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Abstract

For a one-dimensional diffusion process X = {X(¢); 0 <t < T}, we suppose that X () is hidden if it is
below some fixed and known threshold 7, but otherwise it is visible. This means a partially hidden diffusion
process. The problem treated in this paper is the estimation of a finite-dimensional parameter in both drift
and diffusion coefficients under a partially hidden diffusion process obtained by a discrete sampling scheme.
It is assumed that the sampling occurs at regularly spaced time intervals of length &, such that nh, = T.
The asymptotic is when h, — 0, T — oo and nh% — 0asn — oo. Consistency and asymptotic normality
for estimators of parameters in both drift and diffusion coefficients are proved.
© 2008 Elsevier B.V. All rights reserved.
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1. Introduction

We consider the estimation of the unknown parameter 6 = (61, 6>) characterizing a one-
dimensional diffusion process defined by the stochastic differential equation

dX (1) = b(X (1), 62)dr + 0 (X (1), 61)dW,, X(0)=x9, t€l0,T],
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where W is a one-dimensional standard Brownian motion, b and o are supposed to be regular
enough to ensure the existence of a (strong) solution to the above stochastic differential equation.
In the situation where discrete observations are X,, = {X(#;); i = 0,1,...,n} with t; = ih,,
nh, = T, the estimation problem for the parameter 6 has been considered by several authors,
see [2,11,12,16,17,9]. In this paper, however, we generalize it to a different setup. We suppose
that X (¢) is observable if X (#) > t for some threshold 7, and that X (¢) cannot be observed if
X () < t. This means that the original process becomes a partially hidden diffusion process
based on a threshold 7, and the discretized trajectory X,, is also influenced by a threshold t. This
type of observation naturally arises in the study of stochastic resonance and has been treated
so far in the statistical context for the i.i.d. case in [4], for continuous time ergodic diffusion
processes in [6] and for a class of continuous time mixing processes in [7]. In signal theory
this corresponds to the problem of signal detection when the signal is so faint that it is not
always receivable by some detector. This scheme of observation frequently appears in radio
and CCD astronomy in the problem of identification of faint perturbed signals originated by
astronomical sources (see e.g. [14]). A partially observed diffusion model also arises in the
context of financial markets (see e.g. [18]) and in neuronal activation analysis (see e.g. [10]). In
stochastic resonance context the original observation is altered by adding some noise with known
structure to the channel in order to have full (but eventually quite noisy) observations, hence the
problem is the one of determining the optimal level of noise. In the approach used in this paper,
only the available observations are retained and used to estimate 6. In this setup, we need to
build a contrast function which is different from the one proposed in the literature of estimation
for discretely observed diffusion processes cited above. Other different approaches based on
particle filters (see e.g. [1]) and observation augmentation (see e.g. [13]) have been also recently
proposed in the literature but our approach and asymptotic scheme adopted are substantially
different from these references. Nevertheless, after some refinement it is still possible to prove
consistency and asymptotic normality of the proposed estimators along the lines of e.g. [15,16,3,
9]. The organization of the paper is as follows. Section 2 introduces the model, the assumptions
and two contrast functions. Section 3 contains the statement of the main result on consistency
and asymptotic normality of estimators. Section 4 is devoted to the proofs of the results in
Section 3.

2. Model of observation and assumptions

Let X = {X(#); 0 <t < T} denote a diffusion process satisfying
dX () = b(X (1), 6)dt + (X (2), 0;)dW;, X(0)=x9, tel0,T] D

The parameter of our interest is 6 = (61, 62), 0 € © and O is a compact rectangle in R2. The
true value is denoted by 6y = (61,0, 62,0) and it is assumed that §y € Int(0). Let X; = X (¢;),
ti =ih,andnh, =T.Fori =0, 1,...,n, we assume that X; is observable if X; > t for some
threshold 7, and that X; is unobserved if X; < 7. The asymptotics will be investigated when
h, — 0, nh, — oo and nhﬁ — 0 as n — oo. In order to simplify the description, we use the
following notation

o; =0 (X;,01), bi = b(Xi, 62), AX=X;—Xi-1.
When the coefficients are evaluated at the true value of the parameter, we will write

o/ =o(Xi,01,), b} = b(X;, 62,0).
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We further define 9y, f = 3% f. For any real sequence u,, € (0, 1], R(u,, x) represents a function
such that

IR (tn, ¥)| < unC(1+ |x])€, 2

where C is a positive constant independent of n and x (and eventually 8 when x is X (¢)). In the
proof, K and/or C denote generic constants independent of 6, x and n.

Assumptions

Al There exists K > 0 such that for every x, y € R,
[b(x, 02,0) — b(y,62.0)| + o (x,01,0) —o(y,01,0] < K|x — yl,

so that (1) has a unique solution for 6 = 6.

A2 The process X is stationary and ergodic for & = 6y with its invariant measure denoted by vg,.

A3 Forall p >0, E[|X(O)|p] < o0.

A4 inf, g, 02(x,01) = K4 > 0.

A5 (Polynomial growth) The coefficients » and o are continuously differentiable with respect to
x up to order 2 for all #; and ;. These coefficients and their derivatives up to order 2 are of
polynomial growth in x, uniformly in 6.

A6 (Polynomial growth) The coefficients » and o and all their x derivatives up to order 2,
are three times continuously differentiable with respect to 8 for all x. Moreover, these 6-
derivatives are of folynomial growth in x and uniformly on 8.

A7 (Identifiability) o~ (x, 61) = az(x, 01,0) for vg, a.s. all x = 61 =610,

b(x,02) = b(x, 0,) for vg, a.s. all x = 6, = 02 0.

The contrast function

The main idea of this paper is to fix a new threshold t’ (>7) as follows. We fix a number
a € (0,1/2) and take a sequence 7, (>7) such that iy /(r, — v) = O(1); for example,
1, = T + h%. We use 7’ instead of 7,. Notice that T’ — t slowly. Thus, we introduce the
following contrast functions

n
gn(01) =Y gli.i — L1 0)x(X,_ =7 X;>7)» 3)
i=1
n
6,(0) =Y LG i — 10)X(X,_ >v X, 1) )
i=1

where x is the indicator function and

A X)?
g@i,i—1;601) = logoiz_1 + ( 21 ) ,
0 1hn
AiX — bi_1hy)?
€G.i—1;0) =logo? | + (’2—"”)
0 _1hn

3. Consistent and asymptotically normal estimators

As in [16], we first estimate the parameter belonging to the diffusion coefficient, i.e. 61,
because, as usual, the estimator of 6 has a faster rate of convergence than the one of 6. Let
01, denote an estimator of 0; satisfying
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gnO1n) = iélfgn(el)- 5
1
The measurable selection theorem ensures the existence of such a measurable mapping.

Theorem 3.1. Under assumptions A1-A7, as h,, — 0 and nh,, — oo,

A P
01,n — 01,0

We consider an estimator éz, » of 6> that satisfies

zn<éLn,ézﬁ):=igfen(éLn,ezy (©6)
2

Theorem 3.2. Under assumptions A1-A7, as h,, — 0 and nh,, — oo,

éz’n—p>92,0.
Let
39,0 (x,01,0)\°
2/<;> X{x>1) Ve, (dx) 0
o(x,01,0)
PR )
99,b(x, 62.0)
0 _ dx
/( a(x791’0) X{x>r}v00( )

The next theorem is the main result in this paper.

Theorem 3.3. Suppose that the assumptions A1-A7 are satisfied. If X' is non-singular, then as
h, — 0, nh, — o0 andnhfl — 0,

V@1, —6010) \ d —1
<v nhy (62, — 92,0)) —NOS.

Remark 1. (i) As seen from the proof of (14), stationarity of the diffusion is used in order to
show that P(t/ < X;—; < T) = o(1) and that P(z” < X;—; < ') = o(1), where T = v/ + h%
and 7 = v/ — h¥ for o € (0, 1/2). If we suppose Al and A2 except for stationarity, the moment
condition satisfying that sup, E [|X () |1’] < oo forall p > 0, and A4-A7 together with regularity
conditions for which the above estimates hold, Theorems 3.1-3.3 still hold true. (ii) It seems true
that under some regularity conditions, Theorem 3.1 still holds even if T (= nh,) is fixed. For the
case that T is fixed, consistency and asymptotically mixed normality of the estimator will be a
future work.

4. Proofs
Proof of Theorem 3.1. First, we will show that

1
mm;&wo—6@>ia %)

01
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where

G = / {mgaz(x, o) + M} Xt Vep ().

R o”(x,01)

Noting that

X(Xi1 >t X;i>7) — X(Xio1>1) = —X(Xi_i1>7, X; <1} ®
one has

1 1 = . .

;gn(el) = ;;g(l,l — 100 XX, >1) ©

1
—;;g(i’i_I;QI)X{X,-_|>r’,XI-§r}- (10)

In order to show the uniform convergence of (10) to zero, we consider the estimate that

o |

1< 7
<= E P(Xi—1 > 7, X; < 1)1
n
i=1 P

l n
- Zg(lv i — 15 91)X{X1_1>‘L'/,Xi§‘[}
i

A X)?
logaiz_l + (h : 2)

n0;_y

sup
01

forl < p,qg <oowith1/p 4 1/q = 1. Since A4 and A5 imply that

sup
0

1

loga ;| = max(|log(Ke)*|, sup |1 1) < Kf + €1+ |Xi—1)C,
0

it follows from A3 that

sup |log criz_l‘ < 00.

0

p
By A4 and the estimate that E| X; — X,-_1|2p < Chﬁl7 for p > 1,

I3 b4

= 0(1).
P

(4;X)?
sup 3

. Y)2
<K H (4iX)
0| hnal—l hﬂ

Moreover, for k > 0,

sup P(Xi—1 > 1/, X; <7) <supP(|Xi—1 — Xi| > — 1)
i i

1 k
( / ) supE|X;_1 — X;[*
T —7 i

R NS e
Cl——) /" ")
T —7T
-0 (hf}/z‘“)") -0 (11)
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because h% /(t' — v) = O(1) for @ € (0, 1/2). Thus, we obtain

Zg(l i — 1L 0)xx, >t X;<7)
z_l

sup =o0p(1).

In order to prove the uniform convergence of (9) to G, it is enough to show that

—Zg(z i = 10D XX, =) = G(6)) (12)

i=1
} < 0. (13)

For details, see the proof of Theorem 4.1 in [15]. As in the proof of the uniform convergence of
(10), we can obtain (13). For the proof of (12), we will prove

for each 0y, and

23918(1 i—1:61)

i=1

sup E |:sup
n

_ZIOgG 1 X{X;_ 1>t/}_>/ IOgG (x, 0) X{x>7) Vo, (dx), (14)
i=1

1 (AiX)? P / o?(x,61,0)

nhy XXz} R 02(x,01)

X{x>r}V90(dx)- (15)
i—1

For the proof of (14), we set I; = ftth log Ui2_1X{x,~,1>r/}d5 fori =1, ..., n. Note that

XiXioi>7) Z X{_inf X(9)>1) ~ Xfr< Jf X)) (16)

SE(ti_1,ti] i1t

We first estimate I; for the case that log ol.zfl > 0. Let J; = X 2 >0) fori =1,...,n.

logo;~

t
IiJ; = Ji/ 10g0i2_1X{2x,-,1>r/}d5
t

i—1

t
> Ji/ IOgU 1 X{X;— 1>r’}|: inf  X(s)>t} — X{r< inf X(S)<r’}i| ds
e(ti_1,t;] se(ti_q.1;1
> —J; IOgU,_1X{x, 1>t/}X{r< (mf ]X(s)sr/}ds
li—1:4
+Ji IOgG XX >T) XL inf ]X(s)>r}X{X(s)>r}ds
S€E

li—10i

li—1oti

+Ji IOgU,_l)( Xi_1>17'} [X{ inf  X(s)>t} — 1i| X{X(s)>t}d5

se(ti_1.4;]

= J,/ 1ogc7 1 X{Xi—1>t} X< (inf ]X(S)ffl}ds

14
loga K=} — 1] xxs)=7yds + Ji/ log 67| X(x (s)>7)ds.
i—1
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Hence,

ti
Ji <Ii —/ log (X (s), 91)X{X(s)>r}ds> > J[E’,-(l),
ti—1

10807 | X(X, > Kir< _inf X@=rds

selti—1:t

1020,71)({)(, T it ]X(s)gf}x{x(s)>f}ds

/
.
!

108 07| X(X,_1 =r) X(X (s)>)ds

+ loga}” | —logaz(X(s),Ol)} X(X(s)>7}ds.

Next, noting that

I;iJ; = [ log o2 (X1 >t} X(__inf .]X(s)>r}ds

se(tl,1 S

+J,/ log o | X(x;_ =7} XL inf .Jx<s)5r}d5

€t —1:1;

IA

1 4
Ji/ 10g0i2,1X{X(s)>r}ds+Ji/ IOgU 1X{X; 1>r/}X{
4]

i i—1

we obtain that

t
Ji (ll- - / logoz(ms),91>X{x<s)>f}ds> <552,
ti—1
where

ti

—~(2

:l.( ) — / {logoi{] — logUZ(X(s),Ql)] X(X(5)>7)ds
i

ti
+ / 10g0’i271X{Xi_1>‘[/}X{ inf X(S)Sf}ds'
1,

i1 se(ti_1.t;]

It follows from (17) and (22) that

< max{

14
Ji (L' —/ 10g02(X(S),91)X{X(s)>r}dS>
fi—1
For the estimate of (18), we set T = 7’ + hS, where o € (0,1/2).
t; )
E [ / log o1 X(xi_1>1'} X{z< o ]X(s)fr’}ds }
li—1 sE(ti—1t
t
<e|
ti—1

i—1-1

Hl —~(2
1501152,

log U,'2_1’ {X{Xl»,1>r’} - X{x,-,1>f}} X{r< (inf T]X(s)fr’}ds
se(t,

inf
i—1:i

]

]X(s)gz}ds,

a7

(18)

19)

(20)

2D

(22)
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]
+ E |:/
ti—1
1
<t
ti—1

ti
+E|:/ ‘10g0i271‘X{X[_1>f}X{ inf X(s)gr/}ds}
fi—1

1036,~2_1’X{x,-,1>f})({z< (inf ]X(s)<r’}ds:|
se(t; t

i—1-1

logol | ‘ X{r’<xilsf}d8}

SE(ti 1,11

< h,C |:P(t’ <Xis1 <DV 4+ P( sup |Xi1 — X(s)| > hg)lﬂ} = o(hy).

se(ti—1,ti]

Concerning the estimate of (19),

t; ’

E [ f logo/_ 1 X(x;,_1>t)X{  inf X()<t}X{X(5)>7}ds
ti_1 sel—1.1]

<h,CP( sup |X;_1 —X(s)| > h)Y? =o(h,).

sE(ti—1,1i]

In order to estimate (20), we set t”/ = v — h%, where « € (0, 1/2).
t; 5
/ logoi” | X{x;_ 1<t} X(X (9)>7)ds
i1

Al |

1
<E / logo—iz—l‘{x{xi1<T/}_X{T"<Xi1<T/}}X{X(S)>T}ds:|
ti—1

1
+E |:/ ‘10g<7i271 ‘ X{r”<X,-lgr/}X{X(s)>r}dS:|
ti—

S
<z|[
LJt

< h,C |:P( sup  |X(s) — Xi_1| > k)24 P(e" < X; < T/)‘/Z} = o(hy).

SEti—1,1i]

logo? ‘ X{r”<Xi1§r’}ds]

1
log 0,-271‘ X{X,-lsr"}X{X<s>>r}dS} +E U
ti—

As for the estimate of (21),

E

t
/ {loga | — loga®(x(s), 61} ds } < Chy* = o(hy).
Li—1

Thus, we obtain

E[1ZV1] = othn). 23)
Moreover,
_ f
E[157] < E [/ {roga?, —1ogaz(X(s),91)}X{X(S>>,}ds}
B ti—1
t )
+E[/ log o | Xix;_ >t X{ Jnf ]X(s)<r}d8]
ti se(ti_1.t;
(24)

= o(hy).
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It follows from (23) and (24) that

d

For the case that log ol.z_l < 0, set J~l = X{logo?
upper bound of [; J; together with (16),

t
Ji/ {10g0i2—1X{Xi_|>r’} —loga?(X (s), 91)X{X(s)>r}} ds
ti—1

i—

} = o(hy). 25)

<0} fori = 1,...,n. In a similar way as the

ti - t
LiJ; = —Ji/ (—logo? Dxix,_,>r)ds = —Ji/ (—logo Dxfx, \=ds
ti—1 li-1
. [t 5
=< _Jif (_ logai_l)X{X;_1>r’} |:X{ inf  X(s)>t} — X{r< inf X(S)gr’}il ds
ti_1 seti_1.t] se(ti_q1.t;]
1
< Ji/ (—log o Dxix, 1>t} Xir< inf  X(s)<r)ds
ti*l NS ri*l*’i
_Ji/ (=logo/_ ) xix,_1>t) Xt o ]X(s)>r}X{X(s)>r}ds
tifl sE ti—l'ti
= Ji/ (=logo/_Dx(x;_ >t X< inf X(s)<r/}ds
ti1 se(ti_1.4;1
- [l 2
- Ji/ (=logoi_ D xxi_y>1) |:X{ S X)>T) T 1] X(X(s5)>7)ds
tioy seli—1:t;
- Ji/ (—logoi ) [xxii>v) — 1] Xix(s)>7)ds
ti—1
= [ 2 2
iy / (—loga? , +1oga (X (5), 01)Xx(s-r)ds
ti—1
iy f (— log (X (5). 1)) X s)= ).
ti—
Therefore,
t
. = (1
Ji <I,~ —/ 10g02(X(s),Gl)x{x(‘g)x}ds) < Jz5". (26)
ti—1

Moreover, since

t
LiJ; = _Ji/ (=log o XX, 1=t X{ inf JX(S)>r}ds
ti—1

.re(tl-,l,ti
_Ji/ (=logo/_ Dxx;_ ;> X{ inf X(s)<r}ds
ti—1 selti—1.;]

t
_J f (—logo? | +log o (X (5). 1) xpx(s)=r)ds
ti—

v

ti
y / (—1og (X (), 00) Xx (5yor1ds
ti—1

t
_Ji/ (—log o Dxix, 1=t X{ inf  X(s)<r)ds,
ti—1

se(ti_1.t;]
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one has that
1 -
J; (1,- - / log o2 (X (5), 01>X{X<s>>r}ds) > iz, 27)
ti—
It follows from (26) and (27) that

~(1 -2
< max{|5"], 152)).

14
Ji (Ii —/ 10g02(X(S),91)X{X(s)>r}ds)
I

By (23) and (24), one has that

t
EH(I—J» / {1ogo,~2_1><{x,._]>fq—loga2(X<s>,el)x{xmx}}ds}=o<hn>. (28)
li-1

Therefore, by (25) and (28),

d

and consequently,

ti
/ {log Ui2_1X{X;_1>r’} - 10g<72(X(S), 91)X{X(s)>t}} ds
t,

i—1

] = 0(hn)

=0,(1). (29)

1 & t
nh Z/ {10g052_1X{X;_1>r’} —10g<72(X(S),91)X{X(s)>r}}d5
noi_1 ti—1

Moreover, by the ergodic theorem,

nhy
/ 10g02(X(S),91)X{X(s)>r}ds—p>/ log o2 (x, 01) X x>} Vo (dx),
nhy Jo R

which completes the proof of (14). For the proof of (15), we set

1 (4AiX)?
== —  X{X;_1>7'}-

= 2
nhn o

By Lemma 9 of [3], it is enough to show that

n 2
- p [ o°(x,610)

Eg, {Zi | Fiz —— X{x> dx), 30
;:1 oo {Zi | Fi 1}—>/R peyprel 7} Vg, (dx) (30)
n - »
> Ea {2717} B0, G31)
i=1

where F;_ denotes the history up to the time #;_1. In order to evaluate Eg, {(A; X)* |Fi_1}, we
can use a well-known It6—Taylor expansion:

Egy (@ (X;, Xi—DIFi-1)

1
=¢(Xi—1, X;j—1) +hyLoyd(Xi—1, Xi—1) + EhﬁL§O¢(Xi71, Xi—1)

t; t
+/ f Eay {L3,9(X (), Xim) = L, (Xim1, Xim0)|Fima | ds dr
ti—1 Jti—1
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for appropriate functions ¢ (x, y), where Lgp(x,y) = 2()c 61) "2¢>(x y) + b(x, 602) ax¢
(x,y). Hence
Eoy (4002 1Fim | = hao 2, + ROZ. Xi0), (32)

where R(-, -) is defined in (2). Thus, as in the proof of (14),

ZEGO {&ilFi1} = Z(Z 2 XX l>Tf}-i-—Z:R(l Xi—1)

i=l1 i—1 i=1
2
P o“(x,01,0)
— _— VY dx
/R o206y =T 6, (dx)

and in a similar way, we can show (31). This completes the proof of (7).
Next, we see that G attains its minimum only at 61 o by noting that

ix<logx+f—c)=l—%=¥-

X X X

Hence, for any € > 0, infy,:j9, —g, gj=¢ G(61) > G(01,0). This implies that if |0} — 6] 9| > €, then
G(01) > G(01,0) + n for some n > 0. Therefore,

P (1810 =610 2 €) = P(G@10) > G6ro) +1)

1
—gn(01) — G(01)
n

01

<?2P (sup > n/3> (33)

1 A 1
+ P <_gn O1,n) — —8n(01,0) > 77/3> .
n n
By using (7), the probability of (33) converges to 0. Furthermore, it follows from (5) that
1 A 1 1 A 1
P (;gn(el,n) - ;gn(el,O) > 7//3) <P <;gn(91,n) > ;gn(el,O)) -0

This competes the proof. [

Proof of Theorem 3.2. We need to prove that

sup | —— (€ (@10, 62) = £ B, 62.0)) = L[ 50, (34)
6, |Mhn
where
b(x, 02) — b(x, 020)\*
L(®) = : dx).
(62) /R< o (x.010) ) X{x>7) Ve, (dx)

An easy computation together with (8) yields that

(@1 02) = 0 @rn, 0200) = V1.0(82) + Y20 (O2) + V3.0 (62) + Ra(02),

nhy
where 6; = o (X;, 01.0),

2 I (bimy =B ) [ o (X(s), 01,0)dW;
Y1,0(02) = 7 Z l tl612 X{Xi—1>1'}>

i=1 i—1
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2 & (bici = b7 ) [ b(X(s), 62,0)ds
Yan(®) =——— — 7 X1,
n g

i=1 i—1

| L b7y — b2
Yan02) = =3 " o).
i=1 9i_1
1 & [AiX —bihy)? (AiX —bF hy)?
Ry(02) = — Z{ - ’
nhy,

i=1

~ ~ X{X;_1>t ,X;<t}"
Oi2—1h" Giz—lh” } ’ l

We first estimate R, (6>).

1 n
E[sulen(Gz)l} = E E | sup
n ._

02

172
(AiX = bi_hy)? — (A X — b5 hp)? |

~2
0/ hn

A

x P(Xi—1 > 1/, X; < 0)'/?
k)2
g e () e

=
e 1

-0 (hlrcl/4—ozk/2—l/2) o

where we took k > 2/(1 — 2a) in (11). This yields that supg, |R,(62)] = 0p(1). Next, ¥2,,(62)
can be rewritten as

Van(02) = Y3 )(02) + U130 (62) + Y5 0 (62),

where
2 & (bi—1 = b Db}
1
17”2(7,2(92) = —; Z ! *; 1 ! IX{X,‘_|>‘L'/}7
i=1 90
2 &y (bimi = by [ {b(X(s),020) — b} }ds
) i i1 ; i
0y) = — R
1//2,,,( h) nh, ; U;fl X{Xi_1>1'}
v ) = — 2 yor — b7} / "X (s). Brords | — L XX =)
" nhy i li—1 ’ Uiz—l ‘7;?1 .

By noting that for p > 1 and K > 0,

one has thatfor 1 < p,qg <ocowithl/p+1/q =1,

<ch)'?,

p

572, — 6,-2,1\ <1610 — O10l K1+ Xi_1 DX,

t
f {b(X(s), 02,0) — b7_, } ds
ti—1

1 1

2 T
0i1  9in

<C

l

E 1p(z)(e ) 1 Xn: bi—l _b?Ll
sup h ‘ < sup | ————
6> Zn nh" i=1 &) (7;21 p
t
X / {b(X(5), 02,0) — b_;} ds
ti—1 q
C
< nh;o’,/2 — 0,
nny
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and
3) 5 K < .
sup |, (02)| < (61,0 — 010 —Zsup|bi—1 - b
02 ' nhy i=1 %

x (1+1X, D%

1
/ b(X (s), 602,0)ds
1,

i—1

=0p(1) x Op(1) = 0p(1).
As in the proof of the uniform convergence of (9),

(b(x, 62) — b(x, 62,0))b(x, 62,0)
o2(x,01,0)

sup |4 (@) +2 /

02

X{x>1)Ve, (dx)| = Op(l).

Furthermore, since one estimates

n b2 _bsz

1 i1~ b2
sup V3.0 (62) — = Y —————X(x,_ ,>7'
92p Y3n " ; = (Xi_1>1')

. K &

01,1 —91,0‘ — ) sup
n ; 02

=0,(1) x 0,(1) = 0,(1),

we obtain

=

by =02 | A+ 1X, D

b(x, 62)? — b(x, 62,0)®
o2(x, 01,0)

Sup [1/3.(62) — / Koy v (d6)| = 0 (1).
2

Therefore, we see that

sup [V2.0(62) + V3.0 (62) — L(62)] = 0,(1).
2

To estimate /1 (61), we consider the following process

M, (0) = /0’ Z (bi—1 — b} o (X(s), 61,0)

1; (s)dW,

2 l S

i=1 nhno;i_

where 1;(s) = x{x,_, >t} X{t;_ <s<r;}- We will prove the following: there exists a constant 8 > 2
such that for any 0 and ¢’,

M,(©) 20, (35)
EIM,©)F <cC, (36)
E|M,©0) — M, ©)|° < Clo —6'17, (37)

where C is a constant independent of 6, 6" and n. If (35)-(37) are satisfied, by Theorem 20 in

the Appendix of [8] or Lemma 3.1 of [15], we can show that sup, |M,, ()| 20.In fact, (36) and
(37) ensure that the family of distributions of {M,,(-)} on C(©) with sup-norm is tight. Hence, if
(35)—(37) are shown, one can prove that

Sup 11, (62)| = 2 5up | My 61,0, 0] = 25up 1M, @) L 0. (38)
02 02 0
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The proof of (37) is as follows. Let us define
bi—1(02) —b; | bi—1(0) — b}
fi71(9,9’)= ! - i—-1 7 22 / i—1
o/_1(61) o/, (0)
bi—1(62) — bi—1(6}) 1 1
2+ (b)) = b ) | -
oi,(0) o101 o0
By the Burkholder—Davis—Gundy inequality and the Jensen inequality,

E|M,(6) — M, (6

1 nh, n /
= hPe Z;ﬁ—wa9ﬁﬂX®L&nﬂxnmm

Cg n_ pnhy | / -

< (nhn)ﬂE(gfo (fz—l(Q,Q)O'(X(s),QLO)) ll(s)ds>

G e ([ (e "
= (nhn)ﬁnﬁ/ - ZE</[” (fi—1(0,0"0 (X (s), 61,0)) ds)

hﬁ/21 E(/
—(h>ﬂ(”) Z ;

i—1

B

B
2

| £i-1(6. 60 (X (5), 61,0)|° ds) .

Moreover, it follows from A5 to A6,
|fic10. 00 < KA+ X)Xl -0/,

which completes the proof of (37). In a similar way, we can show (36). For the proof of (35), we
set g; = (b; — b¥)/o? and

1 n i
=55 ZE{f g3_102<X(s),91,o>ds} -0,
n h” i=1 ti—1

which completes the proof of (35). Thus, we have (38) and this completes the proof of (34).
Finally, note that for any € > 0, infg,:|9,—g, o|>¢ L(62) > 0 because L attains its minimum only

E (M, (9))*

at 65 o. As in the proof of Theorem 3.1, we can show the consistency of éz,n. This completes the
proof. O

Proof of Theorem 3.3. First, we study the asymptotic normality of the score function. Let

1 1 _
—=09,8n(61,0) —=0g,8n(01,0)

L, = Jﬁl R > E_n = «/ﬁl _ »
_\/7802&1 (91,1‘11 92,0) - h 892€n (90)
n n
where

n
Zn(0D) =Y gli.i — 110D x(x,_ =7}

n
6a(0) =) LG, i = 1;0)xX(x, >
i=1
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In order to show that £, — £, = o »(1), it is sufficient to show that

1
Ap = 7 (36,80 (61,0) — 39, 8n(61,0)) = 0,(1), (39
1 A -
B i= e (90t s 020) = 0l 60)) = 0p (D (40)

For the proof of (39), one estimates

E|An|

IA

1 o
7 > E 0,80 — 1,01 01,00 X(x,_ >/, x,<1)]|
i=1

<5 0,07 (1_ (A,-X)2>
Nl hnal.*fl
< C/nh, x O (h£1/47a/2)k71) — 0,

where we took k > 4/(1 — 2«) in (11). For the proof of (40), one has that for € > 0,

0 (h21/4—a/2)k>

2

1 & . A
|B"|X{\él,n—91,o\<€} < ﬁ ZS(l;p |391 09, €@, i —1; 61, 92’0)} ‘91’,, — 91,0‘

Z|892£(z i = 13000 X(x;_ > Xi <t} -

nl 1
As in the proof of (39), ﬁ Z?:l |892€(i,i —1; QO)X{X,-,1>r/,X,~5r}} = 0p(1). Next, letting

9 09, 0 .
fi—1(61) = % we estimate that for [ > 1

i—1

21

Z sup |96, 00,€(i, i — 15 61, 62,0)|

nhy =

C
<
- (”hn)[

n " 21
E [Z / S(I;PIfi1(91)|0'(X(S),91,0)dWs]
i=17ti-1 01

21
(nh 7 [Z / sup | fi1(0D)1(b(X (s). 62,0) —bfl)ds:|

1 6

i1 61

ti
sil(nh,o’—lZE / sup | fi—1 (00170 (X (), 61,0)ds
(nhn) i=1 ti

C
T iy
— o).

0

n ti
(nh)* 'Y E [ / sup | fi—1 (0D (b(X (5), 62,0) — b7_1>2’ds]
i=1 ti—1

Consequently, one has that | B, | = 0,(1).
Next, we will prove that

.5 N©,45). (41)
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Let
1 2 %07 (A; X)?
1) .. 191 i
= —0g L(i,i — 1,0 . n=— 1-— . n,
§; NG g, £( LO)X{X;_ >t} Na o2, X{Xi_1>7)
1
£ = 3, €, i — 15 00) X(x; )
nhy
_ 2 90 b* A X — b;k_ll’ln
= m 0271 0;,?1 X{Xi—1>t'}
190010 0

In order to obtain (41), by the combination of Theorems 3.2 and 3.4 of [5], it is enough to prove
the following convergences.

n

ZEQ() {gl(m)Lﬂ—l} _p) 0, m=1, 2, (42)
i=1

Y (m) Zp _

> [Ee {S,- |-7'—i—1} L0, m=1,2, (43)
i=l1

n 2

>_Ea {(“Ei(m)) |J’Ei—1} Smm =12, (44)
i=1

n

ZEHO {Ei(l)éi(2)|-7:i—l } Lo, (45)
i=1

Y m\* P B

ZE00 (El ) |\7:i—l _)0, m = 1,2 (46)
i=1

For the proof of (42), by using the It6—Taylor expansion and (32), one has

n 1 n P
E {F” i }:,/nhZ.— R Xi_n-2o.
;00;|,1 ,,n;<,1)
Moreover, since
Ego(Xi — Xi—11Fi1) = hub}_| + R(h2, Xi_1),

we have
1 —2/nh3 &
Y BN Fi) = — Y R X)) 5 0.
i=I T3
This completes the proof of (42). In a similar way,

n ) 2 h2 n P
> [Ea {g1F) [ =22 Y R X0 Bo,
i=1 i=l1

n @ 2 h3 n »
> [Ea&?1F-0[ = 23 R X0 Bo,
i=1 i=1
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which complete the proof of (43). For the proof of (44), noting that

2 5/2
E - (AiX)z \F 14 3;&01'*_41 + R(hn/ , Xi—1)
o*2 h i1 o* 2
i—1"n i—1%n
ool + RO, Xi1)
- 2
0" hn

2 + \Y% hnR(l, Xl—])a

one has

>k | (67) 17
i=1

2
" 4 (09 0F
ZZ( | @ VR RO Xi D)X,
i=1 i—1

L 109, ),

which proves (44) for m = 1. It follows from the It6—Taylor expansion of Eg,{(X; — X;_1 —
hnb}_)?|Fi—1} that

i 2 4 &L (9g,bF ))?
§ : 2 Z —

E00 {(El( )) |‘E1} = nhn ;Tlélll(hnajfl + R(h£7 Xi*]))X{Xi,1>T/}
i=1 i=1 i—

£ 122 (9y)

and (44) is proved. For the proof of (45), we consider

1 2
£V

4 391‘71'*7189217?71 1_(AiX)2
nhy Ui"f] o*2

i—1n

) {AiX = by hn} X(x, >0

Since

Eoy { (4007 (AiX = bi_ ) 1Fim1 | = ROZ, Xiop)

and
Egy {Ai X = bj_1hal Fic1} = R(hj, Xi—1),
one has
n 4 I 0g,0F ,09,bF
D2 _ _
ZEQ(J igi( )Ei( )|‘7:"_1} = _; Z %X{var’}
i=1 i=1 921
1 ) haR(1, Xi—1)
x R, Xi_y) — 222l
Vhn ( ! l Ui*—zl
2.

Hence (45) is proved. For the proof of (46), using the estimate that for p > 1,

Eg, {(A; X)* | Fis1) = hER(1, X;_1),
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one has

i=1

4
n 8@
{Z GRNEE 1} < == Z ( e ‘) xix ey {1+ RO, X} 20,
T
which completes the proof of (46) for m = 1. For the case m = 2, by using the following estimate
4
By { (40X = 01 ) 11 | = 2RO Xi),

we have that

4
" (0
ZE@O {(E( )> } < ——Z( 92 - ]) X{Xi,1>r/}R(17Xi71)_p)0-

Thus (46) is proved. This completes the proof of (41). It follows from (39)—(41) that

L5 N, 45). (47)
Next we consider asymptotic properties of the observed information. Let
Lo 6) 0 5
—0p, 8n Y1 G 0
0 _aezen(el,na 92) 2
nh,

where
_ 32 o (X, 0
GO) = 2/1{(23()671) (UZ(X, 1) — o2 (x, 91,0)) X{x>7}Ve, (dx)

+2/ (302(x, 61,0) — a2(x, 61)) (99,0 (x, 61))
R ot(x,0))

) 36,b(x, 62)\ 2
L) =2 /R (M) A=)V (dx)

o(x,01,0)

X{x>r}V90(dx)»

(b(x,02,0) — b(x.,62))95 b(x, 62)
) i 2 > dx).
/R 520 010) X{x>1) Vg, (dx)

In order to prove that

sup | D, (0) — D(O)| = o, (1), (48)
0
it is sufficient to show that

1 1., _
sup r—laélgn(el)— ;aglgnwl) =0, (1), (49)

0

sup aeze ®) = agzz (0)‘ =0,(1), (50)

o | nhn

1 _
Sup | 35,8 (01) = GO1)| = 0p (D), (51)

01

1 A _
sup | ——03, € (01,0, 62) — L(62)

up | =0,(1). (52)
9] n
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For the proof of (49), as in the proof of the uniform convergence of (10), one has that
{sup }
1 & , 1

5—2 PXi-1>1,X; <1)2 > 0.
n “
i=1
For the proof of (50), in a quite similar way as in the proof of (49), one has that
{sup }
< Z sup‘aglﬁ(i,i—l;e)‘ ” P(Xi 1 >17.X; <1)?
nhy i=1 0 2

a \k/2
< C—5 x ( & ) (g ~))?
T

Zaglg(z i = L00XX;_ =1 Xi=<0)

(i = 1:6) ’
2

Z 05, LG, i — 15 0) XX, >0/ X; <7)

h’11/2 T —
-0 (hﬁ/4—ak/2—1/2) o
where we took k > 2/(1 — 2«) in (11). For the proof of (51), we set
L, ..
ni(61) = ;3918(1,1 — 10D x1x,_, >}
2

nh,,af_l
x [ GAX)? = hao? )00 01-0? + 011 (o) = (AXID0 011 | i,y =o-

It follows from standard arguments that
3 Ea n@)IF- B GO Y Es {7} 5o
i=1 i=1

Therefore one has that for each 6,
185, gn(01) > G@).

It is easy to show that sup, E[supy, | 83 2,(61)|] < oo, which completes the proof of (51). For
the proof of (52), we set

1 - A
Wagzen(i, i —1:01.602) = Z1(62) + 52(62) + Z3(62),
n
where

P do,bi_1\>  (bF_y —bi_1)03 bi_

Z1(02) = — (f )— - 2 X(Xi_1>t'}s
n ; { 611 052_1 {Xi—1>7'}

_ 2 &L bict [ (B(X(9),600) — b )ds

(6) = — Z 2 X(Xi—1>7'})>

i=1 0i 1
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2 L Ogbict [ o (X(s), 01,0)dWy

nhn Z ~D X{X,'_1>T’}'

i=1 0i 1

53(02) = —

In a quite similar way as in the proof of (34), one has that

sup |Z1(62) — L©2)] = 0, (1), sup 1220 =o0,(1),  sup|Z3(62)] = 0,(1).
2 2

0>
This completes the proof of (52). Thus, (48) is proved.
By the Taylor expansion, fol D, + u(b, — 6))duS, = L, on an event with probability

tending to one, where S,, = (\/%0(19; 19220;)) . It follows from (47) that

LS N@©,45). (53)
By (48) and the continuity of D(6) with respect to 6, one has

D, (60) 223, (54)
|es|up | Dy (6o + 0) — Dy(6p)| = 0p(1) (55)

for any sequence €, of positive numbers tending to zero. By using (53)—(55), it is easy to obtain
the desired result. This completes the proof. O
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