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Abstract: An asymptotic distribution theory of the nonsynchronous covariation process for con-
tinuous semimartingales is presented. Two continuous semimartingales are sampled at stopping
times in a nonsynchronous manner. Those sampling times possibly depend on the history of the
stochastic processes and themselves. The nonsynchronous covariation process converges to the usual
quadratic covariation of the semimartingales as the maximum size of the sampling intervals tends to
zero. We deal with the case where the limiting variation process of the normalized approximation
error is random and prove the convergence to mixed normality, or convergence to a conditional
Gaussian martingale. A class of consistent estimators for the asymptotic variation process is proposed
based on kernels, which will be useful for statistical applications to high-frequency data analysis in
finance. As an illustrative example, a Poisson sampling scheme with random change point is discussed.
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1 Introduction

Suppose that X and Y are two [t6 semimartingales. As obviously known, the simple quadratic form of
increments U(Z)y = >, (Xs, — Xs,_,)(Ys, — Y5, ) converges in probability to the quadratic covariation
[X,Y]: when s; are deterministic and max{s; — s;—1} — 0 along a sequence of partitions Z = (s;) of
the interval [0,¢]. It is also known that b, (U(Z); — [X, Y]) converges stably to a mixture of Gaussian
martingales as n — oo for some deterministic saling constants b, when the sequence Z satisfying
certain regularity conditions; for example, the simplest case is Z = (it/n); .

Two natural questions arise about the weak convergence of such a quadratic form. The first one
is “do the same weak convergence takes place when Z consists of stopping times?” The second one
is “when the increments X (s;) — X(s;—1) and Y'(¢;) — Y (t;—1) are given for two different partitions
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T = (s;) and J = (t;) of [0, 1], is it possible to construct a quadratic form U(Z, J) of these increments
that performs like U(Z), apart from the diagoanl quadratic form?”

As it is a simple matter, the first one is negative in general without putting conditions on the
stopping times. Though U(Z) seems to be a quadratic form of increments, it is not a real quadratic
form because its kernel ), 123_1,52-] is possibly a function of X and Y and then U(Z) can possess
completely different nature from the quadratic. Really, to discriminate between real quadratic forms
and fake ones, we need a strong predictability condition for stopping times. The second question is
more serious. It requires a new type functional of nonsynchronous increments. Even if we confine our
attention to quadratic forms, the construction of the kernel is not clear. Indeed, the synchronization
techniques fail to give a correct kernel; see Hayashi and Yoshida (2005b) for details. The aim of this
article is to answer those basic questions. We will consider a quadratic functional of nonsynchronous
increments, which was essentially introduced by the authors in the previous work, and prove the
stable convergence to a random mixture of Gaussian martingales under standardization, as well as the
convergence to the quadratic variation.

Estimation of the covariance structure of the diffusion type process under sampling is one of the
fundamental problems in the theory of statistical inference for stochastic processes. This problem had
been investigated theoretically by many mathematical statisticians in each setting; there is already a
long history of studies but among them we can list (Dohnal (1987), Prakasa Rao (1983), Prakasa Rao
(1988), Yoshida (1992), Kessler (1997), Bibby and Sgrensen (1995), Genon-Catalot and Jacod (1993)),
and also refer the reader to the book by Prakasa Rao (Prakasa Rao (1999)) for more references. The
sampling procedures treated so far were the synchronous scheme in the sense that the components
of the process are observed on a single sequence of sampling times commonly for all components.
The statistic considered there was related to U(Z) by the local triviality of the stochastic differential
equation and the synchronicity. The synchronous scheme fits well into the standard formulation of
stochastic analysis.

Theoretical study of nonsynchronicity seems to have almost been left. Malliavin and Mancino
(2002) proposed a Fourier analytic approach to this problem. It is importance work to give theoretical
consideration to nonsynchronicity.

The current authors presented a nonsynchronous quadratic form in Hayashi and Yoshida (2005b).
L' This quadratic form is, if it is regarded as a statistical estimator, free from any tuning parameter
because it involves no interpolation and no cut-off number of an infinite series. Computation is easy
since the number of terms in the summation is of the same order as the number of the increments.
Also, it is the maximul likelihood estimator in a basic setting and hence attains high efficiency; see
Hoshikawa, Kanatani, Nagai, and Nishiyama (2008). The quadratic type functional we will investigate
includes the nonsynchronous covariance estimator. Thus, the limit theorems presented below can apply
estimation of covariance structure based on nonsynchronous data.

Our study is aiming at limit theorems which give an essential extension of the theory of statistical
inference for stochastic processes, on the stream described above. Though it is just an application, our
study would contribute to the recent trend, or revival with new objects, of the covariance estimation
problem quite often discussed today as high-frequency data analysis in finance. We will give some
comments on this matter in Section 9.

Let us go back to our primary questions. In this article, we will define a quadratic variation process
and investigate the asymptotics from probabilistic aspects. To describe dependency of the random
sampling schemes, we will associate them with certain point processes, and show the asymptotic

!The authors tackled the covariance estimation problem by use of intraday, high-frequency data, where two asset
prices are recorded irregularly and nonsynchronously. Such a setup has been known to be problematic; e.g., Epps (1979).
According to Google, our estimator is referred to as the Hayashi-Yoshida covariance estimator.



mixed normality, namely, a convergence of the normalized estimation error of the nonsynchronous
covariation process to a conditional Gaussian martingale. It should be noted that our treatment of
random sampling schemes is new even in the synchronous case of X =Y and Z = J. In Hayashi
and Yoshida (2008a), the authors previously proved a CLT for the same statistic when the sampling
schemes are independent of the processes X and Y.

Starting with local martingales as the underlying processes, in Section 3, we will give a stochastic-
integral representation to the approximation error. Since the quadratic covariation of the representing
martingale still involves stochastic integrals, it is optional in this sense. So we consider an approxi-
mation by a completely predictable object as Condition [B2]. Once the convergence of the quadratic
covariation or the predictable approximation is assumed, it gives us the limit theorem (Propositions
3.1 and 3.3) without any restrictive condition. It works if the sampling scheme is trivial such as hitting
times of a simple, particular structure,? however it is far from a general solution to the problem.

As the first step to a solution, we should repeat a simple fact that the object defined as a sum of
quadratics to estimate quadratic covariation is not necessarily a real quadratic form of increments if
the kernel has dependency on the processes. The essence of the question is whether it is possible to
construct a framework in which the real quadratic forms can comprehensively be treated. In order
to give a general solution, a strong predictability condition was introduced by Hayashi and Yoshida
(2006). Section 5 asserts in Proposition 5.1 that the strong predictability condition [A2] ensures
Condition [B2]. The advantage of Condition [B2] is that it reduces the verification of the convergence
of the quadratic variation of the statistic to that of the empirical distribution function of the sampling
times, and so it becomes a basis of practical applications; this reduction is discussed in Section 4. The
strong predictability condition is meaningful even in this sense while it was so in that it gives a natural
perspective to the quadratic variation as a real quadratic form.

The main results of this article will be presented in Section 6 for semimartingales as well as local
martingales. The reader can jump to this section directly if he/she wishes to avoid technicalities at
the first reading.

Section 7 introduces the empirical nonsynchronous covariation process and proves limit theorems.
Section 8 will be devoted to statistical aspects. We will discuss studentization and a kernel estimator for
the random asymptotic variance. An illustrative example with random change point will be presented.
Comments on financial applications will be provided in Section 9. Most of the proofs will be put in
Sections 10-14.

2 Observation point processes and the nonsynchronous covariance
process

Given a stochastic basis B = (Q,F,F = (F),cg, ,P), we consider two continuous local martingales

and (Tj) that

X = (Xi)ter, and Y = (Y})ier, , and two sequences of stopping times (Sl) ez,

‘ ’ €Ty
are increasing a.s., S* T oo and 77 7 oo, and S° =0, 70 = 0.

We will regard the sampling scheme as a point process. According to this idea, we will use the

2For example, we can consider a continuous martingale sampled when its quadratic variation crosses points on a
grid. A Brownian motion observed when it hits grid points is also an example. More generally, it is easy to treat the
hitting times at grid points for a strong Markov process if we have sufficient knowledge of the distribution of the intervals
between those stopping times.



following symbols throughout the paper to describe random intervals:
I — [Si—175«z‘) ’ JI = [Tj_l,Tj) ’
Ig = 1[51'71751‘)(75), th = ].[Tj—17Tj)(t),
I'(t) = [S"I AL S ALY, JI() = [TV AL TI AL,

n(t) = fgplﬂ( ) V;lelplﬂ( B

Here, || denotes the Lebesgue measure, and N = {1,2,...}. In the preceding paper, the processes X
and Y were implicitly assumed to be observable at some fixed terminal time 7. This difference is not
essential because it causes no difference up to the first order asymptotic results. It is also possible to
remove the assumption that both stochastic processes are observed at ¢t = 0, while we will not pursuit
this version here by the same reason.

We will refer to (Ii)z.eN and (Jj)jeN, or equivalently to (Si)z‘eZ+ and (Tj)jem,
designs (or simply the designs) for X and Y. Also, the sampling designs stopped at time ¢, (Il(t))
and (J7 (t))jeN’
(i,7) overlaps” it will mean either I*(¢t) N J7(t) # @ (i.e., the two intervals I* and J7 overlap by time
t), or I N J7 # @ (i.e., by any time), depending on the situation.

For processes V and W, V- W denotes the integral (either stochastic or ordinary) of V' with respect
to W so far as it exists. When the integrator W is continuous, it is always true that V- W =V - W,
where V;_ := limg; V5. For a stochastic process V' and an interval I, let V(I f 17(t—)dV;. Write
I(t)=1n]0,t) for interval I, then V(I); = V(I (t)) by definition.

The quantity of interest is the quadratic covariation [X, Y], and as its sample counterpart, we will
investigate the following quantity:

as the sampling

€N
may be referred to as the random partitions of [0,t). For simplicity, when we say “pair

Definition 2.1 (Hayashi and Yoshida (2005b), Hayashi and Yoshida (2006)) The nonsyn-
chronous covariation process of X and Y associated with sampling designs T = (Ii)ieN and
J = (Jj)jeN 1s the process

{(X.V;1,7}, = Z X(INY (Il (1 ty2oy- t € Ry
4,j=1

The process {X,Y;Z,J} is not observable from data-analytical point of view. See Section 7 for
a statistic corresponding to this process. ~We will write it simply as {X,Y}, if there is no fear of
confusion over sampling designs.

It was proved in Hayashi and Yoshida (2005b) and Hayashi and Kusuoka (2008) that for each
te Ry, {X,Y}, % [X,Y], as n — oo provided r,,(t) % 0. In light of this result,the authors emphasize
that {X,Y}, is regarded as a generalization, in the context of nonsynchronous sampling schemes, of
the standard definition of the quadratic covariation process for semimartingales in stochastic analysis.
For [t6 processes X and Y, we can obtain the same consistency result; see the above papers for details.

3 Stable convergence of the estimation error
The estimation error of {X,Y'} is given by

(3.1) M = {X7Y}t - [X, Y]t = Zi,j L?KZJ’



where K,fj = lyri(nsi+oy and Lij = (Ii : X)_ : (Jﬂ -Y)t + (Jﬂ . Y)_ : (Ii -X)t. Here helpful is

the equality >, ; (I~ L J7).[X,Y] = [X,Y], as well as the definition of the quadratic covariation or Itd’s
formula.

We also introduce the symbols Ry (i, j) := S*=1 VT~ and R"(i, ) := S* AT?. L% is a continuous
local martingale such that it equals 0 for ¢ < R\(i, j), starts varying at ¢t = Ry (4, j), and stays at the

value L;ZVTJ after t = S* vV T7. It can vary, regardless of whether the pair (4, j) overlaps.

Lemma 3.1 Suppose that X and Y are continuous. Then LY. Kb =q.

Proof. Recall that L¥ is continuous in ¢. K, s a step function starting from 0 at ¢ = 0 and jumps
to +1 at t = Ry (i, j) when the pair (,j) overlaps. So, LY . K}/ = Lgv(w)AtK However, LY = 0 for
t<Ry(i,j). O

Now, the integration-by-parts to (3.1) together with Lemma 3.1 yields

(3.2) M _ZK” LY,

in particular, M is a continuous local martingale with

(3.3) wy =M MY, = Y (K?Ki’j'> - [Lij,Li’j’] .
L ¢
27]71 7]

Let

Ty, = ZK” (X (1) X YT ()} + D KY Ay () - X X (1)},

2%

and
DKL AX (1) DY) b+ SR Y () XY

In view of the standard martingale central limit theorem, we formally state the following condition.
(bn) denotes a sequence of positive numbers tending to 0 as n — oo.

[A1*] There exists an F-adapted, nondecreasing, continuous process (V,g)tGR+ such that b, 07 —P V;
as n — oo for every t.

_1
[B1] bn .2 % =P 0and b, 20}, —P 0 as n — oo for every t.

We denote by C(R) the space of continuous functions on R equipped with the locally uniform
topology, and by ID(R,) the space of cadlag functions on R, equipped with the Skorokhod topol-
ogy. A sequence of random elements X" defined on a probability space (€, F, P) is said to converge
stably in law to a random element X defined on an appropriate extension (€, F, P) of (€, F, P) if
EYg(X™)] — E[Yg(X)] for any F-measurable and bounded random variable ¥ and any bounded
and continuous function g. We then write X™ —% X. A sequence (X") of stochastic processes is said
to converge to a process X uniformly on compacts in probability (abbreviated ucp) if, for each ¢ > 0,
SUPgeses | XTI — X 2 0 as n — oco.

We consider the condition



[W] There exists an F-predictable process w such that V. = [ wids.

An aim of this paper is to prove the statement

_1 . —
[SC] b, M™ —4% M in C(R4) as n — oo, where M = [j wsdW; and W is a one-dimensional Wiener

process (defined on an extension of B) independent of F.
Proposition 3.1 Suppose that [A1*], [B1] and [W] are fulfilled. Then [SC] holds.

Proof. Notice that [M", X] = U% and [M",Y] = Uy . Since [M",N] = 0 for any bounded
martingale NV on B, we obtain the stable convergence of b, Y20rm from Jacod (1997). O

Each expression of 0", U% = and Uy, is rather abstract; it may be of little help for explicitly
calculating the quadratic varlatlon/ covariation and identifying the limiting distribution of M™. From
this regard, it is natural in the following to pursue more concrete appearance especially of U".

Let

(34 v ={(r) x, X]}t {(77) 1, Y]}t +{(r7) - 1x, Y]}t {(F77)-Ix, Y]}t

and set V¥ := Vi 3 Vi’ is designed to approximate [L¥, L] when the interval lengths |I?|, | 17|,
|J7], and |.J7'| are sufficiently small, as will be stated in [B2] below; the approximation will turn out
to be valid in Section 4 under certain conditions.

Throughout the rest of the discussion in this section, we will postulate the following hypothesis.
A sufficient condition for [B2] will be provided in Section 5.

[B2] For every t € Ry,
1,9, 5" i,5,0",5"

as n — oQ.

Be reminded that the left-hand side of (3.5) equals to b;, 10%.
Denote [X] = [X, X] and [Y] = [Y,Y] as usual. Let

v o= STIX(E) Y] (P @) K+ XY ()
1,J i
3 YI(F ) =Y XY (0 F) (1)
J 2
The following proposition will be used for identifying the limit of the quadratic variation. It enables

us to work with the more tractable process V™ than b, 13", i J,(K” K )- V3" in [B2]. See Section
10 for a proof.

Proposition 3.2 Suppose [B2] holds. Then 0} = V]* + 0,(by) as n — oo.

3Since [X, X] is now continuous, I T" can be replaced by I'T" in the first factor on the right-hand side of (3.4). It
is also the case with other factors.



We modify [A1*].

[A1] There exists an F-adapted, nondecreasing, continuous process (V;),cg, such that by Ltyp —p v,
as n — oo for every t.

By Proposition 3.2, we can rephrase Proposition 3.1 as follows.

Proposition 3.3 Suppose that [Al], [B1], [B2], and [W] for V in [Al] are satisfied. Then [SC| holds
true.

Since the variance process V™ is much more convenient to handle than V", Proposition 3.3 essen-
tially improves Proposition 3.1. However, Proposition 3.3 is on the way to our goal.

First, it is preferable to describe the limiting energy process V; in light of the sampling scheme
itself. In Section 4, we introduce certain sampling measures to do it, following Hayashi and Yoshida
(2006).

Second, Condition [B2] is still technical. Indeed, this condition avoids one of the key steps to the
answer. The HY estimator, or any quadratic type estimator, is really quadratic only when the random
kernel of the “quadratic form” satisfies a kind of predictability condition. Otherwise, limit theorems
will fail. The authors introduced a strong predictability condition to give a central limit theorem
in Hayashi and Yoshida (2006) by verifying [B2] under mild regularity conditions of the processes.
Though the mixed normal limit theorem is the aim of this paper, it will turn out in Section 5 that the
same strong predictability condition serves well for our purpose.

It still remains to check the asymptotic orthogonality condition (ii) of [A1*] and [A1l] in a practical
setting. However, we will show that it is the same kind question as solving [B2], and no additional
difficulty occurs to do with it.

4 Convergence of the sampling measures and a representation of V;

In Hayashi and Yoshida (2005a), the authors introduced empirical distribution functions of the sam-
pling times given by

Hy(t) =Y (P, Ha(t) =Y |7 (1),
i j
H)\2(6) =Y |(I'n ) ()P, Hy?(8) = Y [ ()| K/
i?j

/L'7j
where |-| is the Lebesgue measure. Clearly, the four functions are (F;)-adapted, non-decreasing,
piecewise-quadratic continuous functions, whose graphs contain ‘kinks’ at the observation stopping
times.

[A1’] There exists a possibly random, nondecreasing, functions H', H?, H'™? and H'*? on [0, T, such

that each H* = fg hEds for some density h¥, and that b, H¥(t) 2 H¥(t) as n — oo for every
teRyand k=1,2,1N2,1%2.

Then, an extension of Theorem 2.2 of Hayashi and Yoshida (2005a) is given as follows.

Proposition 4.1 Suppose that [A1'], [B1] and [B2] are fulfilled, and that each [X], [Y] and [X,Y] is
absolutely continuous with a locally bounded derivative. Then [SC] is valid with ws given by

(4.1) wy = \IXLIVEALY2 + (X, Y])2 (L + h2 — hin2).



Remark In the case of perfect synchronicity (I = J7), {X,Y} is nothing more than the realized
covariance based on all the data. In this case, since H! = H? = H'™ = H*? (=: H), the limiting
variation process reduces to

v [+ (nvn?) s

Proof of Proposition 4.1. Lemma 4.1 below identifies the limiting variation process V in the
condition [A1] by (4.1). Thus Proposition 3.3 implies the assertion. [

Lemma 4.1 Suppose that [X], [Y], and [X,Y] are continuously differentiable. Then, [A1'] implies
that

(i) b;' Y (X Y)(I(8)* 2 [ (1X, Y1) H(ds),

(i) b, 3, (X, Y] (J9(0)* % [1 (IX,Y].)* H2(ds),

(i) b1 30, [X, Y] (10 9) (0)* 2 fy (1X,Y]L)" H'™(ds),
(iv) byt S0, (X (IP) [Y] (7 () K7 5 [y [XT, [Y], HY2(ds).
as n — oo for every t.

Proof is in Section 11

5 Strong predictability and Condition [B2]

We presented a basic version of limit theorems as Propositions 3.1, 3.3 and 4.1. They hold without
additional conditions for such sampling schemes as the ones given by certain hitting times of the
processes.

In Propositions 3.3 and 4.1, we assumed Condition [B2] in Section 3. Under more general sampling
schemes, however, Condition [B2] is still technical. In this section, we are going to introduce a
more tractable condition on the sampling scheme to ensure [B2]. Such a condition is called strong
predictability of the sampling times. It was introduced in Hayashi and Yoshida (2006), and a motivation
of it is that the future sampling time is determined with delay in practical situations such as the delay
caused while a customer is asking the agent to trade in a financial market. Let £ and & be constants
satisfying 2 V¢ < ¢ < 1.

We need the strong predictability condition introduced by Hayashi and Yoshida (2006).

[A2] For every n,i € N, S* and T* are G(™-stopping times, where G = (gt(”))teM is the filtration
given by G = Fi—sgyvo Tor t € Ry

For real-valued functions = on R, the modulus of continuity on [0,T] is denoted by w(x;d,T) =
sup{|z(t) — z(s)[; s,t € [0, T, [s —t| < 6} for T,6 > 0. Write Hy = sup,¢jo 4 [Hs| for a process H.

[A3] [X], [Y], [X,Y] are absolutely continuous, and for the density processes f = [X]', [Y] and
(X, YT, w(f;h,t) = Op(héf)‘) as h — 0 for every ¢, X € (0,00), and |fy| < 0o a.s.

[Ad] r,(t) = op(b%/) for every t € R,.



The following is the key statement to the main result stated in Section 6.
Proposition 5.1 [B2] holds true under [A2], [A3] and [A4].

We give a proof of Propostion 5.1 in Section 12.

6 Limit theorems for semimartingales: main results

Up to the previous sections we focused for the case where X and Y are continuous local martingales.
In this section, we consider two continuous semimartingales and present the main results of this article.
Suppose that X = AX + MX and Y = AY + MY are continuous semimartingales, where A% and AY
are finite variation parts, M~ and MY are continuous local martingale parts. Even in this case, the
nonsynchronous covariation process of X and Y associated with (I ’) and (Jj ) is defined exactly by
Definition 2.1. To go ahead, we need two additional conditions below.

[A5] AX and AY are absolutely continuous, and w(f;h,t) = Op(héi)\) as h — 0 for every t € Ry
and some A € (0,1/4), for the density processes f = (AX) and (AY)'.

[A6] As n — oo,

(6.1) b ST D)) 0 | H (D) = 0,(0).

Remark 6.1. Condition [A5] is slightly stronger than (C4’) of Hayashi and Yoshida (2004).
Condition [A1] does not imply [A6]. Indeed, it is possible to make a sampling scheme that includes
[n7/10] intervals of n~%/® in length and [X] and [Y] do not increase on the union of those intervals,
and also [A1] holds. However [A6] breaks in this case. On the other hand, [A1’] implies [A6]. The
Poisson sampling scheme considered in Hayashi and Yoshida (2004) is an example.

Here is our main result.

Theorem 6.1 Suppose that X and Y are continuous semimartingales.
(a) If [A1]-[A6] and [W] are satisfied, then [SC] holds.
(b) If [A1'], [A2]-[A5] are satisfied, then [SC] holds for w given by (4.1).

As a particular case, we have
Theorem 6.2 Suppose that X and Y are continuous local martingales.
(a) If [A1]-[A4] and [W] are satisfied, then [SC] holds.
(b) If [A1'], [A2]-[A4] are satisfied, then [SC] holds for w given by (4.1).

Theorems 6.1 and 6.2 are proved in Section 13.



7 Empirical nonsynchronous covariation process

The quantity {X, Y}, is not always observable in the statistical context, which is certainly a distracting
feature from a viewpoint of practical applications. The argument here is the way how to amend such
a minor flaw pertaining to the previous construction in Definition 2.1.

Definition 7.1 The empirical nonsynchronous covariation process of X andY associated with
sampling designs T = (Il)ieN and J = (Jj)jeN is the process

(XY} = Y XUIWYINpinyse, tERy.
ij=1
Sivafgt

Obviously,

o0

(XY}, = D XUNWYI)dwnsi e
ij—1
Siv]TJ'gt

It is the piecewise constant, cadlag version of the nonsynchronous covariation process and {X,Y'}, =
{X,Y}, at t € (5") N (T9). Otherwise they do not coincide in general, however the difference is
negligible.

Suppose that X and Y are continuous semimartingales given in Section 6.

For M" = {X,Y} — [X,Y], we will show

S N N
[SCE] b,>M" —% M in D(R4) as n — oo, where M = [j wsdW; and W is a one-dimensional Wiener
process (defined on an extension of B) independent of F.

We obtain the following results corresponding to Theorems 6.1 and 6.2, respectively. See Section
14 for proof.

Theorem 7.1 Suppose that X and Y are continuous semimartingales.
(a) If [A1]-[A6] and [W] are satisfied, then [SCE] holds.
(b) If [A1'], [A2]-[A5] are satisfied, then [SCE] holds for w given by (4.1).

Theorem 7.2 Suppose that X and Y are continuous local martingales.
(a) If [A1]-[A4] and [W] are satisfied, then [SCE] holds.
(b) If [A1'], [A2]-[A4] are satisfied, then [SCE] holds for w given by (4.1).

8 Statistical application and example

8.1 Stochastic differential equation

Suppose that X' and X? are It6 semimartingales described by the stochastic differential equation

(8.1) dXF = pfdt +ofdawy  (k=1,2)

10



where ,uf are F-adapted processes, af are strictly positive, (F;)-adapted, continuous processes, k = 1, 2.

The F-adapted Brownian motions Wtk are correlated with d [Wl,Wﬂ , = pedt, where p is an F-
adapted process. This is a stochastic volatility model in the finance literature. We continue to use
the same symbols 7 = (Ii)ieN and J = (Jj)j as the sampling designs associated with X' and X?,
respectively.

eN

[A3'] (i) For every A > 0 and ¢t € Ry, w(f;h,t) = Op(h%_’\) as h | 0 for f =o', 0% and p.

1_

(ii) For some A € (0,1/4) and any t € Ry, w(f;h,t) = Op(h2"*) as h | 0 for f = p* k=1,2.

Now, define the distribution functions associated with the sampling designs Z and J by

Hyt)= > |I'? H,t)= > PP

i Si<t g Ti<t

H,"(t)= > |I'nJ)?, H, ()= >_ [I||lJ|KY,
i,5: i,j:
SIVTI<t SIVTI<t

where K = 1 (rinJize}- They are all observable at any ¢.

[A1”] There exists a possibly random, nondecreasing, functions H', H2, H'"? and H'*? on [0, T, such

that each H*(t) = fot h¥ds for some density h¥, and that b;lﬁf’;(t) L, H*(t) as n — oo for every
teRyand k=1,2,1N2,1%2.

The equivalence between [A1’] and [A1”] can be proved. Indeed,
ﬁﬁ(s) < HF(s) < Fi(s) 4+ 2r,(t)?, foralls€[0,t], k=1,2,1N2,1%2.

We take on the case k = 1x%2 only, for all the others are straightforward. The first inequality is obvious
by construction. Moreover, according to a similar argument adopted in the proof for Lemma 14.1, for
any s,t with s <t,

H2(s) — Hy 2 (s) < |T4 ()| |7 (1) (0)| V| T (J7%) (6)] |7 (8)] < 2 ()2
so that
sup ’HSL*Q(S) - F,llﬂ(s)’ < 2y (1)2.

s€[0,t]

Hence, the second inequality also holds. Since by, 17, (t)? 2 0 under [A4] for example, we have ascer-
tained that the convergence of b, IF};Q is equivalent to that of b, 1 H*2.

Then by the application of Theorem 7.1 we have

Theorem 8.1 Suppose that X and Y are continuous semimartingales. Suppose that either [Al']
or [A1"], and also [A2], [A3'] and [A4] are satisfied. Then, for M™ = {X,Y} — [ psoto2ds and

=N

M" ={X,Y}— [, psoicozds, [SC]| and [SCE] hold for w given by

(8.2) ws = \/(0§0§)2 W2 + (psoto?)® (hl+ h2 — hin2).

11



We shall briefly discuss studentization. Consider wy given in (8.2). In our context, w; is not
observable since it contains unknown quantities such as psolo?; nor is fo w2ds. Suppose we have a

/\
—_—
¢ , t
/wgds - /w?ds
0 0
as n — 00.

statistic fo w?2ds such that
Then, the stable convergence stated in Theorem 8.1 implies that, for every ¢ > 0,
S
by, 2 ({Xl,XQ}t - fot psa§03d8>

V[ wids

N(0,1)

t
as n — oo whenever [, wids > 0 a.s.

—

8.2 Construction of fg w2ds: Kernel-based approach

Let K (u) be a kernel function such that [*° K (u)du =1 and K (u) > 0 for all u. K is assumed to
be absolutely continuous with derivative K' satisfying [* |K’(s)|ds < co. For h > 0, let Kj(u) =
h='K(h~'u). For every t € R, let
—~— h oo
O{X1, X2}, — / (X1, X2} K (t — ) ds,
—o0

—~~—h

—~— h
O{XF}, — O{XE XK},  k=1,2

Moreover, let

o —

/thds / SIXT) DX} b T (ds)
0
+/ H{XL X2} b 1<H v Hm) (ds).
0

This quantity is observable.

Proposition 8.1 Under the assumptions in Theorem 8.1,

o —

. e .
/ w2ds 2 / w?ds
0 0

1 n
Proof. Let M; = {X!, X2}, — [X'!, X?] , then clearly it satisfies b, * supsejo |M| = O,(1). Thus,
by the integration-by-parts formula,

1
as n — 0o, provided that b2h~' — 0.

a{Xfl,\)??}f = /OO ([x*, X2, + M) K}, (t—s)ds
= - [Xl,X2]SKh(t—s)\j‘;_oo+/ (X, XZ] Ky (t—s)ds
+op(bé)/oo |, (¢ — 5)| ds
= poto} +w(po'o?; h,t) + 0, (b2h 1)

12



1
uniformly in ¢ € [0,#] for any # > 0. This can be realized by choosing h such that b2h~! — 0.
Similarly,

LX), = (o2 + w((o* )% ht) + Op(bER )

uniformly in ¢ € [0,t] for any ¢ > 0. Therefore, it is immediate to obtain the assertion of the
proposition. [

A special case of the kernel-based approach is the following naive one . For any s > 0 and h > 0,
we may use

oTXT X7, = - (X7, - (X0, X7),. )

O(XFY = o{XF, Xk}, k=12,
1
provided b2h~! — 0. We will refer the reader to Hayashi and Yoshida (2008b).

8.3 Poisson sampling with a random change point

As an illustration, we shall discuss a Poisson sampling with a random change point. It is a simple
model for stock prices, for instance, whose trading intensities vary at random times such as the times
when they hit a threshold price like 10,000 yen.

More precisely, suppose that (F])-adapted processes p,pF, o W 8k = 1,2, are given on a
stochastic basis (', F’, (F}),P'). The processes X* are defined by (8.1). Let 7%(k = 1,2) be
(F{)-stopping times. On an auxiliary probability space (Q”,F”, P"), there are random variables

(8%, (1Y), (8"),(T’) that are mutually independent Poisson arrival times with intensity A\¥ = np",
p" € (0,00), k = 1,2, respectively for (5%), (I7) and with = npt, p* € (0,00), k = 1,2, respectively
for (S, (T”).
We construct the product stochastic basis (2, F, (F;), P) by
N=0xQ" F=FxF', F=F xF'" P=P xP

On the new basis the random elements aforementioned can be extended in the usual way. That is,
Wk (W, W) =Wk (W), S (W, w") =S (W), (W,w") € Q, and so forth.

The sampling design Z = (S%) for X will be made of (5') and (") as follows. Set 7} = 71 + ﬁ
Define S? sequentially by

1_ - l 1, ol
S - lléllg {§{§Z<T71L}7Tn + S } )

i __ l 1 —=m i
S'= l}glefN {E{Si—1<§l<r,1l}’ (Tn +5 ){Si*1<T}L+§m}} , 122

Here, for a stopping time 7' with respect to a filtration (F;) and a set A € Fp, we define T4 by
Ta(w) =T (w) if w € A; Ty (w) = +00 otherwise. (77) is defined by the same way from 7" and T
In the present situation, the filtration G consists of

gtn) - f&tfn_f)_‘r X f//, t e R+.

13



Lemma 8.1 5S¢ and T? are G™ -stopping times.

Proof. S' and S are G(™_stopping times. Since 7! is an (F})-stopping time, 7!

— +1 1
=T +\/ﬁ1sa

G (™ _stopping time, hence, 7} +5™ is a G(™-stopping time as well. Moreover, since {Sl < 7'1} € gsl ,

ﬁl{ si<rt) is a G("-stopping time. Therefore, S is a G(™-stopping time as well.

Suppose for now that S*~! is a G("-stopping time. Then it is true that {Si_l <7} +§m} €

g

h+S"
that S% is a G(™-stopping time, as asserted. [J

Consequently, we have

2 2 t
nHL(t) & —1(71/\t)+jl(t—71/\t) ::/ hlds,
p p 0
2 p 2, 9 2 2 Lo
nHi(t) = = (T7At)+ = (t =712 At) ::/ hids,
p p 0
2
nHIM(¢) 2 TAPA) + —— (PPAt—7" A2 AL
+7712 2(7’1/\t—7'1/\72/\15)—1—771272 (t—(71V72)/\t) —:/th;mds,
p+p p+p 0
2 2 2 2
nH@t) & (+> TPATEAL +<+> PAt—TEATEAL
205 () )+ te)l )
2 2 1 1, .2 <2 2) /t 142
Flm+s | (T At=—T ATANY)+ |5+ | {E-—TAL) = hg*“ds,
(pl p2>( ) Pt P ( ) 0

as n — oo for every t. Then, under [A3],

b2 / wydWs,
0

where
2 2
\/<a§a£> (3+2)+(otod? (3 + 2 - p2p) (G<rAm)
2 2
i (3 + &) + (otod? (B + 3 - e )1
W =

\/(05103)2 (;T% + p2 ) + (psolo?)? (7% + ﬁ% — ﬁ) (rtvr? <s)

. At the same time, {S”_l < St < 7'1} {SZ 1< Sl} N {Sl < 7'1} € g . These facts implies

@l (F+2) + uolod? (F+ A 5p )i (AT <5<y

and W is an independent Brownian motion. An example of such 7%’s are boundary hitting times

=inf{t>0:X,>K'}, 7?=inf{t >0:Y;, > K*}, K', K* € (0,00).
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9 Comments on application to finance

The application to finance is not the primary object of this paper, however we give some comments in
this section. Since the last decade, intraday financial time-series, so-called high-frequency data, have
been becoming increasingly available both in coverage and information contents. The use of high-
frequency data has been expected to improve dramatically financial risk managements; one of such
applications includes the estimation of variance-covariance structure of the financial markets, which
is an essential routine operation for all the financial institutions.

In the literature, it is standard to use realized volatility (or realized variance) for estimating inte-
grated variance when asset returns are regarded to be sampled from diffusion-type processes.

Likewise, when the integrated covariance is of interest, the use of realized covariance is fairly
common. Nevertheless, the standard realized covariance estimator has a fundamental flaw in its
structure when it is applied to multivariate tick-by-tick data, where time-series are recorded irregularly,
in a nonsynchronous manner. The realized covariance estimators that have been used commonly
involve an interpolation of irregularly sampled data to generate artificial data on a certain equi-spaced
grid to apply a standard method for synchronized data. In Hayashi and Yoshida (2005b), we proved
that such a naive method inevitably causes estimation bias, which had been known empirically as the
Epps effect when the defining regular interval size is small relative to the frequency of observations.
In the same paper, the authors proposed how to circumvent such bias by proposing a new estimator,
which is nowadays called the “Hayashi-Yoshida estimator,” and showed that the estimator is consistent
as the mesh size of observation intervals tends to zero in probability. This paper has been motivated
by the quest for a limit distribution of the estimation error.

In the literature, asymptotic distribution theories for realized volatility type quantities have been
developed; additionally to the literature given in Introduction, e.g., Jacod (1994), Jacod and Protter
(1998), Barndorff-Nielsen and Shephard (2004), and Mykland and Zhang (2006). Differently from
them, in this paper we we have dealt with random sampling schemes that are dependent on the
underlying processes and it is far from straightforward. Rather it has demanded us to put forth the
new set of ideas and technical tools. That is, we cannot simply conduct analysis to condition on the
sampling times all the way up to the infinite future at a time and regarding them all as deterministic,
as most of the existing results with random but independent sampling schemes do.

To endorese our point, the readers may recall the fact that even in the univariate case there is a
striking scarcity of studies which take such dependency into account. Let alone, our treatment of the
bivariate case together with nonsynchronicity is new.

In this paper, we did not include discussions on the microstructure noise. It is common in the
literature so far to apply a pre-averaging to get back to a classical synchronous sampling. However, the
goal of this article lies in developing a new methodology to treat the nonsynchronicity itself. Recently,
Robert and Rosenbaum (2008) gave a new insight into the HY-estimator under microstructure noise.
See also Ubukata and Oya (2008).

10 Proof of Proposition 3.2

For computational ease, we introduce the following two point processes

KY = 1r, (i.))nR7(,5),00) (1) = 1R (6,5),00) (B) = 1[Ry (6,50 AR (i), B (i) (),
Fi] = (l(Rv(i,j),oo) . l[R/\(iJ),OO))t (stochastic integral)

which give orthogonal decomposition of K.
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Lemma 10.1 (2) K’ = 1, i) <R i), R py<tys 50 = Ly )<ecrn )}
—

and Ky = 1(R, (i,j)<RA(i.g), R (i) <t)

(b) K%, K, and K" are (F;)-adapted processes with

(10.1) K9 =K94+K7 and K9K” =0.
In addition,
(10.2) Ki=0 ¢ Ki=0 « K’=0.

Proof. Easy and omitted. O

Proof of Propostion 3.2. In light of (10.1), we decompose the target quantity as

> (UK v

4,583’

= 3 (2K v 30 (IR v w2 30 (K9RT) v
EE i o

=: I 4 I + ITI.

(a) Consider I first. Recall that K% identifies the pair (4,7) uniquely, i.e.,

K9K"' 20 = [i=¢and j=j].

So,
[=> K2-Vi? = Unojnmrigmrin Ve =D Vi = Vi aammeine -
i i i
Because
(10.3) vi = L w {() v
one has
(10.4) Vihone = XTI (RN 5) A 6) YT (T (RMG,4) At)) + (X, YT (10 F) ®)?%.

On the other hand,
Vil iinrraane = XTI (R, 5) ARNE ) A6) YT (7 (Ru(i, 5) A RN, §) At))
+{1X, Y] ((I' 0 J7) (Ry (i, §) A RN, 5) A L)) Y =0,
Thus it follows that

L= X (I (R G.9) ) YT (7 (RN j) A ) + {1 YT (0 ) )}
(b) Next consider II. We decompose it as

(10.5) )DIEED DI SRS SN ol

17J7Z 7‘7 ‘172‘/,7]'7]/:‘/ ‘171‘/,7]"]/:‘/ ‘,L’,l"/,’]j]/:‘/ .,L?l‘/,7]?]/:‘/
i=i',g=3" =i’ j#j A g=5"  iE G#]
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The following argument is motivated by Hayashi and Yoshida (2005b). 3
Case 1: ¢ = z and j = j'. Recall (10.3). When a pair (i,7) does not overlap, i.e., K“ = 0, so K" =o.
Therefore K - Vi = 0. When (4, j) overlaps, K~ - V7 = V7 — Vin A
becomes (10.4). To put together,

DKLV = 21X @) ] (7 () K7
—Z (I' (R"(i, ) A1) [Y] (7 (R"(i,5) At)).

However, the second term

Case 2: i =4 and j # j'. According to (3.4),
Vi = (X, Y] (I'n.J7) [X,Y] (P' N JJ") ,

which stops varying for ¢ > R"(i,5) V R"(i,j'). Note that when either pair (i, ) or (i,5’) does not
overlap, (fz_jfl_j ) Vi = 0. For two pairs (i,7) and (i, '), j < j, that overlap at the same time,

(RIRY) Vo9 =R Vs —vid _vi =0,
Therefore, > = <szfi]/) LVl = .
iy
Case 3: i # ¢ and j = j'. By symmetry, > g (FZEFZL]/) VUl = .
i =5

Case 4: i # ¢ and j # j/. According to (3.4), Vi'7 = [X,Y] (Ii N Jj'> X, Y] (I N JJ’). Hence,
for Vi3 £ 0, both pairs (i,7") and (¢/,7) must overlap at the same time, i.e., it must be that
K" %0 and K%7 # 0. In order that (F”f” ) Vidt'i" £ 0, it is necessary that K% # 0 and K%' # 0.

However, these two conditions are incompatible (i.e., (i, 7), (¢,7), (i,7'), and (¢, j) cannot respectively
overlap at the same time). Consequently, it follows that

S (KZ_]ﬂJ ) Vit =,
i1 G,
£ j#j
To put the four sub-cases together, we obtain
=" [X](I'(®) Y] (J (1) K = (X (I (RM(i,5) At)) Y] (J7 (R, §) At)) .
i3 2
(c) Consider III. We again decompose it as (10.5) in (B). B
Case 1: i =i’ and j = j'. Recall that Kij = 1[Rv(i,j)/\R/\(i,j),R/\(i,j)) and K7 = 1(Rv(i,j),oo) : 1[R/\(7;7j)7oo).

They are orthogonal when i = ¢ and j = j/, i.e

Kijﬁj =0fori=1 and j = j’

Hence, Case 1 (1 = ¢ and j = j') has no contribution.
Case 2 i =1 and j # j'. Evidently,

KiK' =0 fori=4 and j < j'.
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Suppose ¢ =i’ and j > j'. Then, Kijfijl = K" so far as K%' # 0 (or (i, ') overlaps). Note that
Vi = (X, Y] (I'nJ) [X,Y] (Ii N JJ") .
So, if (i,j") overlaps, then
(Ki_jfi—jl> ' Vtiﬁj/ = Ki—j ) Vtijijl = VI?Z{;,J‘)M B Vléjj{;,j)/\R/\(i,j)/\t

= XY (I 07 ) Xy ((Fna) @),

noting that (sup (IZ nJi ) <) sup (I' N J7) < R™i,j) and Ry(i,5) ARM(i, j) < inf (I' N J7) . Clearly,
the last expression includes the case when (4, ;") does not overlap because then both Lh.s. and r.h.s.
are trivially zero. It follows that

3 (EEF@') Lyt = Z X, Y](I'nJ7) [X,Y] (Ii N JJ")

i1 ,5,5": 1,5,4":
i=1'\j 75" >y’
=3 LS XY (1 ) [X, Y] (Ii N Jﬂ”)
o
= S YIS (S () - X Y] (10 )
i Iz

1 ) 1 ) .
— 52 X, Y] (1')* - 52 X, Y] (' n )2
i i
Case 3: i # 4 and j = 5. By symmetry,
Py il 1 -\ 2 1 ] i 2
> (KR vt =5 XY () - S XY )

g J &
i j=j

Case 4 1 # i’ and j # j'. Note that in this case
Vil = [X,Y] (P' N Jﬂ") [X,Y] (I N Jj> .

Now, that I'NJ7 = @ or I'nJi' =@ implies that Kij?i_ljl = 0, which entails that <K?FZ_,]/) Vi =
0. On the other hand, due to the geometric relationships among the four distinct intervals I¢, I, J7,
and J7', that I' N J7 # @ and I' N J'j/' + @ implies that I' N J¥' = @ or I" N JJ = @, and hence
Viii'i" = 0, which induces that (K?F_] ) . Vii'i" = (. After all, in this case,

2 : <K2jﬂ]> Vz]z] =0.
i1 ,5,5":
i1 j#j

Gathering the four sub-cases together, we have
m =" [X, Y] (I'(1)) +ZXY (J(¢ —2ZXY (' n J7) (1),
i

(d) Finally, we put the three components in (A)-(C) together to obtain I+ IT + ITI = V;*. O
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11 Proof of Lemma 4.1

By the mean value theorem, we can find a (random) time point ¢! € I(t) to show that, under [A1'],

z);lZ[)(,Y](P‘(t))2 = 12(/ Pds> — b, 1Z<X Yg) ')
2 [y e as)

as n — oo, for every t. We obtained (i); (ii) and (iii) can be shown similarly.
Let us prove (iv). We have

(11.1) 12 YI(J () K7 =b," Y Z/ / Y, ILTi1 4, (s, u) K dsdu,

i,9=1 =1

where A; := [0,a;) x [0,a;) N [0,a;-1) X [0,a-1), with 0 = ap < --- < a; < -+ < ag,) = T arbitrary
(n)

deterministic grid points such that 64" = = max;<j<r(n) lai — a;-1| — 0 as n — oo. Moreover, the r.h.s.
on (11.1) equals to

t t .
X[ 3 R s iy | dsdu
,J
W15 x7 i VK dsd
- n Z[ L11—1 az 1 Z A,(s,u) sau

=ba' > (XL, Ve (H%”(az At) = Hy? (121 A 1))

) ;1/0 (Z [X];lﬂ [Y];Fl 1[al—1,az)(5)> H}L*2(d$)

l
® / [X], Y], HY2(ds) 2 / [X], (Y], H*2(ds),

as n — oo, for every t, under (a-1’), where ‘~’ means that the difference goes to zero in probability.
It remains to validate the approximations (A) and (B). We refer the reader to Hayashi and
Yoshida (2006) for the proof. OJ

12 Proof of Proposition 5.1

This section is devoted to the proof of Proposition 5.1. We need two types of modifications of sampling
times as stated below. We write 7, = bg and for given T' > 0, prepare a sequence of stopping times
S* and 77 defined by

S = S Ainf {t; max{S" At—S"TI At} > A (T +1)

and

T = T pinf {t; max{T At =T/ At} > 7} AT + 1)
]/
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Then $¢ and 79 are G(™-stopping times depending on n. Let I = [S’i_l, S’i_l) and J' = [Ti_l, Ti_l).
Let Z = (I') and J = (J7). Then for arbitrary sequence (v,) of F-stopping times satisfying v, < T
and Plv, < T] — 0 as n — oo, we have P[{XV» Y, T, 7} = {X,Y;Z,J}; forall te[0,T] — 1,
according to [A4]. Thus, we may assume that max{|I*|,|J7|;i,j} < 7, in what follows and also that
X and Y satisfy properties characterized by v, = T.

We take & so that £ < & < £, Let Qtn) = f(t—béo)
lemma to go to the second modification of stopping times.

. and G(™ = (an))te]g +- We shall prepare a

Lemma 12.1 Suppose that max{|J7|;i,j} < ¥, and that b — 7, > b, M := SUpjez, Ti<s: T7 is a
G _stopping time for each I'.
Proof. Fix I’ and let
(S*—#,)y on {T9 > S}
T, =

TJ on {17 < S%}.

Then (S° — 7,)4 and (T9 — 7)1 are G™-stopping times. Indeed, for t € R,

{8 =m)s <t} = {S'<tt+m}e Ferra-ts)e ©F a0y, = G,".
Therefore {T7 > St} € ng-), and hence
{(8" =)y <t, TV > 81 = {(S" =7y <t, (TV —7p)y > (8" —7p)y >0}

U{T7 > S, ' <7} € G

because {(T7 — 7). > (S —7a)s > 0} € G5l | and {TV > 8%, 8" <7} € G) = Fo € G for

t € Ry. Moreover, {17 < t, TV < §'} € gt(”) C Gt(”) After all, {7; < t} € g}(”), consequently all 7;
are f}(”)—stopping times.

Since sup;|J7| < 7, and T° = 0, there is a TV € [(S" — 7)1, 5. Therefore, we see
M = SUDPjez, . Ti<S T/ = supjeg, 7j is a G () _stopping time. O

We will apply the reduction used in Hayashi and Yoshida (2004) to every realization of (I*) and
(J7). That is, we combine J/’s into one for J7 C I, for each i > 1 (do nothing if there is no such
J7), then relabel the index j from left to right. Denote the newly created design by (jj ), with the
associated stopping times T7. We refer to the operation as J-reduction; Z-reduction can be made in
the same manner. We refer to the joint operation as (Z, J)-reduction.

Consider sufficiently large n. For each I?, N := minjez  .pi>gi-1 T7 is a stopping time with respect
to G| in force to G™. According to Lemma 12.1, M’ are also G(™-stopping times. While some
of N', M (i € N) have the same values, we line those times up to obtain T7 again. Routinely, it
turns out that 7Y are é(”)—stopping times; indeed, 7° = 0 and 7" = infl{Né
for ¢ € N.

Due to the bilineality, {X,Y;Z, 7} = {X,Y;Z,J} for T = (I') and J = (J7). It should be
noted that r,(t) is invariant under those reductions. Let IN(ZJ =1 (T i (2o} An advantage of the

l
Ni>Ti-1} M{Ml>fi71}}

reduction is that

(12.1) S K <3 and Y K/ <3
7 7
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Moreover, since for each I’ (or J7), one can always find an interval I' or an interval J7 that covers it,

> | ‘\/Z‘J] ‘ |Il [+ 1A @)

Hence, the conditions [A4] and [A6] imposed for the original designs (I, J) will remain valid for (I?, J7).

The above argument ensures that if we take & close to £, all the conditions related to £ are still
fulfilled for &y. Thus, we may assume throughout the proof that (Z, J)-reduction operation is already
carried out. We will continue to use Z = (I*) and J = (J7) to express those after reduction, as well as
¢ in place of &. Hence (12.1) is assumed to hold for K,’ from the beginning. Moreover, r,,(t) < 7, by
the first modification just before Lemma 12.1. According to the above discussion, we may also assume
that 4/5 < £ < f’ < 11in the sequel.

Set B=¢— 2, anda=¢ —2. Let vy € (0,22(6— %)), e1 € (0,3) and ¢,, = by, i . Define v,, by

v, = inf {|[X]| > cu} Adnf {&|[Y])]| > en} Adnf {&|[X, Y]} > cn}

X:— X Y. Y,
(12.2) Ainf < t; sup X o+ ¥ = ¥l
s€[0,¢] (s —r)l/2-a
(r,s): el —bg,) |
re€[(s—bp, )48

>1,AT.

By construction and from [A3], each v, is an F-stopping time and Plv, = T] — 1 as n — oo. Of
course, once the localization by v, is applied to X and Y, they will depend on n thereafter; however
the properties assumed for the original X and Y are unchanged by this stopping, so we will not write
“n” on them each time explicitly.

As noted before, we take a sufficiently large, deterministic number ng and only consider n such

that n > ng. In what follows, for arbitrarily given € € (0, %7), we can assume the inequality

(12.3) w (X1 (T)) +w (Vi (T)) < b2

for all n. It is because of the stopping by v,, and the fact that r,(T") < bg for all n.

The proof for Proposition 5.1 essentially starts with the following lemma. Lemma 12.2 (i) will be
used by Lemma 12.3 (i), which will in turn be used by Lemma 12.4 (i); in the meantime, Lemma 12.2
(ii) will be used by Lemma 12.3 (ii), which will in turn be used by Lemma 12.4 (ii). Lemmas 12.4 (i)
as well as 12.5 (i) will be invoked from Lemma 12.6, while Lemmas 12.4(ii) as well as 12.5 (ii) from
Lemma 12.7. Both Lemmas 12.6 and 12.7 constitute the main body of the proof of Proposition 5.1.

For notational simplicity, we introduce the symbols R (i, j) := S ATV ~! and RV (i, j) := S*V TV,
in addition to Ry (i,5) = St v T9=! and R"(i,j) = S* AT already defined. Notice that they all are
G (") _stopping times with obvious relationships such as Rx(i,j) < Ry(i,j) and R"(i,5) < RV (4, 7).

By convention, given a class C of subsets of 2 and a set A C €2, we denote CNA :={C N A;C € C}.
We may suppose 0 < b, < 1 hereafter.

Lemma 12.2 Suppose [A2] and let s,t € [0,T] and i,4,i", 5,7 > 1.

(i) Forj <j,

Svtﬂ{s\/t<szj P {r' e nJi(t #Q}ﬂ{-’z )ﬂJj/(S)#Q}CJTRA(i,j)-
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(ii) Fori >, i,
G N {svt< R,V n{I®)nJit)£2}n {ﬂ”(t) N JI(t) # @}

n {ﬂ(s) NJ7(s) # @} N {Ii”(s) NJ7(s) # @} C Frp@nir gndh)

Proof. We will use repeatedly the simple facts that for any F-stopping times o and 7, F,N{oc < 7} C
Fonr = Fo N Fr, in particular {o < 7} € F, N F; and that F, C Fr if o < 7.

(i): Suppose j < j'. It suffices to show that ANBNCND e F, for Ae gﬁ@,

B = {sVt<R(ij)}

C = {P‘(t) NJIt) £ @, 11(s) N J7' () # @}
D = {Ra(i,j) <u},

u € Ry. We have

(12.4) CND=CNnDN{RY(i,j) < u+3b5}

due to the first reduction we mentioned before because the two pairs (i,7) and (i, ;) respectively
overlap at the same time on C'. Since A € Q’é@ and C € gﬁ@, we have (ANC)NB € gg@)(i jy- Thus,

ANBNCN {Rv(z’,j’) < u+3b§} € g(’f%

&
n

however, gu+3b§: = fu+bi/3(3b$;—b§) C Fy because a > 3 and 0 < b, < 1. This together with the fact

that {Ra(i,7) < u} € F, implies AN BNCND e F, for any u.

(ii): Consideration similar to (ii) can be made. When four pairs (4,7), (¢,7), (¢,5"), (&",7),
(i > 4',i") respectively overlap at the same time, the total length of the associated combined interval
(Ii ur'ur’uJiu le) must be confined as RV (i,7 V j') — Ra(i’ Ni",5 AN j') < 45, ; note that
RA(@ A", jNj) = S'" P AST—1ATI= ATI'=1. This leads to an identity similar to (12.4), from
which one can prove (ii) in the same fashion as (i). O

Remark 12.1. It can also be shown that

G N {t <S8 C Fa, 6N {t<TI) C Fpom,
G N {t < RY(i,5)} N {I' (&) NJI(t) # @} C Froig)-

Let Hfj = I + th - Itthj = (I'u Jj)t, which is the indicator of the union of the intervals I* and
JJ up to time t. Let 17 = K K!9J and A = K HY.

Lemma 12.3 Suppose that [A2] is satisfied. Let (Z;) and (Z)) be G -progressively measurable pro-
cesses. Let s,t >0, and 1,1',1",7,7' > 1. Then

(i) AYAY 2,70 € Fr i) forj <5

e gy
(11) E;ZJE? J ZtZg S fRA(i/Ai”,jAj’) for 2 Z Z, and 1 Z Z”.
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Proof. (i): Note that on {I'(t) N JI(t) = @}, K7 =0 in particular A = 0, and also that
[svit> BY(,7)} € {HT =0} U {HY =0} C {AVAY =0}
for j < j'. For any s, t and Borel measurable set B,
{A?A?”thg e B}
= [{0€ BYNAG.j.7, s, U [{AVAY ZiZL € By N AGi, 5.5, 5,1)
by Lemma 12.2(i) because A7 AY 7,7 ! s Qi@—measurable by construction.
(ii): A similar argument to (i) can apply with Lemma 12.2(ii) instead of (i). O
Remark 12.2. (i) implies that
A;]Zt = HZJKZ]Zt < ]:RA(Z',]')
by taking s =t, j = j'. (ii) implies that
=97, = KV K Z, € Fry i fori >4,

by taking s = t, i = 4", and j = j'. By argument similar to the proof of Lemma 12.3, it can be shown
that

LIZy € Fgin, J)Zy€ Fria, ILJlZi€ Fpy
LI KPKP 2, € Fryg) (<5

i)

For i # ¢ and j < 7/, AijAgletZg € Fry(jr)- A similar result holds for the statement (ii).

For an F-adapted process Z, we write Z =7 Then Z is clearly G(™-adapted. Let

(t—b%)+ "
X — ([i_ . X)_ . (Il_/ -X) for every i and i’. We notice that

(12.5) X" =0fori>i.
Lemma 12.4 Suppose that [A2] and [A3] hold. Let s,t € R.

(i) Fori,i,j,7' > 1 withi#1 and j # 7',
]w

EWWWWMWMW'

(i) For all i,i',k,K',j,1 > 1 with i # k,

B == ] ] XX EE] <o,
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Proof. (i): Note that, for the overlapping pairs (i, j) and (¢, j'), ¢ < 4’ implies j < j' while j < j
implies 7 < ¢/, hence we can suppose i < i’ and j < j' without loss of generality.
We first claim that, for every ¢, ¢ and j,

B 17| Fryup)] = 0.

In fact, Lij = 1{t>Rv(i7j)}L? because Lij =0 for t < Ry(i,j) = S""1 v T7~1 by definition, and hence
the optional sampling theorem implies that

E [L;?"

Frois) = Lo B [ L) Froea] = losroin Ling, o) = O

P

For i < i and j < j/, Lemma 12.3 (i) implies that Aij [(X,Y], is FRra(ij) C Fry (i j7)-measurable

and Ailj/ (X,Y], is ]:RA(i’,j{) C Fg,(#,j5-measurable, for any t,s. Moreover, because L? is Frv(ij)-
measurable (notice that Ly stops at t = RY(i,7)), it is Fg
that

i j-measurable for any ¢. It follows

P S g

E [A? AYTIX Y X, Y)Y LI LY

fR/\ (17‘7):|

—E {A? AT XYY LB { L

FR\/(l/,]/)}'FR/\(l,J)] = O-

(ii): We may assume that i > ', k > k' due to (12.5), and also that i > k by symmetry. Lemma 12.3
(ii) or Remark 12 implies that E?lj [Y]', is Fgv_i-measurable; in the same way =RRUYY s Frr—1-
measurable. Since X¥* is measurable with respect to Fgr C Fgi-1,

B [EE ] ] x5 B { X

fsifl})Fs(i’Ak’)—l} .

The optional sampling theorem provides

E [X;"i

..
fsi—1:| — XZ/\ZSifl — 0,

which concludes the proof. [J

Lemma 12.5 Suppose that [A2] and [A3] are satisfied.
(i) For everyi and j, supcjo 1 |Lf;j| < enbby for all n.
(if) For every i and i', sup,cp m | X7 < eabls for all n.
Proof. Since L/ = (I - X) x (J. -Y) — (I J7) - [X,Y], we have
L7 | < w (Xsra() w (Vi (1) +w (X, Y] 5m(1)) -
By (12.3), w(X;7,(T)) < 57%&/75 and w (Y;7,(T)) < bégis for all n. where € € (0, 27). On the other

hand, from (12.2),
w([X,Y]:70(T)) < carn(T) < cpbf.
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Therefore we obtained (i). In the same fashion, from the inequality
X{ < w (X5 (1) +w ((X]5m(t)

we deduce (ii). O

For the main body of the proof for Proposition 5.1, let us consider the gap in (3.5) without scaling
and decompose it as

. S/ s .. e .. . R
> (KUKD) L9, L) = 3 (KIKD) v
1,5,4" .5 i,5,4" .5

(12.6) = A+ A+ Agy,

where

A= 30 (KIRT) [ x) (10 X) b () -

! 5 41
,2,75]

- 3 (o) [{ () -y (20) g,

/ /
1,257,

= 3 () [0 0) () () o)
Zj:j (K& {(207) -1} { (1) [X]}L

and

S (e [f(e) ) (o) )
3 o) ) ) e )
_ ]Z] (Kingj'> , { (ﬂﬁ’) Iy, X]} . {(FJ{’) X, Y]}]t .

First, we show that b,'A;; is asymptotically negligible. Let I(J7); = >, KZthi and J(I'); =
> K % J). Throughout the discussions, for sequences (x,) and (y), 5 < ¥, means that there exists
a constant C' € [0, 00) such that z,, < Cy, for large n.

Lemma 12.6 Under [A2], [A3] and [A4], it holds that b, A1 —P 0 and b, Agy —P 0 as n — oo.

Proof. We note that J? J7" = 0 whenever j # j and that X% =0 for i > i/, to rewrite AVIR:E

Ay = 2{ Z (K?KZ_/]JZ) X [Y]/-s} :

i>il,j :
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Let Ry = [Y], — [Y],. We have (A7) = 4(1 4 I1 4 IIT + IV), where

=) Z/ / ST XER YY) dtds,

>4 5 k>k' 1

= > Z/ / =gk LT XKk Y] R dtds,

>4 5 k>k 1

mr= > 3y / / =gk LT XK RY ] Rydtds,

> 5 k>k

v=> > / / =2 XTI XFRR R dtds.

> 5 K>kl

From [A3],

1
sup |R¢| = O, <bi(2 )\)>
te[0,7)

for any A > 0. On the other hand,

SRR LD D W

>, i <i

<9 |F(T)| < 9T,

thanks to (12.1). Consequently,

‘II‘ < Z Z / / r—~’L’L]—*k‘k’l’X7,’L

>, K>kl

2
< (max(X”) ) Z/ :;”dt

>4

N2 1
< (enlﬁ) .0, (bi(Q ”) ¢y - 81T2.

X’”“ Y], |Rs| dtds

2

Since 0 < v < %(5 — %) and since A > 0 can be taken arbitrarily small,
. 2426/ +€(5-A)— "
b 2|II| = O, <bn (3-%)- 47) < 0, (b279) = 5,(1).

In a similar manner, we can show that b 'III = op(1) and b, 'IV = op(1).
Next, we will evaluate E[I]. In light of Lemma 12.4 (ii), the terms contribute to the sum only
when ¢ = k . Thus, from (12.2) together with the aid of Lemma 12.5 (ii), we have,

B < 20 ¢ ZZ/ / SIZiR L gtds

>, K\l
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Now,
2

Sy / / =iz s =3 [ 30 / =g | |
i>i',5 k'l i i7" <i

however, for each 1,

> / =i dt = Z/ KPS K] dt < 3[0(1) (1)

i, 5’ <i i/ z’<z

Hence,

ZZ/ / == dtds <9Z}J (1*)

i>i'j k'l

< 9max|J (I') yzp (I*)

< 9(3r,(T)) (37) = 81rn( )T < b

Thus it follows that
b2 1B ]S 6,2 202 -2 b = b 0

as nm — 0o.
After all, we conclude that b, '!A; 7 = o, (1). By symmetry, we also obtain b, Ay = 0, (1). O

As the last step for Proposition 5.1, we are going to show that b, 1A3,t is asymptotically negligible.
The expression of Az; can be simplified as below.

Lemma 12.7 Ay, =23, (KYHILY) - [X,V]),.
Proof. By use of associativity and linearity of integration as well as integration by parts, one has

)

Ay = 3 (kIR (K919 + K9 LY)] - (X, V).

T
VIRV

The summation breaks down to the four cases.

Case 1: i #1',j # j'. Whenever i < ¢’ and j > j/, both (4,7) and (¢, j") cannot overlap at the same
time, hence KYK"" = 0. The case of i > ' and j < j' is similar.

When i < ¢' and j < j’ (and when both (4, ) and (¢, j') respectively overlap at the same time), if
(', 7) overlaps, then trivially K9 = 0; moreover, K" K" = 0 because Kfl_j/ =0fort < Ry(7,j) =
7791 but K;lﬁ #0 for Ry(,j) <t < RMNi,j) =T/ < TV~ The case when (i,') overlaps instead
can be dealt with similarly.

The case of i > i’ and j > j' can be shown by symmetry.

It follows that

> (KK (K907 + KV L) =0,

G
i1, j#]
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Case 2: i =i',j # j'. When j < j' (and when both (i,5) and (i, ") respectively overlap at the

same time), "KY = 0 because KZJ_/ =0 for t < Ry(i,j') = T9~1 but K?_ # 0 for Ry(i,j) <t <
j/

]
RN, §) =T £ T7'~1, therefore
(KIED) (K900 + K9 07) = (K7KY) (K917 + KY'17) = KYKY K919,
When j > j/, by symmetry,
(KIEY) (K907 + K7 117) = KVKT KILV.
It follows that

S (KIEY) (YD + KLy = S KYRY KT+ Y KK KL

g g g’ g g g

i=i' ' i=i'\j<J’ i=i'>5"
=2 E KYKY K7LV =2 E KYKY LY

g g i5.J'

i=i' i<’ i<s’

by symmetry and by the fact that K% K% = K% (Lemma 10.1).
Case 3: 1 #4',j = j7'. Similarly to the above case, when i < 7/, K" K" =0 so that
(KIK) (K907 + K9 19) = (KYKY) (K709 + KY177) = KKK LY,
while for i > ¢/,
(KIEY) (K907 + K7 117) = KVKY KL,
It follows that

3 (K?Kiﬂ)(ﬁmuﬁﬂf)ﬁ N KUK =23 KUK,
,3,8 5" i,9,8" .5 1,,0"
i j=3 i<il =5’ i<’

Case 4: i =1i',j = j'. Evidently,

;s Y] ey sy .. PP L
3 (K?Kif ) (E_JL“ LKL J) =2 Y KYKYLY=2Y KLV,
INKVIE i, 5" i
i=il j=j' i=il j=j'

Putting all the four cases together,

1 Z ( K Ku) < KU 4 i Li’j> _ Z KUK Iii 4 Z KR | Z Kirii
2 &~ o - T T T —
Za]vl/vjl i7j7j/ i7j7il: ]

i<j’ i<’

Because R o
KYK"” LY =0 for j < jand KY K"/ LY =0 for i’ < i,
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the r.h.s. equals to

STKYKTLY 4+ Y KIKYL 4+ KILY

4,9, 1,9,1: ,J

375! i

=S KYKTL 43 KK =N KLY
1,5,5 1,58 1,5

=N KYLI 4N KL - KYLY
0,J Y] Y]

=S K (L4~ L) LY = K HY LY,
2,7 2,7

therefore, the assertion is obtained. [

Lemma 12.8 Under [A2], [A3] and [A4], by Az —P 0 as n — oco.

Proof. Let R; = [X, Y], — [X,Y],. We apply Lemma 12.7 to get (Az7)? = 4(I + 11+ IIT 4 IV),
where

—~—

T P
I=) > /0 /0 AT (X, YT, [X, Y] LY LT dtds

7;7]‘ Z'/,j/
ToT o~ o
=Y [ [ AT YT R L deds
.. Y 0 0
1,7 v,j
T r . ey - o,
m-35 [ [ APATRX Y LY dtas
ij i 0 0
T o Sl .y
IV = ZZ/ / AN RyRGLY Ly dtds.
ij i 0 0
From Lemma 12.5 (i), we have SUPye(0,7] |Lij| < cnbg for all n. Also,
1_
sup |Rt| < ’LU([X, Y]/ ; b%) — Op(bi(2 )‘))
t€[0,T)

for any A > 0 by [A3](ii). Since Hfj§I§+Jti,
T T g T g
Z/ A;Jdth/ I;ZK;JdHZ/ JIY K[ dt
ij 70 i 20 i 70 i
<3Y I ()] +3> | (r)] < 6T,
i j

Consequently, we conclude that

N 2 1
1| < (cnbg) .0, <b,§(2 ”) en - 36T2,
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so that b, 2IT = 0,(1). Likewise, we obtain b, 2ITI = 0,(1) and b,,2IV = 0,(1).
By the uniform boundedness [X,Y]’ < ¢, and Lemma 12.5 (i), we obtain
B[P <ebX -2 B> > / / AV AT dtds]
i i.j

Now, in light of Lemma 12.4 (i), the case (i # i',j # j') will make no contribution to the sum.
Therefore,

ZZ/ / A”A’]dtds<ZZ+ZZ+ZZ cAL 4 Ag + As.

YAV v gy

Since
2
= (Z/TA?dt)
7 /o
and
T T N T L
;/0 AtdtS/O I; (;Kt)dt"‘/o (;Jth)dt
<3|1(T)| + |7 (1) (T)| < 4|J (') (T)|,

AL <16 1T (1) (D] < 16max |J (I') \Z |J (17
< 16 (3r,(T)) (3T) = 144r,, (T)T < b5,

2
By symmetry, As < b3 ER . Finally, we will consider

2

As :Z (/OTA;‘jdt> :

1”]

Since
T N2 T T \?
( / A;ﬂdt) g( / LKt + / JgKgﬂdt)
0 0 0
.. . 2 .. . 2
gz(K;J I5 (T)}) +2(K§2 Bz (T)D ,
one has

Az <2y | (ZK> +23 |7 (1) (ZK)
i J J i
< 6r, (1) (Zﬂ @] +>|7 <T>) <120 (T)T S 8.
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Putting all together, we obtain E [A) + Ag + Az] < bg, and as a result,
b B [PP] S0, - e - e -y = 03077 = o(1)

as n — 0o. Lemma 12.8 has been proved. [J

Proof of Proposition 5.1. The desired result follows from the decomposition (12.6) and Lemmas
12.6 and 12.8. O

13 Proof of Theorems 6.1 and 6.2

This section is devoted to the proof of Theorems 6.1 and 6.2. With
Byy=Y AX(I)WMY (J), K7, Byy=)» AV(J)M* (X'), K/,
i,j 1,J
Bsy =Y _ AXN(I')AY (), K/,
i’j
we have the decomposition
{X, Y} ={M* M"}+ By + Bay + Bs,.
The limiting distribution of the first term has been found in the previous sections. We now claim that
the rest are, after scaled, asymptotically negligible.
Lemma 13.1 Suppose that [A2] — [A6] are satisfied. Then b;l/QBl*T —P0asn—oo forl=1,23.

Proof. In this time, in place of (12.2), we will use the random times v,, defined by

vp = inf {&|[X])}] > e} Adnf {&|[Y]}] > e} Adnf {&;|[X, Y]} > e}

MX — MX|+ |MY — MY
Ainfd ¢ sup | M o |+ M r|>

(r,s) seloy] (s — T)l/Q_El
: 7
T rel(s—b5 ) 48]

1

Adnf {t;[(AY)}]| > dn} Anf {[(AY))] > du} AT

with d,, = by ¢/? for some (e (%, % + 20— 3y) C (%, 1). As mentioned in Section 5, we can assume
that X and Y are stopped by wv,; this v, here is not greater than v, in (12.2), however it does not
matter since Plv, = T|] — 1. Though n will not be written explicitly on the processes but they
depend on n after localization. Further, we can assume that the sampling designs have been modified
by (Z, J)-reduction.

We only consider By 7. The other cases can be shown in the same way. For notational simplicity,
we drop X and Y from AX and MY. Since Kfj =1 for t > Ry(i,j) in case the pair (i,j) overlaps,
and K;” = 0 otherwise, while the process A(I*)M(J7) starts to vary at and beyond t = Ry (i, j), one
has

Big=>_ K- {A(IM (1)}

=K A{AU- M ()}, + DOKY - {M () A1)

=: ]It + ]I]It

t
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The process I; is clearly a continuous local martingale with the quadratic variation

(1,=>> {K?Ki’j’ (I' - A) (Ii’ -A) (JiJi’) M) - s}

ij 5 - t

due to [A3]. Each summand vanishes whenever j # j/, and also | (I’ -A)t’ < |4l [T%(2)| by [AB],
hence

(1], < IV AN S E @) S K2 [P @] YK | ).
i j i

Since 3, [1(t)| < t, 3, Ki [ (1)] < 3ra(t) and 3, K} 7
by localization already done, one has

Ii/(t)‘ < 3ry(t), as well as H[M},Hoo < o

[T, < 9ca ||| A']|12, rn(t)?.

1 USSP
therefore b, ! [1], < 9t x ¢, x Op(1) X bf;”a =0, (bi(a 7)JF‘NJ%) = 0p(1). The Lenglart inequality

implies that by, 1/2 supg<<r It| —P 0 as desired.

Next we consider II. Since {b; 1 QH} is C-tight (cf. Definition VI.3.25 of Jacod and Shiryaev

n>1
(2000)) by Lemma 13.2 below, it suffices to show that b='/2I; = 0,(1) for every t to conclude its
uniform convergence. We rewrite Il as

t .
m = > A / KT (Jz-M) ds
i 0 °
13 .
+Z/ KU (JJ_-M> (A, — Al,_,) ds
— Jo s
?/7.7
= Z]I]Il’thH]IQ,t.

First we claim that b;1/2]ﬂ117t = 0p(1) as n — oo. If j < j', then clearly A7, A", ,

measurable; besides, it can be verified easily that K/ Kf;j T Y s Fpjr—1-measurable due to a variant
of Lemma 12.3(i). Therefore

is .7:Tj/_1—

t ot , )
ElL, = 2E[ 3 A’leA}jf-l/ / KR (Ji-M) E[(Ji -M) ‘ij,,l} dsdu]
i j<j' 0 /o ° “
o [Tt ) 2
+E[Z( L) //K;JK;U;I;E[(JJ-[M]) ij_l} dsdu}
— 0o Jo s
7/72 7‘7
2 t t .. e -
_ E[Z( ) //K;JK;JI;I; (7 a1 o) dsdu]
— o Jo s
,L’/[/ ’]
2
< 4dixcanZ‘J1(T)} (ZK;"J' p@)\)
J 7
400 3.
< 4d2 x ey x E[9Tr,(T)%] S b3 720707 = o(b,),
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and hence b,, 1/ 2M1,t —P 0 for every t.

Next regarding I,

¢ .
M| = 0 K (JJ_- IZ (AL — AL, ) ds

t
< [ Sxin
0 i

w(M;ry (t)w (A5 2ry, (¢ /K“Ilds

(JZ : M) ’ |KTE (AL — Ay )| ds

< 3T w(M;ry (T))w (A2, (T)) ,

for every t < T, where [ (Jj) ey Ktij I as before, and we used under the reduced design
(J7), > K7 < 3. Because w(M;r, (t)) = Oy (rn (t)1/2_”) for any k € (0,1/2), and from [A5],
w (A1, (1) = Op(r,(t)1/27) for some A € (0,1/4), we have

_1 1 1 (r 2
bn Q]UIQ,t - bn 20p (Tn (t)li('%‘k)\)) = Op (bn 2+{1 ( +)\)}(3+ )>

with [A4]. Noting that {1 — (k+A)}a > 0 and that one can always make —2 (k+ ) > —% by
choosing k arbitrarily small, to obtain by, 1/ 2]1}127,5 = 0, (1) for every t. Consequently we obtained

by /2 supyepo,r] [Ile] —” 0. Combining it with the previous result completes the proof. [J
~1/2 , .
Lemma 13.2 {b, '“II},>1 is C-tight.

Proof. Rewrite I; as

W=y M () - {1(s7) -4} .
For C1 > 0, let p = inf{¢; [M]; > C1} and let
M, =, M (57)_-{1()_-A} .

t

Then for s < t,

t
b M= T < 02 [ ()], 4], 1 (),

< Z{/t (b;l/QM“ (Jj))iI(Jj)udu}é {/t }A’\i[(ﬂ)udu}é
<1X / e () 1)y S J 1A () o

=

u

<03 (T) x V3T | A'||°. (t - 5)>
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where

u

-y /OTA' (b2 (JJ'))2 1(F%), du.

For Cy > 0, let 6§ = inf{t; H2(t) > Cy}, which is G(™-stopping time since H? is G("-adapted.
Since 1g,<gyI(J7) is Frj-1-measurable,

E[©,(0)] = ZEUOTE[<bnl/2Mu (Jj))iM’ij_l] 1{u<9}f(ﬁ)udu}

= ZE[/ b, MM (), Yu<ar L (), du]

< It L ]
S 501027
where we used the fact that
j+2
1Z\J” WILT)O) < b, Y 1 O)] D |T40)
j (=j—2
< 56,0 |F(O)F = 5H(0) < 5Cs.

Since lime, oo P[0 < T| = 0, it follows from [A6] that the family {©,,(T)},, is tight.
For each € > 0,

sup P w(b;lﬂﬁ; 6, T) > e} <supP
n

wp [OumIVET ()| @ - )] 2 ]

n sti]s—t| <6
<supp[ VAT || A]|[2, > 6]
—0
as 0 | 0 because of the local boundendness of A’. Since lime, oo Plp < T] = 0, obviously

sup,, P [w(bp /11,6, T) > €| — 0 as § | 0. Consequently {b,"/*II},>; is C-tight. O

Proof of Theorem 6.1. In both cases (a) and (b), [A2]-[A6] holds, hence Lemma 13.1 ensures
the behavior of {X,Y} is the same as {M*, MY} in the first order; that [X,Y] = [MX , MY] is a
trivial notice. Eventually, we will consider

M o= (MY MY}, - (MY, MY, ZL”K”
in place of (3.1), but in the present situation for
Ly = (o M¥)_ (M) (M) (MY,
t —

Condition [B2] holds under the assumptions according to Proposition 5.1; note that Vtij g unchanged
and [A3] still holds even if (M*X, MY') replaces (X,Y). Therefore, once Condition [B1] is verified for
(MX, MY in place of (X,Y), (a) follows from Proposition 3.3, and (b) follows from Proposition 4.1.
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_1 _1
After all, what we have to show is that b, *U% , —P 0 and b, >0y, —P 0 as n — oo for every ¢,
where for instance U, is now given by

%o = DK (1) Y] ()} + SOKY (MY () (XX (1)},
g ij
Since, thanks to [A3], [X, X| and [X, Y] satisfy the property in [A5], exactly the same argument made
L 1

for II; in the proof for Lemma 13.1 to give by, 5‘1]}‘“ —P 0. The convergence b, 5‘13’{/’,5 —P 0 is verified
in the same fashion. [J

14 Proof of Theorems 7.1 and 7.2

Theorems 7.1 and 7.2 can be obtained by applying the following lemmas.
Lemma 14.1 Suppose that [A3] and [A4] are satisfied. Then

by (W— {MX,MY}> w“r
as n — oo.

Proof. We recall the following standard notation:
I(F),=> K’1i, J(I'),=> KJ.
i J

According to the notation system introduced earlier, I (J j ) (t) denotes the aggregate interval truncated
by time ¢, hence X (I (J7) (¢)) will mean the increment of X over it.

For any t, there exists a unique pair (7, ;) such that ¢ € [Si_l, Si) and t € [Tj_l,Tj). Call such
indices i; and j; in what follows. By definition, i — 1 = max {i; St < s} and js — 1 = max {j; Ti < s}
for arbitrary time s. We see that ‘I (J9) (s)] < 2rp(s) and }J (1) (s)’ < 27y (s) for any s. Set
Ay ={MX MY}, — {M* M},

Consider the case where S%~! < TJs=1 For i < i, — 1,

I'nJ #£o] = [supJ/ <T»'<s] = [I'(s)NJ(s) # 2],

Such pairs are included in the summation in both {MX MY} and {M XM Y}. Consequently, when
the gap between the two quantities has to be evaluated, only the remaining overlapping pairs (i, 7)
with ¢ = i are to be taken into account. Thus, for any s,t with s <,

A < X (1)) [Y (7 (1) ()]
<w (MX;rn (t),t) -w (MY;an (t),t).

The case S~ > TJs~1 and the case S%~! = TJs~1 are similarly treated and we have

|As] §w(MX;2rn (t),t) -w(MY;an (t),1t).

in any case.
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Since MX and MY are continuous local martingales, from to the martingale 1rep1resentation1 as

Brownian motion together with [A3], it follows that for any ¢ > 0 and any ¢ > 0, w (MX; h, t) < h2™¢
as h | 0. The same inequality is true for MY as well. From [A4], we conclude that

bn

SIS

1(1_ _1
sup Ayl = 0, (bi“ 2) ) — 0, (1),

s€[0,t]

taking small €. J

Set

e¢] e}
Biu= Y AYIOYMY(J)EY, Byy= Y A(J)MY(X')KY,
Sil\7/jT:J'1§t SiZ\7/]T:J'1§t
Egt: Z AX(I’L)AY (J])KU,
SilyT:flgt

where KV =1 {1inJi+g}, then we obtain the discrete version of decomposition

{X, Y}, = {M* MY}, + B1y + Bay + By,
Lemma 14.2 Suppose that [A2] — [A6] are satisfied. Then b;l/QE;T —P0asn— oo forl=1,23.

Proof. The uniform difference between B; and By, after scaling by b, v 2, can also be shown to
be negligible. But the negligibility of By, is already given by Lemma 13.1. [J
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