Zelevinsky involution and #¢-adic cohomology of
the Rapoport-Zink tower

Yoichi Mieda

ABSTRACT. In this paper, we investigate how the Zelevinsky
involution appears in the f-adic cohomology of the Rapoport-
Zink tower. We generalize the result of Fargues on the Drinfeld
tower to the Rapoport-Zink towers for symplectic similitude
groups.

1 Introduction

The non-abelian Lubin-Tate theory says that the local Langlands correspondence
for GL(n) is geometrically realized in the ¢-adic cohomology of the Lubin-Tate tower
and the Drinfeld tower (cf. [Car90], [Har97], [HTO01]). It urges us to consider how
representation-theoretic operations are translated into geometry. In [Far06], Fargues
found a relation between the Zelevinsky involution and the Poincaré duality of the /-
adic cohomology of the Drinfeld tower. Furthermore, by using Faltings’ isomorphism
between the Lubin-Tate tower and the Drinfeld tower (cf. [Fal02], [FGLO§]), he
obtained a similar result for the Lubin-Tate tower. This result is useful for study
of the f-adic cohomology itself. For example, it played a crucial role in Boyer’s
work [Boy09], which completely determined the ¢-adic cohomology of the Lubin-
Tate tower.

A Rapoport-Zink tower (cf. [RZ96]) is a natural generalization of the Lubin-
Tate tower and the Drinfeld tower. It is a projective system of étale coverings
of rigid spaces { Mg} lying over the rigid generic fiber M of a formal scheme M.
The formal scheme M, called a Rapoport-Zink space, is defined as a moduli space
of deformations by quasi-isogenies of a p-divisible group over Fp with additional
structures. For a prime number ¢ # p, consider the compactly supported ¢-adic
cohomology H:(My,) = lim H!(My,Q,). It is naturally endowed with an action
of G x J x W, where G and J are p-adic reductive groups and W is the Weil group
of some p-adic field (a local analogue of a reflex field). The cohomology H’(M,.) is
expected to be described by the local Langlands correspondence for G and J (cf.
[Rap95]), but only few results are known.
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In this paper, we will give a generalization of Fargues’ result mentioned above
to Rapoport-Zink towers other than the Lubin-Tate tower and the Drinfeld tower.
Although our method should be valid for many Rapoport-Zink towers (see Remark
5.14), here we restrict ourselves to the case of GSp(2n) for the sake of simplicity. In
this case, the Rapoport-Zink tower is a local analogue of the Siegel modular variety,
and is also treated in [Miel2b]. The group G is equal to GSp,,(Q,), and J is an
inner form GU(n, D) of G, where D is the quaternion division algebra over Q,,.

The main difference between Fargues’ case and ours is that the Rapoport-Zink
space M is a p-adic formal scheme in the former, while not in the latter. Owing to
this difference, we need to introduce a new kind of cohomology H, » (My,). Contrary
to the compactly supported cohomology H:(M.,.), this cohomology depends on the
formal model M of the base M of the Rapoport-Zink tower. Roughly speaking,
it is a cohomology with compact support in the direction of the formal model M
(for a precise definition, see Section 3.2 and Section 5.1). If M is a p-adic formal
scheme, it coincides with the compactly supported cohomology. By using these two
cohomology, our main theorem is stated as follows:

Theorem 1.1 (Theorem 5.6) Let K be an open compact-mod-center subgroup
of G and T an irreducible smooth representation of K. Denote by x the central
character of 7. For a smooth G-representation V, put V; = Homg(, V®’H(Zg)X_1)7
where H(Z¢) is the Hecke algebra of the center Z¢g of G. Let s € I, be a Bernstein
component of the category of smooth representations of J with central character .
An integer 1(s) is naturally attached to s; s is supercuspidal if and only if 1(s) = 0
(cf. Section 2).

Assume that the s-component HI(My),s of HI(My), is a finite length J-
representation for every integer q. Then, for each integer i, we have an isomorphism
of J x Wq,-representations

HE O™ (M) v o (d) 2 Zel (Hi(M)Y,).

Cm T,5

Here Wy, denotes the Weil group of Qp, d = n(n + 1)/2 the dimension of M, and
Zel the Zelevinsky involution with respect to J (see Section 2).

By applying this theorem to the case where C—Ind% T becomes supercuspidal, we
obtain the following consequence on the supercuspidal part of H:(M.,/p”) (here p*
is regarded as a discrete subgroup of the center of J).

Corollary 1.2 (Corollary 5.11, Corollary 5.12) Let 7 be an irreducible super-
cuspidal representation of G, p an irreducible non-supercuspidal representation of J,
and o an irreducible (-adic representation of Wq,. Under some technical assumption
(Assumption 5.8), the following hold.

i) The representation 7®p does not appear as a subquotient of H&=dmM™ (N1 /p7).
In particular, if n = 2, © ® p does not appear as a subquotient of H*(M,/p”).

ii) If n = 2, T ® p ® o appears as a subquotient of H3(M,,/p?) if and only if
v @ Zel(p¥) ® 0¥ (—3) appears as a subquotient of H(M.,/p”).
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The proof of ii) also requires a result of [IM10], which measures the difference be-
tween the two cohomology groups H.(Mu/p*) and H¢, (Mu/p*). This corollary
will be very useful to investigate how non-supercuspidal representations of J con-
tribute to H!(M,/p?) for each i.

The outline of this paper is as follows. In Section 2, we briefly recall the definition
and properties of the Zelevinsky involution. The main purpose of this section is to
fix notation, and most of the proofs are referred to [SS97] and [Far06]. Section
3 is devoted to give some preliminaries on algebraic and rigid geometry used in
this article. The cohomology appearing in Theorem 1.1 is defined in this section.
Because we prefer to use the theory of adic spaces (cf. [Hub94], [Hub96]) as a
framework of rigid geometry, we need to adopt the theory of smooth equivariant
sheaves for Berkovich spaces developed in [FGLO08, §IV.9] to adic spaces. In fact
proofs become simpler; especially the compactly supported cohomology and the
Godement resolution can be easily treated. In Section 4, we prove a duality theorem
under a general setting. Finally in Section 5, after introducing the Rapoport-Zink
tower for GSp(2n), we deduce Theorem 1.1 from the duality theorem proved in
Section 4. We also give the applications announced in Corollary 1.2.

Acknowledgment This work was supported by JSPS KAKENHI Grant Number
24740019.

Notation For a field k, we denote its algebraic closure by k.

2 Zelevinsky involution

In this section, we recall briefly about the Zelevinsky involution. See [Far06, §1] for
details.

Let p be a prime number and G be a locally pro-p group; namely, G is a locally
compact group which has an open pro-p subgroup. Fix a 0-dimensional Gorenstein
local ring A in which p is invertible. We write Rep, (G) for the category of smooth
representations of G over A. Denote by G4 the group G with the discrete topology.
We have a natural functor i¢: Rep,(G) — Rep,(G4=°), which has a right adjoint
functor cog: Rep,(GE) — Rep,(G); V — lim  V*. Here K runs through
compact open subgroups of G. The functor cog is not exact in general.

Let D.(G) be the convolution algebra of compactly supported A-valued dis-
tributions on G. It contains the Hecke algebra H(G) of G consisting of com-
pactly supported distributions invariant under some compact open subgroup of
G. For each open pro-p subgroup K of G, an idempotent ex of H(G) is natu-
rally attached. We denote by Mod(D.(G)) the category of D.(G)-modules. We
have a natural functor ip: Rep,(G) — Mod(D.(G)). The right adjoint functor
oop: Mod(D.(G)) — Rep,(G) of ip is given by M — lim e M, where K runs
through compact open pro-p subgroups of G. Note that cop is an exact functor.

For a compact open subgroup K of GG, we have a functor

c-Indp () Mod(D.(K)) — Mod(D(G)); M — Do(G) @p,(xy M.
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This functor is exact and the following diagrams are commutative:

c-Ind€ C-IndgC(?
Rep, (K) 2K L Rep,(G)  Mod(D,(K)) ", Mod(D,(G))
liD liD lOO’D lOO’D
C—Indgcgg)) c-Ind$
Mod(DC(K)) c Mod(Dc(G)), Rep,(K) K » Rep, (G).

Let us observe the commutativity of the right diagram, as it is not included in
[Far06]. Take a system of representatives {g;}ic; of G/K. Then, as in [Far06, §1.4],
we have D.(G) = @, 0,1 * D(K), where 6, -1 denotes the Dirac distribution at

icl Vg,
€ G. Therefore, for a D, (K)-module M, an element z of c- IndDC(G)) M can be
ertten uniquely in the form Zzel o ® x; with z; € M. Put M, = ipoopM.
It is the D.(K)-submodule of M consisting of x € M such that exrx = z for
some open pro-p subgroup K’ of G. By the left diagram and the fact that ip is

fully faithful, it suffices to prove that c—InngE% My, = (C—Indgzg% M) First take

T = ZZGI 59—1 ® x; in c- ImdD (K)) M. For each i € I with x; # 0, take an open
pro-p subgroup K; of K such that ek, T; = ;. We can find an open pro-p subgroup
K' of G such that ¢;K'g;' C K; for every i € I with z; 75 0 Then, we have

CRIT =D e 009~ © € prg 1$Z = z, and thus z € (c- IndDC 1) M)oo. Next, take
T= s 59_1 ® x; in (c- IndD“ DK M). Then, there exists an open pro-p subgroup
K' of G such that egrz = x. We may shrink K’ so that ¢;K'g, ' C K for every

i € I with x; # 0. Then, we have x = ez = 216”7&059 1 @ e, o -1 Hence
€q, kg Ti is equal to z; for every ¢ € I with x; # 0, which 1mphes x; € M. Thus

chngf M.,. Now we conclude that c—IndDC(K) M, = (C_Inng(K) M)o.

Definition 2.1 For 7 € Rep,(G), consider Homg(m, H(G)), where H(G) is re-
garded as a smooth representation of G by the left translation. As H(G) has an-
other smooth G-action by the right translation, Homg(7, H(G)) has a structure
of a D.(G)-module. Therefore we get a contravariant functor from Rep,(G) to
Mod(D,.(G)), for which we write D™. Composing with cop, we obtain a contravari-
ant functor D = copoD™: Rep,(G) — Rep,(G). We denote by RD™ (resp. RD)
the right derived functor of D™ (resp. D). As cop is exact, we have RD = copo RD™.

chInd

Proposition 2.2 Let K be an open pro-p subgroup of G and p a smooth represen-
tation of K over A. Then there is a natural D.(G)-linear injection

C—Indgz EIG()

y(p) — D™ (c-Ind$- p).

Here p* = Homg (p, A) denotes the algebraic dual, which is naturally equipped with
a structure of a D.(K)-module. Applying cop to the injection above, we obtain a
G-equivariant injection

c-Ind%(p¥) < D(c-Ind% p),
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where p¥ = cop(p*) = coxg(Homg (p, A)) denotes the contragredient representation
of p.

If moreover p is a finitely generated K -representation (in other words, p has finite
length as a A-module), then we have

RD™(c-Ind%(p)) = D™ (c-Ind%(p)) = C—Indgzg% (p"),
RD(c-Ind%(p)) = D(c-Ind% (p)) = c-Ind(p").

Proof. See [Far06, Lemme 1.10, Lemme 1.12, Lemme 1.13]. |

Corollary 2.3 Assume that A is a field, Rep,(G) is noetherian and has finite
projective dimension.

i) Let Df,(Rep,(G)) be the full subcategory of D’(Rep,(G)) consisting of com-
plexes whose cohomology are finitely generated G-representations. Then the
contravariant functor RD maps Df,(Rep,(G)) into itself.

ii) The contravariant functor
RD: Df, (Rep,(G)) — Dp, (Rep,(G))

satisfies RD oRD = id.

iii) For a field extension A" of A, the following diagram is 2-commutative:

‘D?g (RepA(G)) S ‘D?g (RePA<G))

l |

D%, (Rep,/(G)) —2 Db, (Rep, (G)).
Here the vertical arrows denote the base change functor.

Proof. For i) and ii), see [Far06, Proposition 1.18]. iii) follows immediately from
Proposition 2.2. |

In the remaining part of this section, we assume that A = C. Let F be a p-
adic field and G a connected reductive group over F. Write G for G(F). Fix a
discrete cocompact subgroup I' of the center Zg = Zg(F) and put G' = G/T". We
simply write Rep(G’) for Rep¢(G’). Note that we have a natural decomposition of
a category

Rep(G')= [] Rep,(G),

X: Zg/T—CX

where x Tuns through smooth characters of the compact group Z¢/I', and Rep, (G)
denotes the category of smooth representations of G with central character y. We
will apply the theory above to the group G’. In this case all the assumptions in
Corollary 2.3 are satisfied (cf. [Ber84, Remarque 3.12], [Vig90, Proposition 37)).
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Let Ir be the set of inertially equivalence classes of cuspidal data (M, o) such
that o|r is trivial. We have the Bernstein decomposition (c¢f. [Renl0, Théoreme
VI.7.2])

Rep(G') = H Rep(G')s.

s€lp
For V' € Rep(G’), we denote the corresponding decomposition by V' = P, V.
Proposition 2.4 For s = [(M,0)] € Ir, put sV = [(M,0")] € Ir. Then, RD
induces a contravariant functor D}, (Rep(G');) — Df,(Rep(G')sv).
Proof. See [Far06, Remarque 1.5]. |

For s = [(M, 0)] € Ir, put ¢(s) = rg — rm, where rg (resp. v) denotes the split
semisimple rank of G (resp. M). The number ¢(s) is 0 if and only if M = G.

Theorem 2.5 ([SS97, Theorem II1.3.1]) Fix s € Ir. Let Rep(G') be the full
subcategory of Rep(G’)s consisting of representations of finite length. For m €
Rep(G")!, we have R'D(rr) = 0 if i # 1(s). Moreover, R“®)D(r) has finite length.

Definition 2.6 For 5 € Ir and 7 € Rep(G")!, put Zel(n) = R®D(nV). The
(covariant) functor Zel: Rep(G')! — Rep(G’)1 is called the Zelevinsky involution.
It is an exact categorical equivalence. In particular, it preserves irreducibility.

Proposition 2.7 For an irreducible smooth representation © of G’, we have an
isomorphism Zel(r") = Zel(w)". In particular, Zel(Zel(r)) = .

Proof. 1t is an immediate consequence of [SS97, Proposition IV.5.4]. i

Let x: Zg — C* be a smooth character, which is not necessarily unitary. We
can consider a variant of Zel on Rep, (G) as follows. Let H,(G) be the set of locally
constant C-valued functions f such that

— f(z9) = x(2)71f(g) for every z € Zg and g € G,
— and supp f is compact modulo Z.
Let D,: Rep,(G) — Rep,-1(G) be the contravariant functor defined by

D, (m) = Homgep (q) (7T, HX(G)),

and RD, be the derived functor of D,. As in Corollary 2.3 i), RD, induces a
contravariant functor

RD,: D (Rep,(G)) — Di,(Rep,1(G)).

Let I, be the set of inertially equivalence classes of cuspidal data (M, o) such that
0|z, = x. We have the Bernstein decomposition

Repx H Rer
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Let Rer(G)gl be the full subcategory of Rep, (G)s consisting of representations of
finite length. By [SS97, Theorem II1.3.1], for 7 € Rep, (G){ we have R'D, (7)) = 0 if
i # 1(s) and R‘®D, (7) has finite length. Hence we can give the following definition.

Definition 2.8 For s € I, and m € Rep, (G)!, put Zel, (1) = RID, (V). It
induces an exact categorical equivalence Zel,: Rep, (G)! — Rep, (G)! satisfying
Zel? = id.

X

Lemma 2.9 i) For 7 € Rep,(G)! and a smooth character w of G, we have
Zelygw (T @ w) = Zel, (1) @ w.

ii) Let I' C Zg and G' = G/I' be as above. If x is trivial on I', then for every

7 € Rep, (G)! we have Zel, () = Zel(r). In the right hand side, 7 is regarded

as an object of Rep(G')!.

Proof. 1) is clear from definition. For ii), note that H(G') = @, H,/(G), where X’
runs through smooth characters of Z; which are trivial on I'. By the decomposition
Rep(G') =[], Rep,/(G), we have

RD(7") = RHompgepe) (7", H(G)) = RHomgep _, () (7Y, Hy-1(G)) = RDy—1 (7).
Hence we have Zel, (m) = Zel(r), as desired. i

By this lemma, we can simply write Zel for Zel, without any confusion.

3 Preliminaries

3.1 Compactly supported cohomology for partially proper
schemes

In [Hub96, §5], Huber defined the compactly supported cohomology for adic spaces
which are partially proper over a field as the derived functor of I'.. This construction
is also applicable to schemes over a field.

Definition 3.1 Let f: X — Y be a morphism between schemes.

i) The morphism f is said to be specializing if for every € X and every special-
ization ¢y of y = f(x), there exists a specialization z’ of x such that /' = f(z').
If an arbitrary base change of f is specializing, f is said to be universally
specializing.

ii) The morphism f is said to be partially proper if it is separated, locally of finite
type and universally specializing.

Proposition 3.2 i) A morphism of schemes is proper if and only if partially
proper and quasi-compact.
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ii) Partially properness can be checked by the valuative criterion.

iii) Let f: X — Y be a partially proper morphism between schemes. Assume
that Y is noetherian. Then, for every quasi-compact subset T' of X, the closure
T of T is quasi-compact.

Proof. 1) can be proved in the same way as [Hub96, Lemma 1.3.4]. ii) is straight-
forward and left to the reader. Let us prove iii). We may assume that T is open
in X. Moreover we may assume that 7" and Y are affine. Put 7" = Spec A and
Y = SpecB. Let B be the integral closure of the image of B — A in A, and
consider the topological space T,, = Spa(A, B). Here we endow A with the discrete
topology. As a set, T, can be identified with the set of pairs (z,V,) where

—z €T, and

— V., is a valuation ring of the residue field x, at x such that the composite
Speck, — T — Y can be extended to SpecV, — Y.

Therefore, by ii), we can construct a map ¢: T,, — X as follows. For (z,V,) € T,,
the Y-morphism Spec k, — T uniquely extends to a Y-morphism SpecV, — X.
We let ¢(x,V,) be the image of the closed point in SpecV, under this morphism.
Since X is quasi-separated locally spectral and 7T is quasi-compact open, each point
in T is a specialization of some point in 7' ([Hoc69, Corollary of Theorem 1]). Thus
T coincides with ¢(T}).

We will prove that ¢ is continuous. Fix (z,V,) € T, and take an affine neighbor-
hood U = SpecC of y = ¢(x,V,). We can find u € A such that 7" = Spec A[1/u]
is an open neighborhood of x contained in U. On the other hand, as f is locally
of finite type, C is a finitely generated B-algebra. Take a system of generators
C1y...,¢ € C (n > 1) and consider the images of them under the ring homomor-
phism C' — A[l/u] that comes from the inclusion 7" < U. There exist integers
ki,...,k, and aq,...,a, € A such that the image of a; in A[l/u] coincides with the
image of u*c; under C' — A[1/u]. Let W be the open subset of T, defined by the
condition v(a;) < v(uf) # 0 (i = 1,...,n). Then it is easy to observe that (z, V)
belongs to W and ¢(W) is contained in U. This proves the continuity of ¢.

By [Hub93, Theorem 3.5 (i)], T, is quasi-compact. Therefore we conclude that
T = ¢(T,,) is quasi-compact, as desired. |

Corollary 3.3 Let X be a scheme which is partially proper over a noetherian
scheme. Then X is a locally finite union of quasi-compact closed subsets.

Proof. Let S be the set of minimal points in X. For n € S, we denote by Z, the
closure of {n}. By Proposition 3.2 iii), Z, is quasi-compact. It is easy to observe
that {Z,} cover X. Take a quasi-compact open subset U of X. As U is noetherian,
it contains finitely many minimal points, thus U intersects finitely many Z,. This

concludes that the closed covering {Z, } is locally finite.

In the rest of this subsection, let k be a field and X a scheme which is partially
proper over k.
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Definition 3.4 i) For an (abelian étale) sheaf F on X, let I'.(X, F) be the subset
of I'(X, F) consisting of s € I'(X, F) such that supp s is proper over k. Assupp s
is closed in X, this condition is equivalent to saying that supp s is quasi-compact
(cf. Proposition 3.2 ii)).

ii) Let H(X,—) be the ith derived functor of the left exact functor T'.(X, —).

Proposition 3.5 Let F be a sheaf on X.
i) We have H'(X,F) = lim Hi(X,F), where Y runs through quasi-compact
closed subsets of X.
ii) We have Hi(X,F) = limy, Hi{(U, F|y), where U runs through quasi-compact
open subsets of X.

Proof. 1) If i = 0, then the claim follows immediately from the definition of T'.. On
the other hand, if F is injective, then ligy HL(X,F) =0 for i > 0. Therefore we
have the desired isomorphism.

ii) By Proposition 3.2 iii), for each quasi-compact open subset U of X, we can
find a quasi-compact closed subset Y of X containing U. On the other hand, for
such a Y, we can find a quasi-compact open subset U’ of X containing Y. Under
this situation, we have push-forward maps

HY(U, Fly) — HA(X,F) — H(U', Flp).

These induce an isomorphism ling - H U, Fly) & i, Hi(X,F). Hence the claim

follows from 1i). |
Corollary 3.6 The functor H:(X, —) commutes with filtered inductive limits.

Proof. For a quasi-compact open subset U of X, H(U,—) commutes with filtered
inductive limits; indeed, for a compactification j: U — U, we have H:(U,—) =
H'(U, j1(—)), and both j; and H*(U, —) commute with filtered inductive limits (for
the later, note that U is quasi-compact and quasi-separated). On the other hand,
the restriction functor to U also commutes with filtered inductive limits. Hence
Proposition 3.5 ii) tells us that H!(X, —) commutes with filtered inductive limits. ll

Corollary 3.7 For i > 0, the functor H:(X,—) commutes with arbitrary direct
sums. Namely, for a set A and sheaves {Fy}rea on X indexed by A, we have an
isomorphism H:(X, @ ., Fr) = Dyep HI(X, Fr).

Proof. For a finite subset Ay of A, put Fy, = ®A6Ao Fx. Then ,., F» can be
written as the filtered inductive limit ling = Fy,. As H!{(X,—) commutes with

filtered inductive limits and finite direct sums, we obtain the desired result. |

Remark 3.8 By exactly the same method as in [Hub98b], we can extend the defi-
nitions and properties above to ¢-adic coefficients.
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3.2 Formal schemes and adic spaces

Let R be a complete discrete valuation ring with separably closed residue field
k, F the fraction field of R, and k a separable closure of F. We denote by kT
the valuation ring of k. For a locally noetherian formal scheme X over Spf R, we
can associate an adic space t(X) over Spa(R, R) (c¢f. [Hub94, Proposition 4.1]).
Its open subset t(X), = t(X) Xgspa(r,r) Spa(F, R) is called the rigid generic fiber
of X. In the following, we assume that X is special in the sense of Berkovich
[Ber94, §1]. Then t(X), is locally of finite type over Spa(F, R). Therefore, we can
make the fiber product t(X); = t(X), Xspa(r,r) Spa(k, k'), which we call the rigid
geometric generic fiber of X. The morphism #(X) — X of locally ringed spaces
induces a continuous map t(X), — X = X™d. We also have morphisms of sites
t(X)ﬁ’ét — t(X)mét — Xét = (Xred)ét.

Proposition 3.9 Assume that X9 is partially proper over k. Then t(X), is par-
tially proper over Spa(F, R).

Proof. In [Miel0, Proposition 4.23|, we have obtained the same result under the
assumption that X™? is proper. In fact, the proof therein only uses the partially
properness of X,

For simplicity, we put X = ¢(X)7. We denote the composite t(X)7; — t(X), —
Xred by sp. We also write sp for the morphism of étale sites X¢ — (X™d)g. For
a closed subset Z of X, consider the interior sp~!(Z)° of sp™*(Z) in X. Tt is called
the tube of Z.

Proposition 3.10 i) Let Z be the formal completion of X along Z. Then the
natural morphism t(Z); — t(X)5 induces an isomorphism t(2); = sp™(Z)°.

ii) If Z is quasi-compact, sp~*(Z)° is the union of countably many quasi-compact
open subsets of X.

iii) Assume that X™4 is partially proper over k. Then sp~'(Z)° is partially proper
over Spa(k, k™).

iv) Assume that X is locally algebraizable (cf. [MielO, Definition 3.19]) and Z
is quasi-compact. Then, for a noetherian torsion ring A whose characteristic
is invertible in R, H'(sp~*(Z)°,\) and H'(sp~*(Z)°,A) are finitely generated
A-modules.

Proof. i) is proved in [Hub98a, Lemma 3.13 i)]. For ii), we may assume that X is
affine. Then, the claim has been obtained in the proof of [Hub98a, Lemma 3.13
i)]. By i), to prove iii) and iv), we may assume that Z = X*™4. Then iii) follows
from Proposition 3.9. As for iv), we have H' (X, A) = H'(X™, Rsp, A). By [Ber96,
Theorem 3.1], Rsp, A is a constructible complex on X™¢. Thus H*(X, A) is a finitely
generated A-module. On the other hand, by [MielO, Proposition 3.21, Theorem

4.35], H{(X, A) is a finitely generated A-module. i

10
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Definition 3.11 Assume that X™? is partially proper over k. We write T', x (X, —)
for the composite functor I'.(X™4, sp,(—)). Denote the derived functor of I', x (X, —)
by RT.x(X,—), and the ith cohomology of RT.x(X,—) by H! »(X,—).

Remark 3.12 If X is a p-adic formal scheme, then for a quasi-compact closed
subset Z of X4, sp~!(Z) is quasi-compact. Hence we have I'. »(X, —) = (X, —),
Rl x(X,—) = RTc(X,—) and H} (X, —) = H}(X, —) in this case.

The cohomology H (X, —) will appear in our main result. We would like to
discuss functoriality of this cohomology with respect to X. For this purpose, we
give another interpretation of Hé +(X,—). Here, more generally, let X denote an
adic space which is locally of finite type and partially proper over Spa(k, k™).

Definition 3.13 A support set C of X is a set consisting of closed subsets of X
satisfying the following conditions:

— For Z, 7" € C, we have ZU Z' € C.

— For Z € C and a closed subset Z’ of Z, we have Z' € C.
For a support set C, we define I'c(X, —) = lim . I'z(X,—). Let RI'¢(X, —) be the

derived functor of T'¢(X, —), and H:(X, —) the ith cohomology of RT¢(X,—). It is
easy to see that Hi(X, F) = lim HL(X,F) for a sheaf F on X.

Definition 3.14 Let X and X’ be adic spaces which are locally of finite type and
partially proper over Spa(k, k™).

i) For a support set C of X and a morphism of adic spaces f: X' — X, let
f~1C be the support set of X’ consisting of closed subsets Z’ C X’ which are
contained in f~!(Z) for some Z € C.

ii) Let C and C’ be support sets of X and X', respectively. A morphism of pairs
f:(X',C") — (X,C) is amorphism f: X' — X satisfying f~!C C C’. Such a
morphism induces a morphism f*: RI'¢(X, F) — Rle/(X', f*F). If moreover
f is an isomorphism and f~!C = C’, f is said to be an isomorphism of pairs.

A formal model naturally gives a support set of the rigid generic fiber.

Definition 3.15 Let X be as in the beginning of this subsection, and assume that
X4 is partially proper over k. We define a support set Cx of X = ¢(X); as follows:
a closed set of X belongs to Cy if it is contained in sp~!(Z) for some quasi-compact
closed subset of X4,

Proposition 3.16 Let X be as in the previous definition. Then we have an iso-
morphism R, »(X,—) = Rl'¢c, (X, —).

Proof. For a sheaf F on X, we have
Lox(X,F) = lim Tz sp, F) = lim To1i7) (X, F) = Tep (X, F),

ZCxred ZCXxred

where Z runs through quasi-compact closed subsets of X™d. This concludes thﬁ
proof.

11
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Lemma 3.17 Let X and X’ be special formal schemes over Spf R such that X4
and X'™ are partially proper over k. Put X = t(X); and X' = t(X’)5, respectively.
Let f: X' — X be a morphism of finite type over Spf R and write f5 for the induced
morphism X' — X. Then, we have f '1Cx = Cxr. In particular, if moreover fq is
an isomorphism, then fr induces an isomorphism of pairs (X',Cx) — (X, Cx).

Proof. For a quasi-compact closed subset Z of X™4, 7/ = f~1(Z) is a quasi-compact
closed subset of X™d. Therefore fﬁ_l(spfl(Z)) = sp !(Z’) lies in Cy+. This implies
that f~'Cy is contained in Cyr. Conversely, let Z’ be a quasi-compact closed subset
of X'med As xred and X" are partially proper over x and f is of finite type, the
induced morphism f: X" — X' is proper. Therefore Z = f(Z') is a quasi-
compact closed subset of X, Hence, sp~'(Z’), being contained in f'(sp~ (%)),

lies in fﬁ’lC,y. Thus we have Cyr C fﬁ’ICX. |

3.3 Smooth equivariant sheaves on adic spaces

In [FGLO8, §IV.9], the theory of smooth equivariant sheaves on Berkovich spaces is
developed. In this subsection, we will adapt it to the framework of adic spaces.

3.3.1 Basic definitions

Let k£ be a non-archimedean field and X an adic space locally of finite type over
Spa(k, k™). We denote by X the étale site of X, and X4 the full subcategory
consisting of étale morphisms f: Y — X where Y is quasi-compact. The category
Xqest has a natural induced structure of a site and the associated topos X can
be identified with the étale topos )?ét for X.

We write p for the residue characteristic of k*. Fix a prime £ # p and a truncated
discrete valuation ring A with residue characteristic £. Namely, A can be written
as O/(A\"), where O is a discrete valuation ring with residue characteristic ¢, A is a
uniformizer of O and n > 1 is an integer. Such a ring has the following property:
Lemma 3.18 For a A-module M, the following are equivalent:

i) M is an injective A-module.
ii) M is a flat A-module.

iii) M is a free A-module.

Proof. We write A = O/(A\") as above. For every 0 < k < n, we have an exact
sequence A R Wy N A/(A*¥) — 0. Thus we obtain

Tor (A/(AF), M) = Ker(M 25 M)/ Tm(M 225 M) = Bxtl (A/(A™*), M).

Therefore, if M is injective, then Tor}(A/(\), M) = 0 and M is flat. Conversely, if
M is flat, then Ext) (A/(\F), M) = 0 for every 0 < k < n. Hence Baer’s criterion
on injectivity tells us that M is an injective A-module.

On the other hand, as A is an Artinian local ring, ii) and iii) are equivalent. |

12
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We write A—)zét for the category of A-sheaves on Xy;.
Let G be a locally pro-p group, and assume that X is equipped with a continuous
action of GG in the following sense.

Definition 3.19 An action of G on X is said to be continuous if the following
conditions are satisfied:

For every affinoid open subspace U = Spa(A, AT) of X, f € Aand a € k¥,
there exists an open subgroup G’ C G such that each element ¢ € G’
satisfies gU = U and |(¢*f — f)(x)| < |a(z)| for z € U.

Under the continuity condition, we know the following result due to Berkovich:

Theorem 3.20 ([Ber94, Key Lemma 7.2]) For every object f: Y — X of
Xqest, there exists a compact open subgroup Ky of G such that the action of Ky
on X lifts canonically and continuously to Y .

Definition 3.21 A G-equivariant sheaf F on Xg is said to be smooth if for every
object Y — X of X the action of Ky on I'(Y, F) is smooth. We write X¢ /G for

the category of smooth G-equivariant sheaves on X, and A-Xg /G for the category
of smooth G-equivariant A-sheaves on X.

As j(\:ét = qucét, the definition above is a special case of [FGL08, Définition
IV.8.1]. In particular, X¢/G is a topos (cf. [FGLO8, Proposition IV.8.12]). The
forgetful functor A-X¢ /G — A-Xg is exact (cf. [FGLOS, Corollaire IV.8.6]).

Definition 3.22 Let H be a closed subgroup of G.

i) A smooth G-equivariant A-sheaf on X can be obviously regarded as a smooth

H-equivariant A-sheaf on X4 . Therefore we get a functor A-Xy /G — A-Xy /H,
which is denoted by Resgg.

ii) Let Qg be a system of representatives of H\G. For a smooth H-equivariant A-
sheaf F on Xg, the A-sheaf ] geqy 9°F has a natural G-equivariant structure.

We put Indgfl]: = ([1,eq, 9°F)>, where (—)> denotes the Smociijhiﬁcation
functor (cf. [FGLO8, §IV.8.3.3]). This gives a functor Indy): A-Xe/H —
AXa/G.
iii) If H is an open subgroup of G, for F € A—)N(ét/H we put
cIndy/ 5 F = P o' F.

g€y

It can be naturally regarded as an object of A—)N(ét/ G. This gives a functor
c-Ind¥/ 5 A-Xo/H — A-Xet /G

The following proposition is obvious.

13
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Proposition 3.23 The functor Indgg is the right adjoint of Resgg, and c—Indgf]

is the left adjoint of Resﬁfg. The functors Resgf] and c—Indgg are exact, and

Indigg is left exact.

Let f: U — X be an étale morphism. Assume that there exists a compact open
subgroup K of G whose action on X lifts to U continuously (if U is quasi-compact,
this is always the case). We fix such a compact open subgroup K.

Lemma 3.24 For F € A—ﬁét/K, the induced K-equivariant structure on fiJF is
smooth.

Proof. Let G be the presheaf on X defined as follows: for an object Y — X of
Xqeét, we put
ry.g)= @ 1y -%uxr.
¢€Homx (Y,U)
We will prove that the action of K N Ky on I'(Y,G) is smooth. Applying [Ber94,
Key Lemma 7.2] to ¢ € Homx (Y, U), we obtain a compact open subgroup K, of
K N Ky such that g € K, satisfies go ¢ = ¢ 0 g. Such Ky acts on I'(Y N U, F),

and by the smoothness of F, this action is smooth. This concludes the smoothness
of the action of K N Ky on I'(Y, G).

In other words, G is a smooth K-equivariant A-presheaf on X (cf. [FGLOS,
Définition 1V.8.1]). Hence [FGLO8, Lemme IV.8.4] tells us that the sheafification
fiF of G is smooth. |

Definition 3.25 i) Let Resi,(//g: A—)zét/K — A—ﬁét/K be the functor F ——
f*F. In fact, it is easy to see that the induced K-equivariant structure on
f*F is smooth. We put Res /¢ = Res™ X o Res™C | which is a functor from

. . U/K U/K X/K>
A—Xét/G to A—Uét/K.

ii) Let Indi,(//gz A—fjét/K — A—Xét/K be the functor F —— (f.F); note that
[+ F carries a K-equivariant structure, but it is not necessarily smooth. We put
Indfj(//g = Indgf{ o Ind)U(;f{(, which is a functor from A-U /K to A-X¢ /G.

iii) Let c—Indf](//fg: A—ﬁét/K — A—)zét/K be the functor F —— fiF; (cf. the
lemma above). We put Ind¥%¢ = -IndY/% o c-IndX/% | which is a functor

! I U/K X/K U/K >
from A-Ug /K to A-Xg/G.

The following proposition is also immediate:

Proposition 3.26 The functor Indf](//g is the right adjoint of Resf](/ ¢ and c-Ind:M¢

/K> U/K
is the left adjoint of Res)U(//g. The functors ReS)U(//g and C—Ind)U(//g are exact, and

Indf]%G( is left exact. In particular, Res)U%G( and Indf]%G( preserve injective objects.

14
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Let U be an open subset of X which is stable under a compact open subgroup K
of G. If {gU} e covers X, we can construct canonical resolutions of a smooth G-
equivariant A-sheaf by using the functors Resg//g, Indf](//g and c—Indf](;g (cf. [FGLOS,

Théoreme 1V.9.31]).

Proposition 3.27 Let U be an open subset of X which is stable under a compact
open subgroup K of G. Assume that X = J,.,gU. Fora = (gy,...,g,) € (G/K)?,
we put Uy = iU N---NgU and K, = g1 Kg; ' N---Ng,Kg;'. Let F be an object
Of A—Xét/G.

i) We have a functorial resolution C*(F) —» F in A-X¢ /G where C™(F) is given

by
m X/G X/G
C™(F) = @ C—IndUi/Ka ResU:/Ka F.
a€G\(G/K)~m+1

Here we abuse notation: U, and K, depends on the choice of a lift of o €
G\(G/K)™™! to (G/K)™™", but c—Ind?Z?Ka Res)U(:/GKa F does not.

ii) Assume moreover that the covering {gU}geq K is locally finite; namely, each
point x € X has an open neighborhood which intersects only finitely many
of gU with g € G/K. Then we have a functorial resolution F — D*(F) in

A-Xu /G where D™(F) is given by
m X/G X/G
D™F)= P W) Res)/S F.
aeG\(G/K)m+!

Proof. For A\ € (G/K)*, we write jy for the natural open immersion Uy — X.
i) We have a well-known exact sequence

= P BF— P ihF — F—0
Ae(G/K)? AeG/K
of A-sheaves over X¢. It is easy to see that @/\E(G/K)_mﬂ JajxF coincides with the

underlying A-sheaf of @aeG\(G JK)—m+1 c—Ind[)Z /GKa R S}UZ ?Ku F, and each homomor-

phism in the complex above is G-equivariant. Hence we have a resolution

P cmd)/T Res)/ti F— F—0.
a€G\(G/K)~*+1
ii) Consider the complex
0—F— [[ snisiF— [ iiiF— - (%)
NeG/K AE(G/K)?

of A-sheaves over X;. Each term has a G-equivariant structure and each homomor-
phism is G-equivariant. For each g € G and m > 0, the map

( 11 jx*jifﬂ s ( 11 jx*jifﬂ o ($:3)ae(@/rym+1 — (S(gn))ae(G/K)m,
Ae(G/K)m+1 g AE(G/K)™ I
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where sy is a local section of (jr.jiF)|sv, is gK g '-equivariant and gives a homo-

topy between id and 0 on the complex (k) restricted on gU. In particular, the
smoothification

0—F— (I sisF) — (I »eiF) —

\eG/K AE(G/K)?

of the complex (%) is exact.
Now, by the assumption on the covering {gU }4cq/x, we have

H j)\*];\f = @ Hg ]a*]a

AE(G/K)m+1 aeG\(G/K)m+1 geG

Therefore the smoothification of the G-equivariant sheaf [ (G K ym+1 Ian JxJF coin-

cides with @aEG\(G JK)mHL Indii fKQ Resgj /GKQ F. Hence we have a resolution

0—F— @ Id)/T Res/fi F.

aeG\(G/K)*+1 I

Remark 3.28 In this paper, we only use the part i) of the proposition above. Later
we will consider a variant of ii) (see Lemma 4.4).

3.3.2 Acyclicity

In the following we will give several acyclicity results for injective objects in A-Xg /G.

Proposition 3.29 For an injective object F in A—)N(ét/G and an object Y — X
of X such that Y is quasi-compact and quasi-separated, we have H'(Y,F) = 0 for
1> 1.

Proof. Let X onst be the full subcategory of X consisting of étale morphisms Y —
X where Y is quasi-compact and quasi-separated. It is naturally equipped with a
structure of a site, and the natural morphism of sites X¢ — Xcones induces an
isomorphism of toposes Xet = Xcohet

Let F be a G-equivariant sheaf on X such that for every object ¥ — X
in Xeongt the action of Ky C G on I'(Y,F) is smooth. Then F is a smooth G-
equivariant sheaf; note that every object ¥ — X in X« can be covered by
finitely many objects (Y, — X ), in Xeonet, and then T'(Y, F) — [, ['(Ya, F) is
injective. Therefore we have an isomorphism of toposes

)’Zét/G = )’chét/G = )’Zcohét/G

(for the definition of Xcohét /G, see [FGLO8, Définition 1V.8.2]).
We prove that fiber products exist in the category Xcone. Let Y — X and
Z; — X (i = 1,2) be objects in Xcong, and assume that we are given morphisms
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Zy — Y and Z; — Y over X. Then, these morphisms are quasi-compact quasi-
separated, and so is Z; Xy Zy — Zs. (In the case of schemes, see [EGA, IV,
§1.1, §1.2]. The arguments there can be applied to adic spaces.) Hence Z; Xy Zs is
quasi-compact and quasi-separated, as desired.

Now we can apply [FGLO08, Théoreme IV.8.15] (or [FGLO08, Théoréme 1V.8.17])

to conclude the proposition. |

Proposition 3.30 Let Y — X be an object of X4, and U a quasi-compact open
subset of Y. For an injective object F in A-X¢ /G, the homomorphism I'(Y, F) —
(U, F) is surjective.

Proof. Let K be a compact open subgroup of Ky which stabilizes U. We write Ay
(resp. Ay) for the constant sheaf on Y (resp. U) with values in A. They can be
regarded as a smooth K- equlvarlant sheaves by the trivial K-actions. Therefore we

can form c- Indy//g Ay and c- IndU K “ Ay By Proposition 3.26, we have

Hom(c-Indy/ Ay, F) = T(Y, F)*,  Hom(c-Indyy/il Ay, F) = (U, F)¥

If we denote by j the natural open 1mmer81on U — Y, we have an injection
iy — Ay. This gives an injection c- IndU/K Ay — Ay in A- Yet/K and thus an

injection c- IndU/K Ay — c- Indy//K Ay in A- Xet/G. Since F is an injective object

of A—Xét /G, the induced homomorphism

Hom(c—Indy//g Ay, F) — Hom(c—IndU//g Ay, F)

is surjective. Therefore the map (Y, F)X — I'(U, F)¥ is surjective.
As F is smooth, we have I'(U, F) = limy ['(U, F)X. Hence the homomorphism

(Y, F) — I'(U,F) is also surjective. i
Corollary 3.31 Let U and V' be quasi-compact quasi-separated open subsets of X

such that V' C U. For an injective object F in A-X /G, we have H(iJ\V(U, F)=0
for 1 > 1.

Proof. By Proposition 3.29 and Proposition 3.30, we have H{J\V(U, F)=0fori>2,
and H}, (U, F) = Coker(I'(U, F) — TV, F)) = 0. i
Proposition 3.32 Let Y — X be an étale morphism. Assume that Y is quasi-

separated, and is the union of countably many quasi-compact open subsets of Y.
Then, for an injective object F in A-X¢ /G, we have H(Y, F) =0 fori > 1.

Proof. By the assumption on Y, there exists an increasing series U; C Uy C - -+ of
quasi-compact open subsets of Y such that Y = [J 7, U,. For a A-sheaf G on X,
we will construct the following spectral sequence:

Ey! = lw'H(U,,G) — H(Y,G).
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To show the existence of this spectral sequence, it suffices to show that for an
injective object Z in A-Xg, the projective system (I'(U,,Z)), is an injective object
in the category of projective systems of A-modules. By [Jan88, Proposition 1.1}, we
should prove the following two properties:

(a) T'(U,,Z) is an injective A-module for every n > 1.

(b) The transition map I'(U,+1,Z) — I'(U,,Z) is a split surjection for every n.

(a) is easy. For (b), note the following exact sequence:
0—Tv, v, Unt1,Z) — I'(Upt1,Z) — I'(U,, Z) — 0.

As Ty, \v,(Un41,Z) is an injective A-module, the map I'(Uy,41,Z) — I'(U,, Z) is
a split surjection, as desired.
As hg; = 0 for 2 > 2, we obtain the following exact sequence:

0 — Um'H™Y(U,, G) — H'(Y.G) — im H'(U,,G) — 0.

If 7 > 1, Proposition 3.29 tells us that H*(U,,F) = 0 for every n. Therefore we
have H(Y,F) = 0 for ¢ > 2, and H' (Y, F) = @iF(Un,F). By Proposition
3.30, the map ['(Uy,41, F) — T'(U,, F) is a surjection. Hence we have H (Y, F) =
lgli ['(U,,F) = 0. This completes the proof.

Corollary 3.33 Assume that X is quasi-separated. Let U be an open subset of X
which is the union of countably many quasi-compact open subsets of X. We write
J for the natural open immersion U — X. Then, for an injective object F in
A-X4 /G, we have R'j,j*F = 0 for i > 1.

Proof. Note that R'j,j*F is the sheafification of the presheaf
(Y — X) — H'(Y xx U, F)

on Xg. Thus it suffices to show that H (Y xx U, F) = 0 for ¢ > 1 and an object
Y — X of Xeone (cf. the proof of Proposition 3.29). Take an increasing series
Uy C Uy C -+ of quasi-compact open subsets of U such that U = |J 7, U,,. Then,
as X is quasi-separated, Y X x U, is a quasi-compact open subset of Y. Therefore,
Y X x U is the union of countably many quasi-compact open subsets (Y X x U, )pn>1.
Hence Proposition 3.32 tells us that H (Y xx U, F) = 0 for i > 1. This concludes
the proof. [

Recall the result in [Far06, Lemme 2.3]:

Lemma 3.34 Let U be an open subset of X which is stable under a compact open
subgroup K of G. For a smooth G-equivariant A-sheaf F, I'(U, F) has a natural
structure of a D.(K)-module.
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Proof. We have I'(U, F) = fm ['(V, F), where V runs through quasi-compact
open subsets of U which are stable under K. As the action of K on I'(V,F) is
smooth, I'(V, F) has a structure of a D.(K)-module, and the transition maps of
the projective system (I'(V, F))y are compatible with the actions of D.(K). Hence
['(U, F) has a structure of a D.(K)-module. i

Definition 3.35 Let U be an open subset of X which is stable under a compact
open subgroup K of G. By the lemma above, a left exact functor

T(U/K,-): A-Xg/G — Mod(D.(K)); F — (U, F)

is induced. We denote by RI'(U/K, —) the right derived functor of I'(U/K, —), and
by H'(U/K, —) the ith cohomology of RT(U/K, —).

Remark 3.36 As the functors
ip: Repy(K) — Mod(D.(K)), oop: Mod(D.(K)) — Rep,(K)
are exact, they induce functors between derived categories

ip: D*(Rep,(K)) — D*(Mod(D.(K))),
cop: DT (Mod(D,(K))) — D* (Rep,(K)).

These two functors are adjoint to each other, and satisfy cop o ip = id. Therefore
DT (Rep,(K)) can be regarded as a full subcategory of Dt (Mod(D.(K))) by ip.

Under this setting, if U in the previous definition is quasi-compact, the image of
RT(U/K,—) lies in D" (Rep,(K)).

Corollary 3.37 Let U and K be as in the definition above. Assume that U is
quasi-separated, and is the union of countably many quasi-compact open subsets.
Then the following diagram is 2-commutative:

DH(A-Xe/G) 22IED) D+ (Mod (D, (K)))
DH(A-Xy) — 52, D+ (Mod(A)).

Here Mod(A) denotes the category of A-modules, and the vertical arrows denote
the forgetful functors.

Proof. Clear from Proposition 3.32. i

Proposition 3.38 Let U be an open subset of X which is stable under a compact
open subgroup K of G. Let F be an object of A-X¢ /G and i > 0 an integer.
Assume the following conditions:
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— the base field k is separably closed.
— the characteristic of k is zero, or X is smooth over Spa(k, k™).

— U is quasi-separated, and is the union of countably many quasi-compact open
subsets of X.

— F is constructible as a A-sheaf.
— H'(U, F) is a finitely generated A-module.

Then the action of K on H'(U,F) is smooth and the D.(K)-module structure on
H'(U/K,F) can be identified with that on ipH (U, F). In particular, we have

Proof. We can take an increasing sequence U; C U; C --- of quasi-compact open
subsets of X which are stable under K such that U = |J,_, U,. As in the proof of
Proposition 3.32, we have the following exact sequence:

0 — lm'H(U,, F) — H'(U, F) — lm H'(U,, F) — 0

As F is constructible, H*~*(U,, F) is a finitely generated A-module for every n by
[Hub98a, Proposition 3.1] (in the case where the characteristic of & is 0) or [Hub96,
Proposition 6.1.1, (1.7.7)] (in the case where X is smooth over Spa(k, k*)). There-
fore, as A is Artinian, the projective system (H'~'(U,,F)), satisfies the Mittag-
Leffler condition, and thus @i H*=Y(U,,F) = 0. Hence we have an isomorphism
H(U,F) = lim H'(U,, F).

On the other hand, by the assumption, H*(U, F) is an Artinian A-module. There-
fore the decreasing series of A-submodules (Ker(H*(U, F) — H'(U,, F))). is station-
ary. Hence, for a large enough n, the map H* (U, F) — H'(U,,F) is injective. By
Corollary 3.37 and Remark 3.36, the action of K on H'(U,, F) = H(U,/K,F) is
smooth. Thus, the action of K on H*(U,F) is also smooth.

Consider a D, (K )-homomorphism H (U/K, F) — H'(U, /K, F), which fits into
the following diagram by Corollary 3.37:

Hi(U/K,F)— H'(U,/K, F)

WU, F) ——— HY(U,, F).
This map is injective if n is large enough. Hence H (U/K, F) satisfies
copH'(U/K,F) = H(U,F), ipcopH' (U/K,F)=H'(U/K,F).
This concludes the proof. i

Proposition 3.39 Let U be an open subspace of X which is partially proper over
Spa(k, k*). For an injective object F in A-X¢ /G, we have HL(U, F) = 0 for i > 1.
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Proof. By the same way as in the proof of Proposition 3.5 i), we can prove that
H{(U, F) = lim HL(U, F), where Z runs through quasi-compact closed subsets
of U. Let C be the set consisting of closed subsets of U of the form V \ W where V'
and W are quasi-compact open subsets of U with W C V. We prove that this set
is cofinal in the set of all quasi-compact closed subsets of U. Let Z be an arbitrary
quasi-compact closed subset of U. We can take a quasi-compact open subset V' of
U containing Z. As U is partially proper over Spa(k, k"), the closure V of V in
U is quasi-compact (c¢f. [Hub96, Lemma 1.3.13]). Since Z is closed, for each point
x € V \ 'V, there exists a quasi-compact open neighborhood W, of x in U such that
W,.NZ = @. As V\V is quasi-compact, we can find finitely many zy,...,z, € V\V
so that Wy, ,...,W,, cover V\V. Put W =V n (W, U---UW,, ), which is a quasi-
compact open subset of V. Since V\W =V \ (W,, U---UW,,) is closed in U, it
gives an element of C containing Z.

Therefore we have H'(U, F) & lim . H (U, F). On the other hand, Proposition

3.31 tells us that Hy, (U, F) =0 for Z € C and ¢ > 1. This concludes the proof. i
Lemma 3.40 Assume that X is partially proper over Spa(k, k™). For an object F
in A-X¢ /G, the induced G-action on I'.(X, F) is smooth.

Proof. We have I'.(X, F) = hﬂvcx 'y (X, F), where V runs through quasi-compact

open subsets of X and V denotes the closure of V (note that V is quasi—compaft).
Therefore it suffices to show that the action of Ky on I'y;(X, F) is smooth. As V is
quasi-compact, we can take a quasi-compact open subset U of X containing V. Put

K = Ky N Ky. Then the homomorphisms 'y (X, F) = I'v(U,F) — (U, F)
are K-equivariant. Since the action of K on I'(U, F) is smooth, so is the action on
I'v(X, F). i

Definition 3.41 Assume that X is partially proper over Spa(k, k). By the lemma
above, a left exact functor

I(X/G,—): A-Xe/G — Rep,(G);  F — To(X, F)

is induced. We denote by RI'.(X/G,—) the right derived functor of I'.(X/G, —),
and by H!(X/G, —) the ith cohomology of RI'.(X/G, —).

Corollary 3.42 Assume that X is partially proper over Spa(k, k™). The following
diagram is 2-commutative:

DH(A-Xe/G) Y D (Rep, (G))

| l

DH(A-Xe) —22) Dt (Mod(A)).

Here the vertical arrows denote the forgetful functors.

Proof. 1t follows immediately from Proposition 3.39. i
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3.3.3 The Godement resolution
Here we introduce the Godement resolution for a smooth G-equivariant sheaf.

Definition 3.43 For each z € X, fix a geometric point iz: T — X lying over z.
For an arbitrary A-sheaf F on X, consider the smooth G-equivariant A-sheaf

C(F) = md{7, (H iz x)

zeX

If F is an object of A—Xét /G, the canonical morphism F — [], ¢ x 7z/z in A-)~(ét in-
duces a morphism F — C(F) in A-X¢/G. 1t is an injection; indeed, C(F) is a sub-
sheaf of [[ i [,ex 97Tz and the natural morphism F — [[ co [1,ex 9"aFz
is obviously injective.

By repeating this construction, we have the following functorial resolution

0— F —CUF) —CHF)— -,
which is called the Godement resolution of F.

Proposition 3.44 Let F be an object of A—)Z'ét/G which is flat as a A-sheaf. For
every i > 0, C'(F) is flat and injective in the category A-X¢ /G. Moreover, for the
maximal ideal m of A, we have C'(F) @5 A/m = C/(F @5 A/m).

Proof. By Lemma 3.18, 75 is an injective A-module. Therefore [], .y iz./z is an
injective A-sheaf. As Indgi} preserves injective objects, C(F) is an injective object
in the category A—Xét/G.

Next we prove that C(F) is flat. For an object Y — X in )?qcét, we have

L(Y.C(F)) = lim (H [Irw. g*ix*Fx)>K = lim ( IT T[T g*z’f*Fz)>,

KCKy geGzex KCKy geQpg zeX

where K runs through compact open subgroups of Ky and Q is a system of repre-
sentatives of G/ K. As T'(Y, g%iz.JF%) is a finite direct sum of F, it is a flat A-module.
Since flatness of A-modules is preserved by arbitrary direct products and filtered in-
ductive limits (¢f. Lemma 3.18), we can conclude that I'(Y,C(F)) is flat. Therefore
each stalk of C(F) is also flat.

By the description of I'(Y, C(F)) above, the functor F — C(F) is exact. If we

take a generator A of m, we have an exact sequence F NF - F ®pA A/m — 0.

Therefore the sequence C(F) RN C(F) — C(F ®x A/m) — 0 is exact, and we

obtain C(F) @ A/m = C(F @5 A/m).

Put G = Coker(F — C(F)). For each x € X, we have an exact sequence
0 — Fz — C(F)z — Gz — 0. As Fz and C(F)z are flat (= injective), so is Gz.
Thus G is flat. Moreover, we have G ®, A/m = Coker(F @, A/m — C(F @5 A/m)).
Now we can repeat the same argument. i
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The following proposition is also needed in the next section (cf. [Far06, Lemme

2.7)).

Proposition 3.45 Assume that k is separably closed and X is d-dimensional. Let
F be an object in A-X¢ /G which is flat as a A-sheaf, and 0 — F — C*(F) the
Godement resolution of F. Put G = Ker(C*(F) — C¥*+1(F)).

Then, for every open subspace U of X which is partially proper over Spa(k, k™),
L(U,C™(F)) and T.(U,G) are free A-modules and H:(U,G) =0 for i > 1.

To prove this proposition, we use the following lemma.

Lemma 3.46 Assume that k is separably closed and X is finite-dimensional. Let
U be an open subspace of X which is partially proper over Spa(k, k™). Let F be a
flat A-sheaf on Xy satisfying H:(U, F) = 0 for every i > 1. Then the following are
equivalent:

i) (U, F) is a free A-module.
ii) HX (U, F ®x A/m) = 0, where m is the maximal ideal of A.
iii) HJ(U, F @y A/m) =0 for every i > 1.
Proof. As RI'.(U, —) is bounded, we have
L L
RT (U, F) @y A/m = RU (U, F @5 A/m).
L
By the conditions on F, the left hand side is equal to I'.(U, F) ®x A/m, and the
right hand side is equal to RI'.(U, F @ A/m). In particular we have
Tor} (A/m,L(U, F)) = H(U, F @5 A/m)
for every i. Therefore we have i) = iii) = ii) = 1), as desired. i
Proof of Proposition 5.45. First we prove that I'.(U,C™(F)) is free. By Proposition
3.44, C™(F@pA/m) is an injective object of (A/m)-X4 /G. Therefore, by Proposition
3.39 and Proposition 3.44 we have
H{(U,C™(F) ®@p AJm) = H.(U,C™(F @5 A/m)) =0

for i > 1. Hence Lemma 3.46 tells us that I'.(U,C™(F)) is free.
Next we show that T'.(U, G) is free and H:(U,G) = 0 for = > 1. For simplicity we
put J" = C™(F) for 0 < m < 2d — 1. We have an exact sequence

0—F —=J"— - — T G —0.

Thus, by Proposition 3.44 and Proposition 3.39 we have H!(U,G) & HI*4(U, F) = 0
for every i > 1 (¢f. [Hub96, Proposition 5.3.11]). On the other hand, by the proof
of Proposition 3.44, we know that G is a flat A-sheaf. Therefore we have an exact
sequence

0= FoaA/m— T A/m— - = T @ A/m — G@y A/m — 0.

In the beginning of the proof, we have proved that H:(U, 7™ ® A/m) =0 for i > 1
and 0 < m < 2d—1. This implies that H}(U,G@xA/m) = H 24U, F@, A/m) = 0.
Thus Lemma 3.46 tells us that I'.(U, G) is a free A-module.
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4 Duality theorem

Let R, k, F and k be as in Section 3.2. We denote the residue characteristic of R
by p. Fix a truncated discrete valuation ring A with residue characteristic # p and
a locally pro-p group G.

Theorem 4.1 Let X be a special formal scheme over Spf R equipped with a con-

tinuous action of G in the sense of [Far04, Définition 2.3.10]. Assume the following:

(a) The rigid geometric generic fiber X = t(X); of X is purely d-dimensional and
smooth over Spa(k, k™).

(b) X is locally algebraizable (cf. [Miel0, Definition 3.19]).

(c) X*d is partially proper over k.

(d) There exists a quasi-compact open subset V of X4 such that X = Ujeq 9V
and {g € G | gV NV # @} is compact.

Then, for each integer i, we have a G-equivariant isomorphism
H*¥(X,A)(d) — R'D(RT.(X/G,A)).

Note that the condition (c) ensures that X is partially proper over Spa(k, k™) (cf.
Proposition 3.9), and thus Corollary 3.42 and [Hub96, Proposition 5.3.11] imply
that RT.(X/G, A) lies in the category D°(Rep,(Q)).

Fix V satisfying the condition (d) in the theorem above and put Z =V, U =
sp~1(Z)°. Take a pro-p open subgroup K which stabilizes V. Then Z and U are
also stable under K. The condition (d) tells us that {gZ}4cc/k is a locally finite
covering of X, Note also that {gU}seq/k is a locally finite covering of X. By
Proposition 3.10 iii), U is partially proper over Spa(k, k™).

Let 0 — A — Z° be the Godement resolution introduced in Definition 3.43
for the smooth G-equivariant constant sheaf A on Xg. By Proposition 3.44, this
is an injective resolution in the category A-Xg/G. Put J® = 7<94Z°. For a =
(G154 9m) € (G/K)™, let U, and K, be as in Proposition 3.27. We write j, for
the natural open immersion U, — X.

The following lemma gives a complex which computes RD(RI'.(X/G, A)).

Lemma 4.2 Let C** denote the the double complex
C* =T (X/G.C*(T*) = P chdf T(UsT*)

a€G\(G/K)~*+!
in Rep,(G) (cf. Proposition 3.27 i)). Then we have an isomorphism
RT.(X/G, A) = Tot C**
in D~ (Rep,(G)). Moreover, we have an isomorphism
RD(RT.(X/G,\)) = D(Tot C**)
in DT (Rep,(G)).
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Proof. By Proposition 3.27 i), Tot C*(J*) gives a resolution of A in A—)?ét/G. By
Corollary 3.42 and Proposition 3.45, for integers ¢ > 1 and m,n > 0 we have

H(X/G.C™I") = B  edi H(X, jujsd")
a€G\(G/K)~m+!
= @ C—Indf(a H\(Uny, T
a€G\(G/K)~m+t
= 0.

Therefore, each component of the complex Tot C*(J*) is acyclic with respect to
I'.(X/G, —). Hence we have

RI'((X/G,A\) 2T .(X/G, Tot C*(J*)) = TotT.(X/G,C*(T*)) = Tot C**

in D~ (Rep,(G)).
Furthermore, Proposition 3.45 tells us that I'.(U,, J") is a projective object in
Rep, (Kq). Therefore C™" = @ o\ (q/x)-m c-Ind§. T'.(U,, J") is a projective

object in Rep,(G). Hence we have RD(RI'.(X/G, A)) = D(Tot C**). i

Lemma 4.3 For an injective object F of A‘),Zét/G, we have
RPC,X(Xa ja*j;]:) - F(Uavf)'
In particular, j..j:F is acyclic with respect to I'c x (X, —).

Proof. For a = (gy,...,G,,) € (G/K)™, weset Z, = 1 ZN---NgnZ. Then we have
U, = sp '(Z,)°. Therefore U, is the union of countably many quasi-compact open
subsets by Proposition 3.10 ii).

Note that Te x (X, jax(—)) = Te(X™, —)osp, 0jax = T(X™, —)osp, 0ju; indeed,
for a sheaf G on (U, )4, all elements of I'(X™, sp, ju«G) are supported on the quasi-
compact closed subset Z, C X™. On the other hand, by Proposition 3.32 and
Corollary 3.33, we have RI'(U,, F) = I'(Uy, F) and Rjo.jiF = jaxjiJF, respectively.

Hence we have

RFC,X(Xa ]a*j:;f) = RFC(Xreda RSp* ]a*];f) = RPC(Xred’ Rsp* RJOL*];‘F)
= RI(X™, Rsp, RjajiF) = RU(Uy, F) = T(Uy, F),

as desired. [

Lemma 4.4 For an object F of A—)?ét/G, we have a functorial resolution F —
D*(F) in A-Xg/GU where D™(F) is given by

pm(F) = ] I 9jaicF

aeG\(G/K)m+l ge K,\G
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Recall that G45¢ denotes the group G with discrete topology.
Moreover, I'. »(X, D™(F)) is naturally equipped with a structure of a D.(G)-
module under which

Tex(X,D"(F)= €@  chdyly I(U,F)
a€G\(G/K)m+1
and I'. (X, D*(F)) is a complex in Mod(D.(G)).
Proof. Consider the complex
0—F— [] inisF— J] iiiF — - (+)
A\eG/K Ae(G/K)?

of A-sheaves over Xg. It is well-known that this complex is exact (cf. the proof of
Proposition 3.27 ii)). Each term has a G-equivariant structure and each homomor-
phism is G-equivariant. Clearly we have

I »ir= 1] 11 gjeicF
Ae(G/K)m+1 aeG\(G/K)m+1 geKo\G

Hence we have a desired resolution.
As {9Z}4eq/i is alocally finite covering of Xi.q, we have

so.( T1 1 gieicF)= I I sp.gjanicF

aeG\(G/K)mt1l ge Ko \G aeG\(G/K)mt1 ge Ko \G

- P B spgiediT

a€G\(G/K)mt! geKo\G
Therefore, by Corollary 3.7 and Lemma 4.3, we obtain
Lex (X, D™(F)) = Le(Xoea, sp, D™ (F))

= @ @ c redasp*g ja*Ja‘F)

a€G\(G/K)m ! geKa\G

- O B

a€G\(G/K)mt+l ge K,\G

By Lemma 3.34, I'(U,, F) has a natural structure of a D.(K,)-module and we have

Lex(X,D"(F)= P  chdyl) T(U.,F)
a€G\(G/K)m+1

as G-modules. Hence I'. x(X, D™(F)) can be regarded as a D.(G)-module.
It is easy to see that the homomorphism

Tex (X, D™(F)) — Tox(X, D" (F))

is D.(G)-linear. Indeed, it follows from the following simple fact:
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for a = (G1,..-,Gpmso) € (G/K)™? and € (G/K)™" which can be
obtained by removing one of the entries gy, ..., g,,,, from «, the restriction
map ['(Us, F) — I'(Uy, F) is D.(K,)-linear.

This completes the proof. |

By these lemmas, we can give a complex which represents RI'. x(X, A).

Corollary 4.5 We write Dg® for the double complex

Lex(X, D)= P  chdyd T(U.T)
aEG\(G/K)*+1

in Mod(D,(G)). Then we have a G-equivariant isomorphism
RFQX(X, A) &= TOt D(.).
in DY (Mod(A)).

Proof. By Lemma 4.4, Tot D*(Z®) gives a resolution of A in A—)?ét/Gdisc. In the
same way as in the proof of Lemma 4.4, we can deduce from Lemma 4.3 that

RU.x(X,D™T") = P  chdyd [(U..1")
a€G\(G/K)m+1

(see also Corollary 3.7). Therefore, each component of Tot D*(Z*) is acyclic with
respect to I'. »(X, —). Hence we have

RU. x(X,A) 2T (X, Tot D*(Z°)) = Tot Dg*

in Dt (Mod(A)). i

Lemma 4.6 We put D** = copDg°®, which is a double complex in Rep, (G). Then
we have a G-equivariant isomorphism

RT. (X, A) = Tot D**
in D*(Mod(A)).

Proof. We need to prove that the natural homomorphism of complexes Tot D*®* —
Tot D§® is a quasi-isomorphism. Consider the following morphism of spectral se-
quences:

E"" = H"(D™) == H™™(Tot D**)

l |

EP" = H7(Dp*) == H™*"(Tot Dg*).
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It suffices to show that H"(D™*) — H™(D{*) is an isomorphism. By definition,
the ith cohomology of T'(U,,Z*) is H(U,/K4,A). Therefore we have

Dyt = P cndpl B (Ua/Ka. A),
a€G\(G/K)m+1
H'(D™)= P  oop(cIndy (Y H(Us/Ka, A))

a€G\(G/K)m+1

= P nd§ (copH"(Ua/Ka, A))
a€G\(G/K)mt1

= P cmdy, (ipcopH(Ua/Ka, A)).
a€G\(G/K)m+1

By Proposition 3.38 and Proposition 3.10 iv), we have ipoopH"(U,/Ka, A)
H™"(U,/K,, ). This concludes the proof.

Lemma 4.7 Let C** be the double complex in Mod(D,(G)) given by

DC(G) @)\ X
P chndyi TelUa, T
a€G\(G/K)*+1

Then there exists a natural morphism of double complexes C** — D™(C**) that
induces a quasi-isomorphism Tot C** — D™ (Tot C**).

Proof. By Proposition 2.2, we have a natural morphism c — D™(C**). To
observe that Tot C'** — D™ (Tot C**) is a quasi-isomorphism, it suffices to show
that the morphism C"™* — D™(C~™*) is a quasi-isomorphism for each n. We have

—i (e Dc(G i *
H(C™) = P  endyly) Hi(U., A"
a€G\(G/K)n+1
To compute the cohomology of D™ (C~"™*), note the following points:

— Since the set {g € G/K | UNgU # @} is finite, for a fixed n there exist only
finitely many o € G\(G/K)""" such that U, # @. Therefore the direct sum
@aeG\(G/K)”“ in C~™* is finite and commutes with D™.

— By Proposition 3.45, we have
D™ (c-Ind%, To(Us, J*)) = RD™ (c-Ind Te(Ua, T°)).
— By Proposition 3.10 iv), H(U,, A) is a finitely generated A-module. Therefore,
by Proposition 2.2, c—IndIG{a H!(U,, A) is acyclic with respect to D™.
Therefore we have
BORE) = @ R (el T, TY)
a€G\(G/K)n+1

— @ Dm (c—Ind?(a HZ-(UQ7 A)) .
a€G\(G/K)n+1

28



Zelevinsky involution and ¢-adic cohomology of the Rapoport-Zink tower

Since H(U,, \) is a finitely generated A-module, Proposition 2.2 tells us that the
homomorphism

e-Indpe (2 Hi(Ua, A)* — D™ (c-Ind H(Ua, A))

is an isomorphism. Hence the homomorphism H~(C™*) — H~*(D™(C~"*)) is an
isomorphism, as desired. |

Lemma 4.8 Let D§* be as in Corollary 4.5, and C** as in Lemma 4.7. We have a
natural isomorphism

Tot(Dg*)(d)[2d] — Tot(C**)
in DY (Mod(D,(G))).
Proof. First we fix a € (G/K)™"! and construct a morphism
['(Uy, Z°)(d)[2d] — To(Uy, T°)*

in D (Mod(D.(K,))). Since Z" is flat for each n, the complex Tot(J* ®Z*) gives a
resolution of A. Therefore we have a morphism of complexes Tot(J* ® Z°®) — Z°,
which is determined up to homotopy. The cup product

Le(Ua, T*) @A T(Ua, 2*)(d)[2d] — Te(Ua, T* © I°)(d)[2d]
gives a morphism of complexes
D(Us, 7%)(d)[2d] —> Hom(Fc(Ua, T*),Te(Us, Tot (T ®I‘))(d)[2d]>.

Consider the following morphisms of complexes:
r. (Ua, Tot(J°* ® Z’)) (d)[2d] — T(Ua, Z%)(d)[2d] — To(X,Z°)(d)[2d]
— 7o (Tu(X, T)(@)[2d) ) < H2(X, A)(d) =5 A,

The morphism (%) is a quasi-isomorphism, as H!(X,A)(d) = 0 for i > 2d. By
composing these morphisms, we get morphisms of complexes

T (Uy, T*)(d)[2d) — Hom (T o(Uy, T*), 70(Te(X, T°)(d)[2d)))
&L Hom (To(Ua, J*), HX(X, A)(d))
— Hom(Le(Uy, T°),A) =Te(Ua, T°)*.
Since I'.(Uy, J*) consists of free A-modules (cf. Proposition 3.45), (k) is a quasi-

isomorphism. As in [Far06, Lemme 2.6], it is easy to show that these morphisms
are D.(K,)-linear. Moreover, by Corollary 3.37 and Proposition 3.45, the (—i)th
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cohomology of the composite morphism I'(U,, Z*)(d)[2d] — ['.(Uy, J*)* in the de-
rived category DT (Mod(D.(K,))) is by definition the isomorphism of the Poincaré
duality

o)

H? Uy, N)(d) — H(Uy, A)*.

Hence we obtain an isomorphism
DUy, Z%)(d)[2d) = To(Uy, T*)*

in D*(Mod(D.(K,))).

Put

Crr= P chdy) Hom(To(Ua, J*), m0(Te(X, I°)(d)[2d)),
a€G\(G/K)*+!

Cr= @@  cd} Hom(Iu (U, J°), HX(X, A)(d)),

a€G\(G/K)*+1

which are double complexes in Mod(D.(G)). Then, by the construction above, we
obtain morphisms of double complexes

Dy*(d)[2d] — Ct* <L C* —s C*.

As (x) induces a quasi-isomorphism C7* «— C2* for each n, the morphism Tot(x) is
also a quasi-isomorphism. Similarly, we can conclude that the composite morphism

Tot D*(d)[2d] —» Tot C*®
in D" (Mod(D.(G))) is an isomorphism. i
Proof of Theorem 4.1. By Lemma 4.7 and Lemma 4.8, we have isomorphisms
Tot D**(d)[2d] = cop(Tot C**) = cop (D™(Tot C**)) = D(Tot C**)

in D (Rep,(G)). Therefore, by Lemma 4.2 and Lemma 4.6, we have a G-equivariant
isomorphism

RT'. x(X,A)(d)[2d] = RD (RFC(X/G, A))
in DT (Mod(A)). By taking cohomology, we get the desired isomorphism

o

H29 (X, A)(d) — R'D(RT.(X/G,A)). i

To construct the isomorphism above, we chose V' and K. Next we prove that
the isomorphism is independent of these choices.
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Proposition 4.9 The isomorphism
HZY'(X, A)(d) = R'D(RT(X/G, A))
in Theorem 4.1 is independent of the choice of V and K.

Proof. We denote the isomorphism attached to V' and K by fy k. Let V' and K’ be
another choice. We should prove that fy x = fi7 k. We may assume either V =V’
or K = K'. Indeed, if we obtain the equality in this case, then in general we have

fV,K - fV,KﬁK’ - fVUV’,KﬁK’ - fV’,KﬁK’ - fV’,K’

as desired. In particular, we may assume that V' C V' and K C K'.

We put Z' = V' and U’ = sp~'(Z')°. For 3 € (G/K')™, we define Uj and K},
in the same way as in Proposition 3.27. Since the open covering {gU}gecq/k is a
refinement of {gU'}4cq k-, there exists a natural morphism of double complexes

I dasz— I jeiiT
Be(G/K")*+1 ae(G/K)*+!

Here j’ﬁ denotes the open immersion U, ﬁl'i —— X. This morphism turns out to be a
G-equivariant morphism of double complexes D'*(Z*) — D*(Z*), where D'*(Z")
denotes the complex D*(Z") in Lemma 4.4 attached to V' and K'. Put D* =
. x(X,D*(Z*)), which is a double complex in Mod(D,(G)) by Lemma 4.4. It is
easy to see that the induced morphism D{* — D§* is D.(G)-equivariant. Note
that the following diagram is commutative, where (x) (resp. (¥%)) is induced from
the augmentation morphism Z®* — D’*(Z*) (resp. Z* — D*(Z*)) in Lemma 4.4:

Fox(X,Z°)

27

Tot D[** » Tot Dg®.

Hence we obtain the commutative diagram below, where we put D'*® = cop D (cf.
Lemma 4.6):

HZ,X(Xa A)

1R
IR

H'(Tot D'**) H'(Tot D**).
Let C"*(J*) denote the double complex

BEG\(G/K")~++1 e

attached to U’ and K’ defined in Proposition 3.27 i). Then we have a morphism
C*(J*) — C"(J*) of double complexes in A-Xg/G. This morphism is clearly
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compatible with the augmentation morphisms C*(7*) — J* and C"*(J*) — J*
(cf. Proposition 3.27 i)). Put

C™ =T (X/G.C*T") = D ehdf (U} T°).
BEG\(G/K")~*H1

Then, a G-equivariant morphism C’** — C** is induced, and the following dia-
grams are commutative (¢f. Lemma 4.2):

Tot C** Tot C'**

1%
1%

RT.(X/G, N),

RD(RT.(X/G, \))

[ a3

D(TOt C/oo) D(TOt C..)'
As in Lemma 4.7 and the proof of Lemma 4.8, we put
6'/.. = @ C-IndgiE[G()/B) FC(Uév \7.)*’
BGG\(G/K/)ﬁLl
O = @ emd%) Hom(T(U}, %), mao(T(X,I°) (d) 24]).
,BEG\(G/K/)‘_H
65“ — @ c—IndngIG();g) Hom(Fc(Ué, J*), H (X, A)(d>)

BEG\(G/K")*H!

Then, D.(G)-equivariant morphisms C'** —s C**, Cj** — Ct* and Cp* — C3°
are naturally induced. Furthermore, we can easily check that the following diagram
is commutative (the horizontal arrows are the morphisms appeared in Lemma 4.7
and the proof of Lemma 4.8):

D(l)oo (d) [Qd] 5{.. één 5/” D™ (Cloo)

[ A A

Dge(d)[2d] Cre cse Ce D™ (C**).

Putting all together, we obtain the commutative diagram

H2 (X, A)(d) R'D(RT.(X/G,A))

; |

~( H(Tot D'"**(d)[2d]) — H'(D(Tot C"**))

| |

H'(Tot D**(d)[2d]) — H*(D(Tot C**)),

R
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which gives the desired equality fvx = fv i |

Corollary 4.10 For an isomorphism ¢: X =+ X of formal schemes which is com-

patible with the action of G on X, we have the following commutative diagram:

H?%7 (X, A)(d) — R'D(RT.(X/G, A))

%lw* NlR"D(%)

H?%7 (X, A)(d) — R'D(RT.(X/G, A)).

Proof. We use the notation fy i in the proof of Proposition 4.9. It is immediate to
see that the following diagram is commutative:

fv,x

H2% (X, A)(d) ———— R'D(RT.(X/G, A))

o)

%lw mlm(%)
f

Hfg;ri(X,A)(d) o= 1(V).K RiD(RFC(X/G,A)),

o

Hence the corollary follows from Proposition 4.9. i

By standard argument as in [Far06, §3], we can show the similar results for {-adic
coefficients.

Theorem 4.11 Let X and G be as in Theorem 4.1, and L) a finite extension of
Q¢. Then, for each integer i, we have a G-equivariant isomorphism

[~23

H2% (X, Ly)(d) — R'D(RL.(X/G, Ly)).

This isomorphism is functorial with respect to an automorphism of X which is
compatible with the action of G on X.

Remark 4.12 Assume that G is a quotient of the group H(Q,) for some connected
reductive group H over QQ,. Then, for every field L of characteristic 0, the category
Rep, (G) is noetherian and has finite projective dimension.

In this case, for a finite extension Ly of Qy, the Cech spectral sequence

EY= @ edf, H(Us L) = H(X,Ly)
a€G\(G/K)—i+1

(cf. Lemma 4.2) and Proposition 3.10 iv) tell us that RI'.(X/G, L,) is an object of
Df,(Repy, (G)) (recall that U, = & for all but finitely many o € G\(G/K)~**).
Hence, by Corollary 2.3 iii), we have a G-equivariant functorial isomorphism

o~

H24(X,Q,)(d) — R'D(RT.(X/G., Q).
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5 Application to the Rapoport-Zink tower

5.1 Rapoport-Zink tower for GSp(2n)

Let n > 1 be an integer. For a ring A, let (, ): A%" x A" — A be the symplectic
pairing defined by ((x;), (v;)) = T1Y2n +ToYon-1+" + TpYni1 — Tni1Yn —* * — T2nY1,
and GSp,,,(A) the symplectic similitude group with respect to { , ).

Here we briefly recall the definition of the Rapoport-Zink tower for GSp(2n).
See [Miel2b, §3.1] for details. In this section, we assume that p # 2.

We fix a n-dimensional p-divisible group X over F, which is isoclinic of slope

1/2 and a polarization Ag: X =5 XY. We write Zipyo for the completion of the

maximal unramified extension of Z, and Nilp for the category of Z,~-schemes
on which p is locally nilpotent. Let M: Nilp — Set be the moduli functor
of deformations by quasi-isogenies (X, p) of (X, )\g) (for the precise definition, see
[Miel2b, §3.1]). It is known that M is represented by a special formal scheme over
Spf Zye, which is also denoted by M. By [RZ96, Proposition 2.32], every irreducible
component of M™? is projective over Fp. In particular, M4 is partially proper over
F,. We write M for the rigid generic fiber ¢(M),, of M. The adic space M is purely
n(n + 1)/2-dimensional and smooth over Spa(Qpe,Zy~), where Qpe = FracZye.
By Proposition 3.9, M is partially proper over Spa(Qpee, Zye ).

By adding level structures on the universal polarized p-divisible group on M,
we can construct a projective system of étale coverings { Mk } kcx, of M, where K
runs through open subgroups of Ky = GSp,,(Z,). This projective system is called
the Rapoport-Zink tower for GSp(2n). For each K and g € G = GSp,,(Q,) with

g 'Kg C Ky, we have a natural isomorphism [g]: Mg = M -1k, called the Hecke

operator. In particular, the group G acts on the pro-object { Mk } ek, on the right.

Let J be the group of self-quasi-isogenies of X preserving Ao up to multiplication
by Q,. We can construct a connected reductive algebraic group J over Q, in a
natural way such that J(Q,) = J. In particular, J is naturally equipped with
a topology. Concretely, J is isomorphic to GU(n, D), where D is the quaternion
division algebra over @, (cf. [Miel2b, Remark 3.11]). By definition, J acts on M
and M. This action naturally extends to My for each K and transition maps in
the projective system { Mg } kck, are compatible with the actions of J. Further, the
Hecke operators also commute with the actions of J. By [Far04, Corollaire 4.4.1],
the action of J on M is continuous in the sense of Definition 3.19. Sometimes it
is convenient to consider the quotient My /p? of My by the discrete subgroup pZ of
the center of J.

Fix a prime number ¢ which is different from p. Put

Hy(Mg) = Hi(Mk @g,e Qpee, Q) Hy(My) = lig H (M),
KCKy
H(Mx /p*) = Hy(Mi /") @gyoe Qpee, Q),  Hi(Moo/p”) = iy Hi(Mic/p").
KCKy
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As G'xJ acts on the tower { My } kc,, the Q,-vector spaces H!(M,,) and H! (M, /p”)
are equipped with actions of G x J. The actions of G are obviously smooth. The
actions of J are also smooth, as the action of J on Mk is smooth (cf. [Far04, Corol-
laire 4.4.7]). By [RZ96, Lemma 5.36], the action of G on H!(M,,/p”) factors through
G /p”, where p? C Q, C G is a discrete subgroup of the center of G. For an open
subgroup K of Ky, we have

Hi(My)" = Hi(Mg), H}(My/p™)* = H)(Mg/p”).

By using the Weil descent datum on M (cf. [RZ96, 3.48]), we can define actions
of the Weil group Wy, of Q, on H:(Mg), H:(M), H:(Mgk/p*), and H:(M./p”).
Hence, H!(M) is a representation of G x J x Wy, , and H!(M/p”) is a represen-
tation of G/p” x J/p* x W, .

In the following, we also write M and M for M ®q, @poo and Mg ®q, @poo by
abuse of notation. Recall that the formal model M of M gives a support set Cry of
M (cf. Definition 3.15). We denote by the same symbol C the support set of My
induced by the morphism My — M (cf. Definition 3.14 i)). Similarly, the formal
model M /p? of M /p* determines a support set of My /pZ, which is also denoted by
Cn for simplicity.

Proposition 5.1 Let K be an open subgroup of Ky, and g an element of G such
that g7'Kg C Ko. Then, the Hecke operator [g]: Mg — M,-1x, induces an

isomorphism of pairs (M, Caq) —» (My-1k4,Crm) (cf. Definition 3.14 ii)). Similarly,

we have an isomorphism of pairs [g]: (Mg /p%,Cpx) = (My-154/P%,Cp1).

Proof. 1t suffices to show that if Z C My belongs to Cyy, then [¢g](Z) belongs to
Cam. If g lies in the center Zg of G, then the claim holds, because [RZ96, Lemma
5.36] tells us that the Hecke action [g] on M = Mk, extends to an automorphism
of M. Therefore, replacing g by zg with a suitable element z € p%, we may assume
that Z2" C gZ2". Take an integer N > 0 such that gZ2" C p~NZ2".

For an integer k > 0, let M™%* be the subfunctor of M™ consisting of (X, p)
such that p¥p and pFp~! are isogenies. By [RZ96, Proposition 2.9], it is represented
by a closed subscheme of M™4, which is quasi-compact (cf. [RZ96, Corollary 2.31]).
Clearly we have M™ = |, ., M™¥*. Since Z € Cp, we can find k > 0 such that

7 C spit (M™F) where spy denotes the composite Mg 2 M 2 Mred T

suffices to prove that [¢](Z) C sp;1 Kg(/\/lred’k+N ).

Take a geometric point x in Z. It corresponds to a triple (X, p, ), where X is
a p-divisible group over the valuation ring x(x)*, p: X ®F, (k(z)"/p) — X Qg+
(k(z)*/p) is a quasi-isogeny, and « is a level structure Z2* = Tp(X ®p(a)+ £(x))
(mod K). Put y = [g](x). The pair (X', p’) corresponding to the point p,-1,(y) in
M can be described as follows. Note that « gives a homomorphisms (Q,/Z,)*" —
X ®p(a)+ £(z), which is well-defined up to K-action. Let H be the scheme-theoretic
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closure in X of the image of gZ2"/Z2" under this homomorphism. Then, it is
a finite locally free subgroup scheme of X[p"], since x(x)" is a valuation ring.
By the definition of Hecke operators (cf. [RZ96, 5.34]), we have X’ = X/H and
p' = (¢ mod p) o p, where ¢: X — X’ is the canonical isogeny. As spy(x) lies in
MredE pFp and pFp~! are isogenies. Therefore, so is p*p’. On the other hand, since
H c X[p"], Ker ¢ is killed by pV, and thus pY¢~! is an isogeny. Hence pF+¥p'~!

is also an isogeny. Namely, y = [g]() lies in sp,?, . (M™*N). Now we conclude

that [g](Z) C sp,~, g, (MeEk+N), i

Put Hy,, (Mec) = ling, o HE, (Mic) and HE,, (Moo/p") = ling, _ HE, (Mic/p).
By the previous proposition, G acts naturally on Hg (M) and He, (Moo/ p%). For
an open subgroup K of Ky, we have

He, (Mso)" = He, (Mx), He, (Mwo/p™)" = He, (Mk /p").

Obviously the groups J and Wy, act on Hj (M) and He (Mu/p”). We have nat-
ural homomorphisms H}(My) — H (M) and Hi(My/p*) — Hi, (Mo /p"),
which are G x J x Wy, -equivariant.

In the sequel, we will describe the action of G on Hj (M) by using some formal
models (c¢f. [IM10, §5.2]). For an integer m > 0, let M,, be the formal scheme
classifying Drinfeld m-level structures on the universal p-divisible group on M (for
a precise definition, see [IM10, §3.2]). The formal scheme M,, is finite over M, and
satisfies t(M,,), = Mk,,, where K, is the kernel of GSp,,(Z,) — GSp,,,(Z/p"Z).

Lemma 5.2 There exists a natural isomorphism
He,,(My,,) = Hy (M, RUQ,),
where RVQ, = Rsp, Q, denotes the formal nearby cycle complex (see [Ber96)).

Proof. By Proposition 3.16, we have
Hy(Mt, RYQ,) = H; v, (M) = He,, (Mg,,).

Hence it suffices to show the equality Caq,, = Caq of support sets of My . This
immediately follows from Lemma 3.17 and the fact that M,,, — M is finite. i

Let G denote the submonoid {g € G | Z;* C gZ"} of G. For g € G*, let e(g)

be the minimal non-negative integer such that ng," C p‘e(g)Zgn. Following [Man05,
§6], for g € G* with m > e = e(g), we can define a formal scheme M,, , over M,,
satisfying the following properties (cf. [IM10, §5.2]):

— The structure morphism pr: M,, , — M, is proper, and the induced mor-
phism on rigid generic fibers t(M,, ), — t(M,,), is an isomorphism.
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— There exists a proper morphism [g]: M,, , — M,,_. such that the composite
rfl
My, = t(Mm)n — t(Mm,g% ﬂ t(Mm—e)n = Mkg,,_.

coincides with the Hecke operator Mk,, 1, My-1g,,q — Mk, . attached to

g € G (note that Z>* C gZ2* C p~°Z2" implies that ¢~ ' Kpg C Kp—e).

Lemma 5.3 For g € GT and m > e = e(g), the composite of

m—e) m,g’

Hi(MEL,, RVQ,) 25 Hi M RUQ,) 25 HI(MEY, RYT)

corresponds to the composite of

lg]*

H(ZZM (MKmfe) — HéM (Mgfleg) — HéM (MKm)
under the isomorphism in Lemma 5.2.

Proof. As in Lemma 5.2, we can see that

i re N A~ TTi (pre)~* i
HIMS RUQ,) = H (Mo )y) 22 HE (M),

m,g7 o~
Hence the lemma immediately follows from the property of [g]: M,, , — Mo_. I

By this description and the main theorem in [IM10], we can compare the cuspidal
parts of H;(M.) and Hi (M) in the case n = 2.

Corollary 5.4 Assume that n = 2. Then, no supercuspidal representation of G
appears as a subquotient of the kernel and the cokernel of the map H:(M,,) —
H¢, (My). The same holds for the map Hi(My/p") — Hi (Moo /D").

Proof. We will use the notation in [IM10, §5] freely. By [IM10, Proposition 5.11,
Proposition 5.18], we have a G-equivariant isomorphism H!(M,,) & H{(M™4, F [0})@-
On the other hand, [Ber96, Theorem 3.1] tells us that H} (M) = Hi(MS, .7:[2})@[.
The right hand side H{(MX?, FP)g is endowed with an action of G (¢f. [IMI10,
§5.2]), and Lemma 5.3 ensures that the isomorphism above is G-equivariant. By
[IM10, Proposition 5.6 i)], for each h € {1,2} we have an exact sequence of smooth
G-representations

HIH (M, FO)g, — HMs, Fr)g, — B M, Fig, — HiMi, F ),

£

Hence the kernel and the cokernel of Hi(M=d, Fi%)g — Hi(MED, FPl)g s a
successive extension of subquotients of HJ (Mggd,}“("))@ for i —1 < j < ¢ and
1 < h < 2. On the other hand, by [IM10, Theorem 5.21], Hg’(/\/lggd,ﬂh))@ has no
supercuspidal subquotient. Therefore the kernel and the cokernel of H!(M.) —
HéM(Mw) have no supercuspidal subquotient. Similar argument can be applied to

the map H!(My/p") — H{, (Mso/D"). i
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The following result on the vanishing of cohomology is also essentially obtained
in [IM10].

Proposition 5.5 i) For an integer i < dim M —dim M™, we have H!(M,,) = 0.
ii) For an integer i > dim M + dim M**?, we have Hj, (M) = 0.

Proof. Fix an integer m > 0. Let U be a quasi-compact open formal subscheme
of M,,. By the p-adic uniformization theorem, there exist a scheme U which is
separated of finite type over Zy~ and a closed subscheme Z of the special fiber Us
of U such that U is isomorphic to the formal completion of U along Z (cf. [IM10,
Corollary 4.4]; we can take U as an open subscheme of a suitable integral model of
the Siegel modular variety). We denote the closed immersion Z < U, by «. By
[Miel0, Theorem 4.35] and [Miel0O, Proposition 3.13], we have

H(tU)y, Q) = HA(Z, RV, Q,) = H(Z, R'' Ry Qy).

Therefore, [IM10, Lemma 5.26] tells us that Hi(t(U)s, Q,) = 0 if i < dimU, —
dimZ = dim M — dimM™. Since H{(My) = lim lim _ H(tU)y Q,), we
conclude 1).

We prove ii). By [Ber96, Theorem 3.1] and [IM10, Lemma 5.26], we have

H{U™, RYQ,) = HA(Z, " RpyQy) = 0

for i > dim M — dim M. Therefore, by Lemma 5.2 and Proposition 3.5 ii), we
have
HE, (Mi,) = HAMES, RUQ,) 2 Ly HU™, RUT,) = 0
UCMp,
for i > dim M — dim M. Hence H) (M) = lim M, (Mk,) also vanishes for
i > dim M — dim M. |

5.2 Application of the duality theorem

Fix an isomorphism Q, = C and identify them. Every representation in this subsec-
tion is considered over C. Let K be an open compact-mod-center subgroup of G' and
7 an irreducible smooth representation of K. Denote by x: Zg — C* the central
character of 7¥. For a smooth G-representation V, put V, = Homp (7, V ®x(z,) X )
Then, H)(My); and H (M), are representations of J x Wy, By [RZ96, Lemma
5.36], the actions of the center Z; = Zg of J on H{(My), and H, (M), are given
by x. Hence we can consider the Bernstein decomposition with respect to the action
of J (cf. Section 2):

Hé(MOO)T = @ Hé(MOO)T,sa HéM (Mo )r = @HéM (Mog)r.s-

sely sely
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Theorem 5.6 Fixs € [,. Assume that HI(M)., is a finite length J-representation
for every integer q. Then, for each integer i, we have an isomorphism of J x W, -
representations

H O™ (M) v gv (d) =2 Zel (HY(M)Y,),

Cm 7,5

where d = n(n + 1)/2 is the dimension of M.

Remark 5.7 For the Drinfeld tower, a similar result is proved by Fargues [Far06,
Théoreme 4.6]. In that case M is a p-adic formal scheme, thus H} (M) coincides
with H:(M..) (¢f. Remark 3.12).

Proof of Theorem 5.6. First we will reduce the theorem to the case where 7 is trivial
on p”. Take ¢ € C such that ¢> = x(p) and define the character w: Q) — C*
by w(a) = @ where v, is the p-adic valuation. We denote the composite of the
similitude character G — Q) (resp. J — Q) and w by we (resp. wy). Then,
7' =7 ® (we|z) is trivial on p”. Moreover, as in the proof of [Miel2b, Lemma 3.5],
we have HI(My) ® weg @ w;' = HI(My,) as G x J x Wg,-representations for every
integer ¢q. Therefore we obtain

Hi(M), = Hom (7—’ HI(M) On(zc) X_l)
= Homp (7', (H{(Mx) @3zg) X ) © we)
= Hom (7', (H! (M) ® wa) @nze) @*X )
>~ Hompy (7, (H!(Ms) ® wy) ®p(ze) WX ~") = HI(Mso)r ® wy.
For s = [(M,0)] € I, put 8 = [(M,0 ® (w;'|mq,)))]. Then, we conclude that
HI(My)rs & HI(My)r o ® wy as J x Wg,-representations. In particular, the J-
representation HI(My,), ¢ has finite length. Similarly we have HgM (Myo)rvev =
HgM(Moo)T'V,s/v ® w; . Suppose that the theorem holds for 7" and s’. Then, by the
isomorphisms above, we have

HEM O (M) o (d) =2 HEEFO ™ (M) v o (d) @ wyt 2 Zel (HEA( M)V ) © w3

Cm

. (x) ,
= Zel(HY(My)y, @ wy) @wy' = Zel(HY(My)y,).

T,5

For the isomorphism (%), see Lemma 2.9 i).
Thus, in the following we may assume that 7 is trivial on p?. Then, we have

Hg(MOO)T,s = Hg(MOO/pZ)m = Homf( (7’, Hg(MOO/pZ)s)7
HgM (MOO)T\/ﬁ\/ = Hg/\/l (MOO/pZ)Tv’sv = HOHII} (TV, HgM(MOO/pZ)sv)

Since K is compact-mod-center, there exists a self-dual chain of lattices £ of di

(¢f. [RZ96, Definition 3.1, Definition 3.13]) such that every g € K and L € & satisfy
gL € Z. As in [Miel2b, §4.1], we write K¢ for the stabilizer of . in G. For an
integer m > 0, we put

Ky m={g9 € K¢ | for every L € £, g acts trivially on L/p™L}.
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It is an open normal subgroup of K. We denote by N¢ the subgroup of G consisting
of g € G satistying g = . We have K¢ ,, C Ky C Ny and Kg,, is normal in
Ng. By definition, K is contained in Ng.

Take an integer m > 0 large enough so that K¢ ,, C Ko and 7|k, , is trivial. In
[Miel2b, Definition 4.3], the author constructed a formal scheme MY, . over Spf Ze
satisfying the following:

— (MY, )y is naturally isomorphic to M, .

- MQm is naturally endowed with an action of K x J and a Weil descent datum,
and they are compatible with those structures on M., ,, under the isomorphism
above.

We shall apply Theorem 4.11 to /\/lg"gm /p? and J/p?. We should verify the condi-
tions in Theorem 4.1. The conditions (a) and (c) are satisfied, as explained in the
previous subsection. The condition (b) is satisfied by [Miel2b, Remark 4. 12] For
the condition (d), let Z denote the set of irreducible components of /\/lb yed > /p”. For

aeZ putV, =(M 1"3'01/p )\ Usez.anp=s 8- It is a quasi-compact open subset of

bred/ 7. By [Miel2b, Lemma 5.1 ii)], the action of J/p” on Z has finite orbits.
Take ai,...,a; € T so that T = [J5_,(J/p%)ay, and put V = (Ji_, V,,. Clearly
we have /\/lbred o IP" = Une gz V. The closure V is the union of finitely many
irreducible components of bred/p Therefore, by the same way as in [Miel3,

Corollary 4.3 ii)], we can prove that the set {g € J/p? | gV NV # &} is compact.
Thus the condition (d) is satisfied. Now, by Theorem 4.11 and Remark 4.12, we
have a J-equivariant isomorphism

H (Mg, /p)(d) = RD(RT((Mx,,./p°)/(T/9%), Q).

By Corollary 4.10, this isomorphism is also K x Wo,-equivariant.

We prove that the left hand side is equal to Hgil”(M Ko /P")(d). For simplicity,
we denote the support set C M, of M K m DY Com. Let Ay, be the self-dual chain
of lattices Y

{ (mep)EBj D (pmHZp)

®(2d—j) }
0<j<2d,meZ’

The group Ky attached to £, is an Iwahori subgroup of G. There exists gy € G
such that & C ¢9-%w. The following morphisms of formal schemes are naturally
induced:

My &M A D M, D

The morphisms (1), (2) and (3) are proper. The rigid generic fiber of the diagram
above is identified with the following diagram:

[90]
Mngm MQOK$IW mgo o~ MKEIW"’" MKm M.
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Therefore, by Lemma 3.17 and Proposition 5.1, we have equalities
7 Cm = Cootiym = [90] " Cotyum = [90] 'Crt = Cra = 7 'C

of support sets of M, 1 (recall that we denote by Cp¢ the support set of

oKzstW,mg(T
My induced from the support set Caq of M for various K C Kj). Since 7 is finite

and surjective, we conclude that Cy,, = Cr. Hence Hj‘ﬁém(MKgym/pZ)(d) =

Hgfji(M Ko /PP)(d), and thus we have a K x J x Wo,-equivariant isomorphism

HZ (M, /p)(d) = R'D(RT.((Mk,, /") /(/17), Q).

The (7V,sY)-part of the left hand side is equal to H§i+i(Moo)Tv75v(d). We will
consider the (7V,sY)-part of the right hand side. For simplicity, we put

A= RD((Miy,, /9")/(T)9). Q).

which is an object of D?(Rep(J/p%)) endowed with an action of K x Wg,. The

action of K factors through the finite quotient H = K /Kg mp”. By Corollary 3.42,
HY(A) = Hi(Mk,, . /p"). Therefore, we have a spectral sequence

Ey' = R°D(H,"(Mk,,,, /p")) = R**'D(A).
Take the (7V,s")-part of this spectral sequence:
By = RD(H:"(Micy /1)) .o ., — RD(A) 0.
We can observe that
R°D(H; (M, /07)) v o = RD(H, (M, [9%)rs) = RD(H, " (Ma)rs)-
Indeed, for the 7V-part, notice the isotypic decomposition

where ¢ runs through irreducible representations of H. Since each o is finite-
dimensional and there are only finitely many such o, we have

R*D(H; " (Mx,,,/v")) = @ R°D(H, (M, /p"),) © 0",

and thus R*°D(H;' (Mg, /p"))- = R*D(H;'(Mk,,, /p");). For the s-part, see
[Far06, Remarque 1.5].

By the assumption, H; (M), has finite length as a J-representation. There-
fore, Theorem 2.5 tells us that R*D(H " (Mx, . /p")) = 0 unless s = «(s).

Thus, we have

V.Y

R'D(A)v v 2 ROD(H; M) (My),5) = Zel(H 7™ (My)Y,).

T,5
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Hence we obtain a .J x Wy, -equivariant isomorphism

HEH (M) v ov (d) = Zel (H, O (M)

%
Replacing i by ¢(s) — i, we conclude the theorem. |
To apply Theorem 5.6, we need the following technical assumption.

Assumption 5.8 For each integer ¢ and each compact open subgroup H of J, the
G-representation HI(M,)" is finitely generated.

Remark 5.9 We know that for every compact open subgroup K of G, the J-
representation HI(M.,)" is finitely generated (cf. [Far04, Proposition 4.4.13]; see
also [Miel3, Theorem 4.4]). Therefore, if we can establish an analogue of Faltings’
isomorphism for our tower { M}, we can prove Assumption 5.8 by switching the

role of G and J.

Lemma 5.10 i) For an irreducible supercuspidal representation m of G, there
exists a compact-mod-center open subgroup K of G and an irreducible smooth
representation 7 of K such that C—Ind%T is admissible (hence supercuspidal)

and 7 is a direct summand of C-Ind% T.
ii) Ifn =2, under the same setting as i), we can take (K, 7) so that m = C—Ind% T.

iii) Let (K,7) be as in i). Under Assumption 5.8, Hi(M.), is a finite length
J-representation for every integer q.

Proof. i) Put Gy = Sp,,,(Q,) and write G’ for the image of Q¥ x Gy — G (¢, g) —
cg. Let 7’ be the restriction of 7w to G'. Since G’ is a normal subgroup of index 2 in
G, 7’ has finite length. Take an irreducible subrepresentation m; of 7/, and regard
it as a representation of Q) x Gp. It is irreducible and supercuspidal. By [Ste08,
Theorem 7.14], there exist a compact open subgroup K of G, an irreducible smooth
representation o of K and a smooth character x of Q such that m; = X(X)(:—Indf(1 0.
Let K be the image of Q) X K in G1. Then, y®o descends to an irreducible smooth
representation 7 of K and we have c—IndIG?/ 7 = m. Then, C—Ind% T c—Indg/ SIS
admissible. If m; # 7', C—Ind% 7 is isomorphic to m; otherwise c—Ind% 7 is the direct
sum of two supercuspidal representations, one of which is isomorphic to .

ii) is proved in [Moy88]; see the final comment in [Moy88, p. 328].

iii) Let x be the central character of 7¥. By the Frobenius reciprocity, we have
HI( M), = Homg(c—lnd% T, HI(Ms) @uzg) X ). As c—Ind[G? 7 is a supercuspidal
representation of finite length with central character x !, it is a finite direct sum of
irreducible supercuspidal representations of G. Therefore, it suffices to show that
for an irreducible supercuspidal representation 7" of G with central character y !,
Home(n", HI(Ms) ®n(ze) X~ ') is a J-representation of finite length. We apply
[Miel2a, Lemma 5.2] to HI(Ms) ®3(z,) X . By [Far04, Proposition 4.4.13] and
Assumption 5.8, all the conditions in [Miel2a, Lemma 5.2] are satisfied. Hence
we conclude that Home(n”, HI(Ms) ®u(zs) X~ ') has finite length (see the final

paragraph of the proof of [Miel2a, Lemma 5.2]). |
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Now we will give some consequences of Theorem 5.6. For simplicity, we focus on
the cohomology HE(M,./p”).

Corollary 5.11 Suppose Assumption 5.8. Let w be an irreducible supercuspidal
representation of G and p an irreducible non-supercuspidal representation of .J.

Then, the representation m @ p of G x J does not appear as a subquotient of
HE-n M (VL 7).

Proof. Clearly we may assume that 7 (resp. p) is trivial on p? C G (resp. p% C J).
Take (K,7) as in Lemma 5.10 i). Then 7 is trivial on p” C G. Let s € Lz be the
inertially equivalence class of cuspidal data for J such that p € Rep(J/p%),. As p
is non-supercuspidal, we have ¢(s) > 1.

Put dy = dimM™. As 7 is projective in the category Rep(G/p?), m @ p
appears in H¥ % (M, /p?) if and only if p appears in Homg(w, Hi~% (M, /p*)).
Since Homg (m, HS~% (M, /p?)) is embedded into

Homg (C—Ind% 7, Hi (Moo/pz)) = HI"(My)-,

it suffices to show that H9~%(M,),, = 0. By Theorem 5.6 and Lemma 5.10 iii), we
have Zel(HI~%(M,)Y,) = Hd+d°+b(5)(Moo)Tv,5v(d). By Proposition 5.5 ii), the right

5 Cm

hand side equals 0. Hence we conclude that HZ=% (M), = 0. i

Corollary 5.12 In addition to Assumption 5.8, assume that n = 2. Let w and p
be as in Corollary 5.11, and o an irreducible {-adic representation of Wg,. Then,
TRpRo appears as a subquotient of H3(My,/p”) if and only if 7 @Zel(p") @0V (—3)
appears as a subquotient of H*(M, /p?).

Proof. Again we may assume that 7 (resp. p) is trivial on p” C G (resp. p% C J). Let

s € Iz be as in the proof of Corollary 5.11. In this case we have ¢(s) = 1. Take (K, 7)

as in Lemma 5.10 ii). Note that, since 7 = C-Ind%T is irreducible, we have 7" =

(c—IndIG? )V = Ind% TV = C—IndIG? 7V. In the same way as in the proof of Corollary
5.11, we can see that T ® p ® o appears as a subquotient of H2(M,,/p?) if and only
if p ® o appears as a subquotient of H2(M,),s. Similarly, 7V @ Zel(p¥) ® oV (—3)
appears as a subquotient of H(M.,/p?) if and only if Zel(p¥) @ 0¥ (—3) appears as
a subquotient of H(My),v gv.

On the other hand, by Theorem 5.6 and Lemma 5.10 iii), we have

Zel(H}(Myo)Y,) = Hy  (Muo)rvev(3).
Corollary 5.4 tells us that

HéM(MOO)Tv = Homj (17, HgM(MOO /p")) = Homg (r, HéM(MOO /pZ))
=~ Homg (¥, H} (Moo /p")) = H} (Mso) v
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Thus we have an isomorphism of J x W, -representations

Zel(H}(Myo)Y,) = Hi(Mu)rv ev(3).

In particular, p ® o appears in H>(My,). if and only if Zel(p") ® ¢¥(—3) appears
in H}(My),vsv. This concludes the proof. i

Remark 5.13 i) In the case n = 2, by a global method, Tetsushi Ito and the

ii)

author proved that for a supercuspidal representation 7w of G and a supercusp-
idal representation p of J, 7 ® p does not appear in H'(M,/p”) unless i = 3.
Together with Corollary 5.11, we obtain the vanishing of the G-cuspidal part
H?(Moo/p")G-cusp = 0 (note that in this case dim M™ = 1).

Consider the case n = 2. Let m be an irreducible supercuspidal representa-
tion of G' which is trivial on p”*, ¢ the L-parameter of w (c¢f. [GT11]), and IT}
the L-packet of J attached to ¢ (c¢f. [GT]). Suppose that there exists a non-
supercuspidal representation p in Hé . Then, Hé consists of two representations
p and p/, where p is supercuspidal. In this case, {Zel(p), p'} is known to be a
non-tempered A-packet.

Motivated by Corollary 5.12 and the results in [Miel2b], the author expects the
following:

— 1®pY and 7 ® pV appear in H3(M,,/p?), and

— m® Zel(p)Y appears in HY(M,/p?).

This problem will be considered in a forthcoming joint paper with Tetsushi Ito.
The speculation above suggests the existence of some relation between local A-
packets and the cohomology of the Rapoport-Zink tower. In the case of GL(n),
a result in this direction is obtained by Dat [Dat12].

Remark 5.14 i) The arguments here can be applied to more general Rapoport-

ii)

Zink towers. In [Miel3], the geometric properties used in the proof of Theorem
5.6 are obtained for many Rapoport-Zink spaces. See [Miel3, Theorem 2.6,
Corollary 4.3, Theorem 4.4] especially.

There is another way to generalize the result in [Far06]; the author expects

some relation between Zelgy j(H:(M,.)Y) and H3d+‘(5)‘i(Moo)5v(d), where s is
an inertially equivalence class of cuspidal data for G x J. In a subsequent paper,
the author plans to work on this problem in the case of GSp(4). However, the
case where n > 3 seems much more difficult, and Theorem 5.6 has advantage

that it is valid for all the GSp(2n) cases (and many other cases).
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