there are increasing
sub o-fields B; (I C R;) ! with respect to the partial order of sets, i.e., that I C J
implies that B; C By, and there is a sub o-field C of F. For s, € R4, s <1, the
random number « (s, ¢|C) which satisfies

1> a(s, 1|C) > sup |Pc [B1 N B2] — Pe[B1] Pe [B:]
B]GB[O,_;JVC,BzeB[T‘OO)VC

is called the conditional «-mixing coefficient given C. Suppose that 1 >« (h|C)>
SUPjy>p ser, @(s, s + h'|C). Henceforth, we assume C-measurability of a(s, |C)
and o (h|C). This is without essential loss of generality as we can replace them by
their measurable envelopes. We put «(%|C) = 1 for negative .

We will consider a d-dimensional process (Z;);cr, which satisfies the measur-
ability condition:

Zy € F(Bjo vC) and Z‘; =7Z;—Zs € F(Bs,nVvO)

forevery s, t € R4 (s < t). Here F(B3) denotes the set of 3-measurable functions.
The aim of the present article is to derive asymptotic expansion of the expectation
P[f(Z7/~/T)] for measurable functions f.

I R, denotes the set of nonnegative real numbers. Similarly, N denotes the set of positive
integers, and Z, the set of nonnegative integers.



Partial mixing and Edgeworth expansion 563

In order to obtain the error bounds for the asymptotic expansion, we need
to specify the rate of convergence to zero for the conditional mixing coefficient
a(h|C). We will consider three situations. The exponential decay is assumed in the
first case, and the polynomial decay in the third case together with an additional
condition. The second one is intermediate.

[A1’] (exponential) There exists a constant a € (0, 0o) such that ||a(h|C)||; <
a~ e~ forall h € (0, 00).

Next, we will consider a case where the expected decay of « is faster than 7~ but
it may be slower than the exponential order. In this case, we need a stronger integra-
bility condition. Fix two positive numbers § and & as § > 28. Denote by 7 the set of
partitions I = (tj)j?‘;o of Ry suchthat0 =17 <# <---andd <tj41—t; < 5. For
IeZ, let H(I) ={H : Ry — {0, 1} be the indicator function of a (partial) union
of the intervals among [0] and [¢;, #;+1]’s for I }. Let H - Zr denote the primitive
stochastic integration of H € H over [0, T'] with respect to Z. Finally, set

®7() = max |Vare[T~V?H - Z7]|.
HeH)

[A1”] (hyper-polynomial) There exist constants a,b,c,C > 0 such that
ab > 1, |a (O]} < Cexp(—c(logh)'™) (h € Ry), and limsup;_, o,
supyer P [exp (@T(I)b)] < 00.

The final condition is an extreme case. It requires the boundedness of the
conditional variance but it works well for bounded energy additive functionals
as well as in unconditional (Markovian) cases.

[A1”] (polynomial) For any L > 0, la(k|C)|; = O(h~t), and limsupy_, o
supyer | P71 (Dl < 00.2

For some p € N (p > 3), we also assume:
[A2] There exists a positive number ko such that for every L € N,
L
SUP; jreRy 0<h<hy © |:‘Pc [|Z§+h|p+l]‘ ] < o0, and the same inequality

with Zzt +h replaced by Zp holds. Furthermore, Pc[Z;] = O forallz € R,. 3

2 Obviously from the proof presented below, we only need to assume this condition for
a certain finite number L to prove our results. Lahiri [32] gave a proof under polynomial
rate in unconditional case, assuming an additional condition. In unconditional case, as seen
in the proof, it is not a so simple matter to write out an exact rate because it depends on the
conditioning field C.

3 It is possible to reduce “every L” to some sufficiently large L in the condition. The
interested reader would find a necessary number. When C is trivial, this condition will be a
usual condition of finite moments. Our interest is mainly in practically applied models such
as SDE’s, and for such models, the condition for the existence of solutions often ensures
the existence of moments of arbitrary order. For this reason, we did not pursue a minimal
moment condition here.
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In this paper, we shall devote our attention to a certain Markovian structure,
mainly, like G6tze and Hipp [19] did, rather than the more general nearly Markov-
ian process treated in [18]. Thus we do not need conditions for approximation to
the original process by another process that yields the reduction.

Definition 1. A double sequence of intervals 1(j) = [u(j), v(j)]C [0,T] (j =
,n'(T); T > 0)is called h(T)-sparse reduction intervals with (C ( j))" i if:

6] C(j) are sub o -fields of F with C(j) OC.
() v(N+MT)<u(+Dforj=1,...0"(T)=1,8 <v(j)—u(j) <8 < oo
forany j, T, and liminfy_, oo n'(T)(h(T) + 1)/T > 0.
(ili) For any subsequence ji, ..., jorry of 1,..n'(T), any A € b

(B[O,T]\U;';/}T)I(jl) \% C) 4 and Ajeb (B’(jl) \% C) (l=1,..,n"(T)),

Fe [AAj' ”'Ajn”(r)] =rfe [APC( olAn]-- ey [Ajn”<r)]] '

In the above definition, 7 (j) and ¢ (j) may depend on 7. In general, h(T) may
be bounded. 0-sparse reduction intervals are called dense reduction intervals.

Denote by Z; the increment of Z over the interval J. The following is a con-
ditional type Cramér condition.

[A3] For every L > 0, there exist truncation functionals v; : (2, ) — ([0, 1],
B([0, 1])) and constants a’, a € (0, 1) and B > Osuchthat4a’ < (a — 1)2 and

(i P [n(T) > Fe [SuPu |u|>B‘ c(]) e Zl(j)‘/fj]‘] > a’] = o( lL)
i) P X Pe[t=¥5] = a] = (o).

Condition [A3] may seem to be slightly stronger than the usual condition in inde-
pendent cases. It is possible to weaken this condition though it will become more
complicated; see Remark 15. In the above condition, ¥; may depend on 7.

The C-conditional cumulant functions xr ¢ (u) of Z7/ VT are defined by

d\" 1
xr.rc) = <£) L:O log P¢ |:exp <ieu . ﬁZT>i| .

With the formal expansion:
exp (Z r_!ér_2XT,r,C(u)) = exp <§XT,2,C(M)> + ZG’T_ZPT,r,c(u),
r=2 r=1
we define the function ‘-fJT, p.c(u) by the partial sum:
p—2

1 L
—XT,z,C(M)> + Z T 2Pr,cu).

Wy, cu) = exp (2
r=1

LetVr c = Fl [‘i’T,s,c], the Fourier inversion of ‘iJT,s,c.

4 b(B) is the set of bounded B-measurable functions.
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Let po = 2[p/2] and set EM,y) = {f : R? — R, measurable, | f(x)| <
M1+ |x]”) (x € RY)}. We will in the sequel assume that

limsup || |W7, ,c|[14]-17],, < o0 ¢))
T—o0

for some constant g € (1, c0). One will see that under [A1] in Section 6.1 and
[A2], Condition (1) is satisfied, e.g., if {det(Covc(ZT/\/T))’l} is L®-bounded
uniformly in large T for some large constant R. This is clear if one recalls the form
of ¥r , ¢ and the boundedness of moments of Zr / /T . We should note that such a
global nondegeneracy of Z7/+/T is a problem completely different from the local
nondegeneracy of the increments of Z.

It is sometimes convenient to consider the following weaker condition rather
than (1):
limsupy_, o sup peer || 1Wr,p.cllI 1] H 14 < 00, where & isasubclass of £(M, py).
Under this condition, the coming results will be valid for £ in place of £(M, py).

For measurable function f : RY — R, ¢ > 0 and a Borel measure v
on RY, define o(f;€,v) by o(f;€,v) = fa)f(x; €)dv, where wy(x;r) =
sup{| f(x +h) — f(x)|; |h| < r}. For a signed measure v, v denotes the positive

part of v. Put wy(f;€,v) = \/fRdwf(x;e)zv(dx). Denote A7(f) =
H Pe [f (%ZT)] — Wy ,clf] H] ‘Here 7 (f) = 3(T) means that sup ; r7 ()

=o(T79).
We will show the following inequalities:

Ar(f) < M*[P [Varc [ZT/ﬁ] < sTId]9 Ty [Varc [zr/ﬁ] > uTIdr
sy Pon (£ 77K, 906 0, ur ldx ) +3(1- 093] 2)
and
arr) < [P [Vare [ 27 VT < sr1a]
sy ooy (£ 77K, ¢(63 0, ur L)) +5(T 2002 3)

where y(1) = [3(p —2) +d]/2and y(2) =3(p —2)d +27'd. Let I® = {t €
Ry; dist(#, I) < o} for I C R4 and o > 0. In the following theorem, ¢’ denotes a
sufficiently small positive constant which will be implicitly specified in the proof.
' (T)
j=1
there exists a positive constant ¢ such that é(j) C Bijye V C. Suppose that [A3]
and [A2] are satisfied. Let K, M > 0, 0 € (0, 1), and let sT, ur be any sequences
of positive numbers with liminfr_ oo ur > 0. Assume either of the following con-
ditions:

(a) [A1'] is satisfied and s > T forlarge T;

(b) [A1"]is satisfied and s > (log 7)< for large T
(c) [A1"] is satisfied and lim inf7_, oo s > O.

Theorem 1. Let I(j) be dense reduction intervals with (é @2)) . Suppose that
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Then there exist positive constants M™* and §* for which the mequallty (2) holds uni-
formly in f € E(M, po). Moreover, if liminfr_ o ur /TS > 0 for some positive
constant c”, then (3) holds uniformly.

The proof will be presented in Section 6. The quantity w; can be replaced by the
usual w (cf. [29]) in the error term in the unconditional setting.

Itis also possible to obtain the same results for A/T ) = Pc[f(T_IHZT)] —
‘I'T,p,C[f]1{VarC[T*1/ZZT]st1d} I in place of Ar(f) if Condition (1) is replaced
by

lim sup H W7 pelll +1- |p0]l{Varc[T—'/2Zr]>srld}H < 0. @

T—0o0 - q
See Remark 13. This is also the case for £’. Large deviation like techniques can be
used to verify Condition (4): it is easier than verifying the integrability of W7 , ¢
without truncation. It is sometimes helpful to take advantage of T ~*/2-factors in
the representation of Wy , ¢ to show the uniform boundedness of the norm. In
case (4), we canuse P[Wr , c[f 11 var.[7-1/2 2,157 1,1] tO Make approximation to
PLF(T™2Zy)).

3. General conditional e-Markov process
3.1. e-Markov property and mixing coefficients

In this section, we consider a conditional e-Markov process and its functional.
Let X and Y be separable stochastic processes of di and dy dimension, respec-
tively, defined on a given probability space (2, F, P). Here di,d> € N U {oo}.
Assume that X¢o = 0. Define sub o-fields B‘IIX and B}/ of F for I C R4 by
B?X =o[X;—X,;s,t € Il vN and B}’ = o[Y; t € 11V N, respectively, where
N is the o-field generated by null sets in F. Moreover, let By = B‘;X \Y B}/. As
before, C denotes a sub o-field of F. We assume that X is a process with inde-
pendent increments, more precisely, Bjo,] V C is independent of B[ "00) for all

r € Ry. In particular, C is independent of Bﬁx . Furthermore, we assume that the
process Y is a C-conditional e-Markov process driven by X in the sense that

Y, e]—'(BY v BX vc) forany s, 7 € Ry withe <s < 1.

[s—e,s] [s,]

Example 1. (Generalization of random coefficient models) Let &; (j € Z,) be a
sequence of independent random variables independent of C = o[c], ¢ being a
random element possibly infinite-dimensional. Let X, = »_, &;. We consider a
process Y, defined by

Yis1 = Fagi1(c, Yin—mo).n1> En+1)

for some measurable function Fj,; 1, where M (c) is a C-measurable N-valued ran-
dom variable, and Y[,—m.n] = Yn—m, Yn—m+1, ..., ¥Y»). In this case, the e-Markov
property holds if M (c) is uniformly bounded: M (c) < M. Processes X and Y are
naturally extended over Ry as X, ;) and Y, (), v(¢) being the maximum integer
which is not greater than 7.
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Example 2. Assume that (X, Y) is independent of C = o[c], and that Y is a
Markov chain (i.e., ¢ = 0) driven by X in Example 1: Y41 = Fy4+1 (Y, &n+1)-
For f(Y[n,00), €) € b(B[{l Y C), there exists a measurable function H,, such that
H,(Y,,c) = PB[’;]vC[f]’ [n] = [n, n]. With Lemma 1, we obtain PB[{n]vc[f] =

PB[O,m]vC[f] = PB[o,m]vC[PB[Yn]vc[f]] = PB[Ym]vC[PB[t,]\/C[f]] = PB[{,,]VC
[Hy(Yy, )] = (Pu—m[Hn(-, 0)])(Yy) for m < n, where P, is the semigroup of
process Y (independent of C). If Y is a stationary Markov chain with invariant
distribution v (independent of C), Pc[f] = v[H,(-, ¢)] and

Pe[|Pay el £1= Pel£1]] = 1 PaonlHaC )] = VIHAC Ol

The right-hand side can often be estimated from above by Be~*"~")|| H, || o with
constants a and B independent of C.

A conditional «-mixing condition for ¥ will be expressed by the inequality
Fe [‘stgﬂ]vc [f1-Fc [f]H < ay(s, tIO| flloo (5)

fors <rand f € b(BY _ v C). We have:

[£,00)

Lemma 1. Let Y be a C-conditional e-Markov process driven by a process X with
independent increments. Then, for f € b(Bjt,00) V C), s <1,

PB[()VS]VC[f] = PB[S_QX]VC[f] = PBY ]vC[f]-

[s—e.s

In particular,

|Pelef]— PelelPelfll < ay(s,t —€lO)lellooll f lloo
forany e e b(BysVvC) and f € b(B,o0) VC), s <t —e.

Proof. Denote Y; = (Y;);e;. Suppose that C is generated by some random
element c. Since f € b(B[;,o0) V C), there exists a measurable function F such
that f = F(c, Yjs—¢s], dX[5,00)), Where F depends on the at most countable data
in Y7, d X by separability, and we used the e-Markov property of Y. The fact that
X has independent increments implies

Pgy el f1= / F(c, Yis—e,5), x) P12 (dx) € BE_ v C. (6)

Note that (6) is easily obtained, by monotone class argument, without using
random element ¢ and separability. Taking conditional expectations PB[’i V€ and

Pp,,_. ,,ve for (6), we obtain the first assertion. For the second assertion, we see
|Pc [ef]— Pelel PeLf1l = | Pe [ePsg,ve Lf — PeLf11]]
< llelloo Pe [| PBigve [f — PeL£]]

1.

and by using the first part twice,
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Pg e Lf — PeLf11 = Pgg,ve [ PR, ve L1 — PeLf]]

= PB{ ]vC I:PB[{%.:]VC [f] — Pc [f]] .

S—€,8

Take PB[’;%J]vC [f]as f in (5), and we obtain the result. O

In view of Lemma 1 for indicator functions e and f, we will hereafter take

a(s, t|C) as

ay(s,t —€|lC)Al ifs<t—e,
(s, t]C) =

1 ifs >t —e.
3.2. Reduction formula

Letu,ve Ry,u <v—e.LetF =[0,u],G =[u,v], H =[v,00),U = [u—¢, u]
andV = [v—¢, v]. Assume that f € b(BrVvC(C),g € b(BgVvC)andh € b(ByVvC).
Moreover assume that for some sub o -field B/V of By, Pg,vclh] = PBQ/ velh] for
allh € b(Byg v C).

In particular, forany c € bC, s € bBy andt € bBBy,, P[csth] = P[cst Py velhll
= P[cstPB/V vclh]], and hence, PBUvBQ, velh] = PB’V ve[h] since finite sums of the
terms taking the form of cs can approximate any bounded By v 3}, vV C -measurable
functions in L!-sense (if B}, and C are good). In the same way, due to the e-Markov
property, Plestf] = Plesf Ppyvelt]l = PLf Pgyvelest]] = PlestPgyvel f11;
thus, Py, 5, vclf1= Psyvelfl.

The e-Markov property implies that

Pp,velghl = Ppyvelg Ppyg velhll = Pryvelg Py velhl]
= PpyvelgPg,velhll = Ppyvel P, vs,velglPe,velhll. (7)

Forany cebC,s e bBy and 1€ bBy,

Plest Py, vel f1PB,vB, vcllll = PP, B, vclsflcth]
= P[Py,vclsflcth]l = Plsf Pg,vclcthl]
= P[sf Pp,vclcth]] (e-Markov property)
= Plcstfh].

Therefore, Pg v, vclfhl=Pp,vB;, vclf1PB,vB,vclhl= P5,vcl f1Pg, vclh].
Since Pg,velfghl = Pgyvelf Py velghll = Poyvelf Pryvelghll (e-
Markov property) = Pg,vcl f1Ps,vclghl,
Plcfgh] = PlcPpg,vclfghll = PlcPs,vel f1PB,vclghl]
= PlcPpyvelf1Psyvel P, v, velglPa,velhlll (by (7))
= PlcPpyvclf1Pg,vclhl P, v, vclgl]
= PlePpyvB,velfh1PB,v B, L8]]
= PlcfhPp,yp,vclgll = PlcPel fhPg,yp,vclglll.
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Thus, if Pg,_. ,,v¢ = PB[u—e ,ve on b(Bpy,00) V C), then

Pelfghl = Pelf Py, . i, velglhl @®)

[v—e,v]

for any f € b(B[()’u] Vv C), g < b(B[u,v] \% C), h e b(B[v,oo) \ C)

Let (u(j),v(j))jen be a sequence of numbers satisfying that € < u(j) <
u(j)+e < v(j) <v(j)+e€ < u(j+ 1). We assume that there exist good sub
o-fields BEv(j)—e,v(j)] of Bly(j)—e,v(j)] such that PB[U(]-)%,U(]-)]VC = PB[u(j)—e,u(j)]VC
on b(B[v(j),oo) \Y C) Suppose that Kj € b(B[v(j—l),u(j)] \ C), v(0) := 0, and
L; € b(Blu(jy,v(jy1 V C). Then, by repeated use of (8), one obtains

PelKiLy -+ KyLpKy+1]1 = PclK1Ly--- Kp—1Lp—1Kp
x PB[u(n)—e.uoz)]VBfm)fe.u(nnVC[L”]K”“]
= PelKiLy -+ Kn PB[U(”—])—f.M(H—l)]VB[v(n—l)—e,v(n—l)JvC
Ln—10Kn PBy sy stV By e oy v en 1 K41
= PC[(H?SKJ')(H?ZI PB[“(}‘)*C”(}‘)]\/va(j)—av(j)]vc

[L;D]. )
3.3. Asymptotic expansions

As before, Y denotes a C-conditional e-Markov process driven by process X with
independent increments. We consider a process Z which is adapted to B; (gener-
ated by Y and dX), i.e., Z{ = Z; — Z; € F (Bjs,y vV C) forany s, 1 € Ry (s < 1).
The C-conditional mixing coefficient (s, #|C) and hence «(%|C) are now defined in
terms of a (s, ¢|C) for B}/. If there exists an interval sequence I (j) = [u(j), v(j)]
(j = 1,..,n(I)) for which sub o-fields By, ;) . iy Of Blu(j)—e.v(jy have the
property mentioned in Section 3.2, and if liminf7_, oo n(T)/T > 0and 0 < § <
’i( Jj)—u(j) < § < o0, then (I( j)) forms a set of dense reduction intervals with
C() = Buug)—eaui1 v Biy(jy—eniin v C-

If « (for ay (s, t|C)) satisfies Condition [A1'], [A1”] or [A1”], and if those
reduction intervals have the properties in [A3], then under moment condition [A2],
we obtain asymptotic expansions (2) and (3) for Z7 /+/T as Theorem 1.

The truncation functional ¥; may depend on the path. All what we have to do
is to show the existence of a subset in path space on which the variables Z; ;) and
the variables that determine C (j) have a locally nondegenerate, regular distribu-
tion. For this purpose, the Malliavin calculus will be applied later. However, we
should notice that there are many other possibilities of obtaining the conditional
type Cramér condition for specific simple models. For instance, if the model in ques-
tion has a discrete time parameter, we may not need such an infinite-dimensional
method unless an infinite-dimensional structure is hiding behind the randomness
of the model. In order to show the positivity of the remaining set after truncation,
the support theorem can apply as in [70].

We will return to conditional e-Markov processes in Section 4.2 in the light of
the Malliavin calculus.
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4. Malliavin calculus and asymptotic expansion

4.1. A general model equipped with the Malliavin operator that does not shift the
conditioning variable

In order to verify the conditional type Cramér condition such as [A3], we will apply
the Malliavin calculus. We refer the reader to [69] or Kusuoka and Yoshida [29] for
necessary notation in the jump type Malliavin calculus.

We first consider the general model described in Section 2 in terms of 3;. Sup-
pose that 7 (j) = [u(j), v(j)] (j =1, ..., n(T)) are dense reduction intervals with
(C ( ]))”(T) Assume that C( j)is generated by a random variable C; taking values
ina measurable space S(j) with o-field S(j), and that C is generated by arandom
variable C taking values in a measurable space S’ with o-field S’. Moreover, we
assume that for every j, there exists a distributional equivalent (1/7 i 7 s C s é’)
of (¥, Zj(j), Cj, C), where v; is a truncation functional given in [A3M] below. In
other words, there exists a probability space (Q( ), l';‘( 7). 13( J)) which has a ran-
dom variable (v}, Z;, C;, C) taking values in ([0, 1]x R? x S(j) x §', B([0, 1) ®
B, ®S(j)®S), and L{(Wj, Z;, Cj, O)P ()} = LI, Z1(j), Cj, O)|P).

Suppose that for every j, a Malliavin operator (L, D(L;)) in the sense of
Bichteler et al. [9] p.102 exists on Q( J). The operator (L, D(L;)) has an exten-
sion to the Banach space D . We use the same letter L ; for this extension. In this
subsection, we assume that for any bounded measurable function F : S(j) — R,
F(Cj) € Dz,; for any p> 2, and LjF(Cj) =0.

kl 5 5 . oqe .
Let 021- = FL (Zjk, Zj1), where FL_,. is the bilinear form corresponding to L ;,
fOIO’ (O';l.). Set Sl,j = {Ag}@l/,ﬁélv,l,jzj’,k,
J J J

and also let A 2 = = det O’Z

Iz, (Gg’ 2]»’,"), FLf(Aij wj, j,[)} for operator L ;. We have an integration-by-

parts formula:
PO [0r @10 €] = i) [F@wEIo ()]

for [ € C%’O(Rd), and Z, ¢ € D2L’{>o75, under the nondegeneracy for Z, i.c.,
Silvr; 2] € DZL’](')O; We know that

d
W) ==Y 2L VL Zi + T () ¥, Zin),
i'=1
vy, being the inverse matrix of o5 . It is easy to verify the above integration-by-parts
formula with the fact that the shift of L ; has no effect on ¢ ;.6
The following condition is usually verified with boundedness of L”-norms of
{S1,,} and a kind of ergodicity of the conditioning stochastic process generating C.

5 We omit (R?) even for multi-dimensional functionals.
6 It is not the case with the Malliavin operator in Section 4.2.
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[A3M] There exist truncation functionals Vi (2, F) — ([0, 1], B([0, 1])) satis-
fying the following conditions:

(i) For any L > 0, there exists A > 0 such that
AR ; ) 1
_ P'H\IJZJ' A-‘C:C]>A =o(=-]).
) ]Zl () Wl > o( 7z
(ii) For any L > 0, there exists a € (0, 1) such that

n(T)

Y oPe[l-vyj]=a =0<%>.

j=1

n(T)

In the above conditions, “any L” can be replaced by “sufficiently large L, as shown
in the proof.
We then easily obtain the following theorem.

Theorem 2. The same assertions as in Theorem I are valid under the same assump-
tions even if [A3] is replaced by [A3M],

Remark 1. Here Condition [A3M] tacitly implies that 7 s g@j € Di éo_ and

S1 [1/A/ s 7 il cC Di {)o_. The Malliavin operator L ; does not shift 14 (j)-measurable
functionals, intuitively. This theorem applies to m-dependent sequences. Moreover
it could apply to e-Markov processes (Section 4.2) though the raw Malliavin opera-
tor given there may shift C(j)-measurable functionals in general. As a matter of
fact, it is possible to construct another Malliavin operator L; having the above
property from the raw Malliavin operator. This is what we will implicitly carry out
in Section 4.2.

4.2. Conditional e-Markov process

Let us return to the cadlag conditional e-Markov process Y driven by a cadlag
process X with independent increments (see Section 3). As before, we shall con-
sider a sequence of intervals 1(j) = [u(j),v(j)] (j = 1,...,n(T)) such that
u(j)+e <v(j) =u(j+h—e.Putl; = [u(j)—e u(j)land J; = [v(j)—€, v(j)].
Let M € N. Suppose that for each j, for some M; < M, thereis an M ;-dimensional
random variable ); which satisfies:

(1) By =0y, CBj; vV
2) PB[O,U(./')]VC = PBrjj veonb (B[v(j),oo) \Y C)

Put Z; = (Z1(j,Y)). Let C(j) = B v B) Vv C. We assume that
liminf7_,oon(T)/T > 0,and then findthat I (j) = [u(j), v(HIG=1,....n(T))
form dense reduction intervals with é(j). Let C; = (Y, Xy — Xy(j)—e : 1 €
1;), Y}, C), where C is a measurable space (§’, 8’)-valued random variable such
that C = o[C].
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Now, we further assume that a distributional equivalent (1,@ s 7 js C j) of
(U, Zj(j, C;) exists: there exists a probability space (fZ(j), é(j), ﬁ(j)) on which
there is a random variable (1/3,-, Z,', éj) taking values in ([0, 1] x R? x S(j),
B([0, 1) ® B4 ® S(j)), where S(j) is the value space of C; and S(j) is its o-field,
and

LI, Zj, CHIP(G)Y = LU, Zijy, C))IP). (10)

C; and c ; are random variables taking values in the product space S(j) =
D(/;; RU17%)xRMj x §' equipped with the product o -field S(j) =D(I;; RN 2)®
BMj ®S.

Assume that (L j, D(L)) is a Malliavin operator over (Q(j), l’g'(j), f’(j)), and
that for any bounded measurable function F, F(xC i) € Di I, and L;F(n ¢ i)
= 0, where né’j stands for any finite projection of ((f’,, }A(t — )A(u(j)_é (telj), é‘)
(a part of C 7 without JAJ i, and not whole C 7, where J> ; is a distributional equivalent
to V;). Here C denotes the distributional equivalent part in c ;j corresponding to C.

Let Z; = (Z;, ;). Suppose that Z; C Dijoo_. Put Si[V/j; 2] = {027, A;
J J
—d=1) 7 o R o R
Ajij ¥}, where Azj = det oz, and ij = det oy, We assume that
A A L
ST[lﬂj;Zj] CDQ’JOO_. (11)

. . . L;
The matrix (y. )’1}1”) denotes the inverse matrix of 0y - Assumethat¢ € D, _and
i J ’

L.
deto ! e D)’
¢eay_

> oo then ¢y 2" makes sense. It follows from the chain rule for the
B y .

F-bilineér form that !

M;
> UL (Zj. VimV§' Ty s F)

m,n=1

M;
D 2T (Zin Vi VE T, Dins Vi) g D)) H

J

m,n=1 m’
M;
=Y ¢TL,(Zj1. Vim)omg V) H
m=1
=01, (Zj1, gV)H = ¢T1,(Z;, F) (12)

for functionals F taking the form of F = g()>j)H for g € C?(RM-/)7 and H =
hi Xy, — Xy Yup 2 1 <k <m)ha(C), with by € DB, +dym,» h2 € bS'(j)
and u(j) —€ < up < uy < -+ < Uy, < u(j). In order to distinguish the

7 C% denotes the space of all bounded smooth functions with bounded derivatives.
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probability measure for the distributional equivalents from the original probability
measure P, we shall here use the bold letter P for the equivalent probability mea-
sure P( Jj) on the space on which the distributional equivalents are defined. The
integration-by-parts formula yields

D iupPle Fio LI g Fl = PI" P20 FL;Z; 4 ~ 1, BF. Zj ) (13)
14

By using the formulas: I'z; (A, BC) = I';(A,B)C + I'z; (A, C)B, P[AL;B]
= P[BL;A]( = —P[I',;(A,B)]/2) for A,B,C € Di'go_ and L;j1 = 0, we
see that
P[AT.;(B,C)] = P[I'z;(AC,B) — ', (A, B)C]
= P[L;(ACB) — ACL;B —BL;(AC) — I'.; (A, B)C]
=P[-ACL;B - ACL;B—-T;(A,B)C]
=P[{-T.;(A,B) —2AL;B}C].

Applying this formula to A = y)’fjl‘ vy (JA)]-J, Zj,q)¢>F, B = JA)j,k and C = ¢iZj,
J

we obtain

> iupPle AT (Vi 2,-,,,>y3’§lj T, Vit Zj,)dF]
p

=PI, (Y« e"“‘zf)yl’;’j TL, (Vi 2.g)dF]
=Pl “H=TL, Dk vy Tr; Vi Zj.g) ¢ F)
J
=2y T, V. Zj)dF L Vi) (14)
J

On the event {¢ # 0}, define 62]_ by

rq _ P4 V.. 7. kl V., 7.
5 =05 - %j Co; Gk 2ip) 75y Ty Gt Zig)-

The partial covariance matrix o, = (('fé7 1) is nonnegative definite, and ¢ 65 1 is
/ J J

Lj

2,00—

well defined, indeed, in D . It follows from (13), (14) and (12) that
> iupPle 461G F] = Pl AWl (@) F), (1s)
P J
where

i)=Y Tr,jx ng’]_ TL, (Vi Zj9)®) =T, (. Zjg)
k,l

—2¢L; Z,',q +2 Z J/)k}l. Iz, Vi, Zj,q)‘pLj:)A;j,k-
ki
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— N 7 = ; =
" Put ¢’ = (det (sz) G} lq.51Vj, Where 4 5] is the (g, s)-cofactor of 0.
en

¢ = (detazj)—l(detaj,j)—(d—”&jE

for some functional E € D;‘ ’OO By Assumption (11), (det aj;_)’]dﬂ € DZL éo—
; .

since deto ! - detg; ! =deto!. In particular, ¢ € DY
y' Zj Zj

Substituting ¢’ into ¢ of (15), and summing up, we obtain

2,00—"

iu,Ple 2 F] = Ple 2w () F], (16)
where

7 A _ 1 ~
W () = ) W (et )60, p1))-
q

We see that (16) holds for any F = 13(6’]-) (B € 5(j)) by the monotone class
theorem. Consequently,

iu,Ple 2 |C; = 1] = Pl Ziwy (§)|C; =1 PCT —as.t.  (17)

The distributional equivalence yields that for any bounded measurable functions
¢ and 7,

Pe (8 (Z1(jy, )1 = PIE(Zj, ¥)IC; = Cj]
and Pe [n(C;)] =P[n(éj)|é=c]. (18)

It follows from (17) and (18) that

|: sup ’ eole™ Z”“‘ﬂ/ :| a[c]|: sup
u:|lu|>B |’4|>B

= sup
a[C]|:p | wilup|>B/d

P 5 . Z A
<P | D) | H ece
d
d
= 5 X P[0 ecc
Thus, from Theorem 1, we have obtained:
Theorem 3. Let Y be aC-conditional e-Markov process driven by a process X with

independent increments. Assume that liminfr_, oo n(T)/T > 0. Then Inequalities
(2) and (3) hold under [A2] and [A3M] in place of [A3].

sl 0] e

(iupy) ™!

G
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Here “Inequalities (2) and (3) hold” means that “Let K, M > 0,6 € (0, 1), ....,
then (3) holds uniformly” (in Theorem 1).

Remark 2. The above Malliavin operator L ; may shift ¢ (j)-measurable random
variable, while the Malliavin operator for Theorem 2 does not. Condition [A3M]
here is implicitly assuming that Z; € Dii)o— and S¥[V;; Zj] C D;go_. The con-
dition [A3M] in Theorem 3 isAformally the same as that in Theorem 2. However,

note that the same notation WZj (& j) is used in different senses in Theorem 2 and
in Theorem 3. In Theorem 3, we just assumed that (/(j)) is a sequence of inter-
vals mentioned above, and we did not assume that it is accompanied with certain
reduction o -fields (é (j)). That is, the reduction property is automatically satisfied
by the e-Markov property.

Let
S1y =1z Ay )T 08 L2k Ty 2,
P ((Ag) ™ (Agp) ™09, Z0).

Similarly as in [29], Condition [A3M](i) can be reduced to the L”-boundedness of
{S1,j} and a property such as ergodicity of C if it is a stochastic process.

Remark 3. For the distributional equivalent (1&./, 7 i CA‘.,'), we may assume the
equivalence L{(V/;, 1{1/;]_>0}Zj, CHIP(NY = LI, Lyy;>01Z1(j), Cj)| P}instead
of (10). Sometimes we meet a stochastic differential equation whose coefficient has
asingularity. In such a case, itis not possible to make a differentiable 7 ;j the distribu-
tion of which equals to that of Z ;. However, we can make 7 ;j so that its distribution
on the event {1/}]' > 0} coincides with that of Z; on {y; > 0}. This truncation
enables us to avoid the singularity. Masuda and Yoshida [34] took this route to de-
rive an expansion for a stochastic volatility model having an Ornstein-Uhlenbeck
process driven by a Lévy process as a volatility process.

5. Stochastic differential equations

We will apply our results to stochastic differential equations. For simplicity, we
shall start with unconditional expansions.

5.1. Stochastic differential equation with jumps
For each y (y =1, ...,m), let E, be an open set in R"r equipped with the Borel

o-field, and let (Ey, &) be another measurable space. Let us consider a stochastic
process (Y7, Z;);cr, which satisfies the following stochastic integral equations:

t r t
Y, = Yo+ f AYg-)ds + ) f By (Y;-)dwf
0 0
B=1

+Zf C, (Y, v")i? (ds, dv?) (19)
y=0"1

0,t]xEy,
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t r t
Z, = Z +/ A'(Ys_)ds + Z/ B/’g(YS_)dwf
0 0
B=1

w2 s, 20)

where Zj is o[Yg]-measurable, A € F(R%;R®%) (i.e., R%-valued measurable
functions), Bs € F(R%;R®), C, € F(R® x E,;R%), and similarly, A" €
F(R%; RY), Bl’s € F(R%; R%), C)’, € F(R% x E,; R?). Each w” is a one-dimen-
sional Wiener process, and each ¥ is a compensated Poisson random measure on
Ry x E,: ¥ = p? —vY, where uY is an integer-valued random measure on
R, x E, which satisfies u”({t} x E,) < 1 for all t € Ry, with compensa-
tor v¥ (dt, dv’) = dt @ dv¥, dv” being the Lebesgue measure on E, for y €
{1, ..., m}, and vO(dt, dv°®) = dt ® 1°(dv?) for a o-finite measure A° on (Eo, &).
We assume that (w?, i?) are independent. Without loss of generality, we may
assume that the Lebesgue measure |E, | = oo for every y € {1, .., m}.

Denote by X, %) = (Y@, y), Z(t, z)) the flow corresponding to the set of
stochastic integral equations (19)—(20) starting at x = (y, z) instead of (Yp, Zop),
namely, d-dimensional stochastic integral equation, d = d + d:

t r t
X(r,;)=x+/ A(X(s—,i))ds+2/ Bs(X(s—, %))dw?
0 p1 70

+Z/ Cy(X(s—, %), vVt (ds, dv?), 1)

[0,¢]1xE,,

where A = (A, A"), Bg = (Bg, Bj) and Cy =(Cy.C)).

We shall apply the result in Subsection 4.2 in the present situation. To this end,
let us prepare a sequence of Malliavin operators L ; over particular distributional
equivalents and consider several conditions from which the uniform nondegener-
acy of the Malliavin covariances of 2 follows. In this case, the key variables are

givenby V; = Yy(;) and Z; = (Zv((/))’ Yuij))-

Let I(j) = [u(j), v(])] (j € N) be a sequence of intervals in Ry such that
§=v(j)—u()) = 8 for some fixed posmve numbers § and 5. Define the canonical
space (Q(]) B(]) P(])) as follows. Take (Q(]) B(])) as the product measurable
space of the spaces (R, By,) and (Q(J), B(])). Here (R%, By,) is the Borel space
and (S( 7, B (7)) is the canonical product Wiener-Poisson space over time-interval
[0, v(j) — u(j)]. Define a probability measure 13( j) so that under 13( Jj), the pro-
jection to the first space yields the same law as Y}, and the canonical projections
(w?; B =1, ..., r) form an r-dimensional Wiener process on [0, v(j) — u(j)], the
canonical projections (u"; y =0, 1, ..., m) are independent Poisson random mea-
sures on [0, v(j)—u(j)] x E, foreach, and (wﬁ, wiBp=1,...,r;y =0,1,...,m)
are independent. In the sequel, the distributional equivalent (1, Z s ¢ j)is assumed

to be constructed on the canonical space (Q( ), 1’3’( ), f’( 7)), and we will often
neglect the “hat" convention of distributional equivalents for simplicity.



Partial mixing and Edgeworth expansion 577

Let E = ) 7'_ Ey (direct sum) and jt = » "7 14,. The j-th Malliavin oper-
ator is defined as follows. The domain R ; = D(L ) is the set of functionals & of
the form

D = F(y’ Wy — Weys o vo 5 Wy — th717ll)(fl)’ 7/\“/(/‘}’!))5 (22)

where 0 =1 <11 <--- <ty S v(j) —u()), fi € C%(,U([O, v(j) —u(j)]l x E)
(bounded Borel measurable with compact support, of class C? inthe v¥ € E y -direc-
tion, y = 0, 1, ..., m, admitting uniformly bounded derivatives) , and F' is bounded
measurable and F(y, ) € C 123 (RN™*7) with derivatives uniformly bounded in y €

R®%. Clearly, R ; generates l’;’( J). Define a function o as @« = ¥ on E, (y =
l,...,m) and « = 0 on Eg, where o’ (y = 1,...,m) are auxiliary functions
which satisfy 101 of Bichteler et al. [9] (also see p.147 (11-2)). With the auxiliary
functiono : E — Ry, we define L; by L;® = L;UCD + L;-Z)CI), where

M 3’F 1 dF
L o= Ztraceaz(t, ti— 1)——28_&.(11),,.—10”_,)

i=1 i=1

and

L(z)CD = Z gﬂ(aAvfi + (Oya) - aufi)
L

1
3 Z
ik=

for ® € R having the form of (22). Here Ay = A,y on Ey,. Put Q;(x) = det U, (x)
with U, Kixy=r L;(X k, )E) X!(z, ¥)). Under the condition that for a certain trun-

(G f) - Gup)

cation functional v, j € D2 o STL [ ); i Z il C D2 , the integration-by-parts
formula holds (Section 4.2, also [69 29)). Put Atj = v(]) —u(j). In the following
condition, we adopt a condition (A/ — r) which Bichteler et al. [9] were based
on. Roughly speaking, Condition (A’ — r) is the condition for differentiability and
integrability of the coefficients in the stochastic differential equation. For a detailed
description, see p 60 and p. 147 of [9].

Let éj j € D . Fix a function ¢; € C°°(R) which satisfies that ¢;(x) = 1
if |x] < 1/2 and gol (x) = 0 if |x| > 1. Then by using Schwarz inequality for
I"-bilinear form, it is easy to see that

WH @ EM] = Py <y Qar (0 O oz 11 1L, 2j1 Lo |, o D =2 B,

with Z = X (At j» (v, 0)), where pis a polynomial independent of j, and y denotes
the canonical projection on the canonical space, corresponding to Yy (j).

[A39] (i) Foreach j, 1{|¥ |<1}Yu(,) € Np>1LP(P),and (A/ 4) is satisfied for the
coefficients (as functlons of (y, v?)) of the stochastic differential equation.
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(ii) limsupy_, oo 320) P(j) [p;]/n(T) < o0.
(ifi) liminfr oo 310} P(j) [|§,~| < %] /n(T) > 0.

We notice that w7 (¢1 (é 7)) makes sense thanks to the truncation functional
@1 (é ;) although we did not assume L”-integrability of Yo. Applying Theorem 3 to
@j =1 (éj), we obtain:

Theorem 4. Let (Y, Z) be a solution of the stochastic differential equation (19)
and (20). Assume that lim inf7_, oo n(T)/T > 0. Then Inequalities (2) and (3) hold
under [A2] and [A32] in place of [A3].

Note that in this unconditional case, [A1”] is sufficient to validate expansions.
Since C is trivial, [A2] becomes a familiar condition. In case Var[Z7/ JT ] tends
to a positive definite matrix, we can take appropriate constants as st and ur so
that the probability-terms in (2) and (3) vanish. Let us briefly discuss Condition
[A39]. The functionals WZi are well defined by Condition [A3€]30). It follows
from Lemma 10-17 of Bichteler et al. [9] that (X, VX, U, V) (V = L; X) satis-
fies a graded stochastic differential equation of (A =2). Similarly, from the same
lemma, (X, VX, U) satisfies a graded stochastic differential equation of (A’ —3).
By applying the same lemma once again, we see that the process U given by

U= ((X,VX,U),V(X,VX,U),T(X,VX,U), (X, VX, U)))

satisfies an equation of (A’ — 2), and hence we get LP-estimates for U under
truncation by v; (Vo = 0 etc. and apply 5-10 of the same book). In particular, we
obtain L”-estimates for Og s - Those estimates help to check [A39](D).

J

While it is rather general, the condition (ii) of [A3€] seems slightly abstract.
It is possible to rephrase it more simply if we restrict the objects of study. For
simplicity, we will focus our attention to a stationary case in Section 5.2.

5.2. Stationary case

We still consider the process (Y, Z) satisfying (19) and (20). Also, assume that ¥
is stationary. The conditions (SB — (¢, #)) and (SC) in Bichteler et al. [9] will be
used in order to ensure the nondegeneracy.

Theorem 5. Suppose that (A/ —4), (SB — (£, 0)) and (SC) are satisfied. More-
over, assume that Yo, Zo € Ny~ LP(P) and that P[Z;] = 0 for any t € Ry. Then
Inequalities (2) and (3) hold.

Proof. Take 1(j) = [j8, (j + 1)8] with some large §. Fix a bounded open set
B € By, satisfying that PY[B] > 0. Let ¢ € C,"("(Rdz; [0, 1]) be a smooth func-
tion such that = 1 on B, and let éj =1 — @(Yyu(j»)- Then it is possible to verify
Condition [A3€] through a similar path as Bichteler et al. did. Note that the choice
of § depends on ¢, 6. O
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Here we do not assume [ A2] explicitly. This result was first given in [29] under
the stronger condition [A1']; w; can be replaced by w in the error term in the present
unconditional setting. In the above proof, good initial values Y, () were selected.
On the other hand, it is possible to select a good path set, and it is what we will
later consider with the help of the support theorem.

Differently than Bichteler et al. did, we do not need higher-order differentiabil-
ity because what is necessary in our situation is not integrability but convergence
of the conditional characteristic function to zero.

In diffusion case, though it is too strong, the Hérmander condition is a practical,
convenient one in our nondegeneracy problem ([29]).

5.3. Support theorem and asymptotic expansion

The conditions in the previous result are relatively strong and too sufficient for our
purpose. As suggested above, the existence of a good skeleton is sufficient to find
a good subset of path space with the aid of a support theorem.

We introduce the following notation:

B*(%¥) = B(X)B(x)
{1 40:C, & ")) (00 C)) 30y Cp) (F, 1Y)
Cy(x,v") = -{1+aiéy(x,vy)/}“ (if I + 3zC, (%, v?) is invertible)

0 (otherwise)

t
S,()E):/ (VX(s—, X)) B*(X(s—, X)) (VX (s—, X))t ds
0

m t
+Z/ / (VX(s— X)TCH(X(s—, %), v ) (VX (s—, %))7*
y=170 JEy

a¥ (W)Y (ds, dv’), (4 means the Moore-Penrose g-inverse)
Ui(¥) = VX(t, %) $;(D)VX(t, %),
Q/(x) = det Uy (x)

Here M’ denotes the transposed matrix of the matrix M. U,(X) coincides with the
former one.

For D(R; R%)-valued stochastic process Y, denote by Supp(Y) the support of
the probability distribution of ¥ and define it by

Supp(Y) = {(p eDR,;RY); PA(Y,0) <€) >0 foralle > 0} .

Here d denotes a metric on D(R ; R?) compatible with the Skorohod topology.
On the Wiener-Poisson space Q= {(wﬂ, unHyB=1,...,r;y =0,1,...,m)

on [0, fp], fo being a positive constant, we consider the c?(:z d+ Z';f:l by, + 522)-

dimensional flow ®(§) = (®;(£)):¢0,4,) defined by the stochastic integral equation



580 N. Yoshida

enlarging (21):

r, r t
Di(5) =& + fo A(®y(E)ds + Y /0 B (0 (&))dw!
B=1

m

+) f Cy (@4 (€), v (ds, dv7). (23)

=07 1011 Ey

Here & € RY and the coefficients A, éﬂ and éy are the liftings of A, Bﬁ and C y
given by

5 A(m1§)
AE¢) = (Gy[lRVEUV)UV])y:I ..... m |
VA(m§)m3é

G, being the Lebesgue measure on E, and 7r; being the projection to the i-th block,

) Bp (1) ) Cy (m&,v7)
Bg(§) = 0 and  Cy(E,0")=| e ®1g, (W N |,
VBg(m&)m3é VC, (m§, v)m3é

where e, is the y-th unit vector of the standard basis of R” for y = 1,...,m,
ep = 0 € R™, and each R, is a bounded open set in R”7. The third argument of
(23) is the variational equation for X. We will in the sequel let 73§ = I; for the
initial value & of (23).

Let Sﬁir be the set of d x d-nonnegative matrices, and Si = Si U {oo} a
one-point conpactification of Si. Define Si— valued mapping Q on D([0, 79]; RY)
by

0]
Q¢) = /0 (T35 )" B (t16h5_) (13! _) s

+ D Y (b )T Co g, AY) (T3 )T (@ 1k, (AG))

5=ty y:l

oo if some element of the second terms on the right-hand side does not converge
absolutely. Assume that [det(/ 4+ 9z Co)| > 52 > O. _
Let R;ﬁ be a bounded open set in R% such that R, C R;. Moreover, set

E() = ((3,0),0, I3).

[A3%] There exist positive constants 6; (i = 1,2) and a measurable set B € By,
for which the following conditions are fulfilled:
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(i) PY[B]> 0. 5 5
(i) Forevery y € B, there exists a skeleton ¢ (£(y)) € Supp(P (£(y))) with ma¢
admitting at most finite jumps such that Aqb,y (é(y)) € R, forallt € [0, 1],

(¢ (m)) = air
and
inf

) *
vV eRy
t€[0,19]

det (I + 8;6_'), (mq), (é(y)) , v”))‘ > 8.

Remark 4. Condition [A35] may still look abstract. However, it is in general easy
to verify this condition with the aid of a support theorem. Really, it is sufficient
to find a deterministic nice control variable satisfying the nondegeneracy. We will
return to this point after presenting our result and its proof.

Remark 5. It may seem in appearance that the skeleton ¢>(§ (y)) can be chosen
very freely. However, no jump times of elements of n2¢(§ (y)) should coincide
with each other. The condition that ¢ (£ (v)) is in the support inevitably imposes
such restrictions on the choice of ¢(§ (v)). For later use, it is sufficient to find a
skeleton ¢(§ (y)) defined on some adequately larger interval than [0, 7o].

Remark 6. We do not exclude the case where X has infinitely many jumps over
finite time intervals. For example, if the Lévy measure for small jumps diverges,
we can split that part of Lévy measure as Ey, and it is usually possible in practical
situations that the resudual part of finite number of jumps assures the nondegener-
acy.

Remark 7. Tt is possible that the nondegeneracy condition is satisfied even when
the factors B* and C}, degenerate in part. If uniform ellipticity is assumed to a sum
of B*(x) and C; (%, v?) like 2-24 of Bichteler et al. [9], Condition (ii) of [A35] is
obviously satisfied. It is different from their nondegeneracy because we need only
local nondegeneracy in the present situation.

Theorem 6. Suppgse that (Y, Z) satisfy (19) and (20) and that Y is strongly sta-
tionary. Assume (A’ — 4) and [A35]. Moreover, assume that Yo, Zo € Np>1LP(P)
and that P[Z,] = 0 for any t € Ry. Then Inequalities (2) and (3) hold.

Proof. Let 1 € C*°(Ry; [0, 1]) be a truncation function satisfying ¢ (x) = 1 if
x <1/2and ¢1(x) =0ifx > 1. Let RE; = Ey. In the notation introduced above,
we define truncation functionals v; by

. 2 —1
vi=¢1|5 [1 + <6Qfo((Y(gl)A,0))> ]

for an adequately fixed positive constant A such that A > fy. In particular, if
O ((Y(j—1a,0)) < §/3, then ¥; = 0, and if Q;((¥(j—1)a,0)) > /2, then
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¥ ; = 1. Clearly, ¥; (or more rigorously, their distributinal equivalents) are differ-
entiable in Malliavin’s sense. Let us show that the truncation v; retains positive
probability uniformly in j. Because of the stationarity, we may only consider ;.
We will show the existence of a positive event 2¢g C Y(;1 (B) on which

i (@ (Ex)) = ai1/2,
(if) inf rens ‘det (1 +9:C, <n1<I>, (é(yo)) , vV))( > 85/2.

tel0,19]
y=0,1,....m

For y € B, let

e(y) = sup{e; Q(¢) > 8,12 and
inf |det (I + 0zCy (1, v"))| > 82/2

vVeR}f
te[0,19]
y=0,1,..., m

forall ¢ € D([0, fo]; RY) satisfying d(¢, ¢ (y))) < e}

It follows from Lemma 2.1 of Kurz and Protter [27] and similar reasoning as the
note after it that the mappings ¢ — Q(¢) and ¢ +— inf oY R} |det(] +

tel0,tgliy=1,--,m

03 C_‘y (19, VV))| are continuous at ¢(§ (y)) with respect to the Skorohod topol-
ogy; if to is ajump point of the skeleton m,¢ (£(y)), then we can change fy to abigger
number at the beginning without changing our nondegeneracy conditions. For the
continuity of the ds-integral term, the right-continuous simple function approxima-
tion to cadlag functions would help us. Therefore, the two inequalities of [A35](ii)
imply that e(y) > 0 for each y. By the assumption that ¢ (§ ) € Supp(q)(é M)
in [A35](ii), we see that

PY?[Q((Em)) = si1/2and

inf ‘det (1 +0:C, <mc1>, (é(y)) , vy))) > 32/2] >0
v’ eR}

te[(),tg]

y=0,1,...m

for every y € B. Here PW” stands for the Wiener-Poisson measure. By using

the Markovian property, integrating the LHS of the above inequality, for X; =
X(t, (Yo, 0)), we obtain

plo(@Exo) = 8i1/2 and

inf |det (I 4 3:Cy (X, v))| = 52/2] > 0. (24)
v’ eR¥

te[(),tg]

y=0,1,....m

On the event

{ inf  |det(Z +8:Cy (X, v")| = 82/2),
vY eR}
te[O,t(;/]
y=0,1,....m
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the L?-norm of sup;¢(g 4 |(VX,)~!| is finite, and there exists a constant M such
that the probability of the event

{ sup [((VX)7'+ sup VX, > M}
t€[0,10] tel0,10]

becomes arbitrarily small, especially, smaller than the probability of (24). Con-
sequently, taking the intersection of those events, we see that on this event, the
minimum eigenvalue of U,,(Xo) admits the following estimate:

M (Up(Xo)) = inf 2V X(t0, X0)Si,(X0) VX (t0, X0)'z
zeR4:|z|=1
> inf  ZS,(Xo)z-  inf VX0, Xo)z|.
zeR4:|z|=1 z1€R4:|z1|=1

For the second factor on the RHS, we have the estimate:

VX (10, X0)'z1| > H(V}_((to,)_(o))fln > ¢1 ‘(V}_((to, )_(0))71‘_1 >

c1
op M’

where ¢y is a universal positive constant. For the first factor,

inf 7S, (Xoz = inf 7Q(@d0)z = 81/2.

zeR4:|z|=1 zeR4:|z|=1

Therefore, 1 (U,O ()_( 0)) is bounded from below on the good event, and we see that
for a sufficiently small § > 0, P[] > 0. This implies Condition [A3"] and hence
the desired result follows from Theorem 4. We note that on the nice event we took,
the Malliavin covariance matrix Uy, (x) admits the representation with S; (x) given
above. |

Let us discuss briefly the use of support theorems. Let U/ be a space of control
processes for the stochastic integral equation (23). Denote by ¢* the deterministic
solution corresponding to the control variable u € U/ and the initial state é( y). Then
the support theorem asserts that

supp (@E(v)) = (@7 u € U, (25)

where the bar means the closure with respect to the Skorohod topology. In this way,
once such a support theorem is established, in order to check Condition [ASS], it
suffices to find a control variable u € U for which ¢(§ (y)) = ¢" satisfies (ii) of
[A35].

For illustration, we shall consider the case where Bg = 0,m = 1 and Co = 0.
In this situation, the set I/ is the set of sequences {(,, v,)}, where {t,,} is a strictly
increasing sequence of positive numbers tending to the infinity and {v,} is a se-
quence in the support of the spatial intensity measure G . For this ¢/, Simon [55]
obtained a support theorem (25). Our nondegeneracy problem is after all turned to
the problem of selecting a finite sequence {(#,, v,)} with #, € R (but essentially
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over [0, fo]) such that the resulting path ¢* satisfies the nondegeneracy (ii) of
[A35]8

For other support theorems, we refer the reader to Stroock and Varadhan [60],
Aida, Kusuoka and Stroock [1], Kunita [26], Millet and Nualart [35], and Ishikawa
[22, 23].

5.4. Stochastic differential equation with random coefficients

We shall consider a stochastic integral equation with random coefficients:

t r t
Y, = Y0+/ Ales, Ys_)ds + Z/ Bg(cs, Ys—)dw?
0 0
=1

m t
3 [ eer s, don) 26)
=)o JE,

t r t
Z, = Z +f A'(cy, Ys_)ds + Z/ Bj(cs. Yy )dw?
0 0
B=1

m t

+ / / Cy (€5, Yoo, vV )i(ds, dv7) @7)
0o JE

y=0 4

and will validate the asymptotic expansion for Z7/ J/T.Here ¢ = (¢;) denotes a
conditioning stochastic process independent of (w?, u?).

If we want to check the nondegeneracy in the same way as before using the Mal-
liavin calculus, we will need the Malliavin calculus for time-dependent equations.
It is a routine job by approximation methods to compute the Malliavin covariances
if the coefficients are smooth in c-component and ¢; has nice continuity, or not
bad discontinuity over I (j). For example, it is the case in each of the following
situations: (i) A measurable space valued process ¢; is random but constant on
1(}). (ii) An R%-valued process ¢; is also defined by another stochastic differen-
tial equation driven by independent noises, with jumps, in general. (iii) A process ¢;
is Lipschitz (in ¢ on every compact a.s.) and it appears in coefficients as a product
form as f(c;)g(Y;) through differentiable function f (e.g., Taniguchi [64]). On
the other hand, without such a regularity condition, we could not expect anything
general. Because Equations (26) and (27) include a too wide diversity of models,
and because here we do not want to go into those models distinctively, it would be
a feasible way for us to assume the possible final form of the Malliavin covariance.

In order to include periodic stationary models, which include continuous-time
representation of time series models, we keep a sequence of intervals 1(j) =
[u(j), v(j)]. Forsimplicity, letus assume that v(j) = u(j)+t and ((¢/)rer(j), Yu(j))
have the same distribution for all j and 7. Consequently, we may only consider

$ Null-control is also a possible control. It often works. Deterministic simulation by com-
puter is another practical solution.
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the interval /(1) and its distributional equivalent. As a convention, we keep the
same notation even for the equivalent. Let #(1) = 0 for notational simplicity. We
will assume that the process ¢ = (¢;)sej(1) takes its values in a topological space
S and that paths are cadlag . In the present case, the coefficients A, Bg, C, have
S-component and they are assumed to be continuous. According to this change, we
define A, Bg, Cy, B* C , S, Uy, Oy, A B,g, Cy, Q in a natural way.

In stead of [A35], we now consider

[A35€] There exist positive constants 8; (i = 1,2) and subsets A € D(I(1); S),
B e By, for which the following conditions are satisfied:

(i) P©YO[A x B] > 0. 5 5

(i1) Forevery (c, y) € A x B, there exists askeleton ¢ (c, £ (y)) € Supp(P(c, §(y)))
with 2¢ admitting at most finite jumps such that A¢, (c, é (y)) € R, for
allr e I(1),

Q(c.¢(c.bm)) = a1
and
inf

*
vV eR}
rel(1)

det (I + 8;6_'], (C,, 1y (c, é(y)) , v”))‘ > 8.

As mentioned above, a basic assumption here is that the Malliavin covariance
matrix U;(c, (Yo, 0)) has the same expression as Section 5.3 with 71 ®(c, é(Yo))
for X and m3® (c, é(Yo)) for VX. Moreover, if (¢;)c 1(j)-dependent processes U 19

for the initial value Y,,(;) admit L? (P)-estimates, P[“PZJ (1//j)‘ et € I(j)] can

be represented as g(c;; ¢t € 1(j)), where g : D([0, 7]; S) — R is measurable, and
g(cs; t € 1(j)) have the same distribution and are in L* (P) for some 7 > 1. Thus,
Theorem 3 leads to the asymptotic expansion if (c;) satisfies the ergodic property:

1 n(T)~ |
mngg(cf;tem)) > e :()(F)

for any L*-function g(c;; t € I(j)) with mean zero, and any positive € and L.

6. Proof of Theorem 1
6.1. Unifying three mixing conditions

In order to carry out a similar procedure as Gotze and Hipp [18] even for our con-
ditional mixing case, we reform the original Z; as follows. Let ¢ : RY — [0, 1]
be a measurable function satisfying that ¢(x) = 1 if [x| < 1/2 and ¢(x) = 0 if
Ix| = 1. Put o7 (x) = x@(x/(2T#)). Then 7 (x) = x if |x| < TP and g7 (x) =0

° See Section 5.1.
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if |x| > 2T#. Here B € (0,1/2)is a constant and it will later be taken sufficiently
close to 1/2. Next, fix some constants §, § such that 0 < § < §. Foreach T > 0,
consider a sequence (tT,j);Vil suchthat 0 =179 <tr1 < ... <ty n;, =T and
§ < Ir,j —Ir,j—1 < S(] =1,....,Nr —1)and TNy —IT,Np—1 < 5. Write ij =
[t7,j-1, 17 j) and set Z; = Zyy ; = Ziy ;- Let Zr,j = o1 (Zy) — Feler(Zf)]
for j > 1, and similarly Z7 o = ¢7(Zo) — PcleT (Zo)]. Furthermore, let Zr =
ZZ;ZO Zr j, and Sy = Zr/~T. The C-conditional characteristic function of St
is given by Hr(u,C) = P¢ [¢*57] for u € RY. In order to derive asymptotic
expansion for Z7/ JT , we will deal an expansion of Hr (u, (z). _

For I = (iy, ..., i), i1,...,ir € {0,1,..., N7}, denote Z; = Z7;, ® -+ ®
ZT,,-,_. Let k(T), m(T), [(T) be increasing sequences of positive integers. For x; (0
<x1 <1),let

Q(T) = {a@m(T)|C)VHD) < %}_

Take e (0 <€ < 1/2).For I €{0,1,..., Nz}, let

IA
0|,

T

(T, I) = max Pg Z IT’J

k:1<k<k(T) ) . Th—€
Jm(T)(k=1)=d(j,1)<m(T)k

where d(j,I) = min{|j —iy|; « = 1, ..., r}. Further, let

ZTJ x12
Q(T) = max P, < —1,
- c 1
P#i<Com(T), . T27¢ 2
ic(o,1,...N7}) Jel

where Cy is a constant greater than 2(/ + p + 1) for some constant / we specify later
on. Fix an positive integer p > 3. For €5 > 0, let Q3(T) = {T_QMT (w) < 1} ,

(p+1)
where M (w) = max.o<j<n; Pc [‘Zij‘ :| + 1. Moreover, for x (0 < xp <

1), let

k(T)

QuT) = max  |Vare T-1 Z ZT,j < _Z(IOgXZ)W

ic{o,1,...Nr}
jel

and put Qo(T) = N}_, (7).

Under each one of the three conditions [A1’]-[A1”], we will obtain a condi-
tional expansion of the characteristic function by estimating the events €2; (7). In
order to treat those cases in a unified way, we will consider the following Condition
[A1], which looks slightly involved. Let I'be an integer not less thand +2[p/2]+ 1
such that [ + p + 1is even, and let p’ = [ + (p + 1)%. (More precisely, [ is a large
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number which is specified by [A1] (iv) below.) We adopt a particular partition (1 i)
which will be specified. Let K > 1/2,¢g > 1 and ¢’ = q/(q — 1). Set 1°

5\ 1
A 1 - - X2 4)62
L =max{§(l+p~|—1),(l+p+1)(1+,3) 10g; Ing_l )

X2 4\7!
(p+1)(p—1—(p—1)6+ﬁ)(10g;><10g—) ,

-1
|:p_—2 + <z - ﬁ) I+ Kd:| <log 2) (log i) ).
2 2 X1 X1

[A1] There exist positive constants L1, Ly > 0, x;,x2 (0 < x1 < x% < 1/4),
€1,€2,6,€*, (0 < €1,62,¢6,€*, 8 < 1/2),1 € N, and increasing sequences
m(T), k(T) and [(T) satisfying the following conditions:

(1) k(T)/logT > Ly/log(xy/x1) for large T,and L > I:l.
(i) K(T) <=m(T) =0(T)as T — oo.
(i) I(T) = o(T<).
(@iv) 62+%€+6* < %—,B,e* < e, (p+d)e*+2(+ pe+e < #,
(I 41+ p)e; < 1 and

p+2e - -1, 1 2p—1

(v) TL2P[Q0(T)] = O(1) (T — o0),and Ly > ¢(p —2)/2.

The following three lemmas show that we may start with [A1] instead of [A1'],
[A1"] or [A1].

Lemma 2. Assume [A1'] and [A2]. Let p e N(p > 3), K > 1/2, q > 1, and
x1,x3>0(x < x% < 1/4). Take sufficiently small positive €1, €3, €, €*; €* < €,
sufficiently large B < 1/2; k(T) = [T€], (T) = [T*] and m(T) = [T*] with
0 <2 < €3 < €5 < €andes < €*. Then forany Ly, Ly > 0 satisfying the last
inequalities in [A1](i) and (v), all the conditions in [A1] are satisfied.

Lemma 3. Assume [A1”] and [A2]. Fix a’ > 0 satisfying a’'b > 1 and a >
a. Let K > 1/2,q > 1, x;,x20 > 0 (x1 < x% < 1/4). Take sufficiently
small positive €1, €3, €, €*; €* < €, sufficiently large B < 1/2. Take L, L,
L3z > 0 so that Ly, Ly satisfy the last inequalities in [Al](i) and (v). Take
sufficiently large M1 (depending on x; and L3); k(T) = [M1(log T)l‘”‘/], (T) =
[(2L3log T) 1+ =1/D)/2) and m(T) = [T with O < €5 < €. Then all the condi-
tions in [A1] are satisfied.

Lemma 4. Assume [A1"1and [A2). Let K > 1/2,q > 1,L1,Ly, L3 >0, Ly, Ly
satisfying the last inequalities in [A1](i) and (v) independently of B and €. Let
x| < x% < 1/4 and suppose that x> is small so that

(=logx2)Ly .
—————— > limsupsup | P7 D) | o + 2.
2(1082) Ly~ Tooo 1eT >

10 «¢ js distinct from the one of e-Markov process.
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Moreover, let

K(T) = [LllogT

og 2 ] , (T) = [2L3T0g T], m(T) = [T],

where we take a sufficiently small €5 € (0,1/2 — B). Then there exist positive
€1, €2, €, €* such that €5 < € and all the conditions in [A1] are fulfilled.

Proof of Lemma 2. 1t suffices to show [A1](v). Let «(h|C) = 1 if h < O for con-
venience. Define a random variable G by

Ny T\ 2/
_ 13 71
G= ) «Gel0"? max (PC UZT”‘ ]) '

g=-1
Then
2
1 -
(a) -1 (a) 7(a)
max  Pe|l—=Y21 | = T Y Cove |2, 2]
LIC0.1,.. N / 2 Il 01 ..... N T.i
C{#Ign 7 T jel C#1<n ) i,jel

= max T ! Z [ e(8g|C)'/3

I:1c{o,1,...,
#Ifn g_—l
(P [|Z |3])2/3 < 6. 28
max i — G,
Jj:0<j<Nr ¢ T - T

Let us estimate P[2¢(T)¢]. First,
P[Q21(T)°] < a_l(i)k(T)e—aS'n(T)ie—‘zl(STés.
X1

With (28), we have

2
~(a) n
P max Pe Z > A §P[—GEA]
1.1c(2.11§,.r.[.,NT) f I, T
=(75) 7[c']
TA
Forany L € N (L > 2) and any €/ > 0,
1
Ny 1 2L 2
P [GL] <P acslos
g=—1
- 4L )
. BNNT )2
Ap PellZr;
j@%m( C[ T D
1
NT 1 - ’ "
Pl D] a6glo)s T
P
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from [A2]. Furthermore, for ¢’ (0 < €/ < 1),

2L / 2L7]
Nr 1 (<] 1
Pl D a@glo)s <227NIP Y wsglo)s
g=—1 g=-1
Ny 2L R
+P[| Y acsiof
g=IT1+1
_ .
ST 4P 7Y aglo)F
L =741
Nt
<74 wsglo)
g=IT¢1+1 |

It then follows from [A1’] that

Nt Nt ,
Z a(aglc) 5 Z e—aﬁgie—a(STG /2
g=[T1+1 | s=IT 1

After all, for any L and any €” > 0, if ¢’ and €””’

obtain

are taken sufficiently small, we

2
n

1 ~ L "
e (@) < (_) €
P I:IC(rg,lﬁ,)f,NT) Pe ﬁ Z ZTJ A2 TA .

#I<n jEI

Therefore, we have P[2(T)¢] = O(T~L2) whenn = CT and A = x?T‘zél /4,
and P[Q4(T)°] = O(T~2) whenn = Ny and A = —(log x2) T2 Showing
P[3(T)] = O(T~L2) from [A2] is a simple matter. O

Proof of Lemma 3. We will show TL2P[Q;(T)] = 0(1) ( = 1,2,3,4). For
Q,(T) and Q23(T), the proof is the same as that of Lemma 2. We see that

k(T)
Pli(T)] = (;) loe@m(T)IC) Iy Sexp (—¢ Gog T)'+)

for large T, with a certain positive constant ¢’. By using [A2], one has

2

<1

1 ~ 1
(@ Z @
max P, — E :Z‘ T = Z; ~
LI Ny} C \/Tjel 1 ﬁjel &
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uniformly on Q3(7)N(T) for large T. [ This estimate can be obtained if one
splits this quadratic form into two parts according to the maximal gap and uses the
covariance inequalities. ] Therefore, with [A17],

b

M
> b 1
P [Q4(T)‘ N Q3(T)ﬂQl(T)] < exp <— (—21logx2) —(4L3)b(1+a/—1/b) log T)

X Ts1>1;T)O P [exp (q)l}((ij)) + 1)] .

It completes the proof. O

Proof of Lemma 4. By the choice of x2, Q4(T)° N Q3(T) = ¢ for large T, and it
suffices to estimate P[2;(T)¢],i =1, 3.

ANKD 1

Pl < (— — < pLilog2)  log(d/x)~L<p—r
X1 TL —

as T — oo, if one chooses large L for every r > 0. The same estimate as before

applies to P[Q23(T)“]. O

6.2. Expansion of the conditional characteristic function

For real random variables X and V, define complex-valued conjugate conditional
expectation (CVCCE) P¢[X](V) by

Pe[X](V) = Pé)[X](V)/Pé)[l](V)
if  Pc[1](V) # 0, where
PAXI(V) = Pe[Xe™V.

Suppose that w is a C-valued probability measure on (2, F),i.e., 0 = p1+iu2,
W1, 1o being real-valued finite signed measures, and ©[€2] = 1. For real random
variables X1, ..., X, the complex cumulants «*[X1, ..., X, ] are defined by

KX, ey Xp] = (=) (3o -+ (3, o log  [exp (e X1 + -+ + i€ X,)].

Complex cumulant k*[X 1, ..., X,]is symmetric in X1, ..., X, and multi-linear, and
it satisfies the usual cumulant-moment relations and the cumulant-covariance rela-
tions. For real random variables X1, .., X, and V, k¢[X1, ..., X;](V) is defined
as the complex cumulant for the complex C-conditional probability measure u =
Pel-1(V).

Let I € {0, 1, ..., Nr}". For u € R?, define SI*! by

1 ~
Sl =it72 > u-Zr;.
jd(hza

Let 7 be a truncation functional ([0, 1]-valued random variable) which satisfies
Y1 < lgy(r). The following lemmas will be proved in Section 6.5.
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Lemma 5. Suppose that [A1] and [A2] hold. Then for anyr e N (r <1+ p+1)
and ay, ...,ar € {1, ..., d}, there exist 51 € (0, 1/(4p)) and c; > 0 such that
L =0)1g, (0)lul? ‘KC [s;(““, S;(“"] (nu - %)

- T-=2/24%  jfr <p
~ T PR2-G rp i <r<id4p4]

uniformly for n € [0,1] and j (0 < j < p’), where 177 ={u € RY: lu| <
min{c; T2~F=2€ [(T)}).

Set ST = ZT/«/T.
Lemma 6. Letr < p. Then
ke[S54, s S5 ] @ = ke [SE 570 ] )
My () [Ty T e m()I0 )
<Mr (o) {T’5+1+(”1)6’(l’+1”)ﬂ + T2 {a(am(T)|C)}‘/(P“>] under [A1].
Lemma 7. There exists 6, > 0 such that
~ —2 %
1{W7>0}1[/T(u)'(au)l{HT(M’ C) — \IJT,p,C(u)H = T_pT—Sz—de
for 1< I.

Remark 8. The estimate in Lemma 7 holds uniformly in all partitions v ;) each
subinterval of which is greater than § and less than § in length.

6.3. Conditional type Cramér conditions and the proof of Theorem 1

We will prove Theorem 1 with Lemma 8, Proposition 1 and Lemma 9 below. We
will give proof of Lemmas 8 and 9 in Section 6.4.

[A3"] There exist positive constants 11, 72,13, B (n1 +n2 < 1, n3 < 1), and
truncation functionals ¥; : (22, F) — ([0, 1], B([O, 1])) 1 such that,

(1) Supy.ju>8 ‘Pé(j) [wjei”'zl<f>]‘ <mn as. forevery j.
(i) For functionals

PiC( i = Pey [(1=v)) +2(1 =T Z1 )],

P[#{7 piCON 2 m} 2 nan' ()] = 07—,

"4 are distinct from ¥y’
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Remark 9. Ttis possible to state [A3°] with a truncation Y. However, we can make
C-conditional ¥ have that truncation factor from the beginning. Consequently, our
set of conditions includes such truncated version of conditions.

[A1*] For any L3 > 0, there exist increasing sequences m(T), k(T), [(T), and
positive constants L1, Ly, x1, X2, €1, €2, €, €* for which [A1] is satisfied and
#) [(T)*(log T)~! > L3 for large T.

Lemma8. Let p e N(p 23), K > 4, M > 0,q > L. Letq' = q/(q — 1) and
ko= (p—2)Bd—=2). Let I(j) = [u(j),v(N] (G =1, ..., (T); T > 0) be dense
;l:(? Suppose that [Al], and [A3"] are satisfied
for some My > [ + pT_z + Kd and some 3. Moreover, assume the compatibility
condition that (I (j)) C (ij).

reduction intervals with (é( i)

(i) Suppose that [(T) ~ T for some €4 > 0. If there exists a positive con-

stant a such that ||a(h|C)|; < a~te= for all h > 0, and if [A2] with
L > kogp(p + 1)~ holds, then for a sequence of positive numbers st such
that st > T~ for sufficiently small ¢’ > 0, and for any sequence of positive
numbers ug withliminfy_, oo ug > 0, Inequality (2) with9 = 1/q’ holds for
any f € E(M, po), for some positive constants M* and §*.

(ii) Suppose that (T )? ~ (log T)'*¢1 for some c; > 0. If there exist positive
constants a, c, C such that ||a(h|C)|l; < Cexp (—c (log h)H“) forall h >
0, and if [A2] with L > kogp(p + 1)~ is satisfied, then Inequality (2)
with 0 = 1/q’ holds for a sequence st satisfying st > (log )¢ for suf-
ficiently small positive ¢, and any sequence ut of positive numbers with
liminfr oo ur > 0.

(iii) Assume [A1*). If for some & > kog(p + 1), lla(h|O)], = O(h’L/) for
some constant L' > &p(p — 1)/(p — 2), and [A2] is satisfied for some
L > pl(p+ D(kog)~ ' — &Y™, then Inequality (2) with & = 1/q’ holds
for a sequence st satisfying liminfr st > 0 and any sequence ut of positive
numbers with liminfr_, oo ur > 0.

Remark 10. Inthe above lemma, besides [A 1], we specified the rate of convergence
of ||a(h|C)||1. It is not redundant since [A1] does not regulate the contribution of
the truncated events to the moments.

We provided a precise relation between the speed at which the random mixing
coefficient tends to zero, the degree of nondegeneracy of the conditional variance
of Z7/ JT , and the order of necessary moments, however Condition [A1%] is still
cumbersome. We will present more simple statements in cases [A1'], [A1”] and
[A 1///]'

Corresponding to [A1'], [A1”] and [A1”], under [A3], we obtain the follow-
ing results as corollaries to Lemma 8. As it is essentially much more general than
Theorem 1 (it is the case when the maximum length of the reduction intervals tends
to infinity as 7 — oo, for example), we will state the results as a proposition. Proof
is easy and omitted, however we only note that a partition (/ j) compatible with
(1(j)) can be constructed and we fix one in the following proposition.
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Proposition 1. Let 1(j) be dense reduction intervals with (C ( ]))" A . Suppose

that Conditions [A1'] [resp. [A1"], [A1""]], [A2] (for any L > 0) and [A3°] (for
every M1 > 0 and for B € (0, 1/2) chosen in Lemma 2 [resp. Lemma 3, Lemma
4]) are satisfied. Then for any K, M > 0, 6 € (0, 1) and any sequences st satis-
fying that st > T for sufficiently small positive ¢’ [resp. s > (log )¢ for
sufficiently small positive ¢, liminfr_, oo s7 > 0], and any sequence ur of positive
numbers with liminf7_, oo up > 0, there exist positive constants M* and §* for
which (2) holds. Moreover, if iminfr_, oo ur/ 7 >0 for some constant ¢’ > 0,
then (3) holds.

Condition [A3°]is stated in terms of a v j(? (j)-measurable counting process. On
the other hand, it is possible to replace it with a condition in terms of a C-measurable
process under a weak additional condition.

Lemma 9. Assume [A2] (for any L > 0) and assume [A1'] [ resp. [A1"], [A1"]
1. Let 1 (j) be dense reduction intervals with ((f’ (J ));:(?. Suppose that there exists
a positive constant o such that é(j) C Bijye vV C, where 1° = {t; dist(t, I) < o}.

Then Condition [A3] implies that there exists a compatible partition (I ) with
(I1(})) for which Condition [A3] is satisfied for any M1 > 0 and B € (0, 1/2)
chosen in Lemma 2 [ resp. Lemma 3, Lemma 4 |.

Proof of Theorem 1. Theorem 1 follows from Proposition 1 and Lemma 9. O

Remark 11. With an additional moment condition, [A3°] can be replaced by:
[A3"] There exist positive constants 51,172,173, B (9 +1m2 < 1, i3 < 1),
and truncation functionals v; : (2, F) — ([0, 1], B([0, 1])) such that, (i)

SUPu:lu|=B ‘ CG) [y Z””]‘ < 11 as. for every j. (ii) For functionals p;(C(j))
= Pegy 1= w51 P[#]7: €)= ma} = man' ()] = o7 1) for every

M; > 0. We then see that it is possible to prove the same assertion as in Theorem
1 under [A1'] [ resp. [A1”], [A1”"] ], [A3T] and the moment condition [A2*]: For

every L > O SUP i, T:0<t<t+h<T P [|Z
0<h<3,TeRy

+, replaced by Zg holds. Furthermore, Pc[Z

p +h| ] < 00, and the same inequality with

t+h] =0and P¢[Zy] = 0.

Remark 12. Proof of theorems will be presented in the next Section 6.4. We treated
conditional e-Markov processes in Section 3, showing the reduction property, and
as an example, discussed a random-coefficient stochastic differential equation with
jumps in Section 5. Hidden Markov models, and more generally, latent-variable
models with strongly dependent components are also examples to those later sec-
tions. The results in this section are more general: to say nothing of the conditional
e-Markov process, it also applies to non-Markovian processes like m-dependent
sequences. We do not give the details but let us briefly discuss a cluster model for
rainfalls. The centers T" (j € Z) of storms are dispersed on the time-axis R accord-
ing to a Poisson random measure with rate A. The subsidiary points T > (keN)
and the rainfall intensity processes X jx(¢) are attached to each 7°¢. Assume that
those processes are independent, and that the occurrence of the subsidiaries and
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the influence of the intensity are limited within a bounded length. The rainfall Y (¢)
at time 7 is modeled by Y (t) = Zj’k Xkt — ch — Tjsk). The real data Y,fl are
given by aggregating Y (¢): Y,f‘ = fn(ZH)h Y (¢)dt. Then it is not difficult to find a
reduction sequence. Moreover, the conditioning enables us to deal with a doubly
stochastic Poisson process (Tj") with strongly dependent intensity A(c, t), which
would be natural to explain real data. See Cox and Isham [13] for the cluster models
(Neyman-Scott model and Bartlett-Lewis model), and see Sakamoto and Yoshida
[54] for asymptotic expansion of the Yule-Walker estimator.

6.4. Proof of Lemmas 8 and 9

Let p1 € (1, 00).

Lemma 10. Suppose that [A1%] 12 and [A3] are satisfied for some M| > p
[l_+ prz + Kd] and some (. Assume the compatibility condition (I (j)) C (fj).

Letay, ...,a; € {a € R?; |a| < 1}. Then there exists a positive constant 8" such
that

=2 o
H(a“)lHT(”»C)[al,---,az]Hp < 748" +Kd)
1

for u(lul >1(T))and 1<I.

Proof. (a) Put v(0) = 0 and u(n’(T) + 1) = T. Let C = {j; Z/ = I(kj) for
some k; (1 < k; < n'(T)) }. For iy, ...,i; € {0,1,..., Nr}, let C(iy, ..., i})) =
C\ {i1, ..., i1}. Moreover, let (cx) (c1 < ¢2 < -+ < ¢#c(j,...,i;)) denote all the
elements of C(iy, ..., i), and let ¢g := —1 and cac(,....i+1 := Nr + 1. Define
Jn €{1,....,n'(T)}sothat I (j,) = I~C” forc, € C(iy, ..., i;),andlet C*(iy, ..., ij) =
{(ju;n=1, . ,#C(iy, ...,i;)} C {1, ...,n’(T)}. Take K,, and L,, as

- L y(m) ~ Liiyy (m) U | ~
K, = l_[ {(Z(T‘ZZ) ! (Z(Talrzl) ! exp(zT 2u.ZT,m>},

micp—1<m<cy

ai,...,a; €{1,2,...,d}, and
Lp = exp (in%“ : ZT,c,,) =&;,(T"2u),
where

ej(u) = exp{iu - (¢r (Z1(jy) — Pelor (Z1p)1)}

with Z;(jy = Zu(j) — Zu(j)-

12 We only need (#) for some sufficiently large L;.
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(b) Put Z;(j) =or(Zij)) = Z](j) + Peler (Z(j)]. Since Z;(j) =Zij when
|Z1jy| < TP,

iu-7* .
ey [21w]| = |Pegy, [ 7]
< -]
C() i€ C() J

+ ’ (40 [ (1= (T7PZ1(j)} (e “Eii) — ei“‘zl(j)>]’

<+ Pey [V =vi]+2Ps ) [1 =0 (TP Z1)]

for |u| > B. Then, 1fp,(C(])) < nz,then‘ y el(u)]‘ < n4 for |u| > B, where

CGi
N4 = n1 + n2 < 1. Petrov’s lemma yields | P, ¢ [ej(u)]| <e —nslul® for lul < B
on the same events. Note that 75 is a universal constant independent of w. [We are
in a slightly different situation than Lemma (3.2) of Go6tze and Hipp [18] while it
can be proved in a similar way: let p(w, dx) be a regular conditional distribution

- . 5 2
of Z;(;) given C;. Then g(u) := P¢ [‘Pé- [el“'z”f')]‘ } admits a representation
J

gu) = Pe [/ / p(w,dx)p(w,dy)cos (u - (x — y))} ,
Rd Rd

and hence an iterating inequality 1 — g(2"u) < 4™ (1 — g(u)). The rest is the same
as in Gotze and Hipp [18].]
(c) On the other hand, we obtain the following estimate by using a property of the

dense reduction sequence : for ay, ..., a; € {1, ..., d},
Nt
Buay Oy Hr O = 772 3 |pe stz 24 ]
Q] yeees i1=0

Nt
=T ‘P [(H#c(z. ..... i+ g
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(@) Let @*(T) = {#(j: p;C()) = n2) < n3n'(T)}. Then

Nr

Z PC[HjeC*(il ..... i)

Pe.s [é,-(T—%u)]H
P1

P )|

Nt

= Z { H Fe I:IQ*(T)HJ'EC*([],...JI)

i1,y ij=
o]
7 nen'(T) 7
f,Tl (e—nsl(T)z/T v ,74) + O(Tl—Ml/Pl)

<7~ 48" +Kd)

p1

+ [ Pe[1exrr]

for u (ju| > I(T)), where [A1#] was used. We may use the inequality in Step (c)
to complete the proof. O

Proof of Lemma 8. The desired result will be obtained by showing a series of
inequalities. Set

Nt

er = % Pe lor (Zo)] + Z Pe [pr (ij>]

j=1

(a) Estimate of eT.
)Pc [W (ZfJ')” - ’Pc [W (Zij> B Zij]‘ = Fe UW (Zij) ~Z

1
{\

]

Z_
1j

>Th}

< TP My ST PPte <77 1
on {7 > 0}, for some €g > 0. Here we used [A1](iv) and the inequality: —pg +
e <—pB+1/2—B=—(p+1)B+1/2 < —p/2+4+1/2 — €. Thus, though it
is too strong an estimate for our use, we obtain

p—2
Lyr=oy ler] < T % = o(1). (29)

(b) Estimate for Pc [ f (T_% Z T)] . We will first estimate the cumulants of Z7 /~/T
without truncation.
Suppose that either of the following conditions holds true:

(i) (exponential)+([A2] with L > gp(p + 1)~! for some q > 1),
(i) (hyper-polynomial)+([A2] with L > gp(p + 1)~! for some ¢ > 1),
(iii) ((polynomial) with L' > &p(p — 1)/(p — 2)) +([A2] with L >
pl(p+ (g~ =& DI forsome g > 1and & = q(p + 1).
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LetZy j = Z; . Letr = (p+1)/(p — 1) and ' = (p + 1)/2. By using the
J I; y g

covariance inequality, for £ > ¢, £ > (p+ 1D (p—1)~"Land¢ > 2[(p+1D(g~ ' —
é_l)]_l,wehave

2 o (@) ()
—1 a a
}H =T Z HPC [ZT,jZT,k]Hq
q J,k=0

Pe [‘T—iz;‘”

<T—

)

@B (k= jl = DIC)” <Pc [(Z‘“)
Jj. k=0

1
2r N\ 27
(el )

o0 1
<7 'Nr (Z lec(SkIO)II} + 1)

k=0

q

—1

P17 (2P +D

X sup ‘ Pe |:‘Z(a) i|

J ¢
We then use the conditions to obtain
1o

Pe||T72 2§ = 0(1);

q

Make & sufficiently large and ¢ sufficiently small in (i) and (ii).

Next, we will estimate higher-order cumulants of Z T/ \/T without truncation.
A modified proof of Lemma 6 can apply. Lete, = 2(r 1) € [4 2) forr =3, ..., p.
Put

oi=T 3 e[# 7] O
J1seeesdri0=j1 e jr <N
ma,\gap(jl wjr)sTer

and
_ _r (ay) (ar)

Oy, =T 2 Z ’KC [ZT,jl"' ](0)‘
J1seendr 0= e jr <NT
maxgap(jy,....jr)>Ter

For ji, ..., j- € {0, 1, ..., N7} and a decomposition I1 + ---+ I; = {1, ..., r},
3<r<np,

1/(p+1)
My Pel Zoyaenn]l| < T e || 260 77
m=11CLE(jo acly)l| ~ i=11C T, ji :

In view of (40), we see that

k]

) p+1:| 1/(p+1)
q

Il@1lly < 772 7D sup |17, Pe [\Z(T‘?ﬁ

Ji
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hence it follows from [A1] and [A2] for L > gr/(p + 1) that

p+1]
1

@) r/(p+1)
Pe UZT]/_

[®1ll, < sup
i T

=0().

qr/(p+1)

Leté >g, 6 > (p+D(p+1—r)land¢ > r[(p+ D(g™' =& HI7L As
for ®@,, from a similar formula to (41) and the covariance inequality, it holds that

L p+17 Y/ +D
)Kc [Z(TL”,)1 ng‘])] (0)‘ < <H?=1Pc [‘Z(T[f';'),- }

X {a(STer |C)}(p+l_r)/([’+l) ,

ol r/(p+1)
i| ‘;)

if L' > %E in (polynomial)and L > r[(p+1)(¢~' =&~ 1]~ 1in[A2]. In case
() or (ii), we may take £ — oo.

After all, we have proved the boundedness of the L?-norm of f(Zr/ VT) for
f € E(M, pp) since the possible maximum number of the cumulant factors in the
expression of the moments up to po-th order is po/2 < ko. We here notice that if
3<r=pthenr(r —1)/(r—=2) < p(p—D/(p—2).

and hence,

1921, £ 7% [aoT*I0)]}* (S.up
LJ

Pe [‘z}“}

L/er

< T % = 0()

(c) Each term in the conditional density of Wr , c(dz)/dz is written out in terms
of the cumulants of Z7/+/T of degree at most p, (detVarc[Z7 /T % (k =
0,1, ...,3(p—2)) and the Gaussian kernel ¢ (z; 0, VaIC[ZT/ﬁ]). In order to esti-
mate the L7-norm of each term except for the determinant-factor, considering the
integration of a polynomial with respect to a Gaussian kernel, we deduce that it is
sufficient to estimate

|l VTSP el Zr VTP Vascl Zr VTV

for py+--+p < p:=3p—2andj < j:=3(p—2d—1). Let
ko =(p—2)+j = (p—2)(3d — 2). From Step (b), we see that each term in
Vr ,.clf]lis O(1) in L-norm under any one of the following conditions:

(i) (exponential)+([A2] with L > kogp(p + 1)~! for some q > 1),
(ii) (hyper-polynomial)+([A2] with L > kogp(p + 1)~! for some g > 1),
(iii) ((polynomial) with L > &p(p — 1)/(p — 2)) +([A2] with L > p[(p +
D((kog)™" = &~1]17" for some g > 1 and § > kog(p + 1).
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(d) Let us complete the proof. It follows from Lemmas 11 (below, and Remark

14),7, 10 and Steps (a) and (b) that A7 (f) = H Pe [f (%ZT)] — Wy, elf] Hl
satisfies

srpy=2cit-yrlg e Y f

ala|<d+1+pg lu|=I(T)

‘I/fTag

du
1

yro (177K w5, )| + o2,

[‘@T,p,c(u)/@(T_K‘u)ei”'eT]

+C’

where K{(> K) is a constant sufficiently close to K, ¢’ = q/(q — 1) and §” is
some positive constant.
Since ¥t , c(u) takes the form:

. 1
Y7 pc(u) = exp (—zVarc [Zr/ﬁ] [u, u]) > alut

[n|<3(p—2)

(cn(C) depend on T ), the derivatives 8,14 \ilT, PRANURS 1) are dominated by
Lare [0 /3T c 2o T+ 1) qul?” + 1
Cexp(—EVarc (20 /3T | 1n, u]) Z eI (|Vare [ 20 VT || +1) (ul?” + 1),

p’ = 3(p—2)+l_. Therefore, for asequence sy > 0, onthe event {Var¢ [ZT/«/T] >

st 14}, the integration of 8,14 \ifT,p,C(u) over the region {|u| > I(T)} is dominated by

C Y e (|Vare [27 /T || + 1)’_ / e3P (1P 4 1)l

lu|>1(T)
p’+d

<"y Iea(O)] ()Varc [ZT/«/T]’ + 1)1_ <¢Ls7 + 1)

1 2
- exp (—ZSTZ(T) ) .

For Lemma 8 (i), s = T for some ¢’ > 0. For Lemma 8 (i1), we take l(T)2 ~
(log T)'*1 and s7 = (logT)~¢ for some ¢; > ¢’ > 0. For Lemma 8 (iii),
IT)? > L log T and lim inf7 s7 > 0 by assumption: see [A1#]. In any case, the
right-hand side of the above inequality turns out to be asymptotically smaller than
T~V for every N > 0: the Covariance factors are dominated by 7€ on {17 > 0},
and we also know the L7?-boundedness of ¢, (C). If the truncation functional ¥ is
chosen to be the indicator function of the set

Q1) N (srla = Vare [ Zr/NT | < urla),

then we have an estimate:
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/ H Vrde I:\ilT’pgc(u)l&(T_Klu)ei“'eT] du TN
ul=I(T)

a:la|<d+1+po

as T — oo, where N is a constant satisfying N > (p — 2)/2.
It follows from [A1] that

!

1= vl < PR + P [Vare [ 20 VT < s714]
+P [Varc [Zr/ﬁ] > urld]l/q/ .

. . ey + . .
In a similar manner as W7 , ¢, the measure \IIT’p! c 1s expressed by the density

+

B0, Vare [Zr/NT [ )0 da(Ox”

[n|<3(p—2)

With this,

foro (7175 w7,0)],

>

n|<3(p-2)

d/2 —dj2 _
ug?s7 Y ||wfdn<6>||1/dwf<x;T )™ (x: 0, ur Ig)dx.
n|<3(p—2) R

C/u;(l)s;y(z)wz <f’ Tk, ¢(x; 0, uTId)dx> .

Vr1dn(C)] /R o T6)1x| M x; 0, Vare |20 /3T |pax

1

IA

IA

Notice that the L!-norms of dp(C) were evaluated in Step (c).
By using estimates thus far, we obtain:

1/q’ 1/q’
Ar(f) 5 PVare[ZeNT| < spta] "+ P [Vare [20 VT > ur 1]
1y Vs ooy (£ 77K, ¢ (630, ur Loy ) + 6T~ =249072)

for some positive constant §”. mi

Remark 13. Under Condition (4), the above proof is modified as follows. Denote
vr.c = Vare[T~/2Z7]. Then

A () < | Pelf T2 e <spin]|
+ H (Pc[f(T_l/ZZT)] - \Ifr,p,c[f]) vr H1

| Petlf TPz Mgy + N emuria)|,

+ ” W, p.clUf My e=sr 10y (ag(rye + 1{vT,c>uT1d})||1
S =yl + | (Pels 72201 = W, clf1) V1 | -
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Thus, for A’ (f), we obtain the same inequality (up to a constant factor) as the first
inequality in Step (d) of the above proof.

With a smooth probability kernel K on R¢ whose Fourier transform K has a
compact support, we obtain a conditional smoothing lemma as follows.

Lemma 11. For K| > K > 0, there exist positive constants Cq and 8" such that

o (e ()] o)

sc Y [ ez (e e - b pew) Ka )| du

a:la|<d+1+pg

+Cy4

yro(£iTKwf, )| oo

for any f € E(M, po), where Y7 is a truncation functional and Wt p, ¢ is the

C-conditional Edgeworth expansion of the conditional law Lc{Z7//T}. Here K
is chosen as suggested in the proof.

Proof. The proof of the above lemma is a conditional version of that of Lemma
(3.3) of Gotze and Hipp [18], under truncation. For a positive number 7, let A =
(1Zr/VT| < Ty and B = {|Z/T| < T"), where Zj = Y-}, or(Z; ). Let
DS T) = |f@ZrNT) = [Zp D= |f @ NTY = 12 IND| iz 224
We observe
Pc[D(f. T)langl < 2M(1+T") P [Z7 # Z7],
Pc[D(f, T)lange]l < M(1+T"°)Pe [Z # Z7 ]
+Pc [M(l + |Z/T/ﬁ|p°)1361{zT¢Z’T}] ,
PeD(f, T)Laens] < Pe [M(L+1Z0/NTIM) acl 7,27,
+M1 +T")Pe [Zr # Z7],
PeID(f, T acnpe] < Pe[M(L+1Z0/NTIM) iz, 271 Lac]

+Pe [M(l + |Z’T/ﬁ|l’0)1{zrﬂfr}13c] .

Thus one obtains an estimate uniform in £(M, pg):

Zr
L0 P D, T Nygpoop| T Pe [Z1 # Z4] + Pe H_

Po
1 Ac
JTl ]
Z/T Po
o Hﬁ 130}}. (30)
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Noticing that pg is even and applying Lemma 6, we see that the second term on the
right-hand side of (30) is less than or equal to:

zZ | Zr [P Po
1{W7>0}{ Pe T - Pc _T + Pe||— 1p¢
Z’ po 7 [ Zr Po
+|P 1g|—pre||ZE| 1 }
C[ N o B I | W A}
< 1{1//T>0}MT{T_R + T““)”O/zrx(ém(T)IC)”(”*”} + Ly oo)ler| TP
| 7!, |Po 7 Po
+lyr=0Pe \/TT Ige |+ 1{¢T>0}[Pc [ 1BnAc]
0
+Pc|: e 1AOB{|+2T77P0PC [ZT#Z/T]}, (€2))

where R = —{1 4271 poe — (p + 1) B}. [ We obtain the first term on the right-hand
side as follows. Lemma 6 together with [A1] implies that [Varg[S7] — Vare[S7]] is
bounded on {Yy7 > 0} uniformly in (w, T). Since |Varc[S 11 Sk(T)STE by [Al]
and the definition of Q4(T), |Vare[S7]|<T*€ on {7 > 0}. On the other hand,
it follows from Lemmas 5 and 6 that for » (3 < r < pg), the r-th conditional
cumulants of S7 and S7 are bounded on {y7 > 0} uniformly in (w, T): one can
show this fact by using estimates appearing below in this proof. Since the possible
maximum order of Varg in the expression of pp-th moments is p/2, we obtain the
bound in question. ]

Since on the event B N A€, |Z), JNT| < T" and Zy # Z’., and similarly,
on the event A N B, |Z7//T| < T" and Z # Z’., the first two terms in the
second braces {- - - } at the end of (31) are evaluated by T"° Pc[Z7 # Z!]. Thus

we obtained
]}
+er | TP/? + 1y, =0y Mr

X[T—R I T(1+€)P0/2a(8m(T)|C)1/(P+1)}~ (32)

/

Lyr>01Pe [D(f, 1] 2 l{wr>0}{T"”°Pc [Zr # Z7] + Pe H

First, |eT|Tp05/2,§T_”ﬁ+%+62+%”06, and —pB + % + e+ %poe <—(p—2)/2+
—B)(p+1 —l—i-(4p)_1 < —(p—2)/2. Onthe other hand, since by [A1](iv),
2
we can choose 7 S0 as

p+2e
20+ 1+ p—po)

1
<n< [ﬂ(p+1)—1—ez—§(p—2)]/po-
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Therefore,
Nt
Wyr=0)Pe[Zr # Z7) < =00 Y Pe [|Zi,-| = Tﬁ]
Jj=0 '

S T U Rny VI %))

< Ly T PPTDHFe < T—3(P—2—€—npo

for some €9 > 0. Lemma 14 for u = 0 (in this case, |07 (0, )| < 2) together with
Zr

(29) yields
o
I{WT>0}PC [ \/T IB{|

51{w>0}{Pc [’Sﬂm 1{|S;\zrv/2}] + |€T|”°}

51{W7>0}T_n([+1+p_p0)
% Z (1+T—g+ﬂ(r—p—1)++1+2(r—1)e+62)(i+1+p)/2
r:2§r§l_+l+p

il{wT>0}Tfn(l_+1+p7p0)T(26+62)(l_+1+p)/2

p—2
<r—f5 e
~ 2 10

for some positive constant €1g. [ Here we used the inequalities —r/2 + 1 + 2
(r—1e+e <2e+erforr < p+land—r/2+B8Fr—p—1)+142(r—1)e+ex < e
forr > p + 1. [A1] (iv) was used at the last line. ]

Using the inequalities in [A 1], we have the inequality:

1427 poe — (p+ DB+ e
<1427 'poe+ e — (p+ D1 — 2p — 1)/2p(p + 1)]/2
=—(p—2)/2+2 "poe + €2 — 1/(4p)

< ——F— — €11
2

for some positive constant €1, which is easily shown for even and odd p’s, and
hence,

Loy Mr (@) TR < 7722,
Furthermore, it is easily seen that on the event {y7 > 0},
To+37004) g (5 (T)(C) !/ PHD < Tt P+ =(p=1=(p=De+p)
< = (r-D-oghm
= T*%(P*Z)*qz

for some €12 > 0.
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After all, in particular we saw from those estimates and (32) that it suffices to
show the same bound for

Jor (7e 7 (GF)] = ¥rpetn)]

to prove the lemma.
Let K be a probability measure on R? whose Fourier transform has a compact
support, and choose a constant a such that

a:=K{x:|x| <a}) > %

The scaled measure K¢ is defined by Kc(A) = K(e'A) for A € By and € > 0.
For a finite measure P, a finite singed measure Q on RY, and f € FBy, define
vr(€), §¢(r) and () by

vr(e) = Ilf*IIoo/Rd h(1xDIKe * (P — Q)[(dx),

) = 1 oo / h(xDK (),

x:|x|>ar

T(r) = sup /wf(X+y,26l€)Q+(dy),

x:|x|<tae’

where f*(x) = f(x)/h(x]), h(x) = 14+ xP° (x € R), and Q7 is the positive
part of the Jordan decomposition of Q. The following is well known Sweeting’s
smoothing inequality (Sweeting [61], Bhattacharya and Rao [8], Yoshida [72]):

(P = OIf]l = [Aoyy(e) + A1gr(€'/€)

20— 1

1— t
+r()]+ <Ta> Azl f*lloos (33)

for €, €/, ¢ satisfying 0 < € < €' <a~'andt € N (a€e’t < 1), where the constant
Ao = ap(p, d) depends only on p and d, and A; (i = 1, 2) take the form of:

Ai =ai(p,)(P +[QD[A(-D], (G =1,2)

with some constants a; (p, d) depending only on p and d.
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For given K| > K > 0,let{ = (K| — K)/2, e = T™K1, ¢ = 77(K+0),

t =[(2a)~'T¢]. Applying (33)to P = Pczr/ﬁ and Q = Wr , ¢, we obtain:

H Yr <Pc [f (%ZT>] — V7, [f])

< CM[HI//T /Rdh(|x|)|lcr,<1 « (LT

1

— W70l

f h(lx DK ()
1 Jx:|x|>aT?¢

s+
1

+ H(Pf”ﬁ 1D - D]

+ N(Pf“ﬁ 1 DR - D]

+C’ , (34

vr / sup wf(x+y,2aTK)WF (dy)

xilx|<aT—K+0[(2a)~1T¢] 1

where §(o) = a/(1 —«) € (0,1), C is a constant depending on p, d, o, and
C'=Qa—-1"L

We will estimate four terms appearing on the right-hand side of (34). It is easy
to show that if we choose /C appropriately, the second and the third terms are of
o(T~(P=D/2=€13) for some positive constant €13 under our assumptions for Wr , c.
If we took the kernel K appropriately, a can be small, and the last term is evaluated
by

[vr fore T8, c@a)|

Moreover, the first term can be estimated by integration of the derivatives of Fourier
transform Hy (u, C)e'"* T — Wy , ¢ if we use Lemma 11.6 of Bhattacharya and Rao
[8]. |

Remark 14. With the estimate of \iJT, p,c(-) and e, it is possible to replace the first
term on the right-hand side of the inequality in the above lemma by

CM L arzasipe S [9705 [ (Hre,©) = ¥ @) KT Frupeiver] ‘] du

for ¥ given in Lemma 8. In fact, it can be proved in a similar way as in Step (d)
of the proof of Lemma 8, with the help of an estimate of |er]|.

Proof of Lemma 9. (a) Letny, n2 > 0. For v given in [A3], define ¥; by

v, =1l Wz .
J I//] {S“P\u\zB’Pé(D[wjem 1(/)]‘<m}

Since the indicator in the above equation is ¢ (j)-measurable, [A3"](1) clearly holds
for W; replacing ;.
We will verify [A3P](ii) for W;. In our case, p; (é(j)) in [A3P] is defined by

piC(j) = Pa [(1 =¥ +2(1 =0T Z1(;)]
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for some fixed B € (0,1/2). Put¢; =1
make 73 sufficiently large. Then

v COnEml* Let n3 € (0, 1); we will later

PL#{7 piCON z )z man' )] = P | 3¢5 = nan' (1)
J

o 2l - el

I
~v

s Y= e 6]

n

v

J

Since P [Q0(T)] = o(T ™) from assumption, in order to show

P [# {j; piC()) = 772} > 77311/(T)] =o(T™"),

it suffices to show that

1
Pri= P (1) Ny ———=> {¢; = Pe[t]}
vn'(T) 7
1
Zmz{’B—Pc[{j]} =o(T~M).

J

If we apply the same argument as Step (b) in the proof of Lemma 8 to bounded
¢j—Pc [g“j] , which is measurable to C(j) C Bj(jye Vv C (therefore, we can use the
mixing property to ¢;), we obtain the boundedness of the moments:

n'(T)

, ¢ — Pe[g)]
sup ||« - - <00 (g>1,r=1).
TP C JX_; () q

q

1 1
Let Wi =n'(T)"2 3_; {¢; — Pelg;l} and Wo = n'(T) ™2 3 {n3 — Pelg;l}-
Using the fact that W, and €0 (T) are C-measurable, we see that for € > 0,

Py < P[Q0(T) N{Wa < e}l + P [laym Liws=e} - Pc (W1 = Wa]]

PIQ0(T) N (W = el + P [layn Lws=a) - Wa L Pe [

1
1 2L 7
P[Qo(T)N{Wy <€}l + (P |:190(T) min { <E> , (W2)+—2L}:|> )

(We can use Lemma 5 on Q¢(7T) for r-th cumulants if » > 3, however it is not
sufficient for » = 2 in the present case.)

IA

LA
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(b) Let us show that P¢[¢;] are small. For any 1, € (0, 12),
Pe [ Pegy [1 = 3] 2 ma]
+Pc [ZP@(./) [1—oTPZiG)] = n— 7]’2]
=: @1(j) + P2()) (say).
By using the inequality 1 —ab < (1 —a) + (1 — b) fora, b € [0, 1], we have

Pelg;]

IA

0D = Re [ P [ =14 g o0 en) = 7

! iu-Zyj
<Pl —v;]+Pc| sup |Pg; [Wje ’(-”]‘Zm
772 |M|EB (])
= L Po[l—v;]+ iPc sup |Ps, . [ijei“'zm]‘ )
Tm s ! €O
On the other hand,

-1 +1
2 \? p+1
(ﬁ) Fe [|Z,(,~)| ]
—_ N\ ! p+l1
~(Mm—n 2 .
- 2 TB(p+h)—e2
The last inequality holds on ¢ (7"). Choose ¢ = c(n1, 12) sufficiently large, and
¢ =B(p+1)—e —1.Fixa” € (0, 1) such that

In fact, by assumption for a and a’, it is possible to choose such 7y, '7/2 and 7, such
that

m=>0, nm+n<l,

1 a ,
a+—) <1, O<ny<m<l

m m

Roughly speaking, one may choose

Wy ~ 1 A <a+1—\/(a+1)2—4(a+a’)>e(O,l)

N =N =

Ml =~ (2—(a+1)+\/(a+1)2—4(a+a’))e(O,l).
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‘We then have

P | Qo(T). ) Pelgj] > a"n'(T) + T~
J

e st g o]

lul>B ¢
1 /
> — (a + ) n’(T)i|
772 N1

§P ZPC l—lﬂ]]>an(T) +P|:ZPC|:SUP ()I:wl mz’(/>:”j|

>B
; u

> a/n’(T)] = 0(%

by assumption.

(c) Take 1} and 73 so that a” < 0y < n3 < 1. Obviously, from Step (b),

, 1
P | Q(T), ZPC[Cj]>n’3n (1) | = ol
J
Hence,

. 1\ * oL
P | 1gy(r) min <;) , (W) 4

. 1\ 2L
1
—2L
—+€ 0<ﬁ>

—2L 1
< (\/n’(T)(m - n’g)) +e %o (—)

TL
1
=0 ﬁ .

Finally,

1
PIQ0(T) N (W2 < )] = P|R0(T), Wa =€, 3 Peltj] < nn(T) +0(TL>

)

since 1y < n3. After all, we arrived at the desired result through Step (a). O
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Remark 15. The assertions in Theorem 1 hold true even if [A3] is replaced by:
[A3%] For every L > 0, there exist truncation functionals v; : (2, F) — ([0, 1],

B([0, 1])), and there exist positive constants n?, ng, ng, B (ni + n; <1, ng < 1)
such that P[Zj Pe [5)(]’) <1 _ng] > gin'(T)] = o(T~L), where ®(j) =

Pc?(j)[w]] . {sup,, \u\>b" C(/)[Wjeiu-ZI(j)”<nT}.
6.5. Proof of Lemmas 5, 6 and 7

We will give a proof which is a conditional version of the proof in Gétze and Hipp
[18] and, differently, (C-measurable) truncations play an essential role to make
conditional estimates.

First, we give a conditional moment estimate for CVCCE PC[Z 1 - S;):

[Jemma 12. Assume [A1](@). For any €] (0 < €1 < 1/2) and anyr € N (r <
I+ p + 1), there exist constants C», Cé, T, > 0 such that

Lui<renyleymnaa.n )Hr(u, O)Pe [21] (u - 5;)’
<GP HZ,H { ‘pc [exp( [m(T)k])]‘ JrXk(T)} AL
k: 1<k<k(T)

/ 5 [m(T)k] k(T)
<cy(ref|af]« )], max , [re e (s ™)) 5}

forany T >Tiandany 1€{0,1,..,N7}", n<r.

Proof. Suppose that bounded random variables A;(i = 1, ..., r) are measurable
with respect to B[a{’a{/], bounded random variables B; (i = 1, ..., r) are measurable

with respect to By, ;. respectively, and a] < a;' < a +h < b; < b < b/ +h <

/
a1 Then

|PclA1B...Ar By] — PclAi...Ar1Pe[Bi...Br]| < Cra(h|C),

where the coefficient C; is proportional to IT7_; || A; [l oo - TT}_, | B Il 0o In fact, the dif-
ference between | Pc[A1 By ...A; By ]and IT}_ | Pe[A;]-TT;_, Pc[B;] canbe estimated
with «, and the difference between P¢[A;...A,]P¢[B;...B,] and TI/_, Pc[A;]-
IT/_, Pc[B;] can also be estimated with .

Set A(ny, n; I) = exp (55"11 - Sgnz]) — Lforny,ny € Zy,ny < ny. Then

K
exp(si?) = 3 (n" VAW = Dm, jm; 1)) exp(stly
k=1

+ (MK A = Dm, jms D) exp(sF™), @5)

where l'[(/) 1



610 N. Yoshida

Using the covariance inequality successively, we have
|Pe[Z1 (M2} A = Dm, jmi 1) ]|

=2"pe UZ'H T jeven. PellA (G = Dm, jms DI]+ CR2 T Po 8m|C).

<j=<k—

On the C-measurable event (T, I),

PlIA(G = Dm(T), jm(T); DI < Pe [|s)0m 01— sim @] < %%M
for j(1 < j < k(T)). Thus we have
L=z Leacrny | Pe [ZITEZI A = Dm(D), jm(): 1|
<cre [‘Z;Hxlf + CK2AT B (5m(T)(C). (36)

Moreover, in the same fashion, we see
Ha<ren ascry | Pe [ 21 (TEZYAGG = Dm(@), jm(Ty; D) exp (57" |
<cC {Pc HZ, H FL ksz'”ﬁa(am(T)w)} (Pc [exp (SE’"(T)]‘])]‘
+CT"1B2k 6 (5m(T)|C). (37)
On the other hand, in a similar way as (36), we obtain
Husr s [Pe[Zi (MY AW = Dm(), jmT): 1) exp (si" )|
<CPc HZ;H XD 4 ck(r)2XD T (5m(T)|C). (38)

It follows from (35), (37) and (38) that

Ljui<reryloy T, ‘HT(M» O)Pc [21] (u-ST)

> m(T)k] K(T)
<cre (2] (map, e o (s )] ) 7

+CQK(T) + D2KDFLT By (sm(T)|C).
For every C > 0, there exists 77 > 0 such that for T > Ty, on Q(T),
X
p1 < 71 {CK(T) + DI/ < xp < 1, (39)
_ — k(T) 1/k(T)
where py = p|(T|C) := {C*k(T) + D2KDa(sm(T)|C)} )
Finally, from (39), we see that on 21(7), the last term on the right-hand side

of the above inequality is less than ¢’/ T “Sxf(T) if T > Ti. Thus we obtained the
desired result. m|

The following lemma provides a covariance inequality for CVCCE.
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Lemma 13. Let ng € N. There exist constants Cy, ¢ and x3 (0 < x3 < 1) such
that

2 AN/ *
1{|M‘<CIT%7/3 - |HT(M’C)| ‘Covc [lev le] (u - ST)‘

<C1Tﬂ(|11\+|12|> {a(5f|0)+x /[J_]']

foranym e N, I, I € U<, {0, 1, ..., N7 }" satisfying min I, —max I} > m, bar
making sets, where

Cove [Z,l, Z,z] (u-S3) = Pe [Z,l Z}z] (u - %)
o [Z,l] (u - S¥)Pe [Z;z] (u - S5).
For sufficiently small c1 > 0, it is possible to take x3 as x3 < x».

Proof. Foreach T > 0, let ZT = RYWV7+D regarded as a measurable space With
Borel o-field. Denote by p(w, -) the regular conditional distribution of (ZT ]) 20
given C. Over @ = Q x ZT x 2T we define a probability measure P on C ®
B[Z7] @ B[ZT] by P(da),da),dw”) = P(dw)p(w,dw’)p(w, do’). Then the
canonical projections Z' = (Z’/.) (o, 0, 0") - o and Z" = (Z”) It
(v, ', ") — & are (extended) C- condltlonally independent, and have the same
C-conditional distribution as Z = (ZT, j)jszO.
Since the rest of the proof is quite the same as Gotze and Hipp [18], w

will give a sketch. Put ¢; = iT~"2u - (Z; + Z/), T = 2“““1 ¢, T =
oM g, Ty = YT g and U = (2, — Z))et (i = 1.2).

j=max I{+m Jj=max [ +1 o . ’
Then the complex-valued conjugate conditional covariance has the representation:

2H7 (u, C)zCovc[Zh, Zn(u - S;) = Pc[UleT3U2’]. Suppose that max I1 + 1 <
J1s -ees Jjr < max I1+m—1. With the covariance inequality for a biggest gap between
max I, ji, ..., jr, max I +m, and the fact that Pc[U;¢;, - - '§jq] =00<g=<r)

due to symmetry, we see that for |u| < clTl/z_ﬁ/m, |PelU1gj, -+ ¢, Un]] <
Cm~"TBULHILD g (§m /(r 4+ 1) — 38). Taylor’s formula yields that for some C/,
exp(T3) = Yy -l TS /r! + 6(C}lu|TP~2my™ /m1, where || < 1. Choose
cp >0 sufﬁ01ently small so that x3 := ¢;C]; < 1. We may consider m > 2.
Thus, |Po[U1e™Us]| < CTﬂ<|’1‘+|12|>a(3m/m — 38) + TAUNIHIED I /1 <

CTﬁ('“|+|’2|){()1(8\/_|C)—}—x3 /[/m]!} if m’ is chosen as m’ = [/m]/2. O
Define a random set Uy by Ur = {u; Hr (u, C) # 0} and set
Br = {us lul < e T Pm() 2} 0 Ur 0 {us jul < 7).

Lemma 14. Assume [A11(i), (ii). Letr e N(r <+ p+1)and ay,...,a, €
{1,...,d}. Then

ke [S30, 57 (- sp)| S T
~Or(u, 0) + 1) 1o, 1)

g+ﬁ(r—p—1)++1m(T)2(r—1)MT (@)

Liuenr)



612 N. Yoshida

on QI(T) NI <r1ez; 20(T, I), where Iy = Uyen{0, 1, ..., N7}* and

_ m(T)K] k(1) B
ora,w) =1, max (Pc [exp (S, )]‘ + XDV Hy o)
[[|<rIeTy

Here — denotes the g-inverse.

Proof. For ay, ...,a, € {1, ..,d} and a subsequence I’ of I = (jy, .., jr) € Ir,
denote Z = H12=1(Z(Ta kjl)‘sk , where §; = 1 if the k-th number j; appears in the

subsequence I’ of I and zero otherwise with convention that x* = 1 for x € R.

Z(al)

The conditional cumulant «¢ [ Tojpr e Z(T“r;] (u . S}) has two representations:

r -1
; @ (=D
Tz (R AED DD DR S
=1 Iy...np
I ++I={1,....r}
Pc [Z(ja;aelz)] (u - S7), (40)
[where I1+- - -+1; = {1, ..., r}meansthat I, ..., I,, formapartitionof {1, ..., r}; we

make a distinction between two partitions {1}+{2, 3} = {1, 2, 3} and {2, 3}+{1} =
{1, 2, 3}, for example], and another one is

r -1
S@) 5 _ =D -
ke [Z§0, o 28 | sp =) Y — {(ma,
=1

Iy, m=1
I+t ={1,...r}

Pc [Z(ja;ozelm/)] (u - S%)

x (Pc [Z(ja;aem] (u - S7)

—Pc [Z(ja;aelmﬂh)] (u-S7)

% Pe|Ziyuetunm | @+ SP)

% (M1 | Pe [ Ziiaet,immm | @ $5)

x Pe|Zigaernm]@-spl)} @n

where Ji, J> form a partition of {1, ..., r}: J1 + Jo = {1, ..., r}, #J1, #Jo > 1.
Denote by maxgapl (I = (ji, ..., jr)) the maximal gap between consecutive
pairs in j() < -+ < ji- Put

_ -z F(ar) 5(ar) *
D = lyep T2 E ’Kc I:ZT,jl s e ZT,j,.] (u-S7)
J1seerdri0<jlsejr <NT
maxgap(jy ..., jr) <m(T)2




Partial mixing and Edgeworth expansion 613

and

_ -5 5(ar) 5(ar) *
Dy = lyepn T2 Z ‘Kc I:ZT,J'I""’ZTYJ}] (u-S7)
J1seesdri0=j1 e jr <N
maxgap(jy .....jr)>m(T)2

We write I € part(ji, ..., jr) if I = (i1, ..., ix) is a subsequence of (ji, ..., jr).

From (40) and Lemma 12 for the summation on the event Q1 (T) NIy pare(jy,.... )
Q, (T, I), we obtain an estimate:

r ~ (p+l)/\r
P <CT2 Z < max P¢ |:‘ZT’]" i| + 1) Tﬂ(r—p—l)+

R J:0<j<Nr
J1seesdri0=j1 e jr <N

maxgap(jy,..., Jr)y=m(T)?
r

max [Pe[oxp (ST ]| |+ gm0

1<k<k(T),
Iepart(ji,....jr)

< TP DALy (120D My () Or (1, ) + 1) 1y (r)- (42)

On the other hand, an estimate for ®, follows from (41) and Lemma 13 (the
case r = 1 is already included in the above part for ®1): by [A1](1),(i1), m(T) >
k(T) > (Li/log(xz2/x1))log T, and hence, T" "+ /[m(T)]! < 1 for large T;
moreover, by using k(T)/log T > L1/log(xz/x1), we obtain

< ==
C22 T2 Z 191(T>ﬂl'lze,,an<j, inS0(T.)

jlv---vjri
maxgap(ji,..., _jr)>m(T)2

Kc [Z(Talj)l Z(T“’])r] (u- S?)‘ LiueBr)

<773 Z I, Z (product of P[IZT,J:I 14+ D

J1seendrt r'<r=2
maxgap(jy .....jr)>m(T)%
/ ( /),B .xgn(T) 2
Or(u, n T Sm(T)|C Hr(u,C)|™
x(Or(u, w) +1) a (dm(T)| )+[m(T)]! (IHr (u,0)[7)
< lounyMr(@)T ™" Or(u, w)+1)", 43)

since |Hr (u, C)| < 1. Here we took x3 < x22 and also used the fact that on Q(T),

X1\ k(D)
770+ g (5m(T)|C) < T" 1+ (Zl) < 22D

- -1
ifLi>{+p+1D) A+ P (log j‘C—T) (log 4“) . We then obtain the desired result

X1
from (42) and (43). |
Lemma 15. Assume [AI1(i), (ii), (iii), (iv). Then there exists T) > 0 such that

SUp, (0.1 Or (nu, @) < 3 for u satisfying u| < min{e; T27P=2€ 1(T)} on (Y1 >
O} for T > T.
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Proof. Forn (n =0, ..., Nt), f = (fo, f1, ---, fu) denotes an arbitrary sequence
of integers satisfying 0 < fo < fi < -+ < fy < Nr. Denote F(n, T) the set
of such sequences f; in particular, F(N7,T) = {(0, 1, ..., N7)}. Let S;(f) =
T=V2Y " Zry, for f € F(n, T),and let S¥1(f) = T7V2 Y i1 0o0 21,
for I, € {0, 1, ...,n}". Put Hy (u, C, f) = Pc [exp (iu - S5(f))] for f € F(n, T).
Moreover, let

= . Qlm(THk] k(T)
0r(u, w, f) = k,ln:ll];??k(r), ‘Pc [exp (lu Sln (f))]‘ + x5
[In|<r,In€{0,1,...,n}"
x |Hr (u,C, ).

Since the sequence {ZT, /;} satisfies the same mixing condition as the original

sequence {ZT, 7} (n fact, the former has more rapid decay than the latter) and

the truncation functional y7 is sufficient for {Z(Tujf)j }, we can apply the estimate

obtained thus far. Namely, for 8’ := 4¢ + €;, which is less than 1/2 from [A1](iv),
there exist some constants C > 0 such that

1
Lwepr(nHr,C, f) = l{ueBT(f)}eXp{ — ke [t S5(f).u-ST(N]
TRy, C, f)} (44)

forany f € F(n,T) on {7 > 0}, where

IRy, C, /) < CA+ T2 sup @O, o, )+1°  (45)
nel0,1]
and Br (f)={us lul = 173 Pm(T) 2} (1 {us Hr (u, €, f) # 0 (v € [0, 1D}

{u: lu| < T€'}. In fact, under [A1](ii), it follows that m(T)*Mr(w) < T*t€ on
Q3(T), and Lemma 14 yields the estimate (45). It should be noted that #-term may
be infinity at this stage, while we will show the boundedness under truncation in
the next step.

As Gotze and Hipp [18], we will show the lemma by induction. Suppose that

Or (@, 1) = V=0 suplr G, . f) i1 € 10,11, f € F'. T,

|u| < min {clr%*ﬁ*%, l(T)}} <3 (46)
forn’ <n —1on {Yr > 0} when T > T5. Under [A1](iii),(ii), it follows that

{u ) <minge 7522 0| ¢ fus ) < a3 Pm ) 2 fus el < 70
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for large T since €* < €] by [A1](iv). If 07 (w,n) > 3 for some w € {Y7 >
0}, then by continuity, there exist u € Br(f Y13 and f € F(n, T) such that
Ly, =007 (u, @, f) =3 and that 1{y,~00r (', w, ) < 3if 0 < [u| < |ul.
By definition, for some k& (1 < k < k(T)) and some I,, € {0, 1, ..., n}",
3=0rw, o, f) = {|pe[exp (in- S D) || +47 1 @c, I
1 /
< exp{EKc [u-S5(f)u-Sp(H]+C (1 + l(T)3) T3+

- sup (Or (nu, w, f) + 1)3}
n€l0,1]

1 A R
~|:exp {—EKC [u : SEnm(T)k](f), u- SE:"(T)k](f)]

+64C (1 + Z(T)3) T*%“’} + x’;‘“]

1(T)?
< exp{ (2) |Cove [S5(f). S5(N)]

—Coue [$1" M p). M p) ||

+128¢ (1+1T)) TW’}
1(T)?
1D e {% |Cove [S5(). (1)

+64C (1 + l(T)3> T3+ } (47)

Here we used the assumption of induction for SZ”(T)k], and the definition of u.
Since clearly ‘S;( £ = 8§ f)‘ <T=2+Bm(T)k(T), it follows from [A1]

(iv) that

Ly (T)? |Cove [S7(). S7(N] = Cove [ 37 TMp), 3 PHp)]|

~ 2
= gyl {Pc [IS?(f)|2 T[S R }

r

13 In fact, one may assume that at that u, Hy (nu, C, f) # 0 (n € [0, 1]). For, if u is a point
at which |¢| is minimum in [u; lu| < clT%’ﬁm(T)*zlﬂ{u; lu| < T} {u; Hr(u,C, f) =

0}, then it turns out to be in contradiction to (44) and (45).

1
st - Sy ™[ |}
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<I(T)?- % ST B (THK(T)

— T3 BR(T)2(T)m(T)ST-2HP+3er<"

as T — oo. Thus, [A1](iv), (47) and the definition of Q4(T) yield

1(T)?
3 < A + Apk® exp{% |Cove [S5(f), S;(f)]|] <3

for universally large T, where A| and Aj are certain positive constants less than
3/2. It is a contradiction, and thus the proof is completed. O

Proof of Lemma 5. Let 81 := p'e* 4+ 2(I + p)e + €2 < 1/(4p), where €*, €, €>
are dgtermined by [A1]. Then on the event {17 > 0} it follows from [A1] that for
uec UT,
ulm(T)2" =D My (@) < (1+ [T )m(T)*" ) My (w)
< pre2i+pete s

Consequently, one has the desired estimate from Lemmas 14 and 15. Note the
inequality —5 + B(r —p— 1) +1 < —”T_z — % for r > p + 1, applied to the
second case in Lemma 14. O

Proof of Lemma 6. The proof is straightforward. Take C> > 0 sufficiently large.
Denote Zr ; = Zij' Put

=T Y ke[Z 2@

J1seeesdri0=j s jr <NT
maxgap(jy,....jr)<Com(T)

—ke [Z(T‘flji, Z(T“J)] (0)‘

and

ST

*x _ op— > (ar) 5 (ar)
=T 3 ch [ZT,jl’ ZT’jr] (0)‘
J1eerdri0= 1o jr <N
maxgap(jy,..., Jr)>Com(T)

+ ‘KC [Z(T‘f?,’l, Z(T“j)] (O)H .

For ji, ..., jr €{0, 1, ..., N7} and a decomposition I1 + ---+ I = {1, ..., r},

I
M, 1 Pel Zysaein] — ngzch[z(,-a;aem]] < Y N Pel Z el
m=1

VPelZjaetn) = Ziaaetm]l
Tt | Pl Ziaer, ]|
< My ()T~ 0P,
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Here we used the following estimate: for nonnegative random variables zy, ..., /1,
o, v <r < p,

—l)p-'rl—r]

1/(p+D

Pelzi - zp—12p0 1201l < Pelzi - zr—120 1z, 2a) (2100
{Hr _IPC[ p+1] (Pc[zf/+]])p+2_r}

q~(pt1=r

In view of (40), we see that &3 <T =2+ =(P+1=NB Ty =1 My (w).
On the other hand, it follows from a similar formula as (41) and the so-called
covariance inequality for mixing processes that

e[ 7] 0] < a0 cimeryo)

for some constant C), and a similar estimate for ZT, j- Consequently, @;ET%
a(8m(T)|C)Y P+ My (w)™/ P+ This completes the proof. O

Proof of Lemma 7. Let Y1 (w) > 0. Then, for large T, Hy(u/',C) £ 0if |u'| < |u|
foru € Ur. Denote k u® V) = kelu - S§,...;u - S§1(V)  (r times). For

f(s) = log Pele"*571, s € [0, 11,
(35) f(s) = @50+~ B o f (s + 514+ +5) ="k W [(su - 7).

Expanding f (1) around zero with Taylor’s formula, we have

1
Hr(u.C) = exp ( xr2.c) + Z —xc "1 1(0) + Rp+1<u>>

where
l'p—i-l 1
Rpi1(u) = - (1= )PP PP (s - S5)ds
. 0

1
—5 (W10 + xracw).

Obviously, Hr (u, C) = \fl; » cw) + R;“H_l(u), where
. 1 1
V7 p.cu) =exp EXT,Z,C(M) + exp EXT,Z,C(M)

Z Z Ly 4etrj<p-2)

j=lrp..rj=1
O En2) .,C;“f 2 @ri+2)(0)

x (—1)Jinttr €
Jlar+2) - (rj +2)!
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and

1
R4 1 () = exp <§XT,2,C(U)>

Z Z Liry 4 +rj=p—1}

i+2 )
Lty K P RI0) kT W 21(0)
Jlr +2) - (rj +2)!

'

1 p ; p+l1
+6XP< XTzc(M)) (Z Fkér[u®r](0)+Rp+1(M))

r=3

P .r
(P! / (1= 0P exp (r ’—K*’[u®r]<0)+m,,+1<u)) t
p

+eXp<1xTzc(u)> ZXZ:(J') 1( >

=

P . J 4
x (Z %xé’[u@](m) (Rp+1(uw))™

r=3
From the inequality in [A1](1)): L1 > (p+ D(p—1—(p — De + B) (10g %)
-1
(log Xil) and —1 + ¢ + B < 0, it holds that

-1 X \—1
75 (ﬂ)“(”“) (og zD) 7 oe T s 1= De—(p+1-1)p
7 <

for any r < p; hence, T2 {a(8m(T)|C)}!/(P+D ST—3HI+C=De=(p+1-nf op
Q(T) for any r < p since k(T)/logT > L1/log(xyz/x1) by [A1]@{). Therefore,
from Lemma 6, it follows that

Laur ke [S77, o 577 0 = ke [ S5, .. 5] (0)

’f’MT(w)T_%+l+(r—l)e—(p+l_r)ﬂ
for r < p under [A1]. It follows from [A1](iv) that
] 1
let(r—Detde’+(+3p-2" e < (l+P)€+(p/+d)e*+ez<4_,
p
therefore, that
_g+1+(r_1)6_(p+1_r)ﬁ+l€+(l+3p—2)e*+ez
r | )
<__+1_(p+1—r)ﬂ+__d€
2 s

2
< —pT — de*. (48)
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Since |Varg [ZT/«/T] |Sk(T) < T€ on Q4(T) from [A1](ii), we see from (48)

that there exists a constant §y € (0, %) such that

Liyr>oylg,

: (1 + |Varc [ZT /ﬁ] |)l 1(T)+6P=2)

‘M7 (w) max T7%+1+(V*1)e—(p+1,r)/3
r:3<r<p

iT—(p—Z)/2—60—de*

1
o {97, e = Br e | <exp (Exm,c(u)>

for u (Ju| < I(T)) and ! < [; note that x7.2.c() < 0and we here used [A1](iii).
On the other hand, applying Lemma 5 to the case n = 0, we obtain

-2
1 pP—
oiferp( 3 aracn) z S Loty zp i (DI

KZ'(VH-Z) [M®r1+2](0) R KZ(rj+2) [u®rf+2](0) } ‘

Jr 42 +2)!
< 7-(=D/2+5,

Lyr>olg, (w)

for some 8] < 1/2 —de*. In fact, since p?e* +le* +1le < p'e* +1le < —de* +
2ple* tle < —de* + 51 < —de* + § from [A1](Gv), T—(p=1/2+pd1] ()P +
I , - _

(1 + |Vare [ZT/\/T] |) <7~ (P=D/2+8 for 8] = péi +(p*+De*+le <1/2—
de*.

Letay,...,a; € R?. For R?-valued random variables X1, ..., X jand V satisfy-
ing suitable integrability,

@) {Kkelue - X1, oo u - Xj10u -V} Han, ..., 1]

= (3¢)0 *++ (3¢)o {Kc[u “Xpeu- Xiloqu - V)

. ./ ./
Z Z Z I (ST FHCH ST 19

i1,0,1j=05=0" . il=1
xkelai, - X], o @iy - Xjomag -V, magg Vitqu - V),

uutYl_ a; }

where ap = u. With this representation and Lemma 5, we have

P

-2 ’
00 Ry )] S T2 = G700y D0 4 Mpi(r)? 0@,

Lyr>011 g, )

where a(r) = —% 4+ 1+ —1e—(p+1—r)B.Inview of Lemma 5, we see that

p
3, {Z —clu® 1) + R,,H(u)}

r=3

1
Lyr=o0p1g, () SUTPTITT
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forany ! < I. Since (p + D)e* — % + &1 < 0 and hence the derivatives of

P
exp (t Z %Kér[u@](O) + tRp_H(u))

r=3 "’

with respect to u# are bounded under truncation, we obtain the estimate:

1 P p+l1
Lyr=o0ilg, (M)‘(BM)Z{CXP<EXT,2,C(M)> : (Z e 1u®1(0) + Ry (u))
r=3
| 1 p ir
(ph” /0 (1 — )P exp (t;Exér[u®’](0)+tRP+1(u)>dt”

,<J(T)’_+(f”+1>2 Tlep (=380 (p+1) <p-p/2—de*

with the inequality 1/2p) — (p+ 1)/2+ (p+ 1)/(4p) < —p/2.
Finally,

p Jj-1

Lgr=0)1, )| (@) {exp l)(T,g,c(u) Y6y
T 2

j=1j'=0

. P . .y Y,
1 J J=J
x ( J’) (X 51 10) (Rpnw) ' ||
r=3 "'
<UTY T . 1(T)PHDP=D) {T,prz_(%_,;])l(T)(pH),p/ + MpI(T)2T?)

iT—pTd—Sz—de*

for some positive §7. In the last part, the following inequalities were used:

l_* 7 * [)—2 1 Nk
e +le+(p+1D(p—1e —T—(5—81)+((p+1)—p)6
_ o )
<+ (p+ D2 =p)e+le— (G- - F5=
- p—2 p—2 1 p—2 1 "
Je—- P2 5 P2 " P72 4
R T S e S S

and

le* +1le+ (p+ D(p— De* + e+ 26" + (e — (p— DP)

T+ (p+D(p-1+2e + 0+ Dete—P—tp_2r=1
< — € € €r)— —
PP S 2p(p+ 1)
-2 1 1 —1D2p —1
po2yp by Ly eobero by
2 2 T 4p 4p(p+ 1)
-2
_PT e
2
since de* < L.



Partial mixing and Edgeworth expansion 621

IA

: i I p <L _53—de*
After all, we obtained 1{¢T>0}1UT (u)|(9y) Rp+1(u) T2 )
for some 83 > 0. O
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