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Abstract

In a class of continuous-time filtering models with Gaussian limit, we provide a practical scheme of an
approximation of a conditional expectation given finite-dimensional observations, in the light of the double
Edgeworth expansion. Simple and explicit expressions up to the second order are given, so that we can
easily write a computer program.
r 2004 Elsevier B.V. All rights reserved.
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1. Introduction

Let ðO;F;F ¼ ðFtÞt2Rþ
;PÞ be a complete stochastic basis endowed with an rw-dimensional

standard Wiener process w ¼ ðwaÞ
rw

a¼1; an rL-dimensional pure jump Lévy process L ¼ ðLbÞ
rL

b¼1
with mean zero, and one-dimensional càdlàg process y� ¼ ðy�tÞt2Rþ

independent of ðw;LÞ: For
simplicity, we suppose that a non-random limit process y0 ¼ lim�#0y

� exists, however, (see Remark
A.2). On this basis, we consider the two-dimensional process ðX �;Y �Þ ¼ fðX �

t ;Y
�
tÞgt2Rþ

; � 2 ð0; 1	;
see front matter r 2004 Elsevier B.V. All rights reserved.
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described by the following system of partially linear stochastic differential equations:

dX �
t ¼ faðy�tÞ þ AX

0 ðy
�
tÞX

�
t þ AY

0 ðy
�
tÞY

�
tgdt þ

Xrw

a¼1

Aaðy
�
tÞdwa

t þ �
XrL

b¼1

~Abðy
�
t
ÞdL

b
t ;

X �
0 ¼ x0 (1)

and

dY �
t ¼ fbðy�tÞ þ BX

0 ðy
�
tÞX

�
t þ BY

0 ðy
�
tÞY

�
tgdt þ

Xrw

a¼1

Baðy
�
tÞdwa

t þ �
XrL

b¼1

~Bbðy
�
t
ÞdL

b
t ;

Y �
0 ¼ y0; (2)

where x0 and y0 are (known) constants independent of �:
Let m; n 2 N; and put X� ¼ ðX �

t1
;X �

t2
; . . . ;X �

tm
Þ
> and Y� ¼ ðY �

s1
;Y �

s2
; . . . ;Y �

sn
Þ
>; where ðtjÞ

m
j¼1

and ðsjÞ
n
j¼1 are non-random time points such that 0ot1o � � �otm and 0os1o � � �osn: no

restriction is imposed on the magnitude relation between tm and sn: The purpose of this note is,
apart from full technical exposition, to provide a practical scheme for computation of the
conditional expectation

P�ðy; gÞ :¼ P½gðX�ÞjY� ¼ y	

for a reasonable class of g : Rm ! R; with a view to compute simulations. The essential tool we
apply here is the double Edgeworth expansion (DEE), cf. Yoshida (2003), which leads to an
approximate value of P�ðy; gÞ in terms of a power series of � with coefficients depending on y and
g. To the best of our knowledge, there are no existing results in this direction.
The model ðX �;Y �Þ may be regarded as a Gaussian filtering model randomly perturbed by

ðL; y�Þ: The magnitude of the perturbation determined by the parameter �: ðX 0;Y 0Þ is nothing but
a well investigated Gaussian system. By choosing ðL; y�Þ variously, we can flexibly express
ðX �;Y �Þ’s non-Gaussianity, (auto)correlation structure, and so on. To say nothing of the classical
continuous-time Kalman–Bucy filter model, our model includes, for instance, a continuous-time
analog of partial non-Gaussian state space (conditionally Gaussian state space models); see
Shephard (1994), Carter and Kohn (1996), and Doucet and Andrieu (2001), where several
Markov chain Monte Carlo algorithms were studied.
Applicability of the DEE to such stochastic differential equations in a slightly simpler form

than (1) and (2) has been already mentioned in Yoshida (2003, Example 4), though neither
detailed computation nor practical scheme was given there. We should note that since Y� here is
typically continuously distributed and non-Gaussian for each � 2 ð0; 1	; we cannot write down
P�ðy; gÞ explicitly in general. Moreover, when we try to carry out the Monte Carlo procedure
with a small target window around the conditioning value y as in Yoshida (2003, Example 2), it
may not work well and is very time-consuming different from the DEE (see Section 3). In
diffusion-based filtering models, Del Moral et al. (2001) discussed an approximation algorithm of
the filter via the Monte Carlo procedure and the Euler scheme and gave some precise error bounds
in L1-sense.
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In Section 2, we shall briefly present a general framework of DEEs (without truncation); in this
note we deal only with sufficiently regular situations and do not go for the weakest possible
assumptions (see Section 2.2 for some technical remarks). The simple but illustrative numerical
examples which exhibit usefulness of the DEE will be given in Section 3. The Appendix is devoted
to derivation of the explicit DEE up to the second order.
2. Double Edgeworth expansion

2.1. The formula

Hereafter we shall suppose that the conditions of Theorem 5 of Yoshida (2003) are fulfilled:
precisely, we suppose that
(A1)
 a Malliavin operator L exists on B and in connection with L; X� and Y� admit a smooth

stochastic expansion, say X� � z0 þ �z1 þ �2z2 þ � � � and Y� � f 0 þ �f 1 þ �2f 2 þ � � � ; as � # 0
in the sense of Yoshida (2003, Definition 2), where the coefficients ðzj; f jÞ are random vectors

given by the formal Taylor expansion around � ¼ 0 (in particular, z0 ¼ ðX 0
t1
;X 0

t2
; . . . ;X 0

tm
Þ
>;

z1 ¼ ðX
½1	
t1 ;X

½1	
t2 ; . . . ;X

½1	
tm
Þ
>; f 0 ¼ ðY 0

s1
;Y 0

s2
; . . . ;Y 0

sn
Þ
> and f 1 ¼ ðY ½1	

s1
;Y ½1	

s2
; . . . ;Y ½1	

sn
Þ
>; where

F ½k	 :¼ ð@k
� Þ0F

�; k 2 N; for a random function � 7!F �);
(A2)
 the determinant of the Malliavin covariance of ðX�;Y�Þ; say D�; satisfies
lim sup�#0 P½D
p

� 	o1 for every p41:
LetS0ðRmÞ stand for the set of Schwartz tempered distributions on Rm: Also, let pF ðzÞ denote the
density of a random variable F. Then, uniformly on every compact subsets of fy 2 Rn : pf 0ðyÞ40g;
we have the DEE

P�ðy; gÞ � c0ðy; gÞ þ �c1ðy; gÞ þ �2c2ðy; gÞ þ � � �

as � # 0; where fcjðy; gÞgjX0 are described in terms of fðzj; f jÞgjX0; in particular,

c0ðy; gÞ ¼ P½gðz0Þjf 0 ¼ y	; (3)

c1ðy; gÞ ¼ ðpf 0ðyÞÞ
1
Z
Rm

gðxÞð
@xÞ � fP½z1jðz0; f 0Þ ¼ ðx; yÞ	pz0;f 0ðx; yÞgdx

�

þ

Z
Rm

gðxÞð
@yÞ � fP½ f 1jðz0; f 0Þ ¼ ðx; yÞ	pz0;f 0ðx; yÞgdx


c0ðy; gÞð
@yÞ � fP½ f 1j f 0 ¼ y	 p f 0ðyÞg
�

ð4Þ

with the dot denoting the divergence (see Yoshida (2003, Section 6) for details). We are concerned
here with derivation of reduced forms of c0ðy; gÞ and c1ðy; gÞ together with numerical
implementation: c0ðy; gÞ is easily obtained due to Gaussianity of ðz0; f 0Þ; however, for c1ðy; gÞ;
we should take account of the randomness of y½1	: The details are deferred to the Appendix. In this
note, we do not consider the higher order terms.
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2.2. Some remarks on the regularity conditions

Denoting F�
t ¼ ðX �

t ;Y
�
tÞ
>; we can rewrite (1) and (2) as

dF�
t ¼ ðY1;�

t þY�
tF

�
tÞdt þY2;�

t dwt þ �Y3;�
t
 dLt;

F�
0 ¼ Z;

where Y�
t and Yj;�

t ; j ¼ 1; 2; 3; are matrix-valued random functions (of y�t), and Z ¼ ðx0; y0Þ
>; from

which we easily see that

F�
t ¼ C�

t Zþ
Z t

0

ðC�
sÞ

1
ðY1;�

s ds þY2;�
s dws þ �Y3;�

s
 dLsÞ

� �
(5)

with C�
s ¼ expð

R s

0 Y�
u duÞ: Once the coefficients and the process y� are concretely given, we can

verify conditions (A1) and (A2) in the context of the (partial) Malliavin calculus for processes with
jumps, cf. Bichteler et al. (1987). In terms of the explicit expression (5) of the solution, we
primarily need sufficient integrability of the integrands of (5) (the functionals of y�) as well as their
sufficient smoothness in �; under existence of higher order moments of the Lévy measure of L

outside neighborhoods of the origin: especially, if y� itself is described by a stochastic differential
equation driven by a Lévy process independent of ðw;LÞ; then it is possible to list a set of easily
verifiable conditions. Also, if the diffusion part of F� is completely non-degenerate, then it may be
possible to validate (A2) without utilizing the jump part. Further, we should note that we can
actually treat more general situations, using a truncation functional, cf. Yoshida (2003, Theorem
4). By virtue of the truncation, not complete but local non-degeneracy of ðX�;Y�Þmay be sufficient
to induce the validity of the DEE; indeed, the truncation technique often turns out to be inevitable
when the coefficients of (1) and (2) possess certain singularity. Nevertheless, how to choose the
truncation functional essentially depends on the concrete structure of y� and the coefficients of (1)
and (2). For such reasons, we shall not go into the greatest generality of argument in this note.
One dimensionality of the processes X �; Y � andy� is just for notational simplicity; we can treat
cases where X �; Y � and y� are multi-dimensional without any substantial change. Further, we can
treat cases where the coefficients of (1) and (2) may depend on � and t (such as AX

0 ðy
�
t ; �; tÞ),

regarding ðy�; �; tÞ as y�; in this sense, that L is pure jump type and has mean zero is not essential.
In addition, let us remark that our Gaussian limit setting is ad hoc to avoid the technical problem
of conditional expectations associated with (multiple) Lévy integrals, which was mentioned in
Yoshida (2003, Example 3).
3. Numerical examples

For some simple cases, we shall compare the DEE with Monte Carlo simulations, where the

Monte Calro trials are counted only when all of ðY �
sj
Þ
n
j¼1 simultaneously hit the target windows

ð½ysj

 0:025; ysj

þ 0:025	Þnj¼1 for given conditioning values ðysj
Þ
n
j¼1; in each simulation, the number of

actual trials and the corresponding consumed time on 3.2GHz PC are reported. In the first two
examples, theoretical values of P�ðy; gÞ can be written down, while this is not the case for the last
two examples. Let us stress that our DEE can evaluate an approximate value of P�ðy; gÞ in a flash,
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and it is obvious that our method would work more effectively for higher-dimensional
conditioning cases. The DEE formulae in all the examples as well as the theoretical expressions for
P�ðy; gÞ in the first two examples can be computed without difficulty. Hence we do not give those
expressions to save space.

Example 1. Let gðxÞ ¼ x; m ¼ 1; n ¼ 2 with t1 ¼ s2 ¼ 1 and s1 ¼ 0:5; aðyÞ ¼ 1:3y; bðyÞ ¼ 
0:5y;
all of AX

0 ; AY
0 ; BX

0 ; BY
0 are null; rw ¼ 2 with A1ðyÞ ¼ 0:5; A2ðyÞ ¼ B1ðyÞ ¼ 1; and B2ðyÞ ¼ 0:8;

L � 0; � ¼ 0:2; y0:5 ¼ 0 and y1 ¼ 0:05: Here y� is the drifted Wiener process given by y�t ¼
�ðt þ 2wn

t Þ; where wn is a standard Wiener process independent of w. This is a two-dimensional
conditioning version of the numerical example in Yoshida (2003, Example 2).

Example 2. As mentioned in Section 2.2, the processes may be multi-dimensional; here is such an
example. Let gðxÞ ¼ x; m ¼ n ¼ 1 with t1 ¼ s1 ¼ 1; aðyÞ ¼ 2:5y and bðyÞ ¼ 1:6y and all of AX

0 ; AY
0 ;

BX
0 ; BY

0 are null; rw ¼ 3 with A1ðyÞ ¼ 1; A2ðyÞ ¼ 
0:5; A3ðyÞ ¼ 0:7; B1ðyÞ ¼ 0:2; B2ðyÞ ¼ 0:6;
B3ðyÞ ¼ 
1; L � 0; � ¼ 0:2: Let y� be given by y�t ¼ �ð0:5t þ wn

t Þ with wn as above. Now, we
consider another observed process ~Y

�
given by

d ~Y
�
t ¼ 1:5y�t dt þ 1:2 dw1

t þ 0:5dw2
t 
 0:2 dw3

t ; ~Y
�
0 ¼ 0;

and regard ðY �; ~Y
�
Þ as Y �:Here we set the conditioning values as y1 ¼ 0:02 and ~y1 ¼ 0:1 (Table 1).

Example 3. Let us consider a case of non-Gaussian y�: Let gðxÞ ¼ x; m ¼ 1; n ¼ 1 with t1 ¼ s1 ¼

1; aðyÞ ¼ 2y; bðyÞ ¼ 1:5y; all of AX
0 ; AY

0 ; BX
0 ; BY

0 are null; rw ¼ 2 with A1ðyÞ ¼ 3; A2ðyÞ ¼ 2;
B1ðyÞ ¼ 0:7; and B2ðyÞ ¼ 0:8; L � 0; � ¼ 0:1; y1 ¼ 0:1: Let Ln be a normal inverse Gaussian Lévy
motion with parameters ða; b; d;mÞ ¼ ð5; 1; 1; 0Þ and define y� by y�t ¼ �Ln

t ; see Barndorff-Nielsen
(1998) for details of the normal inverse Gaussian distribution NIGða;b; d;mÞ:

Example 4. Let gðxÞ ¼ x2; m ¼ 1; n ¼ 1 with t1 ¼ s1 ¼ 1; aðyÞ ¼ bðyÞ ¼ 0; AX
0 ðyÞ ¼ 2y; BX

0 ðyÞ ¼
1:5y; and AY

0 and BY
0 are null; rw ¼ 2 with A1ðyÞ ¼ 1; A2ðyÞ ¼ 0; B1ðyÞ ¼ 0; and B2ðyÞ ¼ 0:5; L � 0;

� ¼ 0:2; y1 ¼ 0:1: Let y� be given by y�t ¼ �ðt þ 0:7wn
t Þ with wn as before (Table 2).

In each example, it could be said that the second-order term c1ðy; gÞ reasonably improves the
accuracy of the approximation.
Table 1

Results of Examples 1 and 2 with 107 Monte Carlo trials

Example 1 Example 2

Theoretical value 0.205018 0.210021

Actually counted trials ð=107Þ 4875 2808

Consumed time 2 h 23min 56 s 2 h 46min 54 s

Monte Carlo 0.204624 0.200184

DEE 1st order 0.039634 0.0709198

DEE 2nd order 0.169918 0.14059

DEE 1st+2nd 0.209552 0.21151
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Table 2

Results of Examples 3 and 4 with 106 Monte Carlo trials, where ‘‘Difference rate’’¼ ðDEE
MCÞ=MC

Example 3 Example 4

Actually counted trials ð=106Þ 18935 38582

Consumed time 20min 34 s 18min 7 s

Monte Carlo 0.298084 0.876365

DEE 1st order 0.327434 1

DEE 2nd order 
0:0297154 
0:133333
DEE 1st+2nd 0.297718 0.866667

Difference rate 
0:123% 
1:106%

H. Masuda, N. Yoshida / Statistics & Probability Letters 70 (2004) 37–4842
Appendix: Explicit computations up to the second order

Here we obtain reduced forms of c0ðy; gÞ and c1ðy; gÞ of (3) and (4) in order to run a computer
program successfully through a PC. Note that we presuppose that the coefficients of (5) and y� be
smooth in � (Section 2.1).
A.1. Some preliminaries

Put Zð1Þ ¼ ðX 0;Y 0Þ
>; Zð2Þ ¼ ðX ½1	;Y ½1	Þ

> and Z ¼ ðZð1Þ>;Zð2Þ>Þ
>: Then

dZt ¼ KtZt dt þ ðct dt þ Gt dwt þ Jt
 dLtÞ;

Z0 ¼ ðZ>; 0; 0Þ>; ð6Þ

where

ct ¼ ððc
ð1Þ
t Þ

>
jðc

ð2Þ
t Þ

>
Þ
>
¼ ðaðy0t Þ; bðy

0
t Þj@aðy0t Þy

½1	
t ; @bðy0t Þy

½1	
t Þ

>;

Kt ¼
K

ð1Þ
t 0

K
ð2Þ
t K

ð1Þ
t

 !
¼

AX
0 ðy

0
t Þ AY

0 ðy
0
t Þ 0 0

BX
0 ðy

0
t Þ BY

0 ðy
0
t Þ 0 0

@AX
0 ðy

0
t Þy

½1	
t @AY

0 ðy
0
t Þy

½1	
t AX

0 ðy
0
t Þ AY

0 ðy
0
t Þ

@BX
0 ðy

0
t Þy

½1	
t @BY

0 ðy
0
t Þy

½1	
t BX

0 ðy
0
t Þ BY

0 ðy
0
t Þ

0
BBBBB@

1
CCCCCA;

Gt ¼
G

ð1Þ
t

G
ð2Þ
t

 !
¼

A1ðy
0
t Þ � � � Arw

ðy0t Þ

B1ðy
0
t Þ � � � Brw

ðy0t Þ

@A1ðy
0
t Þy

½1	
t � � � @Arw

ðy0t Þy
½1	
t

@B1ðy
0
t Þy

½1	
t � � � @Brw

ðy0t Þy
½1	
t

0
BBBBB@

1
CCCCCA
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and

Jt ¼
0

J
ð1Þ
t

� �
¼

0 � � � 0

0 � � � 0

~A1ðy
0
t Þ � � � ~ArL

ðy0t Þ
~B1ðy

0
t Þ � � � ~BrL

ðy0t Þ

0
BBB@

1
CCCA:

Note that cð1Þ; K ð1Þ; Gð1Þ and J ð1Þ are deterministic, while cð2Þ; K ð2Þ and Gð2Þ are random owing to
y½1	: Solving (6), we see that Zð1Þ and Zð2Þ are given by

Z
ð1Þ
t ¼ Q

ð1Þ
t Zþ

Z t

0

Hðt;cð1ÞÞ
s ds þ

Z t

0

H ðt;Gð1ÞÞ
s
 dws; (7)

Z
ð2Þ
t ¼ Q

ð2Þ
t Zþ

Z t

0

M ðt;cð1Þ;cð2ÞÞ
s ðy½1	Þds þ

Z t

0

M ðt;Gð1Þ;Gð2ÞÞ
s ðy½1	Þdws þ

Z t

0

M ðt;0;J ð1ÞÞ
s dLs; (8)

where

Qt ¼
Q

ð1Þ
t 0

Q
ð2Þ
t Q

ð1Þ
t

 !
¼ exp

Z t

0

Ks ds

� �
;

Qð1Þ (resp. Qð2Þ) being non-random (resp. random), and

H ðt;ið1ÞÞ
s ¼ Q

ð1Þ
t ðQð1Þ

s Þ

1ið1Þs ;

M ðt;ið1Þ;ið2ÞÞ
s ¼ fQ

ð2Þ
t ðQð1Þ

s Þ

1


 Q
ð1Þ
t ðQð1Þ

s Þ

1Qð2Þ

s ðQð1Þ
s Þ


1
gið1Þs þ Q

ð1Þ
t ðQð1Þ

s Þ

1ið2Þs

for s 2 ½0; t	 and functions ið1Þ and ið2Þ on ½0; t	; in (8), the integrands attached by the argument ðy½1	Þ
are random. We shall denote by H ðt;ið1ÞÞ

k:s the kth component of H ðt;ið1ÞÞ
s ; in the same manner for

M ðt;ið1Þ;ið2ÞÞ
s :

Remark A.1. Clearly Q satisfies dQt ¼ KtQt dt with Q0 ¼ I4; or, equivalently,

dQ
ð1Þ
t ¼ K

ð1Þ
t Q

ð1Þ
t dt; Q

ð1Þ
0 ¼ I2;

dQ
ð2Þ
t ¼ ðK

ð2Þ
t Q

ð1Þ
t þ K

ð1Þ
t Q

ð2Þ
t Þdt; Q

ð2Þ
0 ¼ 0:

Here Ik stands for the k-dimensional identity matrix. If we can simulate sample paths of y½1	 in a
certain way, then, using them, it is straightforward to simulate sample paths of Q; apply, e.g.,
Runge–Kutta method after generating a trajectory of y½1	 over the time interval ½0; tm _ sn	:

A.2. The first-order c0ðy; gÞ

Put Lðz0; f 0Þ ¼: Nmþnðm0;S0Þ; where we implicitly assume that S0 is non-degenerate. Write
Q

ð1Þ
t ¼ ðq

ð1Þ
ij ðtÞÞ2i;j¼1; then, it follows from (7) that m0 ¼ ðm0l Þ

mþn
l¼1 is given by

m0l ¼
q
ð1Þ
11 ðtlÞx0 þ q

ð1Þ
12 ðtlÞy0 þ

R tl

0 H
ðtl ;c

ð1ÞÞ

1:s ds; ðl ¼ 1; 2; . . . ;mÞ;

q
ð1Þ
21 ðsl
mÞx0 þ q

ð1Þ
22 ðsl
mÞy0 þ

R sl
m

0 H
ðsl
m;c

ð1ÞÞ

2:s ds; ðl ¼ m þ 1;m þ 2; . . . ;m þ nÞ;

8<
:
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and that all the components of S0 are fully described by

Cov½X 0
ti
;X 0

tj
	 ¼

Xr

a¼1

Z ti^tj

0

H
ðti ;G

ð1ÞÞ

ð1;aÞ:s H
ðtj ;G

ð1ÞÞ

ð1;aÞ:s ds ði; j ¼ 1; 2; . . . ;mÞ;

Cov½Y 0
si
;Y 0

sj
	 ¼

Xr

a¼1

Z si^sj

0

H
ðsi ;G

ð1ÞÞ

ð2;aÞ:s H
ðsj ;G

ð1ÞÞ

ð2;aÞ:s ds ði; j ¼ 1; 2; . . . ; nÞ;

Cov½X 0
ti
;Y 0

sj
	 ¼

Xr

a¼1

Z ti^sj

0

H
ðti ;G

ð1ÞÞ

ð1;aÞ:s H
ðsj ;G

ð1ÞÞ

ð2;aÞ:s ds ði ¼ 1; . . . ;m; j ¼ 1; . . . ; nÞ:

Decomposing m0 and S0 as

m0 ¼

1

m

n

m0;1

m0;2

 !
;

S0 ¼

m n

m

n

S011 S012

S021 S022

 !
;

we have Lðz0jf 0 ¼ yÞ ¼ Nmðm0z0jf 0ðyÞ;S
0
z0jf 0

Þ with

m0z0jf 0ðyÞ ¼ m0;1 þ S012ðS
0
22Þ


1
ðy 
 m0;2Þ;

S0z0jf 0 ¼ S011 
 S012ðS
0
22Þ


1S021:

Therefore, the first-order coefficient is given by

c0ðy; gÞ ¼

Z
Rm

gðxÞfðz; m0z0j f 0
ðyÞ;S0z0j f 0

Þdx; (9)

where fð�; m0z0j f 0
ðyÞ;S0z0j f 0

Þ denotes the Gaussian density with mean vector m0z0j f 0
ðyÞ and covariance

matrix S0z0j f 0
: For any g 2 S0ðRmÞ; c0ðy; gÞ can be easily evaluated through iterative sampling from

Nmðm0z0j f 0
ðyÞ;S0z0j f 0

Þ:
A.3. The second-order c1ðy; gÞ

We prepare a simple lemma. Let Pw1jw2ð�Þ stand for a regular conditional distribution of w1 given
sðw2Þ; we drop w2 in this notation if sðw2Þ is trivial.

Lemma A.1. Let X; Y and Z be random elements taking values in some measurable spaces ðS;SÞ;
ðT ;TÞ and ðU ;UÞ; respectively. Assume that S and T are Borel spaces, that X and Y are independent
and that Z is sðXÞ-measurable. Further, let j : ðS � T ;S�TÞ ! ðR;BðRÞÞ be a measurable

function such thatZ
S�T

jjðx; yÞjPðX;YÞðdx;dyÞo1: (10)
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Then we have almost surelyZ
S�T

jðx; yÞPðX;YÞjZðdx; dyÞ ¼

Z
T

Z
S

jðx; yÞPXjZðdxÞPYðdyÞ: (11)

Proof. Clearly PðX;YÞjZð�Þ; PXjðY;ZÞð�Þ and PYjZð�Þ exist. Since X and Y are conditionally independent
given sðZÞ under the assumptions, we have PXjðY;ZÞð�Þ ¼ PXjZð�Þ a.s. Also PYjZð�Þ ¼ PYð�Þ a.s.
because Y and Z are independent. Therefore, the disintegration argument yieldsZ

S�T

jðx; yÞPðX;YÞjZðdx;dyÞ ¼

Z
T

Z
S

jðx; yÞPXjfY¼y;ZgðdxÞPYjZðdyÞ

¼

Z
T

Z
S

jðx; yÞPXjZðdxÞPYðdyÞ;

which ends the proof. &

We shall apply Lemma A.1 by allocating ðw;LÞ; y½1	 and ðz0; f 0Þ to X; Y and Z; respectively;
specifically, (11) implies that we may compute c1ðy; gÞ by regarding y½1	 as a deterministic
process at first and then integrating it over the corresponding path-space. Under
suitable integrability conditions associated with (10), the path-integration can be carried
out numerically through the Monte Carlo procedure by generating sample paths of y½1	

repeatedly.
Remark A.2. It should be noted that, by applying Lemma A.1, it is possible to deal with the case
where y0 is random; then ðz0; f 0Þ (resp. ðz1; f 1Þ) turns out to be nothing but a y0-conditionally
(resp. ðy0; y½1	Þ-conditionally) Gaussian random vector.

We proceed step by step.
Step 1. Recalling (4), we should begin with computing

lX
j ðx; yÞ ¼ P½X

½1	
tj
jðz0; f 0Þ ¼ ðx; yÞ	 ðj ¼ 1; 2; . . . ;mÞ;

lY
k ðx; yÞ ¼ P½Y ½1	

sk
jðz0; f 0Þ ¼ ðx; yÞ	 ðk ¼ 1; 2; . . . ; nÞ;

gY
k ðyÞ ¼ P½Y ½1	

sk
jf 0 ¼ y	 ðk ¼ 1; 2; . . . ; nÞ:

Put Q
ð2Þ
t ¼ ðq

ð2Þ
ij ðt; y½1	ÞÞ2i;j¼1: Then, from (8), X

½1	
tj
and Y ½1	

sk
are given by

X
½1	
tj

¼ q
ð2Þ
11 ðtj; y

½1	
Þx0 þ q

ð2Þ
12 ðtj; y

½1	
Þy0 þ

Z tj

0

M
ðtj ;cð1Þ;cð2ÞÞ
1:s ðy½1	Þds

�

þ
Xrw

a¼1

Z tj

0

M
ðtj ;G

ð1Þ;Gð2ÞÞ

ð1;aÞ:s ðy½1	Þdwa
s

)
þ
XrL

b¼1

Z tj

0

M
ðtj ;0;J

ð1ÞÞ

ð1;bÞ:s
 dLb
s

¼ X
½1	;1
tj

ðy½1	Þ þ X
½1	;2
tj

; say; ð12Þ
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and

Y ½1	
sk

¼ q
ð2Þ
21 ðsk; y

½1	
Þx0 þ q

ð2Þ
22 ðsk; y

½1	
Þy0 þ

Z sk

0

M
ðsk ;c

ð1Þ;cð2ÞÞ
2:s ðy½1	Þds

(

þ
Xrw

a¼1

Z sk

0

M
ðsk ;G

ð1Þ;Gð2ÞÞ

ð2;aÞ:s ðy½1	Þdwa
s

)
þ
XrL

b¼1

Z sk

0

M
ðsk ;0;J

ð1ÞÞ

ð2;bÞ:s
 dLb
s

¼ Y ½1	;1
sk

ðy½1	Þ þ Y ½1	;2
sk

say: ð13Þ

Suppose that L1 admits moments of any order; recall that P½L1	 ¼ 0 is presupposed. Independence
between ðz0; f 0Þ and L, (12), (13), and Lemma A.1 together imply that

lX
j ðx; yÞ ¼

Z Z
X

½1	;1
tj

ðaÞdPwjfðz0;f 0Þ¼ðx;yÞgPy½1	 ðdaÞ þ

Z
X

½1	;2
tj

dPL;

lY
k ðx; yÞ ¼

Z Z
Y ½1	;1

sk
ðaÞdPwjfðz0;f 0Þ¼ðx;yÞgPy½1	 ðdaÞ þ

Z
Y ½1	;2

sk
dPL;

gY
k ðyÞ ¼

Z Z
Y ½1	;1

sk
ðaÞdPwjff 0¼ygPy½1	 ðdaÞ þ

Z
Y ½1	;2

sk
dPL;

and it is easy to see that all the second terms on the right-hand side vanish: we implicitly assume
that the deterministic process ðM ðt;0;J ð1ÞÞ

s Þs2Rþ
is locally square-integrable. We shall write Py½1	 ½F 	 ¼R

FðaÞPy½1	 ðdaÞ in the sequel.
Step 2. It follows from the y½1	-conditional Gaussianity of ðX ½1	;1

tj
ðy½1	Þ; z0; f 0Þ that

Py½1	
Z

X
½1	;1
tj

ð�ÞdPwjfðz0;f 0Þ¼ðx;yÞg

� �
¼ Py½1	 ½m½1	;Xj 	 þ Py½1	 ½S½1	;X

j 	ðS0Þ
1
x

y

� �

 m0

� �
;

where

m½1	;Xj ðaÞ ¼ q
ð2Þ
11 ðtj; aÞx0 þ q

ð2Þ
12 ðtj; aÞy0 þ

Z tj

0

M
ðtj ;cð1Þ;cð2ÞÞ
1:s ðaÞds

and the ð1; lÞ-element of S½1	;X
j ðaÞ 2 R� Rmþn is given by

Cov½X
½1	;1
tj

ðaÞ;X 0
tl
	 ¼

Xrw

a¼1

Z tj^tl

0

M
ðtj ;G

ð1Þ;Gð2ÞÞ

ð1;aÞ:s ðaÞH
ðtl ;G

ð1ÞÞ

ð1;aÞ:s ds ðl ¼ 1; 2; . . . ;mÞ;

Cov½X
½1	;1
tj

ðaÞ;Y 0
sl
m

	 ¼
Xrw

a¼1

Z tj^sl
m

0

M
ðtj ;G

ð1Þ;Gð2ÞÞ

ð1;aÞ:s ðaÞH
ðsl
m;G

ð1ÞÞ

ð2;aÞ:s ds

�ðl ¼ m þ 1;m þ 2; . . . ;m þ nÞ;

note that, at this point, we regard ‘‘a’’ as a deterministic function. For notational simplicity, we
write

~S
½1	;X
j ð�ÞðS0Þ
1 ¼: ðxX

j:1ð�Þ; . . . ; x
X
j:mð�Þjx

X
j:mþ1ð�Þ; . . . ; x

X
j:mþnð�ÞÞ

¼: ðXX
j:1ð�ÞjX

X
j:2ð�ÞÞ:
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Then we have

lX
j ðx; yÞ ¼ Py½1	 ½m½1	;Xj 	 þ Py½1	 ½XX

j:1	ðx 
 m0;1Þ þ Py½1	 ½XX
j:2	ðy 
 m0;2Þ; (14)

and clearly @xj
lX

j ðx; yÞ ¼ Py½1	 ½xX
j:j	: As for l

Y
k ðx; yÞ and gY

k ðyÞ; we can derive similar expressions, say

lY
k ðx; yÞ ¼ Py½1	 ½m½1	;Yk 	 þ Py½1	 ½XY

k:1	ðx 
 m0;1Þ þ Py½1	 ½XY
k:2	ðy 
 m0;2Þ; (15)

gY
k ðyÞ ¼ Py½1	 ½m½1	;Yk 	 þ Py½1	 ½cY

k 	ðy 
 m0;2Þ: (16)

Step 3. Put ðS0Þ
1 ¼: ðs
1i:j Þ
mþn
i;j¼1; and then write s
1l:ð1Þ ¼ ðs
1l:1 ; . . . ; s


1
l:mÞ and s
1l:ð2Þ ¼

ðs
1l:mþ1; . . . ; s

1
l:mþnÞ for l ¼ 1; 2; . . . ;m þ n: It follows from (14) that

ð
@xÞ � fP½z1jðz0; f 0Þ ¼ ðx; yÞ	pz0;f 0ðx; yÞgðpf 0ðyÞÞ
1

¼ pz0jf 0ðxjyÞ
Xm

j¼1

flX
j ðx; yÞðs


1
j:ð1Þðx 
 m0;1Þ þ s
1j:ð2Þðy 
 m0;2ÞÞ 
 Py½1	 ½xX

j:j	g: ð17Þ

Similarly, with the obvious notation, we can get

ð
@yÞ � fP½f 1jðz0; f 0Þ ¼ ðx; yÞ	pz0;f 0ðx; yÞgðpf 0ðyÞÞ
1

¼ pz0jf 0ðxjyÞ
Xn

k¼1

flY
k ðx; yÞðs


1
mþk:ð1Þðx 
 m0;1Þ þ s
1mþk:ð2Þðy 
 m0;2ÞÞ 
 Py½1	 ½xY

k:mþk	g; ð18Þ

and, putting ðS022Þ

1

¼ ðsð22Þ;
1k Þ
n
k¼1 with sð22Þ;
1k 2 R� Rn and cY

k ðy
½1	
Þ ¼ ðcY

k:1ðy
½1	
Þ; . . . ;cY

k:nðy
½1	
ÞÞ;

it also follows that

ð
@yÞ � fP½f 1jf 0 ¼ y	pf 0ðyÞgðpf 0ðyÞÞ
1 ¼
Xn

k¼1

fgY
k ðyÞs

ð22Þ;
1
k ðy 
 m0;2Þ 
 Py½1	 ½cY

k:k	g: (19)

Step 4. Putting together expressions (14)–(19) and the original formula (4), we now conclude
that c1ðy; gÞ can be written as

c1ðy; gÞ ¼
Xm

j¼1

V
ð1Þ
j ðy; gÞ þ

Xn

k¼1

V
ð2Þ
k ðy; gÞ þ c0ðy; gÞ

Xm

j¼1

V
ð3Þ
j ðyÞ þ

Xn

k¼1

V
ð4Þ
k ðyÞ

( )
; (20)

where each term is given as follows:

V
ð1Þ
j ðy; gÞ ¼ S

ð1Þ
j ðyÞU1ðy; gÞ þ s
1j;ð1ÞU2ðy; gÞP

y½1	 ½XX
j:1	;

V
ð2Þ
k ðy; gÞ ¼ S

ð2Þ
k ðyÞU1ðy; gÞ þ s
1mþk;ð1ÞU2ðy; gÞPy½1	 ½XY

k:1	;

V
ð3Þ
j ðyÞ ¼ Py½1	 ½m½1	;Xj 	s
1j:ð2Þðy 
 m0;2Þ þ s
1j:ð2Þðy 
 m0;ð2ÞÞPy½1	 ½XX

j:2	ðy 
 m0;2Þ 
 Py½1	 ½xX
j:j	;

V
ð4Þ
k ðyÞ ¼ Py½1	 ½m½1	;Yk 	s
1mþk:ð2Þðy 
 m0;2Þ þ s
1mþk:ð2Þðy 
 m0;2ÞPy½1	 ½XY

k:2	ðy 
 m0;2Þ


 Py½1	 ½xY
k:mþk	 
 sð22Þ;
1k ðy 
 m0;2ÞfPy½1	 ½m½1	;Yk 	 þ Py½1	 ½cY

k 	ðy 
 m0;2Þg þ Py½1	 ½cY
k:k	
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with

S
ð1Þ
j ðyÞ ¼ Py½1	 ½m½1	;Xj 	s
1j:ð1Þ þ s
1j:ð2Þðy 
 m0;2ÞPy½1	 ½XX

j:1	 þ Py½1	 ½XX
j:2	ðy 
 m0;2Þs
1j:ð1Þ;

S
ð2Þ
k ðyÞ ¼ Py½1	 ½m½1	;Yk 	s
1mþk:ð1Þ þ s
1mþk:ð2Þðy 
 m0;2ÞPy½1	 ½XY

k:1	 þ Py½1	 ½XY
k:2	ðy 
 m0;2Þs
1mþk:ð1Þ;

U1ðy; gÞ ¼

Z
Rm

gðxÞðx 
 m0;1Þpz0jf 0ðxjyÞdx;

U2ðy; gÞ ¼

Z
Rm

gðxÞðx 
 m0;1Þðx 
 m0;ð1ÞÞ>pz0jf 0ðxjyÞdx:

Thus we have seen that, once the coefficients of (1) and (2) meeting (A1) and (A2) are given, all
the terms appearing in (9) and (20) can be automatically evaluated through the Monte Carlo
procedure including path-integrations with respect to y½1	: By applying some standard numerical
techniques, it is easy to write a corresponding computer program.
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