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Analysis of the likelihood ratio is the first key step to investigate the performance of statistics. After the
initiation of the local asymptotic normality by Le Cam and Hájek, a new paradime of analysis was established
by Ibragimov and Has’minskii [4, 5, 6]. That is, all asymptotic properties of statistics in likelihood analysis
could be reduced in the convergence of the random field formed by the likelihood ratios. This program was
successfully implemented mainly for i.i.d. settings and white Gaussian noise models.

We shall recall Ibragimov-Has’minskii’s result briefly. Let Eε = {X ε,Aε, P ε
θ , θ ∈ Θ} be a sequence of

statistical experiments with ε ∈ (0, 1]. Θ denotes a parameter space in R
m. ϕ(ε) is a positive normalizing factor

tending to zero as ε ↓ 0. For a θ0 ∈ Θ, define a random field Zε by

Zε(u) =
dP ε

θ0+ϕ(ε)u

dP ε
θ0

(Xε)

for u ∈ R
m. The following is a simplified version of their result1

Theorem 1. (Ibragimov-Has’minskii [4, 5, 6]) Suppose that Zε satisfies the following conditions:

(i) There exist α > m and k ≥ α such that for some constant C,

Eε
[
|Zε(u2)1/k − Zε(u1)1/k|k

]
≤ C|u2 − u1|α (∀u1, u2, ε). (1)

(ii) For some γ > 0 and c > 0,

Eε
[
Z1/2

ε (u) ≥ e−c|u|γ
]
≤ e−c|u|γ . (2)

(iii) Finite-dimensional convergence: Zε →df Z, where Z is a Ĉ(Rm)-valued random variable.2

Then (P ε)Zε → L{Z}. Moreover,

P ε

[
sup

u:|u|≥r

Zε(u) > e−c1rγ

]
≤ e−c1rγ

.

∗The main part of this work was presented at Kyushu University in 2004. This work was in part supported by the Research
Fund for Scientists of the Ministry of Science, Education and Culture No. 16500173, and by Cooperative Research Program of the
Institute of Statistical Mathematics.

1P ε denotes P ε
θ0

. Eε is the expectation with respect to P ε.
2Ĉ(�m) is the sapce of continuous functions that tends to zero at the infinity.
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If û uniquely attains the maximum of Z(u), then for any sequence of the maximum likelihood estimator θ̂ε

for θ, ûε := ϕ(ε)−1(θ̂ε − θ0) →d û and moreover

Eε [f(ûε)] → E [f(û)]

for every f ∈ C↑(Rm).3

Convergence of moments or the estimate of the error probability of an estimator plays an essential role in
key steps of theoretical statistics. For mean bias correction to an estimator, we need the exsistence of the mean
of it. The expected value of the plug-in functional

Eε [log likelihood (ûε)]

is necessary in prediction theory and in construction of information criteria. For example, the number of
parameters appering in AIC as the correction term is nothing but the mean square of ûε

4 It is impossible to
develop the higer-order asymptotic theory without the following type estimate:

P
[
|θ̂n − θ0| > n−β

]
≤ n−N

for β < 1/2. Also, for the same estimates for Bayes estimators, we need an estimate of the large deviation
probability for the likelihood ratio random field. The necessity of the polynomial type large deviation inequalities
in the theory of asymptotic expansion of the estimators for stochastic processes motivates this article (Yoshida
[29], Sakamoto and Yoshida [19, 20]).

Kutoyants found that Ibragimov-Has’minskii’s scheme could work for stochastic processes including diffusion
type processes and point processes. Among his many results, Kutoyants established a complete theory for
processes with small diffusions (Kutoyants [9]). Many applications of this methodology were also presented
in Kutoyants [10]. We should note that the Ibragimov-Has’minskii-Kutoyants’ theory was effectively used in
derivation of asymptotic expansions ([26, 28]).

We can use (1) or another simpler continuity inequality in most cases in practice. Contrarilly, as the
core of the theory, the large deviation inequality (2) is not easy to obtain for most of stochastic processes,
even for nonlinear ergodic diffusions; asymptotic theory for small perturbed systems is special in this sense.
As seen in Kutoyants [9], for ergodic diffusions, is necessary an explicit expression of the moment generating
function of a kind of deviation in the statistical model, although it implies very strong results such as the
convergence of moments once it is obtained; strong assumptions possibly produce strong results! Without such
a strong assumption, the convergence of statistical random fields was proved in [25], however without moment
convergence.

It is an important observation, as some of statisticians have been aware and really it was implicitly written
in Ibragimov and Has’minskii’s papers, that the exponential type large deviation inequality like (2) is much
stronger than our use. The polynomial type large deviation inequality is sufficient to develop a theory. Here
the polynomial type large deviation inequality means:

P ε

[
sup

u:|u|≥r

Zε(u) ≥ r−N

]
≤ CN

rN
(r > 0)

because the rate of the convergence of the probability is of or faster than a polynomial order. Some exponential
in place of r−N on the left-hand side is very often possible.

Kutoyants [12] presented a polynomial type large deviation inequality for one-dimensional diffusions by
means of the local time. The aim of the present article is to provide a polynomial type large deviation in-
equality in a more abstract, general setting of the partially locally asymptotically quadratic (PLAQ) sequence
of experiments (without any special properties belonging to diffusion processes). By our results, for stochastic
processes including nonlinear non-Gaussian time series models and semimartingales as well as multi-dimensional

3The set of continuous functions on �m of at most polynomial growth.
4In the literature of asymptotic statistics, unformunately, such an expectation has been very often assumed to exist without any

mathematical backing. Rigorous treatment of this problem under a certain integrability assumption can be seen, e.g., in Uchida
and Yoshida [22].
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diffusion processes, it is possible to obtain new convergence results, e.g., the convergence of moments of the M-
estimator, and the asymptotic normality of the Bayes estimator and convergence of moments of it. Our results
also provide the same consequences even for estimators based on sampled data from diffusions with/without
jumps5. The grading of the parameters appearing later is necessary for this reason.

In this talk, we discuss asymptotic properties (consistency, asymptotic normality and convergence of mo-
ments) of M and Bayesian type estimators in estimation of a stochastic differential equation based on sampled
data.
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