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SECOND-ORDER ASYMPTOTIC EXPANSION FOR THE
COVARIANCE ESTIMATOR OF TWO ASYNCHRONOUSLY
OBSERVED DIFFUSION PROCESSES

ARNAK DALALYAN" AND NAKAHIRO YOSHIDA**

ABSTRACT. In this paper, we study the asymptotic properties of the Hayashi-Yoshida
estimator, hereafter HY-estimator, of two diffusion processes when observations are
subject to non-synchronicity. Our setup includes random sampling schemes, provided
that the observation times are independent of the underlying diffusions. We first de-
rive second-order asymptotic expansions for the distribution of the Hayashi-Yoshida
estimator in the case when observed diffusions have no drift. We then focus on the
drifted case and carry out a stochastic decomposition of the HY-estimator itself. This
decomposition, in conjunction with the evaluation of the Malliavin covariance, leads
to a second-order asymptotic expansion of the distribution of the HY-estimator. This
result lies in continuity of the consistency and the asymptotic normality results proved
by Hayashi and Yoshida [12, [13]. We compute the constants involved in the obtained
expansions for the particular case where the sampling scheme is generated by two
independent Poisson processes.

1. INTRODUCTION

Let X = (X7, X2) be a two dimensional diffusion process given by
dX; = Bt dt + diag(at) dB; (1)

where B = ((By4, Ba4)T, t > 0) is a two dimensional Gaussian process with independent
increments, zero mean and covariance matrix

t
E[Bt-B?]=<tt f0p5d3>, vt > 0.
Jo psds t

In @), B = (B1,3)T and & = (01,02)T are some progressively measurable processes,
diag(o) stands for the diagonal matrix having o; as i diagonal entry, i = 1,2. In
what follows, we restrict our attention to the case when o1, o2 and p are deterministic
functions; the functions o;, i = 1,2 take positive values while p takes values in the
interval [—1,1]. Note that the marginal processes B; and By are Brownian motions
(BM). Moreover, we can define a process B} such that (B, B} ):>0 is a two-dimensional

BM and dBy; = pidB1t + /1 — p? dBy} for every t > 0.

We will assume that the processes X| and X, are observed respectively at time instants
0=58" <S8 < ... <SM =Tand 0 =T < ... < TN = T. Let us denote
I' = (81,8 and J7 = (171, T9]. The families TI' = {I*,i = 1,...,N;} and II? =
{J7,5 = 1,..., No} are partitions of the interval [0,T]. We will also use the notation
Ain = XLSi - X17Si—1 and AjXQ = X27Tj - X27Tj—1.
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In this paper, we are concerned with the problem of estimating the parameter

T
0 =/ pro1,02, dt = (X1, Xo)1
0

based on the observations (X gi, Xo 73,7 = 0,...,N1,j =0,..., Na). The parameter ¢
represents the covariance between martingale parts of X; and X5. Therefore, it can be
used to evaluate the correlation between the two BMs By and Bs.

If the two sequences of data are synchronously observed, the sum of cross products
EZ].V:ll A; X1 - A; X5 is a natural estimator of # because it converges in probability to 6
when the maximum lag of the time points tends to 0 in probability, as it is well known in
the stochastic analysis. In the field of statistical inference for stochastic processes, this
fact has been applied to estimating volatility and covariation between semimartingales.
The asymptotic distributions are well investigated. There is a long list of studies, e.g.,
Dacunha-Castelle and Florens-Zmirou [7], Folorens-Zmirou [8], Prakasa Rao [23] 24],
Yoshida [30], Genon-Catalot and Jacod [9], Kessler [I§], and Mykland and Zhang [21].

Recently, there appears extensive literature on the covariance estimation in time series
analysis and econometrics as well; see e.g. Andersen and Bollerslev [I], Comte and Re-
nault [6], Andersen et al. [2, 3], Barndorff-Nielsen and Shephard [4]. Contrarily, estima-
tion under a “non-synchronous” sampling scheme has rarely been treated theoretically.
One approach for tackling the non-synchronicity consists in generating by an interpola-
tion method a set of equally spaced data from the original nonsynchronous data and in
using the realized covariance estimator for the interpolated data. However, it is known
that such a synchronization technique causes estimation bias, which is often referred to
as the Epps effect. See Hayashi and Yoshida [12] for details. Besides, the synchroniza-
tion method involves a tuning parameter the choice of which is a delicate issue. Another
estimator of covariance based on harmonic analysis has been proposed by Malliavin and
Mancino [19]. Their estimator as well involves an implicit interpolation and a tuning
parameter corresponding to the number of Fourier coefficients used for approximating
the integrated volatility.

An estimator of 6, which is unbiased when the drift 3 is identically zero, has been
proposed by Hayashi and Yoshida. Henceforth called HY-estimator, it is defined as
follows

N1 N

i=1 j=1

Under mild assumptions, 0 is consistent as the maximum lag of the observation times
tends to 0 in probability; see Hayashi and Yoshida [12]. Kusuoka and Hayashi [11] proved
consistency in a more general sampling scheme. Asymptotic normality of the estimator
was proved in Hayashi and Yoshida [I3] under the sampling independent of the stochastic
processes. For related literature, see e.g. Hoshikawa, Kanatani, Nagai and Nishiyama
[15], Griffin and Oomen [I0], and Voev and Lunde [29]. It is reported as an empirical
fact that the kernel choosing the overlapping intervals as (2]) gives accurate estimates
among quadratic type estimators with various kernels. We will consider this property in
Section 2l In Hayashi and Yoshida [I4], the authors treated a sampling scheme possibly
depending on the stochastic processes and presented a stochastic analytic proof of the
asymptotic normality by regarding the sampling scheme as a certain point process. An
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estimator for the variance of the HY-estimator in the case when the observed process
has no drift has been recently constructed by Mykland [20].

In Section B we will give a representation of the cumulant of § as a functional of the
configuration of the observation times, and give asymptotic estimates for them. Our
interest is in the second-order expansion of the characteristic function of the estimator
while asymptotic normality is also proved as an application of those estimates. Section [
gives asymptotic expansion of the distribution of the HY-estimator. This applies to the
Poisson sampling scheme in Section

When there are (possibly random) drift terms in the stochastic differential equation of
X, certain extra terms appear in the asymptotic expansion. In order to identify these
terms, we derive in Section [0 a stochastic decomposition of the estimator and investigate
the asymptotic behavior of the variables appearing in the second-order. To this end, the
limit theory for semimartingales is necessary because the asymptotics is non-Gaussian
differently from the usual theory of the Edgeworth expansion. The result providing
the asymptotic expansion of the distribution of HY-estimator is carried out using a
perturbation method presented in Section [7l We also apply the Malliavin calculus to
ensure that the regularity of the distribution of the principal part, a quadratic form of
Gaussian random variables, remains under the perturbation. It should be noted that
the higher-order term can in general destroy the regularity of the lower-order term; see
an example in [3I]. Finally the perturbation method merges the obtained convergences
with the asymptotic expansion for the principal part in Section [1 to give asymptotic
expansion, which is a main result.

2. ELEMENTARY PROPERTIES OF 6

As noticed by Mykland [20], the estimator 6 is the Maximum Likelihood Estimator
(MLE) of 6. Let us present here some computations that not only show that 0 is the
MLE of 8, but also give some interesting insight concerning the efficiency properties of
the HY-estimator 6.

Let us deal with a slightly more general setup. Assume that & € RV is a random vector
having centered Gaussian distribution with unknown covariance matrix 3. The entries
of the matrix ¥ are opp = E[§&p] for £, =1,...,N. We want to estimate a linear
combination

N
0= anwoue,
6r=1

where agp € R, £,0/ =1,..., N are some known numbers verifying ag ¢ = ap 4.

In order that this model lies in the setting of distributions belonging to the exponential
family, it is convenient to consider the parametrization by the entries of the inverse of
the covariance matrix V = X!, Set p = (N? + N)/2 and write

U1 (%) UN
V2 UN41 ... U2N-1
V=1 . : :

UN UV2N—-1 ... Up
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The log-likelihood function can now be written as follows:

p
(V) = Jlog IVl - 3 > ukTu(®), )
k=1

where |V| denotes the determinant of the matrix V and T(&) = (Ti(£), T2(€),...) is
defined by
Ti(&) =&, T(é) =26&, T =268, ..., T =&

It follows from (B) that the distribution Py of the Gaussian vector & ~ Ny (0,V 1)
belongs to the (simple) exponential family. This implies that the statistic T(§) is the
MLE of the parameter

T = E[T(E)] = (0'11,20'12,. .. ,O'NN)T.
Hence, the MLE of 6 = >,y arpop is 6 = Do are&ee. 1t is easily seen that

this estimator is unbiased. Since T(£) is a complete sufficient statistic, the MLE 6 =
EM/ ag &€ is the best unbiased estimator of 6 in the sense that any other unbiased

estimator will have a variance at least as large as that of 0.
We can now return to our model. The vector
€= (A1X1,..., AN, X1, A1 Xe, ..., AN, X2)T

follows an N = Nj + N> dimensional centered Gaussian distribution. The parameter
0 = Cov(X1,7,Xo1) can be represented in the form ), , ag 0y ¢ with

1 ,
ae =5 16 < N, 0 > Ny, I'nJ M £ @)

for every ¢ < ¢' and agy = ap o for £ > ¢'. Therefore, the arguments presented above
yield the following result.

Proposition 1. The estimator 0 defined by (2) is the MLE of 0. Moreover, it is the
estimator having the smallest quadratic risk among all unbiased estimators of 6.

3. (GAUSSIAN ANALYSIS AND EXPANSION OF THE CHARACTERISTIC FUNCTION

The goal of this section is to derive an asymptotic expansion for the distribution of the
estimator 0. It will be useful for our purposes to consider the more general setup defined
via Gaussian vector £ and the matrix A = (ag,g/)é\fg,:l, see Section 2

3.1. General Gaussian setup. In order to determine the asymptotic expansion of the
distribution of 6, we start with expanding its characteristic function. Recall that

0=¢TA¢ and €~ Ny(0,).

Since A is a symmetric matrix, the N-by-N matrix $/24%1/2 is symmetric and there-
fore diagonalizable. Let A and U be respectively the N-by-N diagonal and orthogonal
matrices such that $1/2A%1Y2 = UTAU. Let ¢ be a Gaussian Ny (0,Iy) vector such
that & = £1/2. UT¢. Such a vector exists always and it is unique if ¥ is invertible. In
this notation, we have

N
0=CTAC =) N7,
=1
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where A1, ..., Ay are the eigenvalues of the matrix 21245712 and (1,-...,CN are indepen-
dent Gaussian random variables. This implies that Cgs are independent and distributed

according to the x? distribution. Hence E[e™¢/] = (1 — 2iu)~Y/2 and
N

wp(u) == E[el*)] = H(l —2iu) V2,
=1

By taking the logarithm and using its Taylor series we get

log p;(u) Z log(1 — 2i\u) = Z Z QZAW

él élkl

as soon as |u| < 1/(2maxy |A¢|). Since all the series in the above formula are absolutely
convergent, we can change the order of summation. This yields

2. (2iu)*
oyl =3 Bl < /@A), ()
k=1
with || A]|sc = maxy || and
uk—zkz Te((S12ASY2)F) = Te[(2 - 4)),

where the last equality follows from the property Tr(M; - Ms) = Tr(Ms - M) provided
that both products are well defined. Separating the first two terms in the RHS of (),
we arrive at

, = (2iu)k
tog o) = 0 — s+ S E el < 1/ ). )
k=3

Let us define & = ||A[|oo/||All2. Using simple inequalities, one checks that || < a¥~2 k/ 2

for every k > 3. Therefore,

Z (21U) Pk

k=3

(2lula i)+ i
< opafuf Y PN o 10g(1 — oluly ),
k>0

for every u satisfying |u| < (2a./m2)~!. This leads to the inequality

2
v _
[og 5o (v//2p12) + 5| < —v?log(1 = V2[la), (6)
for every |v] < (v2a)™!
As the first application of our approach, we obtain a central limit theorem for én

Proposition 2. Suppose that the matrices A = A, and ¥ = X, as well as the number
N = N,, depend on n € N. If A\ip,...,ANn, the eigenvalues of 21/2/1 21/2, satisfy
limy— o0 || A% /12,0 = 0, then

where 6, = €T AL, 0, = B[0,] = Tr[S,4,], pon = Tr[(SnA4,)%) and L, stands for the
convergence in distribution.
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Proof. Set py, ,, = Tr[(2,4,)F] = Y, )\Zn and n, = (én —0n)/+/2p2,n. The inequality (@)
and the condition limy, . ||[An|% /2., = 0 imply that the characteristic function of 7,
converges pointwise to the characteristic function of a standard Gaussian distribution.
This completes the proof of the proposition. O

This result states that the distribution of the estimator 6,, is well approximated by
a Gaussian distribution. In order to give a more precise sense to this approximation
and to obtain more accurate approximations, we focus our attention on a second-order
asymptotic expansion of the distribution of én To this end, we prove first that the tails
of this distribution are sufficiently small.

Lemma 1. If for some p € N the inequality ||X||%, < p2/(2p) holds, then for every j € N

@ E[eiU(é—G)]

= < JEN[Alloo + 101 (p/2P4(1 + p2u®) P4, VueR.

Proof. Using the fact that Cz? is distributed according to the x? distribution, one easily
checks that

N N
1 2y2\—1/4
losw)] =1 ———— | < [+ 4?2~
o (1= 2iung)l/ Pl
In view of the assumptions of the lemma, for every ¢ = 1,...,p, there exists an integer

l; verifying ,u2_ Zg;l N < i/p and py ! ngll A2 > i/p. For this sequence ¢;, we get
Z/?H > (i+1)/p—1/(2p) —i/p=1/(2p) and therefore

N lit1

/
[t +4u®3) 4 < H (1422 >0 A2) T < @2 A+ pd P (T)
/=1 0=0;+1

This gives the desired estimate in the case where j = 0.

For j > 0, the explicit form of ¢, allows one to check that

=3

Jit..+in=j

! JN' H e (L 21w 2

Simple computations yield

- 2 < | LONP )l
du’t 1= 21U>\4)J‘-’+1/2 (1 + 4u2X2)@ie+D)/4
Jl2A I

= W+ 42/

Therefore,

N
(w)] < NI [T+ 4u2ad) =4

(=1
and the desired inequality for § = 0 follows from (7). For 6 # 0, it suffices to use the
relation \go((;]_)e(u)\ <> Cf|i9\k\go(g]_k) (u)| and the obtained estimate for |g0((;_k)(u)\.
O

‘W@
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Remark 1. We will use the result of Lemma [ in the asymptotic setup described in
Proposition 2], essentially for bounding the tails of the derivatives of the characteristic
function s ,(u) of 0 — 0, when u is in absolute value larger than N/ /2 for some
go > 0. As we see later, in the asymptotic setup, the ratio ||A||%,/u2 tends to zero under
mild assumptions on the sampling schemes. This will allow us to take the parameter p of
Lemma [Tl large enough to guarantee nice decay properties for the tails of the derivatives

of v;_g-

3.2. Computation of ui. We showed in the previous subsection that the asymptotic
expansion of the characteristic function of 0 involves the traces of integer powers of the
matrix - A. In our setup, both matrices A and ¥ have special forms. In particular, they
contain a great number of zeros and, therefore, the expression of uj takes a simplified
form.

Prior to presenting the formula for px, we need a definition. Let &k > 0 be an integer.

Definition 1. We call chain of length k, any vector (i,j) € {1,... SN {1, No e
such that I'* N JI» # @& and J» NI+ £ & for all p € {1,...,k} with the convention
i1 =11. The set of all chains of length k will be denoted by 6.

In the definition of €}, i) (resp. jp) stands for the pth coordinate of ¢ (resp. j).

Proposition 3. For any Borel set S C R let us denote

U(S):/ptdl,tdg,tdt, vl(S):/aitdt, UQ(S):/O'%tdt.
S S S

The coefficients ps and pus can be computed by the formulae

2
Mz:% 3 Hmﬂmﬂpﬁ% Y ulua(F),

(3,§)€6> p=1 (i,5) €41
3
1 i , 3 ; . : .
Hs = 7 Z Hv([p N Jir) + . Z 01 (I )og (J7 )o(I%2 N Ji2).
(4,9)€63 p=1 (4.3)€%2

Proof. We give only the proof of the second formula. The proof of the first formula is
analogous but simpler, therefore it is omitted. Since ug = Tr[(Z - A)3], we have

N

B3 = ) Oty0a0ts0;0050,004050ts 6Oty (8)
l1,...,06=1

In our setup, the entries of the matrice A are

agp = =1L < Ny, 0> N, IEn JO N £ o)

1
2
+ 210> Ny, 0 < Ny, IV N g N £ ), (9)

N =
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and those of ¥ are

(v(IfN JON), i 0 < Ny, 0 > Ny,
o(I¥ N JENY) < Ny L > N,

Oppr = Ul(Ié), if ¢ =0 < Ny, (10)
v (JEN), if ¢ =10 > Ny,
0, otherwise.

To compute the sum in the left hand side of (8]), we consider different cases separately.
Case A: /1 < N; Our aim now is to compute

N

BSA= D ) OlityOty 0y, 0t Ot s Ctty
£1<N1y £2,....0e=1

This can be done by considering the following four subcases:

Case A.1 £y # £y and f£3 # £y, Case A.2 1 =l and f3 = ¥y,
Case A.3 {1 # Uy and f3 = {4, Case A4 {1 = ly and 3 # Uy.

In the case A.1, in order that the corresponding term in (8) be nonzero, the indices
l;,i < 6, should satisfy l1 < Ni, £y > Ny, €3 < Ny, £y > Nyi, b5 < Ny and £ > Nj.
Moreover, if we set 1 = (61,63,65) and j = (l9,04,0s), then (¢,7) should belong to €.
Therefore, o; ;, = v(I'» N J7?) for p=1,2,3 and

3
1
0010200203035 Oals Ot sty = g1 ((2,5) € 3) H (I'* N J77). (11)

In the case A.2, in order to get nonzero term in (8), the indices ¢;,7 < 6, should satisfy
{1 =4y < Ny, b3 =4y > Ny, U5 < Ny and lg > Nyi. Moreover, if we set ¢ = (¢1,05) and
Jj = (¢3,0s), then (i,7) should belong to %5. Therefore,

0-5152 a£2€3 0-5354 a£4€5 0-65[6 a£6€1 = Uilil ailjl ajljl ajliQ Ui2j2 anil

_ él((i,j) € Go)or (I o (M )o(I2 M J2).  (12)

In the cases A.3 and A.4, it is easily seen that the corresponding summand in the right
hand side of (8) is different from 0 only if /5 = {s. Using the symmetry of ags and oyps,
we infer that the results in these cases are equal and equal to the result of the case A.2.

Case B: /1 > Ny We want to evaluate the term

N

H3,B = Z Z O 0105050300304 04050 0506 A0 -
l1>Nq £a,... lg=1

In view of the symmetry of matrices A and X, we can rewrite p3 p in the form

N

H3,B = Z Z 006650504 00403U050500901 001 L
l1>Ny £la,... lg=1
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Since ag, ¢y # 0 and ¢ > Nj entails fg < Ny, and ag g, 7 0 and ¢ < N; entails 1 > Ny,
we get

N
u3,.B = Z Z 00605504 00403003050 0501 Wy Lg -
Le<Ny £1,l2,....05=1
By reordering the indices we get u3 g = p3 4 and the assertion of the proposition follows.
O

Corollary 1. The terms ps and us may alternatively be written in the form

2o = Z’Ul(I)UQ(J)K[J + Z U(I)2 + Z U(J)2 - ZU(Im J)Qa (13)
LJ

IeIrt Jell? LJ

dpg =Y oI+ > w(I)P+2) o(InJ)?
LJ

Iell! Jell2?
=3 I NI (1) +v(J) — oI N T)o(I)(])]
LJ

+3) " oi(Dwa(J)o(I U)Ky, (14)
LJ

where Ky =1(INJ # @) and 321 ;=3 rem D jeme-

Proof. Let us prove the second equality. Let us denote by T7 and 15 respectively the first
and the second sums in the expression of uz given in Proposition Bl In this notation,
dps =11 + 315.

On the one hand, (4,7 )'6 %, implies that both I"* and I? have non-empty intersections
with each of J7' and J72. This obviously implies that i1 = i9 or j; = jo. Therefore,

Ty= > wv(IM)a(J (I nJ?)

(ivj)E(KQ
=Y viDua(No(I N TVKy + Y oi(Dva(J)(I N I)Kp
LJ,J' IIJ
= oi(@va()(I N .T),
LJ
the last term resulting from the fact that the terms with i1 = iy and j; = jo are

present both in the first and in the second sums of the right hand side. Since the set of
intervals I12 = {J7} forms a partition of [0,77], we have Y ;, v(I N J') = v(I). Similarly,
Yopv(I’'NJ) =wv(J). Therefore

Ty =Y or(Doa(N)[(0(I) + () Ky —v(I N.J)] = v UJ)Kyy. (15)
LJ

To compute the term 77, we decompose the sum Z(i 5)ess into the sum of three terms

3
Tig= > [[va»nrw), ¢=1.23.
(i,4)€%;  p=1
#{j1.,52.33}=q
If ¢ =1, then J7' = JJ2 = JJ3 := J and using the same arguments as for evaluating 75,
we get Ty = Y. 0(J)3. If ¢ = 2, then j1 = jo # j3 or ji = j3 # ja or j1 # jo = Jjs.
Because of the symmetry, it suffices to consider one of these cases. Let j; = js # j3 and
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set J = J/' and J' = J73. The relations (i,5) € Cs implies that both J and J' have
non-empty intersections with both I'* and I'8. Therefore, I"* = I'* := I and setting
I = I we get
Tip=3 >  oInJInJInt)=3Y vInJu)InJ)
JAJ 1T J#£J I

=3> (I N Jy()(I) — v N.J)).
LJ

In the case when all indices j1,jo and js are different, it is easily seen that (¢,7) € 63
entails 77 = 79 = i3. Therefore,

Tis= Y. oInJInJ)wInJg")
LJ,JJ"
#{J,J J"}=3
= Y eInDu(InI) () —v(INJ)—vINJT)
LJ,J" J#£J
= Y eIndpInT)wI) -2 Y o(Ing)Pu(Ing).
LJ,J J#£J' LJ#J'

Using the identity > ;. ;. v(INJ") = v(I) —v(INJ) we get T3 =3, v(I)? =>_yo(IN
J)2[3v(I) — 2v(I N J)]. Summing up the terms 711, Tia, T3 and Ty we get equality (I4).
Equality (I3])) can be proved along the same lines. O

Remark 2. If the observations are synchronous, that is II' = I1? = II, then pu and ps3
have the following simple expressions:

29 =Y [o(I)* + vi (e (1)),

I€ll
dpz =Y [o(I)® + 3vi (Dva(Io(I)).
Iell
Lemma 2. Assume that we are given two sequences of partitions 11 = {I’ i < Ny,}
and 112 = {J},j < Nay} of the interval [0,T]. Define the matrices Ay, and X, by (3)
and ({I0). If the functions o1 and o9 are bounded on [0,T] by some constant o, then
max 37, = || (524,247 < 3%

where

rn = [(max |I]) v (max PN

Proof. Let us define a new partition II% as follows: I € IT! if and only if either I € IT}
and it has non-empty intersection with two distinct intervals from IT2 or there is J € T2
such that I is the union of all intervals from H}L included in J. The partition H?L is
defined analogously. It is easy to check that the estimator 6,, based on (H}L, H%) is equal
to the one based on (H}L,H?L). It follows that pp., = fipn for every p € N. Therefore,
the relation maxy Ain = limy u;g’n implies EhatNman )‘Zn = maxy X?n It is clear that
T, = 7n, but the advantage of working with (II},I12) is that

maXZKU<3 maXZKU<3 (16)

JeI? — Iellt
Iell! Jel2
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In the remaining of this proof, without loss of generality we assume that (L6) is fulfilled
for partitions (IT!,112). The estimate H(z,ﬁ/?Anzi/z)?H < |12 %1 An]/? implies that it
suffices to estimate ||A,|| and ||¥,|. To bound from above ||A4,|?, we use ||A4,|*> =
MAXy:| | =1 | Apul? and

2 2
| Anul? :i E ( E KIiJjUNlJrj) +i E (E KIiJj“z‘) :
j i

i J
Applying the Cauchy-Schwarz inequality and changing the order of summation, we get
2 3 2
D (D Krigsunisg) < 1 D uks
( J J
and ) (>, Kijui)z < 3%, u?. These inequalities yield ||4,[* < 3/4.
On the other hand,

N
[2,] = max vT¥,u = max Z Op gy
ui|u|=1 u:\u|=1é€/_1 ’

N
= nlaa‘mxl (Z qu? +2 Z v(I) N J,{)uiu]\/ﬁj).
u|ul=
=1 ,J

Since oy s are given by (I0), the first sum in the right hand side is bounded by

o?(max; |I%]) V (max; |J3]), whereas the second sum can be bounded using the inequality
between geometrical and arithmetical means :

2 ol N w5 < D ol 0 F)ug + ) vl 0T )ufy

i,J 2% i,J
=Y o)+ v(J)ud, 4
( J
< |u?o® (max |I,,]) v (max | ).
i J
This completes the proof of the lemma. O

As a by-product of the preceding lemma, we give below a simple sufficient condition for
the asymptotic normality of 6,,.

Corollary 2. In the notation of Lemmal3, if

2
lim 1 =0, (17)

n—00 iy n

then (én —0)/\/2p2,n converges in distribution to a standard Gaussian random variable.

Proof. According to Proposition [2, it is enough to show that

(6
o Tr[(Tdn)?)]

0.

This convergence follows from assumption (I7) and Lemma O
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3.3. Expansion of the characteristic function for random sampling schemes.
We assume now that the partitions IT}, and I12 are random and independent of {X;; —
X1,0, X2t — Xg,o}tE[O’T]. We denote by E the conditional expectation given II,,, where
II, = (II},T12). Since in this setup the quantities r,, and p2, — introduced in Lemma 2]
and in Proposition 2] respectively — are random, Corollary 2 can not be applied directly.
The following result gives a sufficient condition for the convergence in distribution of
Corollary [2 to hold in the setup of random sampling scheme.

Proposition 4. Let r, be defined as in Lemma[2. If T%/Mg,n tends to zero in probability
asn — oo, then (0, —0,)/+/2u2,n converges in distribution to a standard normal random

variable. If moreover, 2ug /by, L ¢ for some deterministic sequence {b,} and some

positive constant ¢, then (0, )/\/_n —> N(0,¢).

Proof. Denote o[ll] = o[Il,,, n € N]. We may represent random variables on a product
space. By subsequent argument, we may assume 72/ p2,n, — 0 a.s. Then by Corollary
and Fubini’s theorem,

[zp exp (m /M)] UQ]

for every u € R and every bounded o[IT]-measurable random variable 1. The desired
results follow from this convergence. O

From now on, we assume that the assumptions of Proposition @ are fulfilled and aim at
finding the asymptotic expansion of the distribution of the random variable &, = (én —
0)/+/by, as n — oco. The first step in deriving the asymptotic expansion of a distribution
is the expansion of the characteristic function. As usual, the desired expansion involves
the r-th conditional cumulant of A, given II, henceforth denoted by k,[X,]. Let 5\,“7“ be

the normalized r-th conditional cumulant of X,:
_ r—2

N = b ® o] = 27730 = D16
Denote «,, = \/§a2rnb51/2.

Lemma 3. Let r be a positive integer.

(a) We have

|/Lr,n| < Z |>\Z,n|T < Hl?X |)\E|T_2/L2,n < (anv bn)r_2,u2,n (18)
L

_1 -

(b) The conditional cumulants admit |k, [X,]] < c(r)o? T2 (b, 2r,) "2 Aa.p, where
c(r) = (2v3)"2(r — 1)! is constant.

Proof. Lemma [2 yields (a), and (a) entails (b). O

Proposition 5. Let the sequence {b,} be as in Proposition[f]. For some fized ¢; > 0, let
Pr(6) = {11 : ap <8, Ao < c1}, v > 0.

Then, for every j € Z ., there exist some positive constants C' and q such that

ﬂ(En[em]) :ﬂ{e-*%g“ <1+MA n) } 0@+ ule g

du du) 6
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for every u satisfying |u| < C6~Y3 and for every II, € P,(8). In this formula O(6P)
stands for a random variable depending only on partitions 11, = (ITIL, T12) and verifying
lim sups_, o Sup,, supr,, ep, () |O(67)[07F < oo.

Proof. Using (@) and the fact that in our setup maxy|\¢| is bounded by v/30?r,, we get

E[¢ivn) :exp{z( )"y, }:exp{ _ Dot (1u)* Vb, A3, +7°n}

k/2
= okbk/ 2 6
for every u € R such that |u| < 1/(28). Let us define ag(u) = —Aanu?/2, ajn(u) =
(CORY/TRIAS \/E,\g % oand rp(u) = > 00, (2;2:1)’5; . One easily checks that

El el — e (1 4 ay () = ™ (ay, (u) + ro(u / / velV(@1n (WFr (W) gidy

+ 1y (w)e®®), (19)

The inequalities (I8) imply that there exists some constant C' > 0 such that for every
¢ < j and for every IL,, € 3,,, it holds

4 " 1 4\ 2 N
d'r (eu) < C( +u )&1’1,1“27 < 01(1 —|—'LL4)52,
du n
as soon as |u| < 1/(4ay,). Similarly, for every ¢ € N,
d* Qpn 2 n .
dgmn(ﬂ<cwl+mn m < Co(1 4+ |u’)s, ifII, € P,.

These inequalities in conjunction with Eq. (I9) yield the estimate

& (B[] = (1 + ay () ) = O@)(1 + fuf)eo ™,

du?
This completes the proof of the proposition O

Remark 3. As usual in asymptotic expansions, the coefficient of the second order term

(i.e., the coefficient of (iu)3bi/ 2) in the obtained decomposition is given by the normalized
third cumulant divided by 6. It also admits the following representations:
b2 1

%5\3@ = 6’43 [Xn] =

4:“3,n
3bnv/bn
where p3,, is defined by (I4).

4. ASYMPTOTIC EXPANSION OF THE DISTRIBUTION

In this section, we will derive the second-order asymptotic expansion for the distribution
of &, for the model ([{l) without drifts. We will treat a model with drifts in Section [6] and
there the Malliavin calculus plays an essential role to handle general nonlinear Wiener
functionals.

Given positive numbers M and -, let £(M,~) denote the set of measurable functions
f R — R satisfying |f(x)] < M(1+ |z|") for all z € R. For positive numbers C, 1, ¢
and ¢* we set

0 =£&%C,m,rg,¢*) = {f : /wf(z,r)¢(z;c*)dz < Cr') Vr < ro},
R
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where

wr(z,r) = sup [f(z+z) = f(2)|

z:|z|<r

and ¢(z;X) is the centered normal density with variance 3. Note that this class is
large enough to contain most functions that are encountered in practice. In particular,
all functions satisfying the generalized Holder condition |f(z + z) — f(2)| < F(z)|x|"
with some function F such that [ F(2)¢(z;¢*)dz < C belong to £%(C,n,00,¢*). It is
also easy to check that the set of all indicator functions of intervals of R is included in
E0(V2me*, 1,00, ¢*) for any ¢* > 0.

Our aim is now to get uniform in f € £* asymptotic expansion for the sequence
E[f(bq;lﬂ(@n —0))] with & = &(M,~) N E%(C,n,rg,c*). To this end, define a o[Il]-
dependent random signed-measure ¥II on R by the density

1/2
p3,n(z) = ¢(Z, >\2,n) + %)\3@ h3(z§ )\2,n)¢(z§ )\2,n)-

Here h,(z;%) is the r-th Hermite polynomial defined by
he(2) = (=1)"6( %) "1 0L(2 2)
and in particular, h3(z; Aay) = (2% — 35\2,112)/5\%,”- The Fourier transform of Wl is given
by
. 1/2
Ul(y) = e~ 3hen? 1 4 b%)\g,n(iu)g’].
Theorem 1. Let M,~v,n,C,r9g >0, a € (%,1) and 0 < ¢g < ¢1 < ¢ and let

Pn(to, cl,a) = {Co < 5\2771 < €1, Tn < bZ},

where 1, s the mazimal lag of the time points defined in Lemmal[Z and 5\2,,1 = 2425, /bp,
with poy as in (I3). Then, there exists a sequence €, = e(M,~,n,C,r9,a,c0,¢1) such
that €, = O(b2*~1) and for every I1,, € Py (co,c1,a), it holds

sup | BN (X)) - 01| < e,
feg(MfY)mgO(CmvTO’C*)

where X, = (0, — 0)//by.

Proof of Theorem[1. Let h(x) = 1+aP° for a positive even integer pg; we will take a large

po according to . Let I be a probability measure on R such that supp(l@) is compact,
and let a be a number such that
a = K({z;|z| < a}) >

N =

Let K1 > K > 0 and set ( = (K; — K)/2. For ¢ > 0, define the measure K. by
K(B) = K(e'B) for Borel sets B.

Sweeting’s smoothing lemma provides the inequality:

IEYf(X)] - OS] < CM[Ag+Ar + Ag] + (2& — 1) As, (20)
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where C' is a constant depending on v and &,

Ag = / (@)K ey (PY T — ) ()|
R n
_pXaI I " .
= PRI [ b

Ay = (PP Wl a(@) T, 5@) = (1-a)/a < 1,
b= [ sup wylo 4y, 2305 (W) (dy).
R z:|z|<abXt¢[(2a) 15, ]
See Sweeting [28], Bhattacharya and Rao [5].
If n is sufficiently large, [z +y — 2ab%1, z + y + 2abX1] C [y — b5y + K] and therefore

Ay < / wi(z, bf)(\llg)Jr(dz) < CO/ wi(z, bff)(;b(z;c*)dz < bef”.
R R

On the other hand, Ay admits the estimate

2+po

ho< Y [for] (H 0 - #w) K(nRh) | au,
a=0

where o} (u) = EMfeivdn],

Let §,, = a-1/2 By virtue of Proposition Bl and Lemma [I, we have

J

o5 | (8, (w) = ¥11(w) ) K )] | du

< s [ ( 0~ ¥ 0) R~ 0)]

+f |
u:|u\>C(5;1/3

o | (%, (w) = ¥l (w)) K~ w)) | du

W ,nu2 C
g/ O(02)(1 + ul7)e— 25 du+/ . 'y
wlu|<Cor /3 wlul>coy /3 1+ |ul
2+po
> 109 11 () 1.4, du
a6 Jwlul>cM?

< Gl06) + 6P < Cusy,

where L can be chosen as large as we need, therefore Ay < C502. As we already men-
tioned, the Rosenthal inequality yields the uniform in n boundedness of P¥M[h] =
1+ E"[AF°]. In conjunction with the boundedness of |[W!I|[h], this implies that the term
A5 decreases exponentially fast as n goes to infinity. We choose the kernel K so that its
derivative K'(z) tends to zero as |z| — oo at least as fast as the polynomial 1 z=1-¢""
Such a choice of K can be achieved, for example, by taking a multiple convolution of
the sinc kernel. For such a K, the term Ay becomes O(b,) and the desired inequality
follows. g

Remark 4. The approximating measure ¥, provided by Theorem [ contains the Gauss-
ian density with variance A2, which depends on n. One easily deduce from that result
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that the distribution of (b, g, )~/ (6, — 0) can be approximated by the measure

{<z>(z; 1)+ \/g—”(zi” - %z)qﬁ(z; 1)} dz.

As we have already seen, under mild assumptions including the convergence of 5\2’11 to
some constant ¢, the estimator 0, is asymptotically normal. It is therefore natural to
address the issue of approximating the distribution of X,, by a measure similar to ¥,
but based on the Gaussian density with variance c¢. To this end, we define the signed
measure \i/g on R by the density

) 1. bil*
D3n(2) = 0(2:6) |1+ 5 (Aan — h2(20) + == Agn hs(z:6) |

Note that ha(z;¢) = (22 — ¢)/c2.
Proposition 6. Let M,~v,n,Crg >0, ¢*>c¢>0,ac¢€ (%, 1) and let

Ap(a) = {rn <O, (5‘2,71 - C)2 < b%a—l }
where 1, is the mazximal lag of the time points defined in Lemmmal[2 and 5\2,,1 = 2425, /by,
with po g, as in {I3). Then, there exists a sequence €, = €,(M,v,n,C,19,a,c) such that
en = O(b2971) and for every I1,, € A,(a), it holds

sup E"[f(Xa)] = 0[] | < en.
FEE(MY)NEO(Cym,ro,c*)

) - - - 2a—3 .
Proof. We notice that [A3 (Ao — )| = O(b; 1y X b 1/2) =O(b, 2) = o(1) uniformly
on the event A,. Expanding ¢(z;A2,,) in Ul around ¢ we get the desired inequality. [
The following result is a trivial consequence of Proposition [6l and provides an uncondi-
tional asymptotic expansion for the distribution of &, = b, 1/2 (0, —0).

Theorem 2. Under the notation of Proposition[d, if P(An(a)) = o(bh) for everyp > 1,
and E[\y,, — ] = O(b2271), then

sup = o), (21)

feg(M;Y)ngO (C7777T07C*)

E[f(X,)] - /R £(2) pi(2) d

/ - _
where pf(z) = ¢(z;¢) {1 + %E[)\g,n] hs(z; c)} . Moreover, if sup,cy E[A3,] < 0o, then
inequality (211) holds with p}, replaced by
i) = (055 (2)
" Jg max(0, pj; (v)) du

which is a probability density.

5. POISSON SAMPLING SCHEME

As an application of previous results let us consider the case when the partitions IT} and
12 are generated by Poisson point processes. Let &%" = (2"t >0),i=1,2, be
two independent homogeneous Poisson processes with intensities np;, ¢ = 1,2. Moreover,
assume that these processes are independent of B. Let the observation times S, ..., SM
and T',..., TN be the time instants corresponding to the jumps of 25" and 2"
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occurred before the instant 7. Note that S’s and T7s depend also on n. However, for
simplicity of exposition this dependence will not be reflected in our notation.

The estimation of the covariance 6 in the setup of Poisson sampling scheme has been
studied by Hayashi and Yoshida. Let us state their result on the asymptotic normality
of the estimator 0,,.

Theorem 3 (Hayashi and Yoshida (2005)). Let 0, be defined by (@). If the functions

o1, o2 and p are continuous, then the sequence \/n(0, — 0) converges in distribution to
a centered Gaussian random variable with variance

2 2 T 2 2 2
0

p1 D2

T
2
01,402,4pt)"dt.
p1+ P2 /o ( )

In the notation of the present work, this result entails that 2n 5 ,, converges in probability
to ¢. Since we are interested in deriving the second order expansion of \/n(6, — ), we
need a result providing the rate of convergence of 2npus ,, to ¢. It is done in the following

Proposition 7. If the functions o1, o9 and p are Lipshitz continuous, then there exists
a constant C > 2 depending only on p1 and py such that, for every x > C'logn and for
every n > 2, it holds

Clog®n x _
P<|2n,u27n —c > Tg + %> < Cne™/C,

Proof. Let us recall the relations

T
P _ _
n > ne(Ky 2y a7 [ ot o
LJ 0

T
P _ .
n E U(I)2 — 2p; 1/ (01,t027tpt)2 dt, i=1,2
I€ll; 0

T
P _
nZv(I NJ)? ——2(p1 +p2)”" / (01,409,0p1)° dt
n—~0o0 0
LJ
proved in Hayashi and Yoshida (2005). The aim of the present lemma is to show that
the rate of convergence in these relations is 1/y/n and to get an exponential control of
probabilities of large deviations. Thus, let us denote 71 = n)_; ;vi(l)v2(J) Ky and

show now that
T
T
P( T —2(p;? +p—1)/ o2 ,02.dt| > —> < Cne /€.
1 2 0 1,tY 2t \/ﬁ

Let us denote by N(z) = [nT /x| the smallest positive integer such that N(z)z > nT
and let us set L; = [iTN(z)™!, (i + 1)TN(x)"!]. The intervals L; define a uniform

deterministic partition of [0,7] with a mesh-size of order z/n. Let £ be the event “for
T (1T
4]%7(x)’ 4N (z)

and one point from I12”. The total probability formula implies that
T
P( T - 2(p;! +p2‘1>/ B(t)dt‘ > i)
0 vn

n
<p(

every i = 1,...,4N(x), the interval [ ] contains at least one point from IT}

T
T2 i) [ b
0

> % 5) +P(&°),
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where £¢ denotes the complementary event of £ and h(t) = U%,t”%,t' Easy computations
show that P(£¢) < Cna~'e=*/C for some C > 0.

Let now [; be a point in L; such that fL t)dt = h(l;)|L;]. Let us denote by a; the left
endpoint of the interval I and let us deﬁne the random variables

’I’}f:nﬁ(li)z|I||J|KIJ1{GIELi}7 i:l,...,N(l')a
LJ

and write 7y = T11 + T2 + T13 + O(n|L1]?) on &, where

N(z) T
Tu = E° [ > n?] —2(py! +p51)/ h(t)* dt
i=1 0
[N(z)/2]
Ty = Z (n5; — EX[n5,])
i=1
[N(z)/2]
Tis= Y (m5ir1 — B [n5is))-
i=0

For evaluating the remainder term in 77, we have used the Lipshitz continuity of o1 and
o2, as well as the fact that r, § |Li|/2 on €.

On the one hand, since | Z o 771 °| < Cnry,, we have

N(z)

Ef[Zm]—E{Z i<

Using the inequality of Cauchy-Schwarz, as well as the bounds P(£¢) < Cne=*/¢ and
@2), we get |[E€[ (1)771] E[Zi\i(f) n¢]| < Cne=*/¢, for some constant C and for
every x > C'logn.

nE| T’nlgc]
P(&)

On the other hand, in view of Lemma [T5] we have
. _ 2|1 _
Blf] < ni()B| Y (1P + 2| < CuBlir, 40 )L + )
L:arel;

Therefore, using @2), we get E[n?] = O(n~'log®n) for every i < N(z). Using once
again Lemma [T5 we get

N(x) . N(z)—-1 ) . loggn
E[;U]Z ; nh(li)E[L;Lim.E (J§2|J|KU)}+0( £ 1)
& log®n
= > wh@E[ 3 (1P + 200 )] + O(EL).
=2 Lajel;

Wald’s equality ylelds
— — 10; 27’L
E[ > |1|k} E[N1(L;)] - E[¢F/(np1)F] + O(e™ 8" /),

l:ar€el;
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for every k > 0 and for every ¢« < N(x) — 1. Here, Ni(L;) is the number of points of
2L lying in L; and ¢ ~ &(1). Putting all these estimates together, we get

N(z) N(z)—-1

B[ 3] = 3w (B« 20) o(22)

i=1 i=

N(z)
_ (p% + p%) ; R Li| + O(log:”).

Since I; has been chosen such that h(l;)|L;| = [ I, h(t) dt, the last relation implies that
T = O(n~'log®n).

The advantage of working with 77s is that, conditionally to &, the random variables 75;,
i=1,...,[N(x)/2], are independent. Indeed, one easily checks that conditionally to &,

nS; depends only on the restrictions of 221" and 222" onto the interval [(éij\?(lgg)T ) %ngg)T ].

Since these intervals are disjoint for different values of ¢ € N, the restrictions of Poisson
processes PR = 1,2, onto these intervals are independent. Therefore, Ny & =

1,...,[N(z)/2], form a sequence of random variables that are independent conditionally
Clogin
.

to €. Moreover, they verify |n?| < Cn|L;|> =

These features enable us to use the Bernstein inequality in order to bound large deviations
of 715 as follows:

2

xz —X
P (|Tis| > w/v/) < 2exp (- SRE=T n)) < 9e-2/C,

for every x > 1. Obviously, the same inequality holds true for the term 773. These
inequalities combined with the bound on the deterministic error term 777 complete the
proof. O

Remark 5. Since 775 and 773 are zero mean random variables, conditionally to £, and £¢
has a probability bounded by Cne~*/C | it follows from the computations of the preceding
proof that

T
E[Ti] = 2(p; " +p3") /0 0% 03, dt + O(n ' log® n).

Similar arguments entail that E[2nus,] = ¢ + O(n"!log3 n).

Lemma 4. There exists a constant C' depending only on p1 and ps such that, for every
x> 0, it holds P(nr,, > 2) < Cne™%/C.

Proof. We start with bounding P (max e n|I| > x). According to the Markov inequal-
ity, for every u > 0,

P(maxnl|I| >z <e_“xE[ e“"‘”].
(uggnli) > ) < B[ 3

The last sum can be bounded by the sum of N; independent random variables each of
which has the same law as e“¢/P!| with ¢ being exponential with mean 1. In view of the
Wald equation, this yields E[Z remt eunl! ‘] = np TE[e*/P1]. Choosing u smaller than

p1 and repeating the same arguments for max Jem? n|J|, we obtain the desired result. [
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Proposition 8. In addition to the assumptions of Theorem[3, let o1, o9 and p be Lipshitz
continuous. Then Elus ) = 2kn=2 + O(log® n/n?), where

11 T 3p? +2 3p3 [T
K = <—2 + _2> / h(t)3 dt + & hi lesz i £z / O-% tagth(t) dt
p1 V2 0 pipPs 0 T

and h(t) = o1,t02,pt.

Proof. The assertion of the theorem follows from the following relations:

E[Y v(f)ﬂ -0 Th(t)3 dt+O<lOg3n), i=1,2,

2.2 3
L n - n
I€ll; pi Jo

E—ZU(IHJ)?’] - L)/OTh(t)?’dHO(lOg ”)

- 1 12 3
Ezv(mj)%u)]— Sp1 -+ 12p2 / h(t dt+0(og”

o (o o \2
7 n?p1(p1 + p2)?
3n
).

B[ v 0 Jp(())] = 1 /O h(t)® dt+0(1°i o,

- 18p2 + 12p / log
E oI NJ)2())| = h(t)3 dt + O
; ( yol )] n2p2 (p1 + p2)? (

"7 n2pap1

r 6p? + 4 +6p2 [T h(t)? log®n
E ZU(IUJ)UI(I)UQ(J)] _ TP p2/ (2) dt+(9( 5 )

“ 7 npips 0o Pt n

Let us prove in detail the fifth relation. The proofs of the other relations are based on
similar arguments and are easier than that of fifth relation.

Using the Lipshitz continuity of the function h, one can check that v(I N J)v(l)v(J) =
h(ap)3|I|-|J|-[INJ|+O(rd)|IN J|, where as stands for the left endpoint of the interval

On the one hand, for any p > 0, in view of Lemma[] ii), we have
[ee] [ee]
E[r?] = 7 / P((nr)? > t)dt < Cn / (ne=""") A 1dL. (22)
0 0
Simple computations show that fooo(ne_tl/p) A 1dt = O(log? n). Therefore,

E[erﬂ[ﬂ J|} < TE[3] = o(loggn).

n3
LJ

On the other hand

B[ Y w1l 3 1071 = B[ 3 aandrE (3 11irn )],

Ieln! JEeII? Ieln! Jell?

where E! stands for the conditional expectation given I. According to Lemmas [[3] and

I3,

(1 . e—np2|l|)(e—np2a1 + e—npg(T—bI))

B3 o)) =20 i

Jel2
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Let us show now that

— E[ 3 hlar)?|| ] /T W3 (t)dt + O(n=?),

fem n%pips
1 — —np2|I|\,—np2ar
T =B 3 nan i L) ] o,
Ielnt e

(1 _ e—npg\]\)e—npg(T—bI)

To:=E[ Y hiar)’l

Iell!

07 | =om.

To this end, we use the characterization of a Poisson process as a renewal process with
exponential waiting times. Let ((;x,k > 1) be a sequence of i.i.d. random variables of
exponential law with mean 1/(np;). Then Ni, S° can be defined by Ny = inf{k > 1 :
G+...+¢G>TYand "= ((1+...+G) AT for i =1,...,Ny. In this notation,

N1—1
ﬁzn—sz[ZhSZ P22 + 0,

Ni—1 npgS
ERUEEDY Sl —] o),

where ||h||oc = maxycpo ) |h()]. Remark that Ny is a stopping time with respect to the
filtration Fi, = o((1,...,Ck), k > 1. It is easily seen that
k—1 '
My, = Zh(sl)g(CiQH - E[Ci2+1])a
i=1
k—1 '
My, = Z (Civ1 — E[G1])e P28
i=1
are Fr-martingales for which the conditions of the optional stopping theorem are fulfilled.
Therefore

Ni—1
le—Egl E[ Y n(s)] +om),
=1
T < (L[S E[¢ ]E[Ni_:le_"msi} +(9(n_3)
2 < n2p? 2 .
These relations imply that
4 T
T = / h(t)3 dt + O(n3),
' n’p1pa2 Jo () ( )
h 3 T
7l < Ul [Tt 0600 = o)
D2 Jo

In the above inequalities we used the fact that for any integrable function f on [0, 7], it
holds E[>- M1 (8] = np, fo

The term 73 can be bounded in the same way as 7o by using the fact that if {¢1,...,tn}
is a realization of a homogeneous Poisson point process in [0, 7], then {T'—¢y,...,T—tn}
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can be seen as a realization of the same Poisson point process. This completes the proof
of the proposition. O

Prior to stating the main result of this section, let us recall several notation. We denote
by h; the function oy :02,.p; and by x4 the positive part of a real x. Finally, we write
91(2) o< ga(2) if for some Cy € R the equality gi(z) = Cyg2(2) holds for every z.

Theorem 4. Let the sampling scheme be generated by two independent Poisson processes
with intensities np1 and nps, independent of the driving BM B. If the functions o1, o9
and p are Lipshitz continuous then, for every a € (%, 1), it holds

sup ‘E[f(\/ﬁ(én—@)]—/Rf(Z)pZ(Z)dz =0(n'™%),  (23)

fEE(M,fy)ﬂEO (C7777T0 ) C*)

where

1 2k (23 — 3cz) 2
o 1 z /(2C)
P o o= [l T | e

18 a probability density with

¢ <2+2>/T 202, (14 p)dt /T( )2dt
==+ — o740 P — 01,02, Pt )
p1 p2/) Jo 172, ¢ p1+Dp2 Jo
1 1 T 3p2 +2 +3p2 [T
K — <—2+—2> / h(t)? dt + LT P2 T 0P / 02 02 h(t) dt.
V4 D3 0 pipPs 0

Proof. Propositions [l and B in conjunction with Lemma M4 and Remark Bl imply that
Theorem [2] can be applied with b, = 1/n and any a < 1. This yields the desired
result. g

6. STOCHASTIC DECOMPOSITION FOR én IN A MODEL WITH DRIFT TERMS

So far we have considered a Gaussian system (X7 ; — X o, X2 — X2) as the underlying
model and essentially finite dimensional Gaussian calculus served as a tool. In this
section, we will treat a system that has random drift terms. It will be seen that the
principal part of the estimator is the same as in the case without drifts. Thus, the
contribution of the principal part to the asymptotic expansion of the estimator has
already been assessed in the previous section.

Beyond being a useful tool for deriving asymptotic expansions of the distribution of
én, the stochastic decomposition of the HY-estimator that we obtain below bridges the
problem of estimating the covariance and that of signal detection in Gaussian white
noise. The latter problem has been extensively studied in the statistical literature and
we believe that the methodology developed for the problem of signal detection may be

of interest for our problem.
To state the main result of this section, let us recall that we deal with processes X; and
X5 given by

dXi1; =P dt+o01,dB1y, te(0,T],

dXQ’t = ﬁ2,t dt + 02t det, t e [0, T],
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where 3;; are progressively measurable processes and assumed to be unknown to the
observer. We will assume that these drift processes admit the following stochastic de-
compositions:

0 1 1 .
dpis = A%dt + B, By + B, dBay, i = 1.2,
where ﬁi[o}, ﬁi[]l-}, 1,7 = 1,2 are progressively measurable processes with respect to the
filtration {o(Bs, s < t)}e(0,7)-
In this section, we will separate the assumptions on the sampling scheme from those on
p and on the drifts and volatilities of X; and X5. For this reason, let us introduce the
following measures on ([0, T]?, By 772):

VEIC) =0t n{uiI x I}, V() =bt - n{usd x J},
VI () = b n{us(InJ) x (InJ)},
VEI () =01 Kyl -0 x ).

LJ

Note that these measures depend on the sampling schemes and, therefore, they are
random if the sampling schemes are random. Similarly, let Vi’ﬂ‘](-) = b2 - n{usJ x
I(J) x I}, VR () = b2 - n{urd x J(I) x J(I)}] and VU000 — g2y
N{UrsJ(I) x I(J) x JNI}| be (random) measures defined on ([O,T]?’,%[O,T]g).
Assumption P1: The random measures V., V/ VIO and L/ converge weakly
to some deterministic measures V!, V7, VI and V-7 in probability, as n — oo.
These measures are concentrated on the diagonal D% = {(s,t) € [0,7]% : s = t}
and absolutely continuous w.r.t. the Lebesgue measure on the line.
Assumption P2: Asn — oo, the random measures Vé’ﬂ‘], ,{;J’J, and V;L](I)’I(J)’m‘]
converge weakly to some deterministic measures V1! o YLLS and pIDL).I0]
in probability. These measures are concentrated on the diagonal D} = {(s,t,u) €
[0,T)? : s =t = u} and absolutely continuous w.r.t. the Lebesgue measure on
the line.

The weak convergence of V! to V! in probability should be understood as follows: for
every continuous function ¢ : [0,7]?> — R, the sequence of random variables f[o T2 ¢ dv!

converges in probability to f[o T2 P dV! as n tends to infinity.

Recall that according to our assumptions II is independent of B, where Il is the collection
of random intervals I := (S""' AT, S AT, JJ = (T""* AT, T" ANT] with i =1,...,N;
and j =1,..., No. In what follows, the following notation will be used: for two functions
fy9:[0,T] — R, we denote by f - g the function ¢ — fg fsdgs and we often write I or J

instead of 1; or 1;. Thus the estimator #,, can be rewritten as
N1 N

én - ZZ KZ]{IZ . Xl}T X {Jj . X2}T.

i=1 j=1

We want to derive an asymptotic expansion of this estimator by applying Theorem [Bl
The role of X,, will play the sequence

Mp = b, 2 (3 K (o) - Bida{(Fos) - Babr —0)),

2
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the asymptotic expansion of which has already been obtained in preceding sections. Note

that using the It6 formula, one can write M™ in the stochastic integral form as follows:
M™ =H"". B; + H>" . By, (24)

where

HY" =Y b, Ky (Joy - By)loy,  HP" =Y b 2K p(Ioy - By)Joy,
LJ LJ

The role of s,, is played by bl/ 2

Lemma 5. Assume that 01,09 and p are bounded and 65_1}5 are bounded in L* uniformly
in [0,T] for every i, j, ¢ € {1,2}. If r3 = 0,(b2), then

by 2 (0n — 0) = M7+ b)/*(NF + A7) + 0p(b)/?),
where dNJ* = th’"dBLt + Gf’"det s a local martingale with
G' =0, > Ki{((FB2) - )(ITo)} + b, > Kif{(TV =TV )1 TPo1 By gin },
— 7

G =b,' > Ki{((I'ph) - )(F o)} +b," > Kif{ (S = SV )1 09y i},
— oy
and A" is a bounded variation process defined by

At =, 30 K { (B + Bl - sy + F{(Poa(Bllp+ D] -3 -1

0" Y Ki{(I'81) -t} < {(J7) - .
4,3
Proof. Let us denote by ®L the difference b, 1/2 (6, — 0) — M2 and write it in the form
®, = b, /2(@] + 7).
where

Z KIJ( (IB1) -t x {(Jog) - Ba}r + {(JB2) - t)}r x {(Ioy) - Bl}T),

= Z Kp{(IB1) -tyr x {(JB2) - t}r

LJ

Since we will be interested in applying martingale limit theorems, it is convenient to
decompose @ﬁs in a sum of a martingale and a bounded variation process. This is
achieved by the It6 formula,

=3 Ku({{WUs) - DU} B2} +{{((18) - DU} By} )
LJ
+ 3 Ku({{(Uo2) - BB} -t} +{{((Lon)- BB} -1} ).
1J

The last two terms in this expression need some further analysis. Let us denote

P2 = ZKU{ ((Joa) - Bg)(Iﬁl)}-t}T.
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Since ((J703) - Ba)s = 0 for s € (0,7971), we see that
ot = Z Kzg{ (o) - BO) ' [Brpi1 + (L1 00)B0) - t

+(1(Tj*1,oo)ﬁll) By + (Ligy-1.00)815) - Bal} - t}T

= Y Ky({(Fon) - B} By it) - tr+ > Ky (I{(Jo2Bl)) - (Ba, B1)}) - tr
8 ~

+3 Ky (I{(JoaBi3) - (Ba, Ba)}) - tr + 0p(bn), (25)
LJ

Let us explain why the remainder term in the last display is op(1). In fact, the remainder
contains five summands which can all be treated in a similar way Let us do it for one

of them, which has the form ¥, = ZLJ KU{([{ (Jog) - Bg}ﬁl ] ) } -tr. We first
use that

=S {[({ Do) - B} BT} -t
I
_ /0 ! ( /0 ) [ / Tzh(m s () dt| 02, By ) 8L B .
ST

Then, by the Cauchy-Schwarz inequality and the martingale property of the stochastic
integral, we get

E02) < / T (/ S U TZ L1 (0)L0) () ] 03, ) (BP[(F] ) /2 s

2
<c / Il S st (Lo 9)] duds < €SP0 I < O

I

under the assumption that max;c(o 7 E[(ﬁﬁ}’t)‘l] and maxyc(o 1) 02,¢ are finite. Now, inter-
changing the order of integrations, the first summand in the RHS of (25]) can be rewritten
as follows

{((Jo2) - B)IBy g} tr = {{(8' = SV ) Joubyrsa b Bo} o (26)

Using the same kind of arguments, one can check that the term ®22 = ®2 — ®2! admits
the representation

P2 = ZKU{ ((Ioy) - 1)(J52)}-t}T
= ZKij ((T9 = T971 v ) Io1 By gi-1) - Bi }

+3° K (J{(Io1%)-(By, B1) + (I0164]) - (B1, B1)}) - tr + 0p(b).  (27)
LJ

Combining (25)-(27)) and using that (B, B1); = (B2, Ba)y = t, (Ba, B1)t = fg ps ds we
get the desired result. ]

Lemma [ provides a stochastic decomposition of the HY-estimator with a RHS depend-
ing on n. Under the assumptions P1 and P2 of the convergence of random measures
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associated to the sampling scheme, it is possible to obtain refinement of this result with
a RHS depending on n exclusively through b,,. To this end, limit theorems for martin-
gales will be used. An important step for proving limit theorems for martingales is the
computation of the limits of their quadratic variations and covariations, which will be
treated below.

6.1. Convergence of quadratic variations and covariations. In view of (24)), for
v =1,2, we have

<Mn7 Bl/> = Hl’n . <Bl7 BI/> + HZ” : <B27 Bl/>
= 02Ky [{(Ja2 - By)Iov} - (B, B,) + {(Io1 - B1)Jos) - (Ba, By)].
LJ

Lemma 6. If o1, 02 and p are bounded in [0,T] and r2 = o,(by,), then

sup | Y b, ? K1y ({(Joz - Ba)Io1} - (B, By)),| —— 0,
v=1,2 17 oo
sup | S0, 2Ky (I - B)Jas} - (B, B), | 2 0
=02l

for every t € [0,T]. As a consequence, for everyt € [0,T], max,—1 2 [(M"™, B, )| tends to
zero in probability as n — oo.

Proof. We will prove only the first relation, the proof of the second being quite similar.
Consider the case v = 1, the case ¥ = 2 can be treated similarly in view of the relation
(B1,Ba)t = fot ps ds and the boundedness of p. To simplify subsequent formulae, let us

denote £ = by > i Ku{(Joz - Ba)loi} - (B, Br). In other words, ¢ is a random
process indexed by ¢ € [0, 7] defined by

t u
b#ﬂft[ll} = ZKIJ/ 11(u)01,u/ 1J(S)O’273 dBQ75 du
LJ 0 0

t t
= ZKIJ/ 1](8)0’275/ 11(u)017u du dBQ,s
LJ 0 S

The latter expression implies that conditionally to IL,,, & 11 is a Gaussian process with
zero mean. Moreover,

2
CEETS | 1o [ o onad) ds

< b;lHO’%HooHOgHoo Z |JHI(J)|2 < Cb;lrfw
J

where C' is a positive constant. This yields the desired result. O
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We study now the behavior of the quadratic variation
2
(MY M)y = 3 (HE"HY) - (Be, Ba), (28)
c,d=1
as n tends to infinity. First, we note that
HYH" = Y by KKy (Joy - Bo) oy (I oy - By)J o
7.] 27-]
= Z b lK K J’O‘Q . BQ)JjIO'21{j§j/}(IilO'1 . Bl)lidll{ilgi}
7.] 27-]
Denote by R"(i,4’, j,7') the summand on the right-hand side of the last equation. This
term is different from zero only if the conditions I'NJ7 £ @, I'NJI' 4 @, I' N JI' + @,
j < j and i <i are fulfilled. If i/ < i, then these conditions are fulfilled only if j = j'.
Similarly, the terms with j < j’ are non-zero only if 4 = i’. This leads to

HYH2" = Y by KKy (Joy - By)J? oy(I'oy - By)loy

i,5,5" <35’
1 1 j il i
+ Z b, KijKyj(J? o2 Ba)J oo(I" 01 - B1)I'oy
Vg <i
_Zb;lKij(Jj@‘B2)Jj02(1i01'31)1i01.
L7

Sum them up in j' and in ¢ respectively and use
(Floy-Bo)l Y KipJ? = (Joy Bo) Ly gy = (Floy - By)l,
EFAS L
(I'oy-B1)J Y Kil' = (I"oy - B)J1gi1 gy = (I" 01 - By) J.
i/ <i
to obtain
HYH>" = b, Y " 0102K5(Jog - By)(Ioy - By)(I +J — 1.]).
LJ
The last equality implies that

¢
HYH?™ - (By, Ba)s :/ o1 sJ2sZK[J )(Joa - Ba)s(lo1 - B1)s d{B1, Ba)s,
0 LJ

where K7, (t) = b, Ky (I, + J, — I Jy).

Lemma 7. Assume that r3 = 0,(b2) and the functions o1, o9 and p are continuous. If
Assumption P1 is fulfilled then, for any t € [0,T],

t 1 rt
/ H}"H2" d(B1, Bz)s —— = / b (V! (ds) + V7 (ds) = V™ (ds)},
0 n—oo 0

t

t t
[ am . [ @R L [ ot od V)
0 0 n—oo 0 ’ ’

and consequently

a2 [ R2 (VT (ds) V7 (ds) — VT (ds)) + / g o2 VM (ds).
0

n—~0o0
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Proof. One easily checks that
/ HI"H2" d(By, By) = Zh K}5(s)(Joy - Bs)s(Ioy - By)sds. (29)
0 0 1J

To prove the convergence of this expression, we apply the It6 formula to the product
(Jog - Ba)s(loy - By)s:

(JO'Q . Bg)s(Igl . Bl)s = {(JO'Q . BQ)IO’l . Bl}g + {(.[0'1 . Bl)JO'Q . BQ}S + {(Ijh) . t}s.

One can show that the contribution of the first two terms is asymptotically negligible,
that is

/ > hKJi(s)({(Jog - Ba)loy - Bi}s + {(Ioy - By)Joy - Bo}s)ds —— 0,  (30)

n—oo
0 1

Thus, the main term is
/ > b KT (){(ITh) - t}sds. (31)
0 1J

To prove (IBIII) we show the convergence in L?. More rigorously, using the notation

K7 (s f K; J (s)hs ds and interchanging the order of integrals, we get
. 2
(/ 3" hoK7(s){(Jos - Ba)lo1 - Bis ds) - EH<{ S KE(Jos - Ba)loy - Bl}t)
0 17 17

/EH[(ZKIJ JO’2 BQ) Iual,u)? du
_ /0 /0 (%:K}f,(u)fuamjvag,vydvdu
T T
< Cb;z/ / T%Z (K[J].[(U)].J(’U)) dvdu < Cb, %3,
o Jo T

Let us show now that the term (BII) converges in probability. Simple algebra allows us
to rewrite that term in the form

5 Z(/ helr(s ds) +% (/()thle(s)ds>2—i > (/OthslfnJ(s)ds)2,

which in turn is nothing else but
/ hshs1isvs<y {Vi(ds,ds') + V] (ds,ds’) — VI™ (ds, ds')}.
[0,4] -

The weak convergence of measures stated in Assumption P1 completes the proof of the
first assertion of the lemma. The proof of the second assertion is quite similar and
therefore is omitted. O

Lemma 8. If 01,02 and p are bounded, sup,c( 1 E[ﬁzt] < oo, i=1,2 and r} = o0,(b3)
as n — oo, then for any t € [0,T)] the sequence of random variables (M™, N™); tends in
probability to zero as n tends to infinity.
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Proof. Using the representations of M™ and N™ as stochastic integrals, we get

t
(M™ N™), = / (Hy"Gy" + Hy"G2" ps + H2"GL " ps + HZ"G2") ds. (32)
0

Let us denote by G the first summand b, * >rg Ku{((JB2) - t)(Io1)} in G'" and

let us show that fg HL"GIM™ ds tends to zero in probability as n — oo. Simple algebra
yields

¢ t s 5
/ HLnGlLn gs = 53/ / > Lo?, / I (1) o, du / J()u02,u B, ds
0 07 0 0
t S
:b;3/2/0 leaisﬁzaﬂ,)(s—aJ(I))/O J(I)u02,, dBay ds
I

t s s
+ bq;3/2/ Z Isais J(I)u(ﬂlu - 52,&1(1)) du/ J(I)UUQv“ dB27u ds
0 7 0 0

= 7-1,71 + 7-2,117

where we denoted by aj(y) the left endpoint of the interval J(I). Let us show that both
T1,, and 73, tend to zero in probability. Indeed,

[Tln] =b_ SEH[/ UQU(ZJ / Isais(s—aJ(I))dsﬁzaJ(I)fdu]

SCb;?’EH[/ (ZJ W[ T(I |Iﬁ2wm|) du} < Cb,” 3t€s[131;]E[ﬁzt]

and, after applying the Cauchy-Schwarz inequality several times,

E"72,] < b, B / Z Lot / (1) (B — Boayy)) du /0 J(Duos dB%)? ds|

ng,;?’EH[/ ZI 1J(I) |4ds} < b33,

Similar arguments yield the convergence to zero of the sequence E|( fot HL"GLA" ds)?].

Thus fg H "G ds tends to zero in probability as n — oo. The convergence to zero of
the other terms of the sum in the right-hand side of ([82]) can be shown similarly. This
completes the proof of the lemma. O
[(—1]\2

Lemma 9. Assume that 3 = o,(b2) and that supsefo,r) E[(Bj;, )7] < oo for every

i,7, € {1,2}. Then, under Assumption P1, for every fixed t € [0,T], we have

¢
(N", By)y —2— (Bos01,s + Brs02.5ps) VP (ds),

n—oo 0
t

(N™, Ba)y L (B1,502,5 + ﬁz,sal,SPS)VLJ(dS)
0

n—oo

Proof. Let us prove the first assertion, the proof of the second one being completely
similar. Since N = G - B; + G™? - By with G1'" and G?>" defined in Lemma [, we
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have (N™, B1); = fo Gl "+ Gy ps) ds. It is easily seen that
/ Glmds = bt Z K]/ (((JJ52) ) Lloy s+ (T —Ti7 1y s)+1;al,852,5i71) ds
0 — 0

/ / B2u01,s1(u < s)+1(u > s)oy, sﬁgs) (ds du)

b Z Kij / (T7 =TV S)+1201,s(ﬁ2,5i—1 — Ba,5)ds
— 0
27]

Since (9 is supposed to be an It6 process with ﬁ , [1 and 622 being uniformly bounded
in L?-norm, the expectation EH[WQ, gi-1 — fa,4] is bounded up to a constant factor by

|7|*/2. This implies that the second term in the last display is o0, (b;;! D1 Kpy|IP21J)) =

op(rn/ b, 1), while the first term converges to fot Ba.s01.5s VE/ (ds) by virtue of Assumption
P1.

Identical arguments imply the convergence of fg G2 pgds to fg B1.502.5ps V57 (ds) and
the assertion of the lemma follows. O

Lemma 10. If Assumption P2 is fulfilled, then for everyt € [0,T], it holds
t
N [ Bt v )+ [ 5,08, 90

+ 2/ ﬁ2,sﬁl,sal,sa2,sps VJ(I)’I(J)’IHJ(dS).
0

Proof. Since N" = G'™ - By + G*" - By, its quadratic variation is given by (N, N") =
[(Gl’”)2 + 2G1 "G p + (Gz’”)z] -t. Using the semimartingale decomposition of 32, one
checks that

¢ 2
/(Gi’n) S_b_ / (ZKIJ/ uﬁ2,udujso-1,s> d8+0p(7"2b;2)
0
2
:b;2/ ZISU%75</ J(I)uﬂg,udu> ds+op(r,?;b;2)
07 0

- /[‘0 t]3 Uisﬂluﬂlu/ ng’JJl(dS? du? dul) + Op(rgb7;2)’

Analogous computations show that

t
/ (G ds = / Br,sB,505., VI (ds, ds', du) + 0, (r3b,2),

0 0,43

t
/ GlnG2"p, ds = BoByo1.s09,5ps Vi DT (@ ds! | ds) + 0,(r3b;2).
0 [0,1]3

Now, the desired result follows from Assumption P2. O



EXPANSION FOR THE COVARIANCE ESTIMATOR 31

The process
"=t K { I B8+ BN st + H{UTos (3 p+ A] 51} 1
LJ

+b,! Z Kiy{(Ip1) -t} x {(JB2) - t}.

LJ

can be written as A7 = A" + A?", where
Ai’n =b," Z Ky // {Ul,u 21,1 522 upu) + 02 5(511 sPs t+ 512 s)}l{ugsﬁt} du ds
1J 1JJ

AP =1, ZKIJ // B1,ubB2,s1 {uvs<ty duds = / B1uB2,s V! (du, ds).
7 1JJ (0,42

Using Assumption P1 and the fact that the measures VE are concentrated on the diag-
onal of the square [0,¢]%, we get

/ (o185 + BY pu) + 02,0 (B pu + 815 + 261,082,V (du) + 0,(1)
=AY —|—0p(1). (33)

Proposition 9. Assume that the functions o1, oo and p are continuous in [0,T] and
that supeo. 1y E[(ﬂg_”)‘l] < oo for every i,j5,4 € {1,2}. If assumptions P and P1 are
fulfilled, then the sequence of two dimensional processes (M™, N™ + A™) converges weakly

to a process (M, N°° + A>). Furthermore, N°° + A> is independent of M.

Proof. We already did the major part of the proof by showing the convergence in prob-
ability of the sequences of quadratic variations-covariations and that of A}. Now, if we
apply Theorem 2-1 from [I6] to the semimartingale Z" = (M™, N" + A™)T with B serv-
ing as a martingale of reference (denoted by M™ in [16]), we obtain the weak convergence
of Z™ to a process Z. Moreover, it follows from (ii) of the aforementioned theorem that
Z may be constructed on an enlargement of the original probability space on which there
is a two-dimensional Brownian motion B independent of B such that

0 Eapht 0 0 m
Z = <Atoo> +/0 dt ( )<ﬁ2 s01,s ﬁl 502 s> 4B / < >dB87

where

I J InJ LJ
2:h2{dv Ly’ }+ s 2 AV
ds ds ds A ]

stands for the Radon-Nikodym derivative of lim, ,(M"™, M™); with respect to the
Lebesgue measure (cf. Lemma [7]) and g is a predictable process (hence independent
of B). If we denote (M N*®) = ZT — (0,4%), we get M>® = fgmsdBLs and

> = f(f ny s dBy g +f0t N s dBs ¢ +fg L de,s with a predictable process ng = (ng, na),
and the assertion of the proposition follows. O
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This result implies in particular that E[N;° + A°|M>*] = E[N® + A°] = E[A{°] for
every t € [0,T]. Therefore, using (33)), we get

A = E[NF + AP |MF]

1 T
=3 /0 {o1uE( %11},“ + ﬁ%lz},upu) + cfzuE(ﬁﬁ],uPu + ﬁﬁu) + 2E[By 0 B2.4| VY (du).

7. EXPANSION OF THE DISTRIBUTION FOR A MODEL WITH DRIFT TERMS

The aim of this section is to obtain an asymptotic expansion for the distribution of the
HY-estimator in the case thre the diffusions X7 and X5 have non-zero drifts. As shows
the stochastic expansion of 6,, obtained in Lemma (], the main term in the expansion
of by, 1 Q(én — 0) is independent of the drifts. Therefore, asymptotic expansions for its
distribution are already obtained in Sections [ and [5l This indicates that the influence
of the drifts on the distribution of 6,, can be regarded as a small perturbation of the
distribution in the case where there is no drift. Before stating the main result of this
section, let us give a theorem that allows to derive the second-order expansion of the
distribution of a random variable defined on the Wiener space in presence of a random
perturbation.

7.1. Perturbation. Since the drift terms are possibly non-linear functionals of the
Brownian motion B, we need the Malliavin calculus to carry out computations on the
infinite-dimensional Gaussian space.

The basis of our arguments is a perturbation method for deriving asymptotic expansion.
It was used in [31] for the perturbation of a martingale but the proof was written insep-
arably from the martingale structure. In order to apply this methodology to the present
situation, we will begin with generalizing Theorem 2.1 of Sakamoto and Yoshida [26].

We consider a probability space equipped with a differential calculus in Malliavin’s sense,
an integration-by-parts formula and the Sobolev spaces D, , equipped with the norm
|| ||p,e.- For positive numbers M and v, let £(M, ) be the set of all measurable functions
f:R? — R satisfying | f(x)] < M(1+ |z|?) for all z € R%. Let & be a subset of (M, 7).

Let X, and V,, be R%valued Wiener functionals and put
Z, =Xy 4+ 5,Vn

for some sequence of positive numbers s,, tending to 0 as n — co. We write G,,(f) = o(sy)
if s, supreg [Gn(f)] — 0 as n — oo.

Theorem 5. Let ¢ be an integer such that £ > d+2. Suppose that the following conditions
are satisfied:

(1) $upy Xl + 5upy [Vallpe < 00 for any p> 1,
(2) (Xn,Vn) < (Xoos Voo ) for some random variables Xoo and YVoo.

In addition, assume that there exists a functional T, such that

(3) sup,, ||7nl|p,e—1 < 00 for any p > 1.
(4) P[ltn] > 1/2] = o(sg) for some a > 1.
(5) sup,, E[l{\rn|<1}(det ox,) P] < oo for any p > 1.



EXPANSION FOR THE COVARIANCE ESTIMATOR 33

(6) There is a sequence of signed measures WV, on By such that for any positive
numbers M and v, E[f(X,)] = V,[f]+0(sn) asn — oo for f € E'. Moreover, for
every polynomial 7(x) in x, there exists a constant c, such that |V, [e"*x(z)]| <
cx(1+ |ul/=1) 71 for all u € R,

Then Xso has a density p*> with respect to the Lebesque measure and, for any positive
numbers M and 7y,

BLAZ)] = Wlf]+ 5, | f(@)gola) do +(s.) (34)
for f € E(M,7), where goo(2) = —divy (E[Veo | Xoo = 2] pt>=(2)).

Proof. Let 1), be some truncation functional to be defined later and let ¢(z) = 1 + |z|*™
(x € R?), where m is an integer such that 2m > v + d. We have

E[f(Z,)] = ELf(Za)¢n] +ELF(E) - gn)]
- /f 2)pn() dz + B (Z,)(1 — )],

where p, () = ﬁ Ja €7 g5 (u) du, with g3 (u) = E[e™Zni,].

We will show below (cf. ([B0])) that the term E[f(Z,)(1 — ¢,,)] is 0(sy,) and is negligible
with respect to E[f(Z,)1,]. To deal with this latter term, let us introduce the notation

1 —iux70
= @) /Rd e hy, (w) du,

hg(u) = \Iln[em.r] + s, E [eiu.Xm i - yoo] )
E[e"Zn((Z,)],
hn (1) = C(—10) R0 (1) = W, [e%¢ ()] + spE [C(—i@u)(ei“'yiu)‘

>
3
—
<
SN—
Il

.yoo}_

y=Xoo

Using the integration by parts formula, we get
- 1 iuer A
@) = g [, €l du,
1 T
ho(z) = T, (u) du.
@) = gz [ el

Further, there is a linear form (3(z,y)[-] of polynomial elements such that

((z+y) = (&) + 0 (2)[y] + Cala, y)[y™?]
for 2,y € R?. We also notice that
C(—i0,) (e Viu) = ((—i0y,)0ye™Y = 0,(C(—idy,)e™Y)
= 9y(e™Y¢(y)) = " V¢ (y)iu + ™I (y)

for u,y € R%.
Let o(z) = f(2)/¢(z) and A, = {u € R% |u| < s;'}. Then

(27) / f@){pn(z) —hO(2)} dz = A(n)+ s,B(n) + $,C(n) + s2D(n) + E(n),



34 DALALYAN AND YOSHIDA

Aw) = [ dei(o) /A et B ()] - e (@] du
Bn)= | dr) /A n e_i“'x{E[eiu'X"iu-yn /0 lexp(isnu-yns)dsd)ng(?(n)}
_E [ei“'”foo i yoog(xn)] } du,
co = [ oot [ e {Bem 2,00 Dl | — Ele™ 00 (Yoo Vel } d
D) = [ drpte) [ e B I G 8,2 D] du
E(n) :/Rd dw(a;)/%e—w(gn( u) — ﬁn(u)) du.

/ dzy() / e—iu'xE[eiu'Xwng(Xn)} du = (zw)dE[gp(Xn)zpng(Xn)
R4 Rd
and [pa dzp(z) [pa e 0, [ (z)] du = (2m)7W,[¢(], we have

Am) A ()] = WalipCl| + F(n)

) (1= )¢ ()] |+ F(n) + o(s0)

< (27T)d

AN

o

3
= =
3 4o

from Condition (6), where

Fn) = (2n) /|¢ |da:></{‘E[‘“X"wC H+(\IJ[M<( )H}du.

In what follows C denotes a generic constant independent of n and u and it varies from
line to line.

To evaluate F'(n), we need the explicit form of v,,. Let us denote by ¢ a smooth function
from R into [0,1] such that ¢ (t) = 1 if [t < 1/2 and ¢(t) = 0 if [t| > 1. We can write

det [ Iy + 5,05 (X, V) + <yn,Xn>)] — 1+ s,detoy? K,
with a certain functional K, satisfying sup,, || Ky ||pe—1 < oo for every p > 1. Let
Ve = (T (25n det o Kn)

Obviously, 9, € Np>1D,, ¢—1; in order to prove it, replace oy, by ox, +k~11, differentiate,
and take limits in LP-spaces as k — oco. Furthermore, we infer that sup,, ||{n|p—1 < 00
for every p > 1. If ¢, > 0, then det(a;(iagn) > 1/2 leading to

1
detoz, > 5 det oy, . (35)

By applying the Integration-by-parts (IBP) formula and the non-degeneracy assumption
for X, under truncation, we find that

Bl b, )| < or

1+ |ult
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for all u € RY. This together with Condition (6) implies that F(n) = O(s2) = o(s,).
Besides,
[B[e(2)(1 = ¢n)¢(X0)] | < Colll = ully = o(sn). (36)
Here ¢ is arbitrary constant such that ¢ € (0,1). Consequently, A(n) = o(spy).
Taking the limit of

sup[B[¢(~i0) (" Vi) _ 0| < ﬁ
we have
‘E[{(—i@u)(ei“'yiu)‘y:Xw -yoo” < TSLIM

for all v € R% On the other hand, from the IBP formula in view of the uniform
nondegeneracy of Z,, under truncation deduced from that of X, by (B3]), it follows that

C

~ < =
S%p|gn(u)‘ — 1 + ‘u|g_1

for all u € RY. From these estimates, we have E(n) = O(s2) = 6(s,,). Similar argument
yields the estimate sup,, |D(n)| < oo.

To obtain C'(n) = o(1), Lebesgue’s dominated convergence theorem applies with the aid
of the estimate

B [0 5,00 (X)) ]]—E[ei“'X*f?C("oo)[yoo]Hﬁ#

for all u € ]Rd. In the same way, we can obtain B(n) = o(1). However, we have to use
more elaborately the estimate

C

1
iu-Xn s, : .
s%p 1An(u)‘E[e - Yy /0 exp(ispu - Yps)ds wnC(Xn)H < T a2 2

for all u € R? (C is independent of u) and its limit

C

‘ it Vool (& - 1+\u|é 2
for all u € R,

After all, [pq f(2)Pn(x) dz — [pa f(2)hD(2) do = 6(s,) as n — oco. From definition of
RO (z), it is easy to show that X has a differentiable density p*>~ and that

av )
B = ) - sndlv{E[yoo | X = x]p%o(x)}.
The existence of the integral [pq f(2)hd(z)dz is ensured as a consequence under our
assumptions. O

7.2. Asymptotic expansion of the distribution. We are now in a position to state
and to prove the main result of this section, which provides an unconditional asymptotic
expansion of the distribution of the HY-estimator. It is also possible to derive asymptotic
expansions conditionally to the processes generating the observation times, but they have
more complicated form and are not presented here.
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Theorem 6. Suppose that Assumptions P1 and P2 are satisfied and

Sup ||ﬁlt ||p,4 < oo, foral p>1 and i,l€{l1,2}.
t€[0,T

Let us define

T T
¢= / ot 05,V (dt) + / oo, {VI(dt) + VI (dt) — VI (dt)},
0 0

1 T
= 3 /0 {Ul,uE 21 T 522 upu) + 024 (511 wPu Tt ﬁﬁ]u) + 2E[ﬁ1,uﬁ2,u]}VI"](du).

Under the notation of Proposition [, if for some a € (3/4,1), P(A,(a)¢) = o(b}h) for
every p > 1, and E[2ug,, — ¢ = O(b2%71), then

sup =o(b,/?), (37

feg(M;Y)ngO (C7777T07C*)

B[/ (b7V/2(0, — 0))] /R ) pi(2) d

where
—22/(2¢) b1/2 )
e
1 " (B, ](23 — A
V2me [ + 57 (BRaa](2 = 3c2) + 6Ac Z)]

Moreover, if sup,cn E[S\gm] < 00, then inequality (37) holds with p}, replaced by

p(2) =

max (0, p;,(2))
Jg max(0, pj; (v)) du

P (2) =
which is a probability density.
Proof. We apply Theorem [l to Z,, = ;1/2(9 —0) with £ =4, X, = M} and ), =

b/ 2(Zn — MF). Thus, we need to check that all 6 conditions of Theorem [l are fulfilled.
In view of Lemma [B] and Proposition [0 we have (X,,,)),,) converges in distribution to
some random vector (Xso, Voo). Thus the second condition of Theorem [l is verified.

We have already seen in Section [3.1] that the principal part X, of b, 1/ 2(9 — 0) can be
written in the form

X =b, "2 (ET AL - 0) ”ﬁjm%— ),

where
= ({I'o1- Bi}r,...,{IM o1 Bi}r, {J o2 Ba}r,... . {J"?02 - Ba}r,)T ~ Ny (0,%)

and the entries of the matrices ¥ and A are given by (I0) and (@) respectively. Recall
that the vector ¢ € RY is obtained as a linear transformation of £ and is distributed
according to N(0,1).

Let W = Cy([0,T],R?) be the Wiener space of continuous functions from [0,7] to R?
starting at the origin. Recall that W is a measurable space equipped with the Borel
o-field induced by the uniform topology. The reference measure on W is the measure
generated by the standard Wiener process (in our case, the two-dimensional Brownian
motion).
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Let w = (wy,wsz) be the canonical process on W. Then, (B;, By) can be defined by

t t
By = wig, By = / ps dwy s + / V1= p2dws .
0 0

Obviously, for every ¢ = 1,..., N, there is some function ¢¢ € L?([0,T],R?) such that
T T

Cf,n = fo ng,t dwl,t + fo ng,t dw2,t = w((be)

The process w is an isonormal Gaussian process on H = L%([0,T],R?) (see [22 Def.

1.1.1]) Using the definition of the Malliavin derivative (see [22, Def. 1.2.1]) and the chain
rule [22, Prop. 1.2.3], we get the following expression for the Malliavin derivative of A,:

N
DXy, = 20,23 " N nCondt.
{=1
Since the components of ¢ are non-correlated with variance equal to one, the family
{¢"}o<n is orthonormal. As a first consequence of this fact, we get that sup,, ||X;,[|p.4 < o0
for every p > 1. To show this, Rosenthal’s inequality and the result of Lemma [Bl can be
used. As a second consequence, we obtain that the Malliavin covariance of X, is

n n
ox, =40, A = Aby o + 40, NG (G, — D). (38)
{=1 {=1
Let us introduce the random variable 7,, that will play a role of truncation:

T = —(2 = 8p2n(chn) "), + 8(cbn) 1ZAM¢M—

In this notation, we have
ox, > ¢+ Cﬂ
" 2
and, therefore, 1{|Tn|<1}|a;(i\ < 2/c. Thus, the condition (5) of Theorem [l is obviously
fulfilled. Let us check now that 7, satisfies conditions (3) and (4) of the aforementioned

theorem.

To verify condition (3) of Theorem [B we remark that

N
D7y = 16(chn) ZAM@”& D*1, = 16(chy) ™ > A7, @ ¢f
=1 =1

DFr,, = 0 for every k > 3. Therefore,

| D7, |3 = 256(cby,) QZ)\ wComs N D*mll3rem = 256(chy) QZ)\

In view of the Rosenthal mequahty, we get
_ 2 4

B D] < C)bn? (517 + b + 18,
for every p > 2. Using the definition of yy, ,,, one can check that poy , < ,ui/i . In view of
inequality (I8]) and the obvious bound pg, < Cry, we get

E" (| Dr,|[f] < Cb, e, BY|DPr|g ) < COPrPR Vp > 4.
Similar arguments yield
E[r?] = EM[r2] < O(1 + b,PE[r/?]) < O(1 + b,PbP/® + T%/2b, PP (A, (a)°)]) < oc.
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To check condition (4) of Theorem [l we use the inequality

N
P(|7a| > 1/2) < P(2 — 8z n(chy) 1 > 0) + P(g(cbn)—l( > (- 1) > 1/2).
=1

On the one hand, since the event {2 — 82, (cb,) ™t > 0} = {Aa,, —¢ < —¢/2} is included
in A, (a)¢, its probability is o(bh) for every p > 1. On the other hand, combining the
Tchebychev and the Rosenthal inequalities, for every k > 16 we get

N
P<8(cbn)—1‘ Z Mon(CEn — 1)‘ > 1/2> < Cb;’fE[qu + piokn] < COLFE[r3F2]
/=1

< CbFHORE L CbFP (A (a)°) = O(B2).

Thus, we proved that conditions (2)-(5) of Theorem[Blare fulfilled and that sup,, || X, ||lp.4 <
oo. Condition (6) is ensured by Theorem 2l To complete the proof, it remains to
check that sup,, ||Vn|lpa < oo. This inequality can be proved using the identity ), =
b1 (@2 +®3), where ®2 and ®3 are the random variables defined in the proof of Lemma[5l
The proof is rather technical, but is based on the arguments that we have already used
several times in this and the previous sections. Therefore it will be omitted. ]

In the case when the sampling scheme is generated by two Poisson processes, we get the
following consequence of the last theorem.

Proposition 10. Let the observation times of processes X1 and Xo be generated by two
independent Poisson processes with intensities npy and npa, pi1pe > 0. If

e the observation times are independent of the process X,
e the functions o1, oo and p are Lipschitz continuous,

o supyeo) 181 Ul < oo for allp> 1, 4,1 € {1,2}.
Then then
=o(n~1?),  (39)

sup B/ (200~ 0) - [ )5i() ds
FEE(MY)NEO(Cym,ro,c*) R
where
—22/(2¢) 1
Py (2) ¢ T [1 + NGTS (262% — 6rcz + Aczz)} .
s a probability density with
c= <3+3> /Tc72 o3 (1 + p?)dt — /T(a o9.4p)2dt
L P o 1,602, Pt it Jo 1,602,tPt )
1 1 T 2 9 2 T
K = <—2 + —2> / B(t)* de + 2L 20102 T 30 / 02,02, h(t) dt,
p p 0 pip 0 T
1 2 1P2

1 1 4
A= <p_1 + p_z> / {Ul,tE(ﬂgll],t + Bg,tpt) + O'2,tE(5£1117tpt + Bg,t) + 2E[B1.+2.4] }dt.

0
Prooj. Lemmas (cf. Appendix) imply that the partitions generated by independent

Poisson processes satisfy Assumptions P1 and P2. Therefore, using Theorems [6] and H]
we get the desired result. O
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8. APPENDIX

Lemma 11. For every A > 0 it holds > ;- ﬁfﬂ) = A2\t —r +1).

Proof. 1t follows from the equality 1/(k!(k +2)) = 1/((k + 1)!) — 1/((k + 2)!) and the
power series expansion of the exponential function. O

Lemma 12. Let &2 be a homogeneous Poisson point process on R with intensity A > 0
and let a € R be some point. For every w, let us denote by I,(w) the interval of of the
partition of R generated by & containing a. Then |I,| is distributed according to the law
Gamma(2, \).

Proof. W.l.o.g. we can assume that a = 0. Since the restrictions of & on (—o0,0) and
[0,00) are two independent Poisson processes, the law of |I,| coincides with the law of
the sum of two iid random variables distributed according to the exponential law with
parameter A\. Thus the assertion of the lemma follows from the well known properties of
Gamma laws. g

Lemma 13. Let &2 be a homogeneous Poisson point process on R with intensity A > 0
and let I = [a,b] C R be some interval. For every w, let us denote by N = N(w) the
number of points of P (w) lying in I and by t; = t;(w), i =1,..., N the ordered sequence
of these points. Then

N

2([I|IA — 14 eIy

E[Z(ti—H - ti)ﬂ = 2 ;
=0

where we used to = a and tny1 = 0.

Proof. Without loss of generality, we assume that I = [0,1]. We use the fact that
conditionally to N(w) = k, the random vector (t1,...,%;) have the same distribution as
(Uays -+ > Uwy), where Uy, ..., Uy are independent uniformly in [0, 1] distributed random
variables and Uy, ..., Uy are the corresponding order statistics. Since the joint density
of (Ug), Ugig1)) is given by

— k! i—1 1 k—i—ll
f(U(i),U(H_I))(l',y) - (2—1)'(1€—2—1)' &z ( _y) {z<y}>

the expectation E[(U; 1) — U(Z-))2] is equal to 2/[(k + 1)(k + 2)]. It is easily seen that
E[Uf)] = E[(1 = Uw))?] = 2/[(k + 1)(k + 2)]. Therefore,

N © & P X 9= A\k
E tiv1 — 2| = ——  |P(N=k)= —_
[;( i )] ;(Z(ml)(mz)) ( ) — k!(k +2)
i= =0 \i=0 k=0
The desired result follows now from Lemma [I11 O

Lemma 14. Let (; ~ &(\1) and P2 be a Poisson process with intensity Ao independent
of ¢1. Let us denote by Hg the partition of [0,(1] generated by Z2. Then

E[cl > lJﬂ — Dutah

Jen? RV OV
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Proof. By rescaling and by using Lemma [I3] we get
202 (Mo — 1 720
B[ ¥ 17| - 2 .

2
Jen? AT
Therefore,
2 2 2 2 2 —A2(1
E|G Z 17| = —E[GG] — 5 ElG] + 5 E[Ge ]
Jel‘[%
4 2 2 A 61 +4Xo
BNV VSV 3T \2 3
)\2)\1 )\2)\1 )\2 ()\1 + )\2) )\1(>\1 + )\2)
This completes the proof of the lemma. O

Lemma 15. Let I = [a,b] be an interval of [0,T]. If & is a Poisson point process with
intensity A and I is the partition of [0,T] generated by &, then

E[Z |J|KIJ} = I+ 227 = A (e 4 e AT0),
Jel

E[Z PAVIE |JﬂI|] = A 21— e M2 — g — = AT-0)y,

Jell

Proof. We can consider the Poisson point process & on [0,7] as the union of three
independent Poisson point processes: &, on [0,a], &1 on I = [a,b] and &%, on [b,T].
Let t1 < ... < tn, (resp. t] < ... < t?’vb) be the points of £, (resp. ). Then
E[>",|J|Ky) = E[(a —tn,) + |I] + (t] — b)]. For every integer k > 0, conditionally to
Ny = k, the random variable ¢, has the same law as the last order statistic U(k) of a

sequence Uy, ..., Uy of i.i.d. uniformly in [0, a] distributed random variables. Therefore,
Ela — tn,|N, = k] = a/(k+ 1) and

N 1_6—11)\
— _a _
Ela —tn,] = Zk' k+1 X

The same arguments yield E[t” —b] = A\=1(1 — e~ (T=Y}) and the first assertion of the
lemma follows.

Using the same notation, we have > ; [J\I|-[JNI| = (a—tn,)(t) —a)+ (b—t}y,)(#] =),
where t) <... < t?vf are the points of & lying in I. Using the conditional independence

of tn,, (t’l,tEVI and t! given N,, N; and N, as well as the representation by means of
order statistics of the uniform distribution we get the second assertion of the lemma. [

Lemma 16. Let t > 0 and let & be a Poisson process on [0,t] with intensity \. We

denote by II the random partition of [0,t] generated by &2. For every continuous function
h: (0,1 — R, it holds

L1(P)

t
)\Z/I h(s,s")dsds' = 2/ h(s,s)ds.
xI 0

Iell

Proof. Let K be a positive integer and let as denote by
wy(8) = max{|h(s,s")—h(u,u)| : (s,5,u,u') €[0,T)* and |s—u| < §,|s'—u'| < 5} (40)
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the modulus of continuity of h. Since h is continuous and [0,%]? is compact, we have
wp(t/K) — 0 as K — oo.

It holds A" cpy 7o s P(s,8') ds ds’ —2f0 s,8)ds + Ty + T3 + T3 with

)\Z h(s,s")dsds —)\Zh( .t) Z 112,

rem /X1 Tenk
z<——><zu—>

where TTX is the restriction of the Poisson process & on the interval [(i — 1)t/K,it/K].
For the first term, easy algebra yields

BT[] < Mlpl<E| Y 1112 - D3 12| + X (t/K) S E DIRE

Iell =1 [eHK =1 IEHf(
This inequality combined with Lemma [[3] implies that
K
lim sup E[|73]] < hmsup ()\HhHoo 5 + Awp (t/K)~ ) = 2twy, (t/K).

A—00

In order to bound E[|73]|], we evaluate E[|\ EleHK |I|>—2L|]. The value of this term being

independent of i, we only evaluate the term correspondlng toi = 1. Let {¢j, j € N}
be a family of iid exponential random variables with scaling parameter one and let
N =min{k: {3 + ...+ > npt/K}. Then

RO —A\ZWM |yt

Ienlk

Note that E[QQV] = 6 by virtue of Lemma In view of the Cauchy-Schwarz inequality
and Wald’s identity [27, Ch. VII, Thm. 3, Eq. (15)], we get EJ| 2;21(%2 —-2)]] <
[Var(¢2) E(N)]Y/2 = O(A\'/?). Finally, it is clear that |T3| < 2twy,(t/K). Putting these
estimates together, we get limsup,_ . E[|T1 + 72 + T3[] < 4twy(t/K). Using the fact
that wy,(t/K) tends to zero as K — oo, we arrive at the desired result. O

Lemma 17. Let t > 0 and let P i = 1,2, be two Poisson processes on [O,t] with
intensities A;, i = 1,2. Let II' be the random partition of [0,t] generated by ', i =1,2
and let \g = Mo/ (A1 + A2). For every continuous function h : [0,t]> — R there exists a
constant C > 0 such that for every x € [C'log Ao, C)\(l)/ 6] the inequality

(‘)\OZKU/IXJ s,s —2/ h(s,s ds‘>\/—_+0$<)\ +wh(;0))> < Chge %€

holds for sufficiently large Ao, with wy () being defined by ({40).

Proof. W.lo.g. we assume that t = 1. Set T = Xo Y ;e jen2 K17 [1, 5 h(s,s) dsds’
and h(s) = h(s,s). Let us denote by N(z) = [Ag/x] the smallest positive integer such
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that N(x)x > Ao and let us set L; = [iN(z)~%, (i + 1)N(z)~!]. The intervals L; define
a uniform deterministic partition of [0,1] with a mesh-size of order x/Xg. Let € be the

i (i+1)
N(x)’ 4N (z)

from II' and one point from II1?”. The total probability formula implies that

P<(T_2/Olﬁ(s)ds( z\/%_() gP((T_fz/olh ds‘ > 2 (5) T P(£Y),

where £¢ denotes the complementary event of £. Easy computations show that P(£¢) <
Choz te /€ for some C > 0.

Let now I; be a point in L; such that fLi h(t)dt = h(l;)|L;| and let a; be the left endpoint
of I. We define the random variables
5 = Xoh(l) > T Kylgery, i=1,...,N(x),
LJ
and write 77 = 711 + T12 + T13 + O(No| L1 |wn(]L1])) on &, where

event “for every i = 1,...,4N(x), the interval [;

| contains at least one point

N(z) 1
T :Eg[z nf} —2/ h(s)ds
i=1 0
[N (2)/2]
T2 = Z (n5; — E*[n3,])
i=1
[N(2)/2]
T3 = Z (M5i41 — EF5,4))-
i=0
For evaluating the remainder term in 77, we have used the fact that r = max;cm ||V
max ez |J| < |L1]/2 on £.

On the one hand, since |ZZ 1 772\ < C)pr, we have

N(z)
3 ] - B 2 ]| < R

Using the inequality of Cauchy-Schwarz, as well as the bounds P(£¢) < Choe*/€ and

22)), we get |E5[ fv(f) 172] E[lei(f) nf” < Choe */€, for some constant C' and for
every x > C'log Ag.

On the other hand, in view of Lemma [T5] we have
. _ 2|1 . _ _ -
E[] < th(li)E[ 3y (|1r|2 n ﬂ)] < ONA(L) AT + A3 Y|Li| = O(zAgh).
l:arel; )\2

Using once again Lemma [T5], we get

E[%?nf] N(i ©oh()E[ S 111 BT (Y Kyla))] + 0@
i=1 Laj€L; jern?
N(z)—

Z NRIE] S0 (1 +211/%)] + 0Agh).

L:arel;
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Wald’s equality yields
E| Y ] = RILINTE + 00rh), (41)
larel;

for every k > 0 and for every i < N(x) — 1. Putting all these estimates together, we get

N(x) N(z)—1 ' '
[Z m} Y n)\oh(li)<2|)iz| + 2';:') +O(xAg Y
=2
N(z)

2h(l;)|Ls| + O(x25 ™).

1
—

Since I; is chosen to verify h(l |L | = fL t)dt, we get Ti1 = O(zAy ).

The advantage of working with 7ys is that, condltlonally to &€, the random variables 73,
i =1,...,[N(z)/2], are independent. Indeed, one easily checks that conditionally to
(4i—1) (4i+3)]
2N(z)’ 2N(z) 1"
Since these intervals are disjoint for different values of ¢ € N, the restrictions of Pois-
son processes Z* Lk = 1,2, onto these intervals are independent. Therefore, 15
i =1,...,[N(z)/2], form a sequence of random variables that are independent con-
ditionally to €. Moreover, conditionally to &, they verify |[ng| < CAor|L;| < Cx?/Ao.
One can also check that E€[(1n9)?] = O(z2)\;?).

These features enable us to use the Bernstein inequality in order to bound large deviations
of 715 as follows:

P (Tial 2 2/v/20) < 2exp (_C( N(z )3322){(2)\4(:)953)\—3/2)) <2e7/C, Ve e[L,A"]

Obviously, the same inequality holds true for the term 773. These inequalities combined
with the bound on the deterministic error term 777 complete the proof. O

&, ny; depends only on the restrictions of 2! and 2! onto the interval |

Lemma 18. Let T > 0 and let 2%, i = 1,2, be two Poisson processes on [0,T] with
intensities np;, 1 = 1,2. For every continuous function h : [0,T]3 — R, it holds

6 8 6y [T
QZ/ st,u)dsdtdu#(—z—i———k—»/o h(s,s,s)ds.

rermt IxJ(I)xJ(I) n—oo ApT  Pip2 Py

Proof. Let us denote 7,, = n? ZIeH; fIXJ(I)XJ(I) h(s,t,u) dsdtdu and let us consider
the uniform partition {L; = [(i — 1)/N,i/N),i = 1,...,N} with N = [n'~¢] slightly
smaller than n (e is a small positive number). For every integer i smaller than [n 1=,
we define I; as the real number such that h(l;) = |L;| ™" fL hs ds, where hy = h(s, s, s).
The continuity of h implies that

N
T =n*(1+0(1) ) > AT ()1, (ar).

i=1 I
For every i, we set n° = n2> " h(l;)|I||J(I)]*1L ( 7). We first remark that

[Zh W)L, ( al} N7'O(E[2]), Vi=1,...,N.
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Let now i € 2,...,N — 1 and I be an interval of II' satisfying a; € L;, then ||J(I)| —
|| — &5 — §§| < (6 — N7YH, 4+ (&5 — N1, where £ and &5 are two random variables
distributed according to the exponential distribution with parameters np, conditionally
to I1. Moreover, conditionally to I}, £ and £5 are independent. Since N = O(n'~¢) and

EHl[(g;?)‘l] = O(n™%), by the Cauchy-Schwarz inequality we have Enl[(ff — N2 =
O(n=27%) for j = 1,2. This implies that E™ [|J(1)[2] = |I|2 4 4]I|(np2)~! + 6(np2)? +
O(|I|n=172¢). Combining this estimate with (@I]), we get

- 6 8 6 6 8 6 -
E[n]] = h(l;)|L; (——I——+—)+n2 Li|O(n™17%) = (—+——|—— / h(s)ds+o(1).
(7] = h(li)| L] 2 o T2 |Li|O( ) 2 o 02 )L, (s) (1)
By reasoning in a similar way, we get E[n/n;|—E[n7|E[n;] = o(|L;|?) as soon as |i—j| > 2.
Standard arguments imply that Var[}_, 7] = O(N max; Var(n?)) + o(N?2|L1|?). Since
n| < C(nry)?| Ly for every i, we get Var[>_.n?] = O(N|L1|?E[(nr,)%]) + o(1) = o(1)
and the desired convergence property follows from the convergence of 7,, in L?. ]

Lemma 19. Let T > 0 and let 2%, i = 1,2, be two Poisson processes on [0,T] with
intensities np;, i = 1,2. There is a constant v(p1,p2) de pending only on p1 and ps such
that for every continuous function h : [0, T]> — R

ey

T
h(s,t,u)dsdtdu ﬁ I/(pl,pg)/ h(s,s,s)ds.
€T} Jel? 0

J)xJ(I)xINnJ

Proof. The proof of this lemma follows from the invariance of the law of a Poisson process
under scaling and translation, as well as from the independence of disjoint sets’ measures.
It is similar to the proofs of preceding lemmas and therefore will be omitted. O
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